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PARTIALLY DISSIPATIVE SYSTEMS IN THE CRITICAL
REGULARITY SETTING, AND STRONG RELAXATION LIMIT

RAPHAEL DANCHIN

ABSTRACT. Many physical phenomena may be modelled by first order hyperbolic
equations with degenerate dissipative or diffusive terms. This is the case for example
in gas dynamics, where the mass is conserved during the evolution, but the momentum
balance includes a diffusion (viscosity) or damping (relaxation) term, or, in numerical
simulations, of conservation laws by relaxation schemes.

Such so-called partially dissipative systems have been first pointed out by S.K. Go-
dunov in a short note in Russian in 1961. Much later, in 1984, S. Kawashima high-
lighted in his PhD thesis a simple criterion ensuring the existence of global strong
solutions in the vicinity of a linearly stable constant state. This criterion has been
revisited in a number of research works. In particular, K. Beauchard and E. Zuazua
proposed in 2010 an explicit method for constructing a Lyapunov functional allowing
to refine Kawashima’s results and to establish global existence results in some situa-
tions that were not covered before.

These notes originate essentially from the PhD thesis of T. Crin-Barat that was
initially motivated by an earlier observation of the author in a Chapter of the hand-
book coedited by Y. Giga and A. Novotny. Our main aim is to adapt the method
of Beauchard and Zuazua to a class of symmetrizable quasilinear hyperbolic systems
(containing the compressible Euler equations), in a critical regularity setting that
allows to keep track of the dependence with respect to e.g. the relaxation parameter.
Compared to Beauchard and Zuazua’s work, we exhibit a ‘damped mode’ that will
have a key role in the construction of global solutions with critical regularity, in the
proof of optimal time-decay estimates and, last but not least, in the study of the
strong relaxation limit. For simplicity, we here focus on a simple class of partially
dissipative systems, but the overall strategy is rather flexible, and adaptable to much
more involved situations.

INTRODUCTION

An important recent mathematical literature has been devoted to the study of first order
systems of conservation laws. These systems that come into play in the description of a
number phenomena in mechanics, physics or engineering typically read

d
(1) AfOV)+D0n(fH(V)) =0
k=1
where the vector-fields f*, k = 0,--- ,d are defined on some open subset @ of R”, and

the unknown V' depends on the time variable t € R, £ [0,00) and on the space variable
z € R%,

Under rather general conditions, for example whenever (1) is Friedrichs-symmetrizable, it
is well known that for any V in O and initial data Vj : R? — O such that Vi — V' belongs
to some Sobolev space H*(RY) with s > 1 + d/2, then (1) supplemented with initial
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2 R. DANCHIN

data Vp admits a unique classical solution V' on some time interval [—T,T], satisfying
(V= V) € C([-T,T); H*(R%)) (the reader may find the detailed statement and the proof
in e.g. [4, Chap. 10]). At the same time, for most systems of the above type, smooth
solutions (even small ones) blow-up after finite time.

In many physical systems however, friction or diffusion phenomena (through e.g. thermal
conduction or viscosity) cannot be neglected. Typically, they act on some components of
the unknown, while other components remain unaffected. An informative example is gas
dynamics where the mass is conserved (as well as the entropy in the isentropic case). In
order to have an accurate description corresponding to these situations, it is thus suitable to
add in (1) zero (friction) or second (diffusion) order terms that act on a part of the unknown
but, possibly, not on all components. The resulting class of systems is named, depending
on the authors and on the context, hyperbolic-parabolic, partially diffusive or partially
dissipative. It has been extensively studied since the pioneering work by S. Kawashima
in his PhD thesis [24]. One of the main issues is to find as weak as possible conditions
ensuring the existence of global solutions close to constant states, to describe their long
time asymptotics and, where applicable, to study the convergence to some limit system.

Rather than writing out now the class of systems that enter in our study, let us give
a simple example from multi-dimensional gas dynamics. In he barotropic and isothermal
case, the governing equations then read:

{(%Q + div, (ov) =0 in Ry x R%

2
) A (ov) + div, (ov @ v) + VP = A(g,v)  in Ry x R%

Above, o = o(t,z) € R, stands for the density of the gas, and v = v(t,z) € R?, for the
velocity. The pressure P = P(p) is a given function of the density. A typical example
is the isentropic pressure law P(p) = ap” with a > 0 and v > 1. The first equation
corresponds to the mass conservation and the second one, to the momentum balance. We
assume that the fluid domain is the whole space which, somehow, means that boundary
effects are neglected. This is a fundamental assumption for our analysis, that strongly relies
on Fourier methods.

Regarding A, the usual assumptions are:

— either A is identically zero: then (2) is the barotropic compressible Euler equations
that is known to be Friedrichs-symmetrizable (again, refer e.g. to [4, Chap. 10])
and thus enters in the class considered in (1);

— or A(p,v) = fpv for some § > 0 (this is the so-called damped barotropic compressible
FEuler equations, also named Euler equations with relaxation parameter ¢ if f = e=1);

— or A(p,v) = divy (u(0)(Veu +tVeu)) + Vi (A(0) divy u) for some smooth functions
A and p satisfying g > 0 and A 4 2p > 0 (then, (2) is the barotropic compressible
Navier-Stokes equations).

It is by now well understood that in the first situation (neither viscosity nor damping),
smooth initial data generate a local-in-time solution that is likely to blow up after finite
time (see e.g. [1, 34]) whereas in the second and third situations, small and sufficiently
smooth perturbations of a constant density state

(3) (0,0) with >0 and P'(p) >0

produce global strong solutions that are defined for all positive times.
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The good diffusive properties of the barotropic compressible Navier-Stokes equations in
the whole space R?® (and, more generally, of the full non-isothermal polytropic system)
have been first observed by A. Matsumura and T. Nishida at the end of the 70ies. In
[28], they established the global existence of strong solutions for H3(R3) perturbations of
any constant state of type (3) (see [13] for a version of this result in the broader setting
of ‘critical Besov spaces’). An important achievement in the study of general first order
partially dissipative symmetric hyperbolic systems having both terms of order 0 and 2 has
been made by S. Kawashima in 1984, in his PhD thesis [24]. There, he exhibited a rather
simple sufficient condition that is nowadays called the (SK) (meaning Shizuta-Kawashima)
condition for global existence of strong solutions in the neighborhood of linearly stable
constant solutions. In the case where there is only a 0-order partially dissipative term,
Condition (SK) exactly says that for the linearized system, the intersection between the
kernel of the 0-order term and the set of all eigenvectors of the symmetric first order term
is reduced to {0}.

