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Traveling waves
for discrete reaction-diffusion equations
in the general monostable case

M. Al Haj! R. Monneau?

September 22, 2022

Abstract: We consider general fully nonlinear discrete reaction-diffusion equations u; = F[u],
described by some function F. In the positively monostable case, we study monotone traveling
waves of velocity ¢, connecting the unstable state 0 to a stable state 1. Under Lipschitz regularity
of F', we show that there is a minimal velocity C;C such that there is a branch of traveling waves
with velocities ¢ > c;,C, and no traveling waves for ¢ < c'},t. We also show that the map F +— c}?
is not continuous for the L norm on F. Assuming more regularity of F' close to the unstable
state 0, we show that c}? > ¢y where the velocity ¢} can be computed from the linearization of
the equation around the unstable state 0. We show that the inequality can be strict for certain
nonlinearities F'. On the contrary, under a KPP condition on F', we show the equality c}i = Cp.

Finally, we also give an example where cJIE is negative.

AMS Classification: 35D40.

Keywords: Traveling waves, discrete reaction-diffusion equations, positively degenerate monos-
table nonlinearity, KPP nonlinearity, Frenkel-Kontorova model, viscosity solutions, Perron’s
method.

1 Introduction

1.1 General motivation

We were originally motivated by the study of the classical fully overdamped Frenkel-Kontorova
model, which is a system of ordinary differential equations
dX;

(1.1) = i1~ 2Xi+ Xig + f(X5),

dX;
where X;(t) € R denotes the position of a particle i € Z at time ¢, d—tz is the velocity of this

particle, f is the force created by a 1-periodic potential. Such force could be for example f(x) =
1 — cos(2mx) > 0. This kind of system can be, for instance, used as a model of the motion of a
dislocation defect in a crystal (see the book of Braun and Kivshar [10]). This motion is described
by particular solutions of the form

Xi(t) = ¢(i+ct) with ¢ >0 and ¢ bounded
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where ¢ is called a travelling wave moving with velocity ¢ € R. It satisfies

¢ (2) = ¢(z + 1) = 20(2) + d(z — 1) + f(6(2))

In the monostable case, say when the Lipschitz nonlinearity f satisfies f > 0 on (0,1) with f(0) =
0 = f(1), we can moreover normalize the limits of the profile as

(1.2) ¢(—0) =0, ¢(+00) =1

Then it is possible to show the existence of a branch of solutions (¢, ¢.) for all velocities ¢ > ¢t
and the non existence of solutions for ¢ < ¢t where ¢* is the minimal velocity.

The goal of this paper is to present similar results in a general framework including Frenkel-
Kontorova model. To this end, given a real function F' (whose properties will be specified later in
this Introduction), we consider solutions (¢, ¢) satisfying the limit conditions (1.2) to the following
generalized equation

(1.3) c¢'(2) = F(6(z +710), (2 + 71), -, p(z +7n))  with ¢ >0

where N > 0 and r; € R for i =0, ..., N such that

(1.4) ro=0 and r; #r; if i#j,

which does not restrict the generality. For simplicity, we will also use the following compact notation

F((¢(z +7i))izo,..N) == F(¢p(z +710),0(z +71), ., 92 + Tn))

Notice that in general equations (1.3) do not have a Strong Maximum Principle which creates
a further difficulty with respect the standard reaction-diffusion equations.

Equation (1.1) can be seen as a discretization of the following standard reaction-diffusion equa-
tion

(1.5) up = Au+ f(u).

In 1937, Fisher [17] and Kolmogorov, Petrovsky and Piskunov [29] studied the traveling waves for
equation (1.5) which they proposed as a model describing the spreading of a gene throughout a
population. Later, many works have been devoted for such equation that appears in biological mod-
els for developments of genes or populations dynamics and in combustion theory (see for instance,
Aronson, Weinberger [5, 6] and Hadeler, Rothe [23]). For more developments and applications
in biology of reaction-diffusion equations, the reader may refer to [32] and to the references cited
therein. There is also a considerable work on the existence, uniqueness and stability of traveling
waves and their speed of propagation for the homogeneous Fisher-KPP nonlinearity (see for exam-
ple [24, 25, 26, 27, 36]). Such results have been shown also for the inhomogeneous, heterogeneous
and random Fisher-KPP nonlinearities (see [8, 9, 31]).

Traveling waves were studied also for discrete bistable reaction-diffusion equations (see for
instance [11, 15]). See also [1] and the references therein. In the monostable case, we distinguish
[28] (for nonlocal non-linearities with integer shifts) and [16, 30, 33, 34] (for problems with linear
nonlocal part and with integer shifts also). See also [21] for particular monostable nonlinearities
with irrational shifts. We also refer to [20, 12, 22, 13, 14, 25, 35] for different positive monostable
nonlinearities. In the monostable case, we have to underline the work of Hudson and Zinner [28]
(see also [35]), where they proved the existence of a branch of solutions ¢ > ¢ for general Lipschitz
nonlinearities (with possibly an infinite number of neighbors N = 400, and possibly p types of



different particles, while p = 1 in our study) but with integer shifts r; € Z. However, they do not
state the nonexistence of solutions for ¢ < ¢*. Their method of proof relies on an approximation
of the equation on a bounded domain (applying Brouwer’s fixed point theorem) and an homotopy
argument starting from a known solution. The full result is then obtained as the size of the domain
goes to infinity. Here we underline that our results hold for the fully nonlinear case with real shifts
r; € R.

Several approaches were used to construct traveling waves for discrete monostable dynamics.
We already described the homotopy method of Hudson and Zinner [28]. In a second approach,
Chen and Guo [13] proved the existence of a solution starting from an approximated problem.
They constructed a fixed point solution of an integral reformulation (approximated on a bounded
domain) using the monotone iteration method (with sub and supersolutions). This approach was
also used to get the existence of a solution in [19, 14, 21, 22]. A third approach based on recursive
method for monotone discrete in time dynamical systems was used by Weinberger et al. [30, 33].
See also [34], where this method is used to solve problems with a linear nonlocal part. In a fourth
approach [20], Guo and Hamel used global space-time sub and supersolutions to prove the existence
of a solution for periodic monostable equations.

There is also a wide literature about the uniqueness and the asymptotics at infinity of a solution
for a monostable non-linearities, see for instance [12, 27] (for a degenerate case), [13, 14] and the
references therein. Let us also mention that certain delayed reaction diffusion equations with some
Fisher-KPP non-linearities do not admit traveling waves (see for example [19, 35]).

The present work has been already announced in a preprint [2] that was accessible since 2014
and also in the PhD thesis in 2014 of the first author. Unfortunately, the life conditions of the
two authors did not permit the submission to publication of the manuscript. The present paper
corresponds to part IIT of [2]. The remaining parts of the preprint [2] correspond to [3] (see also

[4]).
1.2 Main results

In order to present our results, we consider for N > 1 a function F : [0,1]V*! — R, and introduce
the following natural assumptions.

Assumption (Arip):

i) Regularity: F € Lip([0, 1]V *1).

ii) Monotonicity: F(Xy, X1, ..., Xx) is non-decreasing w.r.t. each X; for 7 # 0.
Assumption (Pyp):

Positive degenerate monostability:
Let f(v) = F(v,...,v) such that f(0) = f(1) =0, f>0 in (0,1).

Our main result is:

Theorem 1.1 (Existence of a branch of traveling waves in the monostable case)
Assume (Arip) and (Prg). Then there exists a real ¢* such that for all ¢ > ¢t there exists a
traveling wave ¢ : R — R solution (in the viscosity sense (see Definition 2.1)) of

CQS/(Z) :F(¢(Z+7“(]),¢(Z+Tl),-..,¢(Z+TN)) on R
(1.6) ¢ is non-decreasing over R

¢(—o0) =0 and ¢(+o0)=1.

On the contrary for ¢ < c¢*, there is no solution of (1.6).
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Figure 1: Positive degenerate monostable nonlinearity f

Notice that assumptions of Theorem 1.1 hold true even for equations as degenerate as a simple
ODE

¢ =f($)20 on R

for which it is easy to see that ¢t = 0. Recall also that under assumptions of Theorem 1.1, the
Strong Maximum Principle is not valid for general nonlinearities F' (see for instance Remark 4.7).

Up to our knowledge, Theorem 1.1 is the first result for discrete dynamics with real shifts r; € R
in the fully nonlinear case. Even when r; € Z, the only result that we know for fully nonlinear
dynamics is the one of Hudson and Zinner [28]. However, the nonexistence of solutions for ¢ < ¢*
is not addressed in [28].

f(z)

Figure 2: Lipschitz positive degenerate monostable nonlinearity; the rest of the figure over [0, %3}
is completed by dilation of center 0 and ratio A.

See Figure 2 for an explicit Lipschitz non-linearity example for which our result (Theorem 1.1)
is still true, even if f’(0) is not defined. We also prove that the minimal velocity ¢* is unstable in
the following sense:

Proposition 1.2 (Instability of the minimal velocity c}.)
There exists a function F' satisfying (Arip,) and (Pripy) with a minimal velocity c'; such that there
exists a sequence of functions Fy (satisfying also (Arip) and (Pry) with uniform Lipschitz bound
on Fs as § — 0) with associated minimal velocity c}é satisfying

Fs — F in L*([0,1]M 1)
when § — 0, but
lim inf c}é > c'},t.

6—0

When f is smooth enough, we will see below in Proposition 1.4 that the minimal velocity ¢ con-
tains information about f’(0), similarly to classical result in [29] which asserts that the minimal



velocity of reaction-diffusion equation (1.5) is ¢™ = 24/f7(0). This shows that when F' is only Lip-
schitz, it becomes much more delicate to capture C; and to show Theorem 1.1.

Examples of functions F' satisfying assumptions (Arip) and (Prip) are given for N = 2, g = 0,
7’1:—1,7'2:111)}7

(L.7) F(Xo, X1, X2) = Xo + X5 — 2X + f(Xo),

with for instance non-linearity f(z) = z(1 —z) or f(z)=z*(1 —z)*

In the next result, we give some lower bound on the minimal velocity ¢t (given in Theorem 1.1).

To this end, we need to assume some smoothness and strict monotonicity on F near {0}¥*+!; and
this is given in assumption (Pg1) (which is stronger than (Ppp)):

Assumption (Pg1):

Positive degenerate monostability:
Let f(v) = F(v,...,v) such that f(0) =0= f(1) and f > 0 in (0, 1).

Smoothness near {0}"V*!:
F is C! over a neighborhood of {0}¥*! in [0, 1}¥*! and f/(0) > 0.

Then we have

Theorem 1.3 (Lower bound for c¢*)
Let F be a function satisfying (ALip) and (Po1). Let ¢t given by Theorem 1.1. Then we have

ct >,

where

N
(1.8) = )I\I;ET with  P(\) :== E (0,...,0)e"".