A bit later, S. Shizuta and S. Kawashima in [33] observed that Condition (SK) is equiv-
alent to the fact that, in the Fourier space, the real parts of all eigenvalues of the matrix of
the linearized system about the reference solution are strictly negative and also to the exis-
tence of a compensating function. That compensating function comes into play for working
out a functional that is equivalent to a Sobolev norm of high order and allows to recover the
optimal dissipative properties of the system. In the same paper, the authors pointed out
that, if in addition of being in a Sobolev space H*(R%) with large enough s, the discrep-
ancy of the initial data to the reference constant solution V' belongs to some Lebesgue space
LP(R?) with p € [1,2], then the global solution V converges to V in L?(R?) with the same

drl 1
decay rate as for the heat equation, namely (1 + t)_5(5_§), when t goes to infinity. Since
then, more decay estimates have been proved under various assumptions in e.g. [5, 37, 40].

A number of more accurate results have been obtained since then for specific systems. For
instance, T. Sideris et al [35] considered the three-dimensional compressible Euler equations
with damping and Y. Zeng [43] studied a particular class of 4x4 nonlinear hyperbolic system
with relaxation. General partially (0-order) dissipative systems have been investigated by S.
Kawashima and W.-A. Yong in [25, 26] and by W.-A. Yong in [42], and adapted to second
order partially diffusive operators by V. Giovangigli et al in [18, 19]. Recent works on
general partially dissipative systems in the so-called critical functional framework (that will
be recalled later in this text) have been performed by J. Xu and S. Kawashima [38, 39, 40].

It has also been observed by several authors that Condition (SK) is not necessary for the
existence of global strong solutions. For instance, in [31], P. Qu and Y. Wang established a
global existence result in the case where exactly one eigenvector violates Condition (SK). In
this respect, one can also mention the paper by R. Bianchini and R. Natalini [6] that uses
nonresonant bilinear forms, and the recent work [8] dedicated to the mathematical study
of a model of mixture of compressible fluids.

The strength of Shizuta and Kawashima’s approach is that it does not require to com-
pute explicitly the Green function of the linearized system under consideration. Although
doing this calculation for the damped barotropic Euler equations presented above is not
an issue, computing the Green kernel associated to the corresponding linearized system in
the nonisothermal case is already more involved, and it soon becomes impossible for more
cumbersome systems (like e.g. systems related to the description of plasma or radiative
phenomena, see e.g [16]). As said before, having a ‘compensating function’ at hand allows
to construct an energy functional that encodes the dissipative properties of the system.
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In Shizuta and Kawashima’s work however, this functional is not so explicit, that makes
difficult, if not impossible, to track the dependency of the solution with respect to the
parameters of the system, when applicable. Another limitation is that it only provides
estimates on the whole solution, without supplying more accurate informations on the part
of the solution which is expected to experience a better dissipation.

In [3], K. Beauchard and E. Zuazua took advantage of techniques that originate from
Kalman control theory for linear ODEs so as to construct explicit Lyapunov functionals
for general partially dissipative systems of order 1. They also pointed out the connection
between Condition (SK) and the Kalman criterion for observability in the theory of linear
ODEs (this was also noticed by D. Serre in his unpublished lecture notes [32]). To some
extent, Beauchard and Zuazua’s approach may be interpreted in the broader framework of
hypo-ellipticity as presented by L. Hérmander in [22] or, much more recently, by C. Villani
in [36]. To keep these notes as elementary and short as possible, we refrain from looking
deeper into this direction, though.

Although it is not mentioned in the construction of a Lyapunov functional, Beauchard and
Zuazua’s approach provides for free compensating functions. Furthermore, the construction
is elementary (it suffices to compute at most n powers of matrices) and easily localizable in
the Fourier space. Hence, at the linear level, keeping track of the different behavior of the
low and of the high frequencies of the solution is obvious. Their method further allows to
handle some systems that do not satisfy Condition (SK) (but we shall not investigate this
interesting point is these notes).

The present lecture notes aim at familiarizing the reader with the Beauchard-Zuazua
approach and recent updates that originate from the thesis of T. Crin-Barat and were
published in [10, 11, 12]. As our aim is not to provide the reader with an exhaustive theory
of partially dissipative hyperbolic systems but rather to present a clear road map allowing
him to tackle efficiently the study of systems of this type, we shall focus on the following
‘academic’ class of partially dissipative hyperbolic systems:

d
(4) OV +> ANV = TH(V).
k=1

Above, the (smooth) functions A¥ (k= 1,--- ,d) and H are defined on some open subset O
of R™, and have range in the set of n x n real symmetric matrices, and in R", respectively.
The unknown V = V(t,z) depends on the time variable ¢t € R, and on the space variable
r €R? (d >1). We fix a constant solution V € O of (4) (hence H(V) = 0). The system
is supplemented with initial data Vo € O at time t = 0, that are sufficiently close to V.
Finally, the relaxation parameter € is a given positive parameter that, except in Section 4,
is taken equal to 1.

A basic example of a physical system in the above class is the compressible Euler equations
with isentropic pressure law P(p) = ag?, if rewritten in terms of the (renormalized) sound
speed

1
= (%j{,)z (0)7 with 72 =1
v 2
Indeed, the pair (c,v) then satisfies:

{8tc+ v- Ve Fedive =0 in Ry x R%

(5) - 1 . d
ov+v-Vo+75cVe+e 7 v=0 in Ry xR%
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Under the so-called Condition (SK) (presented in the next section) that is satisfied in par-
ticular by (5), we shall prove the existence of global strong solutions with ‘critical regularity’
for (4) in the neighborhood of any constant solution V' (see Theorems 2.1 and 2.2). Then,
we shall obtain the strong convergence to V in the long time asymptotics with explicit
decay rates (Theorem 3.1). In Section 4, we shall investigate the strong relaxation limit,
that is the convergence of the solutions of (4) to some limit system. Let us shortly explain
what we mean in the simple case of the compressible Euler equations. Making the following
‘diffusive’ rescaling;:

(0, 0)(t, ) = (0, €v)(et, ),

we see that the pair (g, v) satisfies:
0,0+ div(gv) =0 in R, xRY,
20, (30) + ediv (v ®7) + V(P(B) + 0 =0 in R, xR%

Hence, formally, if o and v tend to some functions N and w, then the second equation
above yields

V(P(N)) + Nw =0

which, plugged in the mass conservation equation leads to the so-called porous media equa-
tion:

(6) 8, N — A(P(N)) = 0.

The rigorous justification of the convergence of the density to a solution of (6) has been
first carried out by S. Junca and M. Rascle [23] in the one-dimensional case where specific
techniques may be used. In the multi-dimensional case, the weak convergence and the
strong convergence on bounded subsets of R? have been proved by J.-F. Coulombel and
C. Lin in [27], and by Z. Wang and J. Xu in [41]. Results in the same spirit for a class of
partially dissipative hyperbolic systems have been obtained by Y.-J. Peng and V. Wasiolek
in [30]. The approach that is proposed in the present lecture notes allows to get the strong
convergence in the whole space with explicit convergence rates for suitable norms when the
relaxation parameter tends to zero not only for the Euler equations, but also for a class of
partially hyperbolic systems (see Theorem 4.1).

It should be noted that, at the linear level, the method that has been originally proposed
by K. Beauchard and E. Zuazua in [3] works exactly the same for partial differential op-
erators of any order (and, more generally, for homogeneous Fourier multipliers) provided
one of them is skew-symmetric and the other one, nonnegative. We will enrich this method
by exhibiting a ‘damped mode’ for low frequencies, first introduced in [10] and [11] to the
best of our knowledge. This the key to an optimal treatment of the low frequencies of the
solution in a critical framework. With almost no additional effort, assuming a bit more
integrability on the initial data (expressed in terms of negative Besov spaces like in the
work [40] by J. Xu and S. Kawashima), and arguing essentially as in the paper by Y. Guo
and Y. Wang [21], we will derive optimal time decay estimates, pointing out better decay
for the high frequencies of the solution and for the damped mode. It turns out that adopt-
ing a critical approach with different levels of regularity for low and high frequencies also
allows to keep track of the relaxation parameter e just by suitable space/time rescaling.
This substantially simplifies the study of the strong relaxation limit. Here again, having a
damped mode at hand plays an essential role.
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Except for our linear analysis, we here concentrate on first order hyperbolic symmetric
systems with a partial dissipation term of order 0. The class that is considered contains
the isentropic Euler equations with relaxation. We expect the whole strategy modified
accordingly to be adaptable to hyperbolic-parabolic systems, to operators of any order and
to more complex situations where the partially dissipative terms have mixed orders (see
recent examples in [16] and [8]). It would also be of interest to study to what extent it may
be adapted to situations where pseudo-differential operators depending on the space variable
come into play. Since we used mostly Fourier analysis in our investigations, most of our
results can be adapted to periodic boundary conditions in one or several directions, leading
to the same statements in the first three sections (the strong relaxation limit studied in
Section 4 may be different since the rescaling we used there changes the size of the periodic
box). Handling ‘physical’ boundaries requires completely different tools, and we have no
opinion on whether similar results are true or not.

The rest of these notes unfolds as follows. In the next section, we present Beauchard
and Zuazua’s approach for linear partially dissipative hyperbolic systems with operators
of any orders. This enables us to deduce quite easily global-in-time a priori estimates in
‘hybrid” Besov spaces with different regularity exponents for low and high frequencies. We
also exhibit a damped mode, the low frequencies of which satisfy better decay estimates
and point out that, under additional structure conditions on the system, it is possible to
use without much effort an LP functional framework for the low frequencies. The following
sections focus on the nonlinear system (4). In Section 2, we prove global-in-time results
while time decay estimates are established in Section 3. In Section 4, we prove strong
convergence results when the relaxation parameter £ tends to 0 for partially dissipative
systems having the same structure as the isentropic compressible Euler equations with
damping. A few technical results are recalled or proved in Appendix.

Acknowledgements. The author is indebted to the anonymous referees for their relevant
remarks and suggestions that contributed to improve substantially the organization of these
notes. The author has been partially supported by the ANR project INFAMIE (ANR-15-
CE40-0011).

1. THE LINEAR ANALYSIS

To better understand the difference between the three model situations corresponding to
System (2), having first a look at the linearized equations about (g,0) is very informative.
After suitable renormalization, the system to be considered reads:

da + divu = 0 in Ry xRY
Ou+ Va + m(—A)gu =0 in Ry xR<

The above cases correspond to (k,3) = (0,0), (k,5) = (f,0) with f > 0 or (x, ) = (u(0), 2)
(in the special situation A(9) 4+ ©(0) = 0 the general case being similar), respectively.

If kK =0 then System (7) is purely first order hyperbolic and no diffusion or dissipative
phenomenon is expected whatsoever since all Sobolev norms are constant in time. In the
multi-dimensional case, dispersive phenomena of wave equation type do exist, but they
concern only the density and the potential part of the velocity (they will not be discussed
here).