The proof of Theorem 1.3 is quite involved in comparison to the case of standard reaction-
diffusion equations. This is due to the fact Harnack inequality may fail in our context.
More precisely, we have to introduce a discussion assuming or not the following condition

OF
90Xy,

(1.9) Jip € {1,...,N} such that r;, >0 and (0,...,0) > 0,

Notice that under assumption (1.9), we show some sort of discrete Strong Maximum Principle to
the right (because r;, > 0) for the associated linear evolution equation (see Proposition 4.1). Under
the same assumption, we also show a Harnack inequality for the nonlinear equation satisfied by the
traveling wave (see Proposition 4.4), which is of independent interest. Notice that this Harnack
inequality also holds for ¢ = 0 (somehow because the profile is nondecreasing). On the contrary, if
we replace (1.9) by a similar condition where r;, < 0, then Harnack inequality can fail for ¢ = 0
(see the counter-example given in Remark 4.7), but still holds true for ¢ < 0 (see Proposition 4.6).
Using such Harnack inequalities, we can show Theorem 1.3.

Here, it is natural to ask if we may have ¢™ = ¢* in general or not. Already in the standard case
of reaction-diffusion equations, it is known that we may have ¢t > ¢* (see for instance [24]). In
our case, we give in Lemma 5.2, an example of a nonlinearity where we have ¢t > ¢* which shows
also that the inequality can be strict also for discrete reaction-diffusion equations. On the other
hand, as it may also be expected, we can find a KPP type condition to insure the reverse inequality
¢t < ¢*, as shows the following result.



Proposition 1.4 (KPP condition to get ¢t < ¢*)
Let F be a function satisfying (Ariy) and (Prip). Let ¢* given by Theorem 1.1 and assume that F
is differentiable at {0}NF1 in [0, UNTL. If moreover F satisfies the KPP condition:

N
(1.10) F(X)< Z oF 0,..,0)X; for every X €[0,1)VF1

then ¢t < ¢* with ¢* defined in (1.8).

As a corollary of Theorem 1.3, we can show that ¢™ > 0 holds true under certain conditions
(see Corollary 6.1).

More generally, contrarily to standard reaction-diffusion equations, we may have ¢™ < 0, as
shows the following counter-example.

Proposition 1.5 (Counter-example with ¢* < 0; see Subsection 6.2)
There exists a function F satisfying (ALip) and (Po1) such that the associated minimal velocity ¢t
18 megative.

1.3 Organization of the paper

In Section 2, we recall some useful results about viscosity solutions which are used all over the
paper. In Section 3, we give the proof of Theorem 1.1 about the existence of a minimal velocity
ct.

In Section 4, we prove different results about Strong Maximum Principles and Harnack inequal-
ities, which are used in Section 5 to do the proof of Theorem 1.3, proving that ¢* > c*.

In Section 6, we present in Corollary 6.1 sufficient conditions to insure the inequality ¢t > 0,
and also prove Proposition 1.5 for an example of negative velocity ¢. Finally in the same section,
we show the instability of the minimal velocity (proof of Proposition 1.2).

2 Preliminaries

We recall here some useful results involving viscosity solutions (see for instance [7]). Some of these
results are contained in [1].

We first recall the notion of viscosity solutions that we use in this work. To this end, we recall
that the upper and lower semi-continuous envelopes, u* and u., of a locally bounded function u
are defined as

u*(x) =limsupu(y) and wu.(z) = liminfu(y).
Yy—T y—r
and that u is upper semi-continuous if and only if © = «* (and similarly u is lower semi-continuous
if and only if u = u,).
For functions u(zx,t), we also define similarly (for later use)

u*(x,t) ;= limsup u(y,7), u«(z,t):= liminf u(y,7)
(y,7) = (,t) (y,7) = (1)

Definition 2.1 (Viscosity solution)
Let I =1' =R (or I =(—r*400) and I' = (0,4+00)) and u : I — R be a locally bounded function,
c €R and F continuous defined on RN*1,



- The function u is a subsolution (resp. a supersolution) on I' of
(2.1) e (z) = F((u(x + 7i))i=0,..N);

if w is upper semi-continuous (resp. lower semi-continuous) and if for all test function ¢ €
CY(I) such that u — 1 attains a local maximum (resp. a local minimum) at z* € I', we have

et/ (@) < F((ufa® +ri))izo,x) (resp. e/(x") = Fl(u(a® +r))izo. x))-
- A function u is a viscosity solution of (2.1) on I' if u* is a subsolution and u is a supersolution
on I'.
Next, we state Perron’s method to construct solutions.

Proposition 2.2 (Perron’s method ([18, Proposition 2.8]))
Let I = (—r*,400) and I' = (0,+00) and F be a function satisfying (Arip). Let w and v defined
on I with values in [0, 1], satisfying

u<v on I,

such that w and v are respectively a sub and a supersolution of (2.1) on I'. Let L be the set of all
functions © : I — R, such that u < 0 over I with © supersolution of (2.1) on I'. For every z € I, let

w(z) = inf{o(z) such that © € L}.
Then w is a viscosity solution of (2.1) over I' satisfying u < w < v over I.
The following result is important and meaningful in our work.

Lemma 2.3 (Equivalence between viscosity and a.e. solutions, [1, Lemma 2.11])
Let F satisfying assumption (Ari,). Let ¢ : R — [0,1] be a non-decreasing function. Then ¢ is a
viscosity solution of

cd'(z) = F((¢(x +714))iz0,..n) on R,

if and only if ¢ is an almost everywhere solution of the same equation.
Having this result in hands, we have the following useful criterion to pass to the limit.
Proposition 2.4 (Stability by passage to the limit)

Let F satisfying assumption (Arip). Given a < b, let ¢, : I := (a —r*,b+1r") = [0,1] be a
non-decreasing viscosity solution of

cndy(z) = F((pn(x +7i))iz0,..n) on I':=(a,b)

satisfying the bounds
‘an’LOO(I) <1 |Cn| <C

Then up to a subsequence, we have
On —> @ ae onl, c,—c
and ¢ is a viscosity solution of

cd'(z) = F((¢p(x +15))im0,..n) on I



Proof of Proposition 2.4

The existence of a subsequence converging almost everywhere follows from classical Helly’s theorem
for monotone functions. The remaining part of the argument follows from the equivalence between
viscosity solutions and almost everywhere solutions when ¢ = 0. In the case ¢ # 0, we get bounds on
\gzﬁn\cl( n < C’, and the result follows for instance from the classical stability of viscosity solutions
(or also by a direct argument for ODEs).

Proposition 2.5 (Solution built on a positive nondecreasing supersolution)
Assume that F satisfies (Arip) and (Prip). Assume that (c,)) is a supersolution in the sense that
it satisfies (in the viscosity sense)

e’ (z) > F((¢(z+1i))imo,..N) on R
1 is non-decreasing over R

P(—00) =0 and (+o0)=1.

and the positivity condition
>0 on R

Then there exists a solution (c,d) of the associated equation, namely of (1.6).

Proof of Proposition 2.5

The proof relies on the method of sub/supersolutions. We refer the reader to the proof of Propo-
sition 3.2 in [3] which can be applied without changes (even if the assumptions are not exactly the
same).

3 Minimal velocity ¢t and proof of Theorem 1.1

The goal of this section is the proof of Theorem 1.1, which is done in the fourth and last subsection
3.4. The three first subsections can be seen as preliminaries for the main proof.

In Subsection 3.1, we prove Proposition 3.1, which provides a direct proof of Theorem 1.1 under
the additional assumption that F is increasing in some variable X;, with r;, > 0, and that ¢t # 0.
In Subsection 3.2, we present a lemma in order to extend F from [0,1]V*! to the whole space
RN+ This extension property is then used in Subsection 3.3 for a proof of Theorem 1.1, under
additional regularity and nondegeneracy assumptions (A1) and (Pp1). The result is presented in
Proposition 3.3, and the method of proof is a good preparation (in a simplified setting) for the
general proof which is done in the last subsection and which is more technical.

3.1 A direct proof but not general

We now give a natural and simplified proof of Theorem 1.1 under the additional assumption (3.1),
which is presented in the following proposition.

Proposition 3.1 (Branch of solutions under additional assumptions)
We work under the assumptions of Theorem 1.1. Let

ct=inf€ with €:={ceR suchthat 3 (c,p) solution of (1.6)}.

i) (Existence of c¢')
Then € # 0 and ¢* > —oo with ¢t € €.



ii) (Branch of velocities under an additional assumption)
Moreover, if the following additional assumption is satisfied

(3.1) ct #0 and F is increasing in X;, with v, > 0
then for every ¢ > ¢t there exists a solution of (1.6), and there is no solution for ¢ < c*.

Sketch of the proof of Proposition 3.1

Step 1: £# 0

Step 1.1: A supersolution ¢

We follow an argument of Proposition 3.4 in [3], that we recall here without too much details (in
particular because we will give later a more general method of proof of Theorem 1.1 and then as

a corollary, it will give a second proof of Proposition 3.1). With f(v) := F(v,...,v), we first solve

the ODE .
0:=f(ho)>0 on R with ho(0)= 3

Then for € > 0, we can set
¢.(x) = ho(eazx) with a. =1+ Moe

Then for My > 0 large enough (depending on | f’|ec(r), on 7* > |r;| and on the Lipschitz constant
of F'), and £ > 0 small enough, we can insure that

e 5. > F(($.(x +79))io...n) With &.>0 on R

Step 1.2: construction of a solution ¢.
Having a positive increasing supersolution ¢, for the velocity ¢ = €~
2.5 which shows the existence of a nondecreasing solution ¢, of

1 we can then apply Proposition

cpp = F((¢e(x +7i))i=0,..v) With ¢, >0 on R with %6[(%)*(0),(%)*(0)]

of velocity ¢ = ¢~! large enough. This forces in particular ¢.(—00) = 0 and ¢.(+00) = 1. This
implies that & # ().

Step 2: ¢ > —c0

Consider a sequence ¢, € £ such that ¢, — ¢ and (¢, ¢,) is a solution of (1.6), and assume by
contradiction that ¢t = —oo. Setting ¢, () = ¢n(|ca|x), and up to translate the profile, we can
insure that

(32) g =F ((én (y + ”))Z_O N) with ¢, >0 and $,(0) = %

|cn|

=U,...,

This gives a uniform Lipschitz estimate
P poo(m) < M

Using Ascoli’s Theorem, we can pass to the limit qgn — (;3 (up to a subsequence) which solves

~¢' = F($,..,) = f($) 20 with ¢ >0 and 55(0):%

This gives a contradiction with the fact that f > 0 on (0,1). Therefore ¢* > —oc.