Let us focus on the case k > 0 and 5 # 1 (not necessarily equal to 0 or 2). After suitable
rescaling, one can then suppose that x = 1. In the Fourier variable £ corresponding to the

(7)
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physical variable x, the above system (7) rewrites

o G HE0 o

In order to have some insight on the long-time behavior of the solution (a,u), let us look at
the eigenvalues of the (d+1)x (d+1) matrix of System (8). The eigenvalue |£|? appears with
multiplicity d — 1 (this corresponds to the ‘incompressible’ part of the velocity field). The
remaining two eigenvalues A*(£) capture the coupling between a and the ‘compressible’
part of u, and may be computed by considering the following 2 x 2 reduced system satisfied
by @ and v £ (—A)~/2dive, namely, if k =1,

Ora + (_A)l/% =0 in Ry x RY,
v — (=A% + (—A)gv =0 in R, xR%

The corresponding matrix in the Fourier space reads (_(‘) ¢| EL) .

Two different situations occur depending on whether [ is smaller or greater than 1:

e The ‘dissipative’ situation § < 1:
B . _
X = (12 VTP i gt <172,
B . . _
NE(E) = %(1 + i\ /4]€20-F) — 1) it Je[f > 1/2.

Observe that for £ — 0, we have A1 (¢) ~ |£]® (parabolic behavior similar to that
of (—A)#/2) while A~ (€) ~ |£|>~# (parabolic behavior of type (—A)'=#/2).
e The ‘diffusive’ situation S > 1:

X = P (12iVAPTI —1) if JgP <12,
B

=2
AE(E) = 1 (1 + /1 4|g|2(1—5>> if[€)ft > 1/2.

For ¢ — oo, we have A\T(€) ~ |€|® (parabolic behavior like for (—A)%/2) while
A~ (€) ~ |€]*~# (parabolic behavior similar to that of (—A)1=A/2).

At the linear level, the damped Euler equations and the compressible Navier-Stokes
equations correspond to the dissipative and diffusive situations, respectively. We observe
that, in the two cases, the whole solution decays to 0 with a decay rate that depends on
|€| although there is no damping term in the linearized mass equation. Note however that,
depending on whether 5 < 1 or 8 > 1, the behavior of the low and high frequencies of the
solution is exchanged.

Let us revert to our model system (4) with € = 1 for simplicity, namely

d
(9) oV +> AFV)OV = H(V).
k=1
Let us fix a constant solution V of (9) (that is, V € O satisfies H(V) = 0) and make the
following structure assumptions on the system:

(H1) For all V € O, the matrices A¥(V) are real symmetric;

(H2) The spectrum of DH (V) is included in the set {z € C : Rez < 0}.
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In the case H = 0 (no dissipation at all) smooth solutions, even small ones, may blow
up after finite time. At the exact opposite, if the spectrum of DH (V) is included in the
set {z € C : Rez <0} then it is not difficult to show that small perturbations of V' in the
Sobolev space H® with s > 14d/2 generate global strong solutions that tend exponentially
fast to V when time goes to infinity. We here address the intermediate situation where

some eigenvalues of DH (V') vanish. For expository purpose, we assume that H is linear
and has the block structure:

(10) H(V) = (—Lz(‘gz - V>> with V= <®

where V3 € R™, V5 € R™ (with n; +ng =n) and Ly : R™ — R™ ig linear invertible and
such that Lo + ‘Lo is definite positive. Additional structure assumptions on Lo and on the
matrices A* will be specified later on.

1.1. Reduction of the problem. Denoting Z £V —V and LZ £ —H(V + Z) (with H
as in (10)), the system for Z reads

d
(11) 0Z+> ANV + 2)0uZ + LZ =0,
k=1
and the corresponding linearized system is thus
d
(12) 0Z+Y AkoZ+LZ=F with A"2ANV) for k=1,---,d.
k=1

In the Fourier space, the above system recasts in
d
0Z+iy AgZ+LZ=F.
k=1

The symmetry of the matrices A7 ensures that for all £ € R?, the matrix
d
(13) A(g) =iy A
k=1

is skew Hermitian, while the symmetric part of L is nonnegative. Denoting by A(D) (resp.
B(D)) the Fourier multiplier of symbol’ A (resp. L), System (12) rewrites
(14) 0Z+ A(D)Z + B(D)Z = F.
The analysis we present below is valid in the more general situation where:

e A(D) is a homogeneous (matrix-valued) Fourier multiplier of degree « that satisfies
(15) Re (A(w)n-n) =0 forall we S and necCn,

where - designates the Hermitian scalar product in C",
e B(D) is an homogeneous (matrix-valued) Fourier multiplier of degree f3, such that,
for some positive real number &,

(16) Re (B(w)n-n) > k|B(w)y|* for all w € S and neC™

1Throughout the text, we agree that A(D) £ F~'AF, where F stands for the Fourier transform with
respect to the variable .
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As a first example, if one considers the linearized damped compressible Euler equations

about (o,v) = (1,0) in the case P’(1) = 1, namely
(17) Ora + divu = f in R, xR%
Ju+Va+fu=yg in Ry x R%

then we have n; = 1, ny = d, and the Fourier multipliers A and B read:

(0 ¢ (00
They are of order 1 and 0, respectively. Clearly, (15) holds true, as well as (16) with
k=f"1

As a second example, consider the linearized compressible Navier-Stokes equations about
(0,v) = (1,0). Denoting i = 1(3) and A = \(@), they read
(18) oo+ divu = f in Ry xR
Ou+ Va — pAu— (A + p)divu = g in Ry x RY.

We still have n; = 1, no = d, but the Fourier multipliers A and B now read:

A(E)ZZ’(% é) and B<5>:<8 mgﬁfﬁ(gw)é@f)'

They are of order 1 and 2, respectively. Both properties (15) and (16) hold true (with &
depending on A and fi) provided g > 0 and A+ 2n > 0.

System (14) may be solved by means of Duhamel’s formula:
t
(19) Z(t)=T()Z(0) +/ T(t —7)F(7)dr,
0

where (T'(t));>0 stands for the semi-group associated to operator —(A + B)(D).

The value of T'(t) may be computed by going into the Fourier space. Indeed, denote

by Z the Fourier transform of Z with respect to x, and by & the corresponding Fourier
variable. Then, in the case F' =0, System (14) rewrites:

0Z+E)Z=0 with E() 2 A€+ B().
Hence Z\(t,ﬁ) = exp(—E(&)t)Z\o(ﬁ). In other words, we have T'(t) = exp(—FE(D)t).
In what follows we set for all w € S*! and p > 0,
(20) A(E) = p*A, and B(€) =k 1p’B, with &= pw.
With this notation, we have
(21) Z(t,€) = Z(0,€) exp (-% (kp* P A, + Bw)>-

Making the change of variable 7 £ (tp%)/k and r 2 kp®=" we discover that z(7) £ Z(t,¢)
is the solution to

(22) 7+ E,nz=0 with E,,=rA,+ B,
since we have
z(1) = 2(0) exp (—TETW)-

Hence, the case a =1, =0 and k = 1, is generic at the linear level.
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1.2. Derivation of a Lyapunov functional. The long time behavior of z is closely
connected to the signs of the real part of the eigenvalues of the matrix E,,, defined in (22).
The method proposed by K. Beauchard and E. Zuazua in [3] (see also [14, 15]), that is
inspired by Kalman’s control theory for linear ODEs supplies a simple way for constructing
an explicit Lyapunov functional and a dissipation term altogether without computing the
etgenvalues.

To explain the construction, fix some r > 0 and w € S%~!, and consider the ODE (22)
satisfied by z. Combining the assumptions (15) and (16) with the renormalization (20)
ensures that

(23) Re ((Ayn)-n) =0 and Re((Byn)-n) > |Bun|®> for all (w,n) € ST x C".

Hence, taking the Hermitian product in C™ of (22) with z and keeping the real part yields
1d

24 —— 2] +|B,z|* <0.

(24 Sl + Bzl <0

If B, has rank strictly smaller than n, then the above inequality does not ensure decay
of all the components of z (even though this decay exists whenever » > 0 and w € S%!
are such that the real parts of all the eigenvalues of the matrix FE, . are positive). To
recover the decay (if any) for the ‘missing components’ of the solution, one can start with
the identity

(Buz) + (rByA, + B2z =0.

Hence, taking the Hermitian product with BAz (we drop the index w for better readability),
we obtain

BZ'-BAz +r|BAz|* + B®2- BAz = 0.
Similarly, we have
Bz BAZ 4+ rBz- BA%z + Bz- B?Az = 0,
whence
d

E(Bz - BAz) +r|BAz|? + B*2- BAz + Bz B*Az = —rBz- BA%2.

Remembering (24) and using several times the obvious inequality
2Re (a-b) < Kla|? + K~1|b[?
with suitable values of K, we discover that one can find some e; (that can be taken
arbitrarily small) such that
(25) %(]2\2 + ey min(r, 7~ ') Re (Bz - BAz)) + |Bz> 4 €y min(1,7?)| BAz|*
< Ceymin(1,7?)|BA%z|.

In the case BA? # 0, we need (at least) one more relation to handle the term in the
right-hand side. For that, one can start from the equation

(BAz) + (rBA*> 4+ BAB)z =0

and take the Hermitian scalar product with BA?z, adding up the resulting identity multi-
plied by a small enough 5 to (25), then iterate the procedure. The fundamental observation
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of Beauchard and Zuazua in [3] is that Cayley-Hamilton theorem ensures the existence of
complex numbers cg, -+ ,c,_1 SO that

n—1
A" = Z cp A
k=0

Consequently, one can end the process after at most n steps. In the end, we get positive pa-
rameters g = 1 and €1, --- ,&,-1 (that are defined inductively and can be taken arbitrarily
small) such that for all w € S¥~! and r > 0, we have

d min(1,r?

n—1
(26) - Lrw(2) + — )ZsﬂBwAszFgO
/=0

dt
n—1

with L, (2) 2 [2[* + min(r, ") Z eeRe (ByAS 2 B, AL 2)
(=1

and, additionally,

1
(27) 5\2]2 < Lyw(z) <2022
n—1
Consequently, denoting N, = inf {Z go|BuAL x|,z e Sd_l}, we conclude from (26) and
/=0
(27) that
(28) Loy(r) < e amn@r)Norp ) west! r>o.

In the particular case where
(29) N, >0 foral weS™

(the only situation that will be considered in these notes) then N, is actually bounded
away from zero owing to the compactness of the sphere. Hence, (28) implies that there
exists a positive constant ¢ such that for all 7 > 0 and w € S*!, we have

an(T) < 6_26min(1’r2)7L7«,w(0), > 0.
Then, using once more (27) and reverting to the original unknown Z , we conclude that
(30) 12(2,6)] < 2ememintT A Zy )
In other words, if (29) holds then:

e cither o > 3, and we are in a partially dissipative regime similar to that of linearized
compressible Euler equations,

e or @ < [, and we are in a partially diffusive regime analogous to that of the
linearized compressible Navier-Stokes equations.

It has been pointed out in [3] that (29) is equivalent to the Shizuta-Kawashima condition.
The following lemma stresses the link between those two conditions, the strict dissipativity
of System (11) and Kalman’s condition for observability.

Lemma 1.1. Let A and B be two n X n complex valued matrices. Assume that A is
skew-symmetric in the meaning of (15) and that B is nonnegative in the sense of (16).
The following properties are equivalent:
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n—1

(1) For all positive g, -+ ,ep—1, we have Z:<€g|BA£77|2 >0 for all n € S*L.
/=0

B
(2) We have the Kalman rank property, namely the n? x n matriz < BA > has rank
BA”71
equal to n.