Step 3: ¢ €&
Consider again a sequence of solutions (c,, ¢,,) such that ¢, — ¢*, say with

5 € [(62)-(0), (6)° (0]

Then we have ¢, — ¢ at least almost everywhere, and by the stability of viscosity solutions (see
Proposition 2.4), we see that the limit satisfies (in the viscosity sense)

c(¢7) (@) = F((¢" (2 +79))i=0,...v) and (¢7)' 20 on R with - €[(¢7).(0),(¢7)"(0)].

N

This shows that (ct,$™) is a solution and then ¢ € £.

Step 4: branch of solutions £ = [c', +o0) under assumption (3.1)
Step 4.1: ¢+ >0
If ¢* < 0, then we know from [1, Lemma 6.1] that a Strong Maximum Principle holds. Precisely it
shows that if ¢™(x¢) = 0, then
¢ =0 on [zg,+0c0)
which leads to a contradiction with the fact that ¢(400) = 1.
If ¢t > 0 and assuming moreover that F is increasing in X;, with r;, > 0, we know from [1, Lemma
6.2] that another Strong Maximum Principle holds. Precisely is shows that if ¢ (x¢) = 0, then

" =0 on R

which leads again to a contradiction with ¢(400) = 1.
Because we assumed that ¢™ # 0, this shows that

>0 on R

Step 4.2: getting solutions ¢,
For any ¢ > ¢*, we see that the nondecreasing function ¢+ satisfies

c(¢p?) > F((¢T(x +74))iz0..N) with (¢7) >0 and ¢t >0 on R,

Having a positive nondecreasing supersolution ¢*, we can proceed as in Step 1.2 and construct a
solution ¢, of (1.6). This shows that & = [¢t, +00) and ends the proof of the proposition.

3.2 Extension of F

In order to make the proof of Theorem 1.1 (and of its simplified version Proposition 3.3), it will be
useful to extend the function F defined on [0, 1]V *! to a function F defined on RN+, This is the
following result.

Lemma 3.2 (Extension of F, Lemma 2.1 in [1])
Consider a function F defined over [0,~1]N+1 and satisfying (Arip) such that F(0,...,0) =
F(1,...,1) = 0. There exists an extension I defined over RN*1 such that

‘[0,1]N+1 =F

and F satisfies

Assumption (Ap;p):

10



Regularity: F is globally Lipschitz continuous over RNt

Monotonicity: F(Xo,..., Xy) is non-decreasing w.r.t. each X; for i # 0.

Periodicity: F(Xo+1,...,Xy+ 1) = F(Xq,...,Xy) for every X = (X, ..., Xn) € RV,

Notice that the function f(v) := F(v,...,v) is nothing but a periodic extension of f on R with
period 1, that is

f|[0’1] = f?
hence f(0) = f(1) = 0.
Notice also that ¢ is a solution of (1.6) if and only if ¢ solves

c¢/(z) = F((¢(z +14))iz0,..n) on R
¢ is non-decreasing over R
¢(—00) =0 and ¢(+o0) =1,

3.3 A simplified proof assuming more regularity on F

In this subsection, and for some pedagogical reasons, we prove a simplified version of Theorem 1.1
in a special case when F' is smooth (see Proposition 3.3 below). The arguments of this simplified
proof will be also used in the proof of the general Theorem 1.1, but under more technicalities. To
state our result, we need to introduce the following assumptions including additional smoothness.

Assumption (Act):
Regularity: ' € C'([0, 1]V +1).

Monotonicity: F(Xy, ..., Xn) is non-decreasing w.r.t. each X; for i # 0.

Assumption (P[,):

Positive monostability:
Let f(v) = F(v,...,v) such that f(0) =0= f(1) and f > 0 in (0,1).

Nondegeneracy near {0}V*! and {1}V*1:
There exists 6 > 0 such that
f >0 on (0,6)

/<0 on (1-6,1)

Proposition 3.3 (Branch of solutions under smoothness assumptions)
Consider a function F satisfying (Act) and (Ply). Then the result of Theorem 1.1 holds true.

In order to give a proof of Proposition 3.3, we will use the following result.

Lemma 3.4 (Existence of a hull function ([18, Theorem 1.5 and Theorem 1.6, al,a2]))
Assume that F' satisfies (Arip) and let p > 0 and o € R. There exists a unique real A(o,p) = A\p(0)
such that there exists a locally bounded function hy : R — R satisfying (in the viscosity sense):

)\ph;(z) = F((hp(z +pri))i=o,..n)+0c on R
hp(z+1) =hp(z) +1

hi(z) >0

\hp(z+2") —hp(2) = 2| <1 for any z, 2/ €R.
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Moreover, there exists a constant K > 0, independent on p and o, such that
[Ap — ol < K(1+4p)

and the function
Ap: R—=R
o= Ap(o)

is continuous nondecreasing with \,(£o00) = fo0.

Proof of Proposition 3.3

Step 1: extension of F

We first extend F in F' on RV*! using Lemma 3.2. We then consider a perturbation of the equation
using an additional parameter o. We consider solutions (¢, ¢) to

C¢/(z) :F(¢(Z+T0),¢(Z+T1),...,¢(2+7“N))+0' on R
(3.3) ¢ is non-decreasing over R
¢(—0) =m, and ¢(+o0) =14 m,.

Here for
o5 :=—min{f (), f(1—-9)} <0
and for o € (05,0] and f(v) = F(v,...,v), we consider the unique roots mg, b, of

f(mg)+0=0, myze(=0,0, and f(by)+0=0, bsel0,0)

Now up to decrease § > 0 (and then |os|), we can assume that we have for all o € (o5, 0)

f+o0<0 on (mg,by)

f+0>0 on (by,ms+1)
f'(bs) >0 and f'(mg) = f'(me+1) <0.

+

which means that f + o is of bistable type on Mg, 1+ mg).

Step 2: existence of solutions in the bistable case o € (05,0)

Then from Theorems 1.2 and 1.6 a) in [1], and assuming (A¢1) and (P, ), we know that for each
o € (05,0) as above, there exists a unique velocity ¢ = ¢(o) such that there exists a solution (¢, ¢.)
of (3.3).

Step 3: definition of ¢

Step 3.1: bound from above on the velocity

Moreover from Step 1.2 of the proof of Proposition 3.1, we know the existence of solutions (ce, ¢c.)
for 0 = 0 with ¢. = 7! large enough. Then up to translate the profiles, we get ¢._(z) > ¢.(z),
and the comparison for the evolution equation (see for instance [1])

up = F((u(z +7i))i=0,..,N)
implies that ¢ (z + cct) > ¢.(x + ct) which implies (using ¢, (—00) < ¢.(+00))
ce > c=c(o)
A similar arguments allows to see that the map o — ¢(o) is nondecreasing for o € (05,0). Hence

we can define

cti= lim ¢(0) <ec < +o0

0>0—0—
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Step 3.2: existence of a solution (¢™,¢") for 0 =0
We consider a sequence o,, — 0~ and the associated sequence of solutions (¢, ¢,) of (3.3) with
o = o, and ¢, = ¢(o,). Up to translate ¢,, we can assume that

€ [(#n)«(0), (¢n)*(0)]

N | —

Then up to extract a subsequence, we have ¢, — ¢ at least almost everywhere. Moreover from
the stability of viscosity solutions (see Proposition 2.4), we see that (¢, ¢™) is still a solution of
(3.3) for ¢ = 0, is a solution of (1.6).
Step 3.3: no solutions for ¢ < ¢t and o =0
Assume that (¢, qg) is a solution for ¢ = 0. Then the comparison argument used in Step 3.1 shows
that

cloc)<é forall o€ (o40)
Taking the limit ¢ — 07, we get

ct<eé

This shows that for all ¢ < ¢*, there are no solutions (¢, ¢) for o = 0.

Step 4: filling the gap: existence of solutions for each ¢ > ¢

We follow the proof of Proposition 5.2 in [3].

Step 4.1: change of variables

We consider ¢ > ¢™. We want to show that there exists a solution ¢, of (1.6). To this end, we want
to use the structure with perturbation o, even in the absence of strong maximum principle. This
is done in Lemma 3.4. Given ¢, we can choose 0 = o(c, p) such that

Ap =cp
This shows that the change of variables

Pp(x) = hyp(p)

satisfies ~
cdp(x) = F((¢p(x + 13))izo,..N) +0(c;p) on R

Pp(x) 20
1
Pp(z + Z;) = ¢p(x) + 1
Up to translate the profile, we can also assume that for some parameter 6 € [0, 1] we have

0 € [(¢p)+(0), (¢)"(0)]

Step 4.2: passing to the limit p — 07"
Then we have sufficient compactness such that, up to extract a subsequence, we can to pass to the
limit ¢, — ¢ almost everywhere and o(c,p) — o9 as p — 07, and get

c¢/(z) = F((¢(z +74))im0,..N) + 00 on R
¢'(x) >0

P(+00) — ¢p(—o0) < 1

0 € [(#+(0), (¢*(0)]

At infinity, we get

f(¢(£00)) + 00 =0 with ¢(—00) <6 < ¢(+00)

13



Because f > 0, we deduce that gy < 0. Assume by contradiction that

o9 <0
and let o € (05,0) be such that
op<o<0
and choose
=0

This implies that
p(—00) <mg, 0<P(400) <14+m,

Hence, up to translation, we can compare the profiles and get by comparison for all time ¢ > 0 that
¢ (z +ct) > ¢z + ct)

which implies ¢t > ¢. Contradiction. We deduce that

oo =20
Now choosing
1
R
2
we deduce that
flé(x00)) =0, d(~00) < 5 < d(+00), d(+00) ~d(~00) < 1

The fact that f > 0 on (0,1) implies that

B(~00) =0, d(+00) = 1

and this shows that (¢, ¢) is a solution of the equation for o = 0, i.e. of (1.6). Because this is true
for each ¢ > ¢*, this ends the proof of the proposition.

3.4 Proof of Theorem 1.1

We are now ready to give a general proof of Theorem 1.1.

Proof of Theorem 1.1
The main idea consists to come back to the proof of Proposition 3.3, by approximation and com-
parison.
Step 1: definition of the approximation Fj
Given F defined on [0, 1]V *! satisfying (ALip) and (PLip), we set for X = (X, ..., Xn) € [0, 1]V H!
and § > 0 small

F5(X) = F(X) = f(Xo) + f5(Xo)

where
max (f(6) + Lo(v — 0),0) on [0,0]
fs(v) = ¢ max (f(1—0) — Lo(v — (1 —6)),0) on [1-—4,1]
f on [4,1—19],

with a constant Lo > 0 satisfying Ly > Lip(f). Notice that the choice of the constant Ly allows to
see that the map 0 — f5 in nonincreasing for 6 > 0 small. Clearly, we also have F5(v,...,v) = f5(v).