(3) The (SK) condition holds true, namely the intersection between ker B and the linear
space of all eigenvectors of A is reduced to {0}.
(4) All eigenvalues of A+ B have positive real parts.
Proof. The equivalence between the first three items is basic linear algebra (see details in

e.g. [3]), while Inequality (28) (with A, = A, B, = B and r = 1) ensures equivalence
with the last item. g

As an example, let us again consider the linearized compressible Euler equations (17).
As said before, (15) and (16) are satisfied with o = 1, 8 = 0, x = f~!. Furthermore, we

have
(0 w 0 0 (0 0
A, =1 <tw 0> and B, = <0 Id) , sothat B,A, =1 <tw 0> .

Hence ( Bfilw) has rank d + 1 and Kalman rank condition is thus satisfied, which gives

eventually
1Z(t,6)| < 2e ™G ERD Zi(6)] for all € €R? and ¢ > 0.

Since we do not need higher powers of A, to ensure the Kalman rank condition, one can
suspect that one can restrict the sum in the definition of the Lyapunov function L,.,, to only
one term (£ = 1). Now, the reader may observe by direct computation that B,A% = A2B,,.
Hence

—sz-BwAu%z = —sz-Aisz < C\sz\z

and taking e sufficiently small in (25) allows to just have

%(\2]2 + ey min(r, 7~ ") Re (B, 2 - Bwsz)) + |Buz|* 4 ey min(1,7%)| B, Ay z|? < 0.

One can be more explicit : since z = (a,u) and & = rw, we have
min(r, 7~ ") Bz ByAyz = min(1, [£]72)(@- (i€)d) = min(1, |¢|~2)(@- (Da)).
Hence, we conclude that the Lyapunov functional is of the form
L&) = [a* + [a* + ey min(1,¢]7%) Re (@ (Da)).

Combining with Fourier-Plancherel theorem, one can conclude that in order to recover
the full dissipative properties of the linearized compressible Euler equations, it suffices to
consider the functional

Jalls + lula + &1 [ w(d = 8)7'Vads

with suitably small €1 or, rather, spectrally localized versions of it.

Similar computations are valid for the linearized compressible Navier-Stokes equations
(18). The reader may find more details in [13].
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1.3. Derivation of a priori estimates. Let us assume from now on that k =1, a =1
and S =1 in (14) (since the general case o # 8 reduces to that one). Recall Duhamel’s
formula (19). Combining with (30), we get

t
Z(t,¢)| < 2(e—cmin<l’“>ﬂzo<s>\ + / ememin(LIENE=T)| (7 ¢)| df>-
0

Clearly, if one wants to get optimal estimates then low and high frequencies have to be
treated differently. To proceed, we shall actually use a more accurate decomposition of
the Fourier space, namely a dyadic homogeneous Littlewood-Paley decomposition (A]) jez
defined by Aj £ ©(277D). Here, ¢ is a smooth nonnegative function on R?, supported in
(say) the annulus {¢ € R?, 3/4 < [£] < 8/3} and satisfying

D=1,  £#0.
JEZ
By construction, Aj is a localization operator in the vicinity of frequencies of magnitude

27, Since Aj commutes with any Fourier multiplier, each Z; = AjZ satisfies (14) with
source term F = A;F and initial data Zj ; = A;Zy. Therefore, we have

¢
Z,(t) = T(8) Zo, + / T(t — 7)F;(r) dr,
0
whence, as |£] ~ 2/ on Supp Zj, we have (changing slightly ¢ if needed),

. A~ t . 5 o~
’Zj (t, 6)‘ < 2(e—cmln(l,z%)tlsz({)’ + /0 e—cmm(l,z%)(t—'r)‘1:1],(7_7 5)’ dT> .

Consequently, after taking the L?(R?) norm of both sides, then using Minkowski inequality
and Fourier-Plancherel theorem, we end up with:

—cmin 2J ¢ —cmin 20 (t—T
P e R LICTPY
whence

t t
(81)  [1Z,(®)]12 + cmin(1,2) /0 HZjHdeT§2<HZo,j||L2+ /0 ||Fj(T)||L2dT>'

At this stage, two important observations are in order. First, note that

1/2
1211 s = <Z 22]8\\23'\\%2) :
JEZ
Hence, in order to get a Sobolev estimate of Z, it suffices to multiply (31) by 2% then
to perform an (?-summation on j € Z. However, the second term of (31) will not exactly
give an estimate in some space L'(0,; H ) since the time integration has been performed
before the summation with respect to j: one ends up in one of the Chemin-Lerner (or
‘tilde’) spaces that have been introduced in [9]. They turn out to be delicate to manipulate
and not adapted to the critical regularity setting we have in mind.

The second observation is that, owing to the factor min(1,2%/), in order to track as much
information as possible, it is suitable to work with different regularity exponents for low
and high frequencies.

Putting the two observations together, this motivates us to multiply (31) by 27¢ with a
different value of the ‘regularity exponent’ s for negative and positive j’s, then to perform
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an ¢! summation with respect to j. The advantage of ¢! summation — that corresponds
to Besov norms with last index 1 — is that one can freely exchange time integration and
summation on j. Taking into account the possible difference of regularity between the low
and high frequencies leads us to introduce for all pair (s, s’) € R? the hybrid Besov space

E;‘f/, that is the set of all tempered distributions z such that

32 0 2N 29A 25| A li 277 D)z = 0.

(32) el gy 2 32914 2l52 + 32 A2l <00 and L |x(2 D)zl =0
Jj<0 i>0

Above, x stands for a compactly supported smooth function on R¢ such that y(0) = 1,

and the condition on x(277/D)z implies that z has to tend to 0 at oo in the sense of

tempered distrib_utions2. Classical homogenous Besov spaces correspond to s = s’ and will
be denoted by B3 ;.

In what follows, it will be sometimes convenient to use the following notation for all
oceR: , X
2%, 2D 2714zl and 2|, &> 27(Az] o
2,1 j§<:0 J 2,1 JEZ;) J
Even though most of the functions we shall consider here will have range in the set of
vectors or even matrices, we shall keep the same notation for Besov spaces pertaining to
this case.