14



We set £6)
b5=5—T0>0
f(1-9)

1
7

1—|—m5:1—5—|—
which satisfy
O<bs<d<l—0<1l4+mg<l,

and
fg(b(s) =0= f§(1 + m5) and f(s >0 on (b5, 1+ mg)

and moreover the comparison
0< f(5 < f on [Oa ]-]

Let f and fs5 be the 1-periodic extensions to R of the functions f,f5. Now let F defined on
RN+ as the extension of the functions F to RN*! given by Lemma 3.2, which satisfies f(Xg) =

F(Xo,...,Xo). We also define for X = (X, ..., Xn) € [0, 1]V+!
Fs(X) = F(X) — f(Xo) + fs(Xo)
Because f(; < f , we see that we have the comparison
F(; <F over RNTL

Now given § > 0, for o < 0 small fixed (0 < —o < min_f), we define uniquely 0 < b5, < 1+ms, <

)

1 such that 5 < ;
(fs+0)(bs) = 0= (fs + 0) (Lt ms0) = (f5 + 0) (o)

fs+0<0 on (mse bso)
fﬁ +0>0 on (b5,0'7 1+ mé,a)
fibso) =Lo >0, fij(mss)=—Lo<0

which shows that fg + o is of bistable type on [ms 4,1+ mss]. Notice also that

as 0 — 0.

(=0, ms) 2 mse — my
[b5,6) 2 bso — bs

Step 2: existence of a solution (¢, ¢s,) for the nonlinearity F; for o < 0 small
We are in the bistable case. Hence as in Step 2 of the proof of Proposition 3.3, still from Theorems
1.2 and 1.6 a) in [1], we see that there exists a unique velocity c¢s5, such that there exists a solution

¢5,0' of
C5005,5(2) = Fs(($s.0(x +7i))im0,..x) + 0 on R

(3.4) ¢5,» is non-decreasing over R

¢5,0’(7OO) = Mo and ¢5,0’(+OO) =1+ mse-

Step 2.1: ¢5, is nondecreasing in o for J fixed
A variant of Step 3.1 of the proof of Proposition 3.3 shows that the map

(3.5) 0+ ¢, is nondecreasing

which follows from the fact that the map o + m;, is nondecreasing.
Step 2.2: ¢5, is nonincreasing in § for o fixed
Similarly to Step 2.1 above, we deduce that the map

0 — cs5, is nonincreasing
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which follows from the fact that the map 6 — mg, is nonincreasing.

Step 3: definition of c™
Step 3.1: first, passing to the limit ¢ — 0~
As in Step 3.1 of the proof of Proposition 3.3, we know that there exists a solution (cc, ¢..) of

ce¢/(2) = F((¢e.(x +7))i=0,.,y) on R
¢¢. is non-decreasing over R

¢e.(—00) =0 and ¢ (+o00) = 1.
with c. = e~! large enough. In particular it satisfies for o < 0

{ ¢, (2) = Fs((¢e.(x +79))iz0,..N) +0 on R
Pe.(—00) > ms > Mg, Pe.(+00) > 1+ M55 > P (—00)

Again the comparison ¢, (z + c:t) > ¢5,(x + ¢5,t) implies
Cso0 < Ce < +00

We can then define (using the monotonicity in o)

c;' = lim c¢55 <ce <400

0>0—0~

and from (3.5), we deduce the following monotonicity
0 c(;r is nonincreasing.

Now up to extract a subsequence, we have ¢s, — d)} almost everywhere as ¢ — 0~ and up to
translate the profile ¢5, correctly, we can get (passing to the limit in (3.4))

e (87) () = Fs((¢f (x +7i))izo,..N) on R
(;5; is nondecreasing over R
(36) ms < 65 (~00) and ¢ (+00) < 1+ m;

bﬁTmé € [(67)+(0), (61)*(0)]

This shows in particular that
(3.7) ms < ¢f (—o0) < bs,  ¢F(+00) =1+ ms

Step 3.2: second, passing to the limit § — 0"
Using the monotinicity of the map § — cg and the fact that c; < ¢ < 400, we can define the
finite limit
¢ = lim c;
6—0t
Again up to extract a subsequence, we have ¢s — ¢ almost everywhere and up to translate the

profile qu{ correctly, we can get (passing to the limit in (3.6) with bs, ms — 0)

¢t (¢") () = F((¢* (@ +7i))iz0,...v) on R
¢t is non-decreasing over R
(3:8) 0< ¢ (—00) and ¢t (+00) <1

5 € [67).(0), ()"(0)
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which implies
¢T(—00) =0 and ¢t (+o0)=1.

This shows that (ct,¢™) is a solution of (1.6).

Step 3.3: no solutions for ¢ < ¢
Assume that (¢, ¢.) is a solution of (1.6). Then we can apply the reasoning of Step 3.1 with (cc, ¢, )
replaces by (c, ¢.). We finally get

cF<e

and we deduce that there is no solution (¢, ¢.) of (1.6) with ¢ < ¢*.

Step 4: filling the gap: existence of solutions for each ¢ > ¢

Recall that we have reached both the existence of a solution (c¢*,¢™) for F and ¢ = 0, and also
for § > 0 small enough the existence of (ci, ¢5) solution of (3.6)-(3.7) with Fs and o = 0, where
cg <ct.

Step 4.1: changes of variables

We choose any ¢ > ¢t > c}” and proceed exactly as in Step 4.1 of the proof of Proposition 3.3, but
with F replaced by F5. We get here Ap = ¢p for o = o5(c,p).

Step 4.2: passing to the limit p — 07"

Again we get o5(c,p) — 0p € R, and for any given 6 € [0, 1], we get the existence of some ¢ = ¢5

solution of _
cps(r) = F5((¢s(x + 74))i=0,...N) +00 on R

At infinity, we get

f5(ps(£00)) + 00 =0 with ¢5(—00) <0 < p5(+00)

Because f5 > 0, we deduce that oy < 0. Assume by contradiction that

o9 <0
and let o € (0s,0) be such that
ogp<o<0
and choose
=0

This implies that
¢5(—00) < mse <ms, 0 < dg(+00) <1+ms, < 1+my
Recall also that (3.7) means
ms < ¢y (—00) <bs, by (+00) =1+ ms
Again, up to translation, we can compare the profiles and get by comparison for all time ¢ > 0 that
& (z+c5t) = do( + ct)
which implies c; > c¢. Contradiction. We deduce that

oo=20
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Step 4.3: passing to the limit § — 0
Now for the choice §# = 1 and up to extract a subsequence, we get ¢5 — ¢ a.e. as 6 — 07 and the

limit solves ’ ~
cd'(z) = F((¢(x +75))i=0,..n) on R

#(2)2 0

¢(+00) — ¢(—o0) < 1

5 € [6.(0),6°(0)
with

and this shows that (c, ¢) is a solution of the equation for o = 0, i.e. of (1.6). Because this is true
for each ¢ > ¢, this ends the proof of the theorem.

4 Preliminaries on Harnack inequalities

The goal of this section is to prove Harnack inequalities (Propositions 4.4 and 4.6), that we will
use in the next section to show that ¢ > ¢* under certain assumptions. Recall that such Harnack
inequalities may fail in general (see Remark 4.7).

We start with the following strong maximum principle for a linear evolution problem.

Proposition 4.1 (A strong maximum principle for a linear evolution problem)
Let F be a function satisfying (ALy) and differentiable at {0}V 1. Assume that

oF

Jip€{0,...., N} such that r;, € R and e

0, ...,0) > 0.

LetT >0 andu :Rx[0,T) — [0,4+00) be a lower semi-continuous function which is a (viscosity)
supersolution of the linear equation

N oF
0X,

(4.1) ug(x,t) =
1=0

0, ... 0)u(x +1r4,t)  for (z,t) € Rx(0,T).

If u(zo,to) = 0 for some (xo,to) € R x (0,T), then
u(zo + krig,t) =0 forall k€N and 0<t <tp.

Proof of Proposition 4.1

Let u be a lower semi-continuous supersolution of (4.1) such that v > 0 and assume that there
exists some (xg,t9) € R x (0,T") such that u(xo,to) = u(zo,%) = 0.

Step 1: u(zp,t) =0 for all ¢t € [0, to]

Step 1.1: u(xo,-) is a viscosity supersolution of (4.2) on (0,7)

Because u > 0 and g—)i((), ...,0) >0 for i # 0, we deduce that u satisfies in the viscosity sense
OF
,t) > —L ith L:=|—(0,...,0
ug(x,t) > —Lu  wi ‘aXO( )’
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Recall also that to check the inequality in the viscosity sense, we have to replace as usual the
derivatives of u (where we need them) by the derivative of the test function, i.e. here we have only
to do it for wug.

Now setting v(t) = u.(zo,t), we claim that v satisfies in the viscosity sense

(4.2) v >—Lv on (0,7).

This is indeed quite classical but we still explain it. Consider a smooth test function ¢ touching
vx = v from below at some time ¢ty € (0,7). We can moreover assume that the contact is strict,
i.e. that

¢ < v, with equality only at g

Then, classically, we penalize ¢ around the space position xy as a new function
¢=(w,1) := (t) — e |z — 20|
Now for any r, p > 0 small enough we can define the cylinder
Qpr =1, xI; CRx(0,T) with I,:=[z0—p,x0+p], It:=[to—rto+7]

Moreover, for p > 0 small enough (depending on r), we have (from the strict contact)

P <ux on I x (0I)
Now for € > 0 small enough (depending on r, p), we also get that

P <ux on (0I;) x I
We can moreover choose r = 7, and p = p. as sequences as € — 0 such that

re,pe — 0T

and because
¢ =u, at (zo,to) =: Po

we deduce that
¢e < uy — ¢ with equality at P, € Int(Q,, )

with
(eyte) =P. - Py and 02> c

In particular w ehave
e we — mol? + us(@e, te) — (te) = c-

and taking the liminf as ¢ — 0, we deduce that (up to extract a subsequence)
e >0, e Yre—20? =0, us(ze,ts) = us(zo,to)
On the other hand the viscosity inequality for u, gives with ¢. := ¢. + c. that
016(P:) > —L-(Pz)

and then at the limit
9 (to) > —Lo(to)

which means precisely that v is a viscosity supersolution, i.e. satisfies (4.2).
Step 1.2: conclusion
Setting for any sg € (0, tg)

w(t) == e L0y (s0)
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we see that w is a solution of the ODE
Oyw = —Lw

while v is a supersolution on (sg, t9) which coincides with w at time ¢ = sp. Then the comparison
principle for ODEs (in the viscosity sense) implies that

w<wv on [sg,tg
Now the fact that u(xo,tp) = 0 = v(fp) implies that
0 = v(so) = ux«(s0, %0)

This shows that
us(t,xg) =0 forall ¢e€[0,to]

Because u is lower semi-continuous, this gives the expected result for u = ..
Step 2: u(.l‘() + Tio,to) =0
Using the test function ¢ = 0 at (xo,ty) we get

Y oF
0=¢y(xo,to) > Y +-(0,...,0)u(xo + 74, to)

— 0X;
oF oF
> 87)(0(0’ ) O)U(l'o, tO) + aXig (07 Sx) O)U(J:U + Tigs t0)7

Because u(xg,ty) = 0 and fTF,(O, ..,0) > 0, we deduce that
0

u(:(}o + T‘Z‘O,to) = 0.

Step 3: u(xg + kry,,t) =0 for kK € N and ¢ € [0, ¢]
We just apply Steps 1 and 2 iteratively. This ends the proof of the Proposition.

Now, we introduce a nonlinear problem whose linearization around 0 is the linear problem
studied in Proposition 4.1 for which we have a strong maximum principle under certain assumptions.
In the next result we first show the existence of a solution to the nonlinear problem, and later we
will give a bound from below on this solution under certain assumptions.

Lemma 4.2 (Existence of a solution to the nonlinear problem)
Consider a function F satisfying (Apip) such that Fij v+ satisfies (Pryp) and let € € (0,1]. Then
there exists 1 : R x (0, +00) — R wviscosity solution of

(4.3) Pe(x,t) = F((Y(x +75,t))i=0,...n) on R x (0,400)
with initial condition satisfying

(4.4) *(-,0) =eH* and ,(-,0) =cH,,

where H = 1|y ) is the Heaviside function.

Proof of Lemma 4.2
The construction of ¢ is naturally done by approximation.
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Step 1: construction of i5 solution of (4.3)

Let 6 > 0 and for
if z<-4

+1 if x€[-0,0]
if z>0

Because Hj is bounded and uniformly continuous, we know ([18, Corollary 2.9]) that there is a
unique continuous solution s of (4.3) with the prescribed initial data for ¢ € (0, 1]

Ys(z,0) :=eHs(x) forall xeR

Step 2: properties of
Recall that equation (4.3) admits a comparison principle (see [18, Proposition 2.5]). We then
deduce that

0<¢s;<1

Moreover, since the map § — Hjg is nondecreasing for § > 0, we deduce the same property for 5.
Moreover since Hs(x + h) > Hg(x) for all h > 0, we deduce the same property for 15, which shows
that the map = +— s(x,t) is nondecreasing.

Similarly, using the bound

sup | F| < Co
[0’1}N+1

we can deduce that
sz, 1) — s(z)| < Cot
and similarly that
[s(z,t) — Ys(x, s)| < Colt — s

Step 3: the limit § — 0
Since the map § — 15 is nondecreasing for é > 0, we can define the pointwise limit

= lim s

§—0t

Using the stablity of viscosity solutions, we deduce that v, and * are respectively supersolution
and subsolution of (4.3) on R x (0, +00). Moreover we deduce also that v satisfies

1 is nondecreasing w.r.t. x
|Y(x,t) — (z,s)| < Colt —s| forall zeR, t,sel0,+00).

Moreover, the fact that those properties are also satisfied by s uniformly in § > 0, joint to the
fact that

Ys(xz,0) = eHs(x)
and the good convergence Hs; — H outside the origin, implies easily that at the limit we have
() (2,0) =eH"(x), (¥)(2,0) =cH.(x)
This ends the proof of the lemma.

Proposition 4.3 (Lower bound on a solution to the nonlinear problem)
Consider a function F satisfying (Arip) such that Fo v+ satisfies (Prip). Assume moreover that

F is O over a neighborhood of {0}N*1 in [0,1]N 1 and

aF
9X;,

dip € {l,...,N} such that r;;, >0 and (0,...,0) > 0.
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Then there exists 9 € (0,1] and Ty > 0 such that for all 6 € (0,1p) and R > 0, there exists
k = k(0, R) > 0 such that for every 0 < e < &g, the function » = 1p. given by Lemma 4.2 with
initial conditions (4.4) satisfies

(4.5) Ve(z,t) > ke forall (x,t) € [-R, R] x [9, Tp].

Proof of Proposition 4.3

We first give an upper bound proportional to € on the solution 1) = 1. of (4.3) and then prove the
lower bound by contradiction.

Step 1: refined upper bound on ¥ on R x [0, 27})]

Let

M(t) := sup ™ (z,t)
T€R
It is easy to see that M (0) = ¢ and that M satisfies in the viscosity sense the ODE inequality
oM <F(M,...,.M)=f(M) on (0,+00)
Then it is natural to introduce the solution My of the ODE

{M{)(t)_f(Mo(t))ZO for (0, 4-00)

Mo (0) =
Using
L, := Lip(f)
we get
0< f(v) <2Lie for v € |0,2¢]
and then .
M()(t) <e+ 2L1€t < 2¢ forall te [0, 2T0] with T[) = E
1

The comparison of the subsolution M with the solution My shows that M < My and then
0 < 9e(z,t) <2 forall tel0,27Tp)

Step 2: establishing (4.5)
Given T as in Step 1, assume by contradiction that (4.5) is false. Then there exist § € (0,Tp),
R > 0 and sequences ¢, — 0, k, — 0 and points such that

¢6n( ) < Kpén with P, = (xnatn> € [_R, R] X [(5, T()]
Then we can define

U, (2, 1) = iwgn(gv,t) for all (z,t) € R x [0, 27p]

€n
which satisfies as n — 400 o
0<%, <2 over R x][0,2Tp]
U, (Pn) < Ky — 0
()« (@t = 0) = He(2)

and

(@)e(:t) = — Flen(@n(z + 71 8))ico.. ).

€n
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Step 2.1: uniform lower bound on P,
Denote by Z = (¢, (x + 7i,t))i=0....n- Since F is C! over a neighborhood of {0}¥+1 then for ¢,

small enough, we get with L := supjy ;jn+1 68—;;0
_ 1 _
(V)i t) = ;F(En(wn(w +7i,t))i=0,...N)
N o m
oF —
= ;/0 aXi(san)wn(a: + 7, t)ds
Z _Lan(wv t)a

where we have used the fact that v, > 0 and g—)i, > 0 for all i # 0. Hence 1,, is a supersolution of
the linear equation

(4.6) we(z,t) = —Lw(x,t).

Setting for > 0 small
if x<0

0
x .

Hn(l‘): ; it 0<xz<n
1 if z>n

we see that
P(x,t) := e_LtHn(ﬂf)

is a subsolution of (4.6), which satisfies moreover
¢(z,t =0) = Hy(z) < Ho(z) < (¢,)«(2,t =0)
Therefore, using a comparison principle for (4.6), we deduce the following lower bound
e M H,(z) <Y, (x,t) forall (z,t) €R x[0,27p).

Step 2.2: passing to the limit and getting a contradiction
Using our bounds, we can define the semi-relaxed limit

Voo = liminf.
which satisfies (up to extract subsequences) with P, = Py = (Zoo, teo) € [—R, R] X [, Tp]

0<v,<2 on Rx]J0,27T)
e M H,(z) < Yoo(x,t) forall (z,t) € R x [0,2Tp).

and passing also to the limit in the equation, we deduce that

N oF

" >
atwoo(%t) - P aXZ

0,...,00h o (x+7,t) on R x[0,27p)

Then the strong maximum principle (Proposition 4.1) shows for all k£ € N that

Voo (Too + krig,t) =0 forall 0<t<to.
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For k£ >> 1, this leads to a contradiction
1 = Hy(Too + krig) < Yoo (Too + krig, 0) = 0.

We conclude that (4.5) holds true and this ends the proof of the proposition.

We are now ready to give the main result of this section.

Proposition 4.4 (Harnack inequality)
Let F be a function satisfying (ALip), (PLip) and assume that F is C over a neighborhood of {0}V +1
in [0, 1]V 1. Assume moreover that

aF
9X;,

dip € {1,...,N} such that r;;, >0 and (0,...,0) > 0.

Let ¢ € R. Then for every p > 0 there exists constants B1 = Ri(p,c) > 1 and Ry = Ro(p,c) > 1

such that for any solution u of

cu/(x) = F((u(z + ri))izo,...,

N) on R

u(—o0) =0 and wu(+o00) = 1.

we have
sup v <&y inf w for all z €R.
B,(x) By(z)
and
u(z +1%) < Rou(z),
where r* = max_|r;].

1=0,...,

Proof of Proposition 4.4
Let F be the extension of F on R¥t! given by Lemma 3.2. Then it is easy to check that the
function

u(x,t) :=u(x + ct)

satisfies in the viscosity sense the equation
Ty (2, t) = F((@(x +ri,t))izo..n) forall (z,t) € R x (0,+00)

and
u(x,0) = u(z).

Let zg € R such that 1 > u(xg) > 0. Since u is nondecreasing, we have
u(x,0) > u(zo)H(x — xp),

where H = 1jg ;) is the Heaviside function. For e € (0,1] that will be fixed later, let 1. = v be
the solution given by Lemma 4.2 with initial condition . (z,0) = eH(z) in the sense of (4.4) and
let

(z,t) = Y (x — o, ).

Now, using Proposition 4.3, we deduce that there exists some gy € (0, 1] and 7j such that for all
5 € (0,Tp) and R > 0 there exists a constant k = k(J, R) > 0 such that if £ < g, then

(4.7) v(x,t) > ex forall (z,t) € [xg — R,x0 + R] x [9, To).
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Case 1: u(zg) < g
We now choose
e =u(xg) >0

In particular, we have
u(z,0) > 0"(x,0) forall zeR.

Using the comparison principle (see [18, Proposition 2.5]), we deduce that
u>v forall (x,t)€R x(0,400).
From (4.7), we deduce that
u > ku(zg) on [rog— R,zo+ R] x [J,Tp].
Because u(x,t) = u(x + ct), we conclude that

Inf +ot) > _
(.)€ z0— Roro + R[50 u(z +ct) > Ku(xo)

Now, for any p > 0, we can find R, > 0 large enough such that
Byp(x0) C Br,(x9) + ¢t for all ¢ e [6,Tp).
Therefore, since u is nondecreasing, we deduce that

u(xg —2p) = inf  wu(x) > inf u(x + ct) > rkul(xg
(o ) x€Bay(w0) (=) (z,t)Elzo—Rp,x0+Rp] x[5,T0] ( ) (o)

with & = k(R)).
Case 2: u(zg) > £
Then choosing
=&

we deduce again that
u(zo — 2p) > Keg > Kegu(To)

Conclusion
Hence setting

we see that in both cases 1 and 2, we get
(4.8) u(zo) < Riu(xo — 2p)
Hence for y := g — p, we get in particular

sup u < ®p inf u
B, (y) By(y)

Moreover the choice 2p := r* in (4.8) gives
u(z +7°) < Kou(r) with Ko := RKi|p_pe /2

This ends the proof of the proposition.