Now, multiplying (31) by 2/° (resp. 27%') for j <1 (resp. j > 0) and summing up on
Jj <1 (resp. j >0) leads to

t t
(33) |M@Ws+/nmgumgz@%ws+/WFwsm)
2,1 0 2,1 2,1 0 2,1
t t
(34) Hﬂmﬁy+/Hﬂ%wﬁ§2@%wy+/WFWyw>
2,1 0 2,1 2,1 0 2,1
Hence, putting together those two inequalities yields
t t
AL AL ZI% Y dr < 2( | Zo]| e.er Fll~..dr)-
B 1200y + [ (20 + 128 i <2(1Z0l g0+ [ 17150 dr)

Since a part of the solution experiences direct dissipation, one can suspect the low frequency
integrability we get in this way to be not optimal. Recovering better integrability for a part
of the solution is the goal of the next subsection.

1.4. The damped mode. Assume that the system has an orthogonal block structure,
that is independent of the frequency, namely
rank B, ELB KerB, =C" for all we S" !,
with M £ KerB,, independent of w.
Denote by P the orthogonal projector onto M=+ and set
(36) W £ P(A+ B)(D)Z.
Since P and B commute, we get the following equation for W:

W + B(D)W = P(A + B)(D)F — PA(D)(A + B)(D)Z.

2This is a way to rule out polynomials from homogeneous Besov spaces, otherwise one would have to
work modulo polynomials which is not suitable when studying PDEs.
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Because
PA(D)B(D)Z = PA(D)PB(D)Z = PA(D)W — (PA(D))*Z,
this may be rewritten:
(37) ;W + B(D)W = P(A + B)(D)F — PA(D)W + (PA(D))*Z — PA%(D)Z.

As A(D) and B(D) are of order 1 and 0, respectively, multipliers of orders 1 and 2, act
on W and Z in the right-hand side. Hence the low frequencies of the corresponding terms
are expected to be negligible compared to the left-hand side of (37).

To make this heuristics rigorous, let us look at the equation for W; = AjVV, namely
(38)  9,W; + B(D)W; = P(A + B)(D)F; — PA(D)W; + (PA(D))*Z; — PA*(D)Z;.

Taking the Hermitian scalar product in C" with W;, using (16), the fact that B(D) is
0-order and that A(D) is 1-st order yields

1d,— = ~ = 50N\
5 WA+ W52 < O (1 -+ EDIES | + €I | + €123 ) W
Hence, integrating on R? and taking advantage of the Fourier-Plancherel theorem yields:
1d

S I3 + W52 < CUW; e (L DB e + P IWyl 22 + 29 )12;112)
from which we eventually get for all t > 0 and j € Z, owing to Lemma A.1,

t
W5 ()| 22 +/0 Wil 2 dm < [[W;(0)]| 2
. t . t . t
+0(1+2ﬂ)/ T2 d¢+02ﬂ/ W12 dT+C’22’/ 12,12 dr-
0 0 0

Therefore, if we multiply by 2/ and sum up on j < jo with jo chosen so that C'2/0 < 1/2,
then we end up with

El 1 ! S S
D 2w 2 + 5/0 > 20| Wyl[ 2 dr <> 20°([W5(0)| 2

Ji<jo J<Jjo J<Jjo
t t
+0/ > 29| Fy| e dT+C’Z/ 2+ Z; || 2 dr.
0 j<jo j<jo” 0

The last term may be controlled by the data according to (33). Furthermore, |[W;j||z2 S
1Z;|| 2 for all j < 0, and 2/(5+2) ~ 275 for j, < j < 0. Hence the above inequality still
holds if one sums up to j = 0. In the end, this allows us to get the following additional

bound:
t t
l l J4 4
WO, + [ W, dr Szl + [ 11, dn
1 0 2,1 2,1 0 2,1

Let us finally look at the part of Z that undergoes direct dissipation, namely Z, £ PZ.
We claim that, as expected, the low frequencies of Z5 have better time integrability than
the overall solution Z. Indeed, observing that B(D)Zy =W — PA(D)Z and that PB(D)
(restricted to functions defined on M) is invertible, we may write

Zy = ((PB)(D))™'W — ((PB)(D))""PA(D)Z.
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Hence, since (PB)(D) (resp. A(D)) is a 0-order (resp. 1-st order) Fourier multiplier, we
may write

¢ ¢ l l l ¢
”Z2HB§jl S HWHB;# + ”Z”E';;f and || Z2]| 35 S Wl 35 + HZHB;#'
Then, remembering (33) and using Holder inequality and interpolation in Besov spaces
when needed yields

i
l ) J4 ) < L L
122l 5, + V2l iy 1200, + [ 1P o

This has to be compared by the following (optimal) inequality for Z:
¢
¢ . ¢ . < L L
||Z||L2(R+;B§ﬁl) + ||Z2‘|L1(R+;B§ﬁ2) ~ ||ZOH 51 +/0 HFH 51 dr.

1.5. An LP approach. In this part, we are going to show that under slightly stronger
structure assumptions® on the linear system (12) than those that have been made so far, it
is possible to bound the low frequencies of the solution on functional spaces built on L? for
any p € [1,00]. This unusual setting is in sharp contrast with the non dissipative case. In
fact, as pointed out by P. Brenner in [7], apart from the notable exception of the transport
equation, ‘most’ first order ‘purely’ hyperbolic systems are ill-posed in LP if p # 2. It turns
out that for nonlinear partially dissipative systems satisfying the structure assumptions of
this part, it is also possible to use, at least partially, an L? type framework (see details in
[10, 12]). This offers one more degree of freedom in the choice of solutions spaces allowing
not only to prescribe weaker smallness conditions for global well-posedness, but also to get
more accurate informations on the qualitative properties of the constructed solutions.