Because the proofs are similar to the original ones, we now give without proofs two results
(Propositions 4.5 and 4.6) which are direct adaptations of the proofs of Propositions 4.3 and 4.4.
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Proposition 4.5 (Lower bound on a positive segment [§, R] when r;, < 0; variant of
Proposition 4.3) )

Consider a function F' satisfying (Apip) such that Fjj v+ satisfies (Prip). Assume moreover that
F is C' over a neighborhood of {0}V *1 in [0,1]N*! and

OF
9X;,

dip € {l,...., N} such that r;;, <0 and (0,...,0) > 0.

Then there exists 9 € (0,1] and Ty > 0 such that for all 6 € (0,Tp) and R > 0, there exists
k = k(0,R) > 0 such that for every 0 < & < &g, the function ¥ = 1. given by Lemma 4.2 with
initial conditions (4.4) satisfies

Ye(x,t) > ke forall (x,t) € [0, R] x [d, Tp].
Based on Proposition 4.5, we can then show the following result.

Proposition 4.6 (Harnack inequality for ¢ < 0 when r;, < 0; variant of Proposition 4.4)
Let F be a function satisfying (ALip), (PLip) and assume that F is C1 over a neighborhood of {0}V +1
in [0, 1]V *1. Assume moreover that

OF
9X;,

dip € {l,...., N} such that r;; <0 and (0,...,0) > 0.

Let ¢ € (—00,0). Then for every p > 0 there exists constants K1 = Ri(p,c) > 1 and Ky = Ro(p,c) > 1
such that for any solution u of

c/(z) = F((u(z +7;))iz0..N) on R
u >0

u(—o0) =0 and wu(+o0)=1.

we have
sup u <kp inf u forall z€R.
B, (x) By(z)
and
u(x 4+ r*) < Rou(x),
where 7* = max_|r;].

2:07"'7
Notice that Harnack inequality may fail for ¢ = 0 as shows following remark.

Remark 4.7 (When Harnack inequality fails for ¢ = 0)
i) (A traveling wave equation)
We consider the equation

cu' = u(x — 1) —u(x) + f(u(z))

2
For ¢ =0, we can plug
0 if <0
u(z) =< if 0sz<y
1-— %6_2@_%) if x>1%
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and check that

0 if ©<0

1 x if 0<z<y

flute)) =ule) ~ule = 3) =3 ] 1 2eh o) § lo<l
1 %6_2(9”_%) — {1 - Je 2D} if ©>1

which shows that we can take

v for 0<wv<3
f) =3 v+im{20—v)}  for F<v<I—fe!
(e—=1)(1 —v) for 1—%6_1§v§1

which is Lipschitz and satisfies f > 0 = f(0) = f(1) on (0,1). Moreover f'(0) = 1 and we can
check that ¢ = 0. This example shows that there is no standard Strong Maximum Principle, and
then no Harnack inequality here for c =0 = c* and r;, = —% < 0.

ii) (Lack of diffusion in a discrete equation)

Consider the related equation

ug(x,t) =u(x — 1,t) —u(x,t) for (z,t) € R x (0,+00)

For the initial data

0 if x<0
u(z,0) =14 1 if z€][0,1)
0 if v>1
we get the exact solution
0 if <0
,t) = ,0) = th . .
u(@,?) = u(z,0) met if en+10,1) with neN

This example shows clearly that this discrete equation creates no diffusion at all to the left (i.e. no
infinite velocity to the left).

5 Comparison of the minimal velocity ¢" with ¢*

The main result of this section is the proof of Theorem 1.3 which states that ¢™ > ¢*. Part of our
arguments are inspired by Hamel [24], where some comparisons ¢ > ¢* are also obtained under
certain conditions for various (standard) reaction-diffusion equations. We finally show in Lemma
5.2 an example where the inequality is strict: ¢t > ¢*.

In order to prove Theorem 1.3, we will need the following result.

Lemma 5.1 (Lower bound on the velocity for the linear problem)
Let F be a function satisfying (ALip) and differentiable at {0}N+1. Assume moreover that f(v) =
F(v,...,v) satisfies

N
(5.1) F1o)y=>" g; (0,...,0) > 0.
i=0 v



Let ¢ # 0 and assume that there exists ag > 0 and Cy > 0 such that ¢ is a solution of

( N
e () = 2 (;9;2 0,....,0)¢p(x+7;)) on R
(5.2) ¢ >0
¢>0
1< ¢(fb(+$)“0) <Cy foral z€eR,

Then

where c* is given in (1.8).

Proof of Lemma 5.1
Step 0: preliminary
Let a € (0,ap) and let

K*=inf E with E ={k>1 suchthat ¢(z+a)<k¢(z) forall z € R}.
We have E # () because Cy € E. By definition of K* > 1, we have
o(x+a) < K*¢(x) for every z € R.
If K* =1, then ¢ is constant and the first equation of (5.2) gives

N oF

0=2_%x,

(0,...,0) = f'(0)

i=0
which is a contradiction with (5.1). Therefore K* > 1, and there exists A > 0 such that
K* = e/\a.
Again by definition of K*, for every € > 0, there exists z. € R such that
¢(re +a) > (K* — e)o(e).

Setting o )
T+ Ze

QSE(:E) = ¢(£U5)

with  ¢.(0) = 1

we get
de(x+a) < K*¢p(x) and ¢-(a) > (K* —e)p-(0).

Step 1: passing to limit ¢ — 0

Since ¢ # 0, we can bound both ¢. and ¢, on any bounded interval uniformly w.r.t. e. Therefore,
using Ascoli’s Theorem, we deduce that ¢. converges to some ¢q locally uniformly and ¢g satisfies
(in the viscosity sense)

¢

N
cop(z) = Z oF (0,...,0)pp(x +7r;) on R

= 0X;
(5.3) %020
gf)o(:l? + CL) S K*gf)o(.%‘)
$0(0) =
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Now, let w(z) = K*¢o(x) — ¢po(x + a). Then from (5.3), we deduce that w satisfies

N
Z;a Jw(x+r;)) on R

w>0 on R
w(0) = 0.
Then using the half strong maximum principle [1, Lemma 6.1}, we get that w(z) = 0 for all cx < 0,

le.
K*¢o(z) = ¢po(x +a) forall cx <O0.

Step 2: establishing ¢ > ¢*
Because of estimate (5.3), we see that ¢ > 0. Hence we can define

_ ¢o(x —cn)
Pon(z) = ¢o(—cn)
Then ¢, (0) = 1 and

K*¢popn(x) = pon(z+a) forall c(z—cn)<0.

Step 2.1: passing to the limit n — 400
As before, we can pass to the limit ¢g, — ¢o o satisfying

N
cqﬁOOO = 0)¢0,00(x +1;) on R

P00 > 0
$0,00(0) = 1.

with moreover
K*$0.00(7) = ¢oo(x +a) foral zeR.

Step 2.2: conclusion

Let b0.00(2)
0,00 (L
= J >0
Z(x) e T -
which satisfies z € C! and
X oF
(5.4) e (z) + ehz(x) = Z X, (0,..,0)eMiz(x +7;) on R

and
Let zp be a minimum of the a-periodic function z > 0. Assume by contradiction that z(zg) = 0.

Then this implies
S o
—~ 0X;
=1

Case 1: there exists some index ip € {1,..., N} such that r;, # 0 and aaTF(O, ...,0)>0
0
Since g)}; (0,...,0) >0 for all i = 1,..., N, we deduce that

)eMNiz(zo + i) = 0.

Z(l‘o + Tio) =0.

29



Repeating the same process, we get that z = 0 on g + r;,N. Since z is a-periodic, then z = 0 on
zo + 1oN + aZ = 29 + a(“2N + Z).
Since a € (0,ap) is arbitrary, then we can choose a € (0,a9) such that 2 € R\Q. Therefore,
T
zo + a(

‘0N + Z) is dense in R. By continuity of z, this implies

a

z=0 on R,
which is a contradiction with z(0) = 1.
Therefore z > z(zp) > 0 and we get
OF M oF
Alrn) = G 00 00 4 3 0 00N 1)
OF X oF
> ——(0,...,0)e* ey 0)e?Ti
> (0, 00 2(w0) +; o, (0 00 (o)
Y oF
_ ; — Ar;
= z(zo)P(\) with P()):= ; X, (0,...,0)eM.
Hence PO POV)
> —= > =:c".
S W = AV

Case 2: we have 88—;;(0,...,0) =0 for all i € {1,...,N}
Then we deduce from (5.4) that z satisfies

cz' =kz with k:= f/(0) —c\ with 8—F(0, ...,0)=f(0) >0
0Xo

Because ¢ # 0 and z is a-periodic with z(0) = 1, we deduce that z is constant and that k = 0, i.e.

c= & > c¢* = inf P

=0
A N>0 N

Hence in Cases 1 and 2, we get ¢ > ¢* and this ends the proof of the proposition.

Proof of Theorem 1.3

Under assumptions (Apip) and (Pg1), let ¢ given by Theorem 1.1. We want to show that ¢ > ¢*
with ¢* given in (1.8).

We now introduce the following condition

OF
9X;,

(5.5) dip € {1,...,N} such that r;, >0 and 0,...,0) >0

and we will distinguish the cases where this assumption is satisfied or not.

Step 1: proving that ¢™ > ¢* under the assumption (5.5)
Let ¢ > ¢T, and let (¢, ¢) be a solution of (1.6). Because of assumption (5.5), we know that Harnack
inequality holds true (see Proposition 4.4). Hence we deduce that ¢ > 0.

Step 1.1: 2 is globally bounded when c #0

é(x)
We have ¢/($) 1
qu(:c) = M ((¢(z +7))i=0,...N)-
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Using F(0,...,0) = 0, the fact that F' is Lipschitz with

F(X) <L X;
FOOI <L max |

and the monotonicity of ¢ with |r;| < r*, we deduce that

§) _ Lo+ _ Lo
6@ S @ 1

where the constant Ky > 1 comes from the following Harnack inequality (see Proposition 4.4)

=M

Pz +17) <Fod(x)

Hence we get the bound

0<

Step 1.2: proving that ¢ > ¢* and conclusion
Gven a sequence x, — —00 we set

o(x + xp) >0

D= ) 2

which satisfies
1
cgl (z) = E—F(En(d)n(x +7i))i=0,..n) on R, with &,:=¢(z,)—0
and

$n(® +17) < Fogn()
Moreover, because we have ¢, (0) =1 with 0 < iigg < M this implies the bounds

0 < ¢n(e) < max(L, ™), 0< () < Méy(z)

Now, using Ascoli’s Theorem (and some classical diagonal argument), we deduce that ¢,, converges
locally uniformly to some ¢, which satisfies (at least in the viscosity sense)

N
c¢>go(a:)zz oF (0,...,0)¢o0(z +7;) on R

where the third three lines imply in particular that
P00 >0 on R

Then using Lemma 5.1, we deduce that

c>c.

Because this is true for every ¢ > ¢* with ¢ # 0, we deduce that ¢t > c¢*.
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Step 2: proving ¢* > ¢* when assumption (5.5) is not satisfied
Then we have

OF
8Xi(0,...,0) =0 forall >0
Because by assumption we have
OF OF
/ _ . .
0<f(0)_' > aXi(o,...,o) with a—Xi(o,...,o) >0 forall i#0
i=0,...,N
we deduce that POX
¢ = inf (W) <0
A>0 A
Assume by contradiction that
(5.6) ct<c* <0
Up to increase the integer N > 1, we can always assume that there exists some index i; € {1,..., N}
such that
i < 0

Let (¢, ¢™") be a solution of (1.6) given by Theorem 1.1. Using the half strong maximum principle
[1, Lemma 6.1] with ¢t < 0, we get that

¢T(x9) =0 implies ¢t (z) =0 forall x>z
Hence we deduce that ¢ > 0. Now let € > 0 and let us define the function
Fo(Xo, oy Xn) = F(Xos oo, Xv) + £(Xs;, — Xo).
Because ¢ is nondecreasing, we see that ¢ > 0 satisfies
(0" () = F((¢" (@ +19))i=0,...¥) = Fe((¢7 (x +7i))i=0,..,)-

Then we can apply Proposition 2.5 which shows the existence of a nondecreasing solution (c*, ¢ )
of

C+¢é = Fe((¢€(x + 7“z‘))i:O,...,N) on R

¢L>0

Pe(—00) =0, Pe(+00) =1

Because

(0,...,0) > e >0 with r;, <0

we can apply Harnack inequality (Proposition 4.6). Proceeding exactly as in Step 1, we get a
function ¢, solution of

N
ctol (z) = Z oF: 0,...,0)po0(x+1;) on R

¢ =2 0
¢oo(o) =1
[ Poo( + ") < Rogoo(®)

which implies again from Lemma 5.1 that

P.(\
0>c" >c.:=inf =) with  P.(A\) = P(\) 4+ e(e"a* — 1)

A>0
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In the limit ¢ — 07, we recover
ct > lim ¢ =¢*
e—07t

which is in contradiction with our assumption (5.6). Hence (5.6) is false, and this shows that
ct >t

Finally we have shown this result assuming or not assumption (5.5). Hence the result holds in all
cases and this ends the proof of the theorem.

Now, we give the proof of Proposition 1.4, where we show that ¢ < ¢* under a KPP type
condition.

Proof of Proposition 1.4
The proof is quite simple. Consider any ¢ > ¢* = infy~g @ and choose some A\g > 0 such that we
still have PO

c>c(A) = (o)

v
*

We also set

N
do(x) := e and G(X):= Z
This shows that

cdp > c(No)dy = G((¢o(x + 14))i=0,..n) = F((¢o(x + 1i))i=0,...N)

Hence ¢g is a supersolution of the equation with velocity ¢. This is also the case of
(50 = min(gbo, 1)

which is then a positive nondecreasing supersolution. Then we can apply Proposition 2.5 which
shows the existence of a nondecreasing solution ¢ of

C¢/ = F((¢($ + ri))i:o,...,N) on R
¢’ >0
¢p(—00) =0, ¢(+o0) =1

This implies by definition of ¢ that
ct <ec

Because this is true for any ¢ > ¢*, we deduce that
ct <t

and this ends the proof of the proposition.

Now, we give an example of nonlinearity where we have ¢t > c*.

Lemma 5.2 (Example with ¢™ > ¢*)
Consider the function F : [0,1]> — R defined as

F(Xo, X-1,X1) = g(X1) + g(X-1) — 29(Xo) + f(Xo),

with ro = 0, 741 = +£1 and f, g : [0,1] = R are C* over a neighborhood of 0, Lipschitz on [0,1]
and satisfying
f(0)=f(1)=0 g'(0) =
f>0 on (0,1) and g(1
f(0)>0 /

0
1+ ¢(0)

Q
v =
IS
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Let ¢t given by Theorem 1.1, then

where ¢* is defined in (1.8).

An example of such g is g(z) = z — & sin(27z).

Proof of Lemma 5.2
Since ¢’(0) = 0 and f/(0) > 0, then P(\) = f’(0) > 0. Thus we get that ¢* = inf)~¢ % = 0. By
Theorem 1.3, we have that ¢ > ¢* = 0. We want to show that ¢™ > ¢*.

Assume to the contrary that ¢t = 0 and let ¢ be a solution of (1.6) with F replaced by F°.
Using the equivalence between the viscosity solution and almost everywhere solutions (see Lemma
2.3), we deduce that ¢ is an almost everywhere solution of

(5.7) 0=F((¢(z+7i))i=0,...N)-

That is there exists a set N of measure zero such that for every z ¢ A, equation (5.7) holds true.
Let Ny = Ugez(N + k) and choose 2y € R\Nj. Then equation (5.7) holds true for every zo + k
with k € Z. Hence

(5.8) g(d(z0+k+1))+ g(d(z0 + &k —1)) —29(d(20 + k)) = —f(¢(20 + k)) <0 for every k€ Z.

Let h be the piecewise affine function which is affine on each interval [k, k + 1] and satisfying
h(zo + k) = g(é(20 + k)) with k € Z. Thus, it is easy to conclude using (5.8) that h is concave.
Moreover, h is bounded because ¢ is bounded on [0,1] and 0 < ¢ < 1. Therefore, h is constant.
This implies that

9(P(20)) = g(é(20 + k)) = const  for all k € Z.

Moreover, since ¢ > 0, ¢(—o0) = 0 and ¢(+00) = 1, we conclude that g = const on [0, 1], which
is a contradiction with g(1) = 14¢(0). Hence, we get ¢t > 0 = ¢*. This ends the proof of the lemma.

6 Properties of the minimal velocity

This section is decomposed in two subsections. In the first subsection, we show Corollary 6.1 which
gives sufficient conditions to insure that ¢ > 0. In the second subsection, we give the proof of
Proposition 1.5 which shows an example where ¢™ < 0. Finally, using this example we show the
instability of the minimal velocity by L°° approximation of the nonlinearity F. This is the proof
of Proposition 1.2.

6.1 Nonnegativity of the minimal velocity c'

Let us now give a corollary of Theorem 1.3.

Corollary 6.1 (Non-negative c* for particular F)
Consider a function F satisfying (Arip) and (Peu). Let ¢t given by Theorem 1.1. Then we have
ct > c* >0, if one of the three following conditions i), i) or iii) holds true:

i) (Reflection symmetry of F)
Let X = (Xi)ieqo,...ny € [0, 1]V T Assume that for alli € {0,..., N} there exists i € {0,..., N} such
that r; = —r;; and

F(X)=F(X) forall X c[0,1]N"!
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where

X, =X; for i€{0,..,N}.

1) (All the r;’s “shifts” are non-negative)
Assume that r; > 0 for all i € {0,..., N}.

ii1) (Strict monotonicity)
Let
I={ie{1,..,N} such that there exists i € {1,..,N} with r;=—r;}

and assume that
oF . oF oF

Notice that in the first version of the manuscript [2], we gave a direct proof of Corollary 6.1,
without using Theorem 1.3 that was not available at that time. The proof there was done using
extension lemmata, joint to approximation procedures (only close to the root ¢(4+o00) = 1) as in
our construction of ¢* in the proof of Theorem 1.1.

Notice that because of the monotonicity of F' in X; for j # 0, condition (6.1) is satisfied if
OF

—(0) > 0.
8X0( ) >
Moreover, if
oF oF .
(6.2) I={1,..,N} and X, (0) = 87)(;(0) forall i €1,

then condition (6.1) is equivalent to f/(0) > 0. In particular, under condition i) property (6.2)
holds true. This shows that condition #ii) is more general than condition 7).

Remark that if we replace (Pg1) by (Prip) assuming for instance ) or ii), we do not know if
ct>0.

Proof of Corollary 6.1

Step 1: Study of ¢*

We first show that ¢* > 0 in each case.
Step 1.1: case i)

The reflection symmetry shows that

oF or
5.0 = 55

and then
oF A\ oF oF oF ,
— LeTiN — T . . > =
P()) 42 axi(o) e ax0(0)+, > 8Xi(0> cosh(r;\) > | > aXi(O) 7(0)>0
1=0,...,N i=1,....,N i=0,...,N
Hence POX
¢ := inf () >0
A>0 A
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Step 1.2: case ii)
For the computation of P(\) we can assume that r; > 0 for all indices i = 0,..., N. Then we have

PO = Y JrO-ets 3 S8 = F0)>0

i=0,..,N i=0,..,N
and again
>0
Step 1.3: case iii)
We have
oF oy OF OF oF N
P(\) ZZOX:N e (0) Z 3%, (0) + ;mm <8XZ (0), 59X (0)> cosh(r;\) =: Q(N)

which implies
and again

Step 2: conclusion
Using Theorem 1.3, we deduce that ¢™ > ¢* > 0, which ends the proof of the corollary.

6.2 Instability of the minimal velocity ¢

In this subsection, we show that the minimal velocity ¢ given in Theorem 1.1 is unstable in the
sense of Proposition 1.2. Before proving proving it, we give an example of a nonlinearity F' for
which the associated minimal velocity is negative (Proposition 1.5).

Proof of Proposition 1.5

The aim is to construct a function F' satisfying (Ari,) and (Pg1) such that the associated minimal
velocity satisfies ¢ < 0. To this end, we will construct a function f € Lip([0, 1]), which is linear in
a neighborhood of zero with f'(0) > 0, such that there exists a couple (¢, ¢) with ¢ < 0 solution of

¢/ (r) = oz — 1) — ¢(z) + f(o(x)) on R
(6.3) ¢’ >0
¢(—00) =0 and ¢(+o0) = 1.

Let c= —p with 0 < p < 1 and

1
56” on (—o00,0]
1——e 7 on [0,+00)

2
with v > 0. We claim that ¢ € C*(R) and (—pu, ¢) solves

0<¢(x) —d(xr—1) —p¢'(x) on R
¢ >0
¢(—00) =0 and ¢(+o0) =1,

which is possible to check for 0 < v << 1.
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Therefore, it is sufficient to define the function f as

f(o(x)) == p(z) — d(z — 1) — p¢(x) >0 for all z € R.

Notice that, when z — +00, ¢(+00) = 1 and ¢'(x) — 0, thus f(1) = 0. Similarly, we have f(0) = 0.
Moreover, since ¢ € C11(R), we have that f € Lip((0,1)). In fact, by a direct tedious calculation,
one can deduce that

[ 1
(I—e7—puy)v for v e |0, 2]
fw)=q1+ 14+ py)( —1)—i—i for v e B 1—}677
- HYRY A(v—1) FUE 2T
[ 1
(I—e"+ py)(v—-1) for v e 1—26_7,1],

and this implies that f € Lip([0,1]) and 1 > f/(0) > 0. We can even check that f is concave and C*

except at the point v = %, where it is neither concave nor C'!. This ends the proof of the proposition.

Remark 6.2 Notice that to get more regular nonlinearities, one can consider
(6.4) felw) = ((60) = 6 = 1) = () % p. ) (@),

where pe satisfies p. > 0, pe(z) = 2p(£) (p is a mollifier) and supp p. C Be(0). However, in this
case, pe* ¢ is a solution of (6.3), with f replaced by f-, and then f. € C*([0,1]) with fL(0) > 0.

Now, we give the proof of the instability result, namely Proposition 1.2.
Proof of Proposition 1.2
Let us consider the function F' given in the proof of Proposition 1.5, namely for X = (Xo,..., Xy)

F(X):F(Xo,Xl) = Xl—Xo—i-f(X()) with r7r9=0, r=-1, N=1
(6.5)

f()=f(0)-v for vel0,3], with f(0)>0
satisfying (ALip) and (Po1) with associated minimal velocity c¢f. := ¢* satisfying

+
cp <0

Our goal is to build a sequence of functions Fj satisfying (Arip) and (Pg1) with a minimal velocity
cg > 0 such that
4

Fs—F in L¥(0,1]""!) as §— 0"

which will prove that
liminfct > ok
gt eh, > o

We first construct Fj, and then Fy.

Step 1: construction of Fj
For X = (Xg,..., Xn) € [0,1]¥*! and § > 0 small, define the function

F5(X) = F(X) = f(Xo) — f5(X0),
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where
max (f(8) + Lo(v — 6),0) on [0,0]
f on [4,1],

with a constant Ly > 0 satisfying Ly > max(Lip(f), 1).
By construction of fj5, we clearly have

||F5—F||Loo = ”f—f5||Loo—>0 as 0 — 0.

Step 2: rescaling and existence of C;C&
We now introduce the root 05 of fs

05::5_@

0
Lo

which satisfies
fs > 0= f5(05) = fs(1) on (0s,1)

Since Fj satisfies (ALip) and (Pgt1) with [0, 1]V replaced by [05, 1]V, it is natural to rescale Fj
in
Fs((Xi)izo,..n) == Fs((05 4+ (1 — 05) X;)i=0,...N)

IR

which now satisfies (ALip) and (Pc1) on [0,1]VF1. Hence we can apply Theorem 1.1, and deduce
that there exists a minimal velocity c;g .

&
Now using (6.5), notice that

8F5 aﬁé

a—Xl(o) = (1-0s) >0, a—Xl(o) =(1-05)(=1+Lo) >0

Moreover, we can apply Theorem 1.3 which gives

£ 2 Chy = /1\1;% 3 with  P(\) := 2 9%,

ie
+> +
Cﬁ5—0>CF

Finally, we deduce that (using for instance the uniform continuity of F')
|Fs—F|lpe =0 as 6—0

which ends the proof of the proposition.

ACKNOWLEDGMENTS

The first author would like to thank the Lebanese National Council for Scientific Research
(CNRS-L) and the Campus France (EGIDE earlier) for supporting him. He also want to thank
professor R. Talhouk and the Lebanese university. The last author was also partially supported
by the contract ERC ReaDi 321186. Finally, this work was partially supported by ANR HJNet
(ANR-12-BS01-0008-01) and by ANR-12-BLAN-WKBHJ: Weak KAM beyond Hamilton-Jacobi.

38



References

1]

2]

[11]

[12]

[13]

M. AL HAJ, N. FORCADEL, R. MONNEAU, FExistence and uniqueness of traveling waves for
fully overdamped Frenkel-Kontorova models. Arch. Ration. Mech. Anal. 210 (1) (2013), 45-99.

M. AL HaJ, R. MONNEAU, Euxistence of traveling waves for Lipschitz discrete dynamics.
Monostable case as a limit of bistable cases, original preprint (2014), hal-00921710v3.

M. AL HAJ, R. MONNEAU, The velocity diagram of traveling waves for discrete reaction-
diffusion equations, new preprint (2022).

M. AL HaJ, R. MONNEAU, The velocity diagram for traveling waves, preprint (2022).

D.G. ARONSON, H.F. WEINBERGER, Nonlinear diffusion in population genetics, combustion,
and nerve pulse propagation. Partial differential equations and related topics, 5-49. Lecture
Notes in Math., Vol. 446, Springer, Berlin, (1975).

D.G. ArRoNsSON, H.F. WEINBERGER, Multidimensional nonlinear diffusion arising in popu-
lation genetics. Adv. in Math. 30 (1) (1978), 33-76.

G. BARLES, Solutions de wiscosité des équations de Hamilton-Jacobi. Vol. 17 of
Mathématiques & Applications, Springer-Verlag, Paris, (1994).

H. BERESTYCKI, F. HAMEL, Front propagation in periodic excitable media. Comm. Pure
Appl. Math. 55 (8) (2002), 949-1032.

H. BERESTYCKI, F. HAMEL, N. NADIRASHVILI, Propagation speed for reaction-diffusion
equations in general domains. C. R. Math. Acad. Sci. Paris 339 (3) (2004), 163-168.

O.M. BrAUN, Y.S. KivsHAR, The Frenkel-Kontorova model, Concepts, Methods and Appli-
cations. Springer-Verlag, (2004).

A. Carpio, S. CHAPMAN, S. HASTINGS, J.B. MCLEOD, Wave solutions for a discrete
reaction-diffusion equation. European J. Appl. Math. 11 (4) (2000), 399-412.

X. CHEN, S.-C. Fu, J.S. Guo, Uniqueness and asymptotics of traveling waves of monostable
dynamics on lattices. STAM J. Math. Anal. 38 (1) (2006), 233-258.

X. CHEN, J.S. Guo, Ezxistence and asymptotic stability of traveling waves of discrete quasi-
linear monostable equations. J. Differential Equations 184 (2) (2002), 549-569.

X. CHEN, J.S. Guo, Uniqueness and existence of traveling waves for discrete quasilinear
monostable dynamics. Math. Ann. 326 (1) (2003), 123-146.

X. CHEN, J.S. Guo, C.-C. Wu, Traveling waves in discrete periodic media for bistable
dynamics. Arch. Ration. Mech. Anal. 189 (2) (2008), 189-236.

J. CoviLLE, J. DAVILE, S. MARTINEZ, Non-local anisotropic dispersal with monostable
nonlinearty. J. Differential Equations 244 (12) (2008), 3080-3118.

R.A. FISHER, The advance of advantageous genes. Ann. Eugenics 7 (1937), 335-369.

N. ForcaDEL, C. IMBERT, R. MONNEAU, Homogenization of fully overdamped Frenkel-
Kontorova models. J. Differential Equations 246 (3) (2009), 1057-1097.

S.-C Fu, J.-S. Guo, S.-Y. SHIEH, Traveling wave solutions for some discrete quasilinear
parabolic equations. Nonlinear Anal. 48 (8) (2002), 1137-1149.

39



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[32]

[33]

[34]

[35]

[36]

J.-S. Guo, F. HAMEL, Front propagation for discrete periodic monostable equations. Math.
Ann. 335 (3) (2006), 489-525.

J.-S. Guo, C.-H. Wu, Ezistence and uniqueness of traveling waves for a monostable 2-D
lattice dynamical system. Osaka. J. Math. 45 (2) (2008), 327-246.

J.-S. Guo, C.-H. Wu, Front propagation for a two dimensional periodic monostable lattice
dynamical system. Discrete Contin. Dyn. Syst. 26 (1) (2010), 197-223.

K.P. HADELER, F. ROTHE, Travelling fronts in nonlinear diffusion equations. J. Math. Bio.
2 (3) (1975), 251-263.

F. HAMEL, Qualitative properties of momnostable pulsating fronts: exponential decay and
monotonicity. J. Math. Pures Appl. (9) 89 (4) (2008), 355-399.

F. HAMEL, N. NADIRASHVILI, Travelling fronts and entire solutions of the Fisher-KPP
equation in RN . Arch. Ration. Mech. Anal. 157 (2) (2001), 91-163.

F. HAMEL, L. ROQUES, Uniqueness and stability properties of monostable pulsating fronts.
J. Eur. Math. Soc. (JEMS) 13 (2) (2011), 345-390.

X. Hou, Y. L1, K.R. MEYER, Traveling wave solutions for a reaction diffusion equation
with double degenerate nonlinearities. Discrete Contin. Dyn. Syst. 26 (1) (2010), 265-290.

W. HuDSON, B. ZINNER, Ezistence of traveling waves for a generalized discrete Fisher’s
equation. Comm. Appl. Nonlinear Anal. 1 (3) (1994), 23-46.

A.N. KoLmMoGoORrov, I.G. PETROVSKY, N.S. PISKUNOV, Study of the diffusion equation with
growth of quantity of matter and its application to biological problem. Bull. Univ. Moscou,
Ser. Internat. Sect. A, 1 (1937), 1-25.

B. L1, H.F. WEINBERGER, M.A. LEWIS, Spreading speeds as slowest wave speeds for coop-
erative systems. Math. Biosci. 196 (1) (2005), 82-98.

G. NADIN, L. Ross1, Propagation phenomena for time heterogeneous KPP reaction-diffusion
equations. J. Math. Pures Appl. 98 (6) (2012), 633-653.

V. VOLPERT, S. PETROVSKII, Reaction-diffusion waves in biology. Phys. Life Rev. 6 (4)
(2009), 267-310.

H.F. WEINBERGER, Long-time behavior of a class of biological models. SIAM J. Math. Anal.
13 (3) (1982), 353-396.

H. YAcisiTa, Existence and Nonexistence of traveling waves for a nonlocal monostable equa-
tion. Publ. Res. Inst. Math. Sci. 45 (4) (2009), 925-953.

B. ZINNER, G. HARRIS, W. HUDSON, Traveling wavefronts for the discrete Fisher’s equation.
J. Differential Equations 105 (1) (1993), 46-62.

A. Z1LATOS, Transition fronts in inhomogeneous Fisher-KPP reaction-diffusion equations. J.
Math. Pures Appl. (9) 98 (1) (2012), 89-102.

40