In order to proceed, let us assume without loss of generality that M = R™ x {0} and

A
Z3
source term (F = 0). Then, System (11) may be rewritten by blocks as follows:

(39) i () (o) 420) (2) + (aioi) = (0):

where the 0-order Fourier multiplier Bay(D) has symbol in M,,, (R), and so on.

decompose Z € R" into ) . For expository purpose, further assume that there is no

In the spirit of the computations of the previous paragraph, let us introduce
(40) W & Zy + (Byy A21)(D)Z1 + (Bgy A22) (D) Zs.

This definition of a damped mode is consistent with the one we had before: we just applied to
(36) the 0-order operator (Bao(D))~! that corresponds to the inverse of PB(D) restricted
to M. Now, we note that

0y 2o + BQQ(D)W =0

and that from the definition of Z, we have
W + Bog(D)W = (Byy' A11)(D)8; Z1 + (Bay' Ag2) (D)0, Zo.
Hence, using System (39) for computing 9,7, we get the following equation:
(41) W + Boo(D)W = —(Bjy A21)(D)(A11(D)Z1 + A12(D)Zs) — (Bgy' AzaBaz)(D)W.
Rewriting the equation of Z; in terms of W yields
(42) hZy + (A1 (D) — (A12Bgy As1 ) (D)) Z1 = (A12B33' A2) (D) Zs — A1a(D)W.

3That are in particular satisfied by the linearized Euler equations with relaxation.
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In order to pursue our analysis, we make the following assumption:
(43) A1 (D) =0 and A(D) 2 —(A;2Byy' Ag1)(D) s a positive operator.

By positive, we mean that the symbol A1232_21A21 has range in the set of positive Hermitian
matrices of size no. For this particular structure, the above hypothesis turns out to be
equivalent to Condition (SK) (see Lemma A.3).

Then, after applying Aj to (41) and for (42), we obtain:
) {atzlvj + A(D)Z1j = (A12Byy A2) (D) Zo j — A12(D)W;,

0iWj + Bag(D)W; = —(Byy Ag1 A12)(D)Zs,j — (Bgy A2 Baz ) (D)W.
Using Duhamel formula for computing Z; ; from the first equation of (44), we get

t
Zy;(t) = e D) 7, 5(0) + / e~ ("DAD) ((A19 Byt Aso) (D) Zo (1) — Ara(D)YW;(T))dr.
0

Since A(D) is second order positive and satisfies the assumptions of Lemma A.2, there
exist two constants ¢ and C such that the following bound holds:

(45) lle —HAD) A ]ZHLP R RP) S Ce™? ]t”A Z”LP R71;R™1)5 JELZL.

Then, we get from Bernstein inequality (151), remembering that all the blocks of A(D) are
homogeneous multipliers of degree 1 and that B2_21 (D) is homogeneous of degree 0,

1218 r < €| Z1(0)]| o + /0 =2 =) (92| Zy (7)o + 20|[W;(7)| o)

whence taking the supremum or the integral on [0, ¢],

t t
1Z05(8) |10 + 2% / 12000 dr < 11Z15(0) 120 + / (229 Zo, 1o + 20| Wy 10) dr
0 0

Similarly, Lemma A.3 guarantees that we have
(46) le™ P2 PIA 2| Lo (narnay < Ce™ || Azl Lo@napnay, G € Z,

which allows to get eventually
t t t
W) + / IW;llo dr < [W;(0)zo + 2% / 1211 dr + 2 / 1W;le dr.
0 0 0

Owing to the factor 27, there exists an integer jo € Z so that the last term may be absorbed
by the left-hand side for all ] < jo. Hence, multiplying by 27 then summing up on j < jo
yields, with the notation HzH b é Yicio 2714 2] e,

(47) w4 / Wl dr S IWoll5° + / 1215 dr

while the inequality for 21 gives us

48) 1zl / |12 dr < | 21l /(||Z2||B’ﬂz+||W||;s°+1)

The definition of W in (40) ensures that for all j < jy (with negative enough jy), there
holds that

(49)  Wjllee S 1 Z2jllee + 271 Z1jlle  and (| Zojllze S (Wl + 29[| 215 2o
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Hence, adding up - (47) to (48) with ¢ small enough and negative enough jo, we conclude
that

125 + / (11158 + W ) dr < 1Zol1 50

Of course, combining with (49) yields also

/ 1Zalgs dr S 120015

By the same token, if we consider a source term F' in (39), one gets the following bound:

1z + / (121158 + 122 + WU ) dr S 12032 + / 1Pl dr

which is actually the same as the one we proved before for p = 2.

At the linear level, there is no restriction on the value of p: it can be any element of
[1,00]. Reverting to the initial nonlinear system (11), it is possible to work out a functional
framework of LP type for the low frequencies of the solution. However, owing to the
interactions between the low and high frequencies through the nonlinear terms, there are
some restrictions on p. The most obvious one is that, if combining Bernstein and Holder
inequalities for estimating the medium frequencies in a L? type space of a product of low
frequencies that belong to a LP type space, one needs to have p € [2,4]. In high dimension,
there are stronger restrictions on p. The reader is referred to [10, 12] for more details and
complete statements.

2. GLOBAL EXISTENCE IN THE CRITICAL REGULARITY SETTING

The principal aim of this section is to prove the global existence of strong solutions for
(9) supplemented with initial data that are a perturbation of a constant state V satisfying
Condition (SK). For notational simplicity, we assume that V = 0 so that the system under
consideration reads®

(50) 8tZ+ZA’“ -Z+ BZ =0.
k=1
It is assumed that the (smooth) given functions A!,--- , A% range in the set of n x n real

0 0

symmetric matrices, and that B = (O I
2

) with Lo € GLy,(R) satisfying for some ¢ > 0,

(51) Lyz -z > c|z|?, z € R™.

Set A(¢) = izgzl £ AP with AF 2 AF(0), and B(€) £ B. According to the linear analysis
that was performed in the previous paragraph in the context of System (50), Condition
(SK) is equivalent to:

B(§)

BA(¢) =n for all £ € R?\ {0}.

(52) Rank
BA"(g)
4The reader is referred to [11] for the proof of similar results for more general symmetrizable quasilinear
partially dissipative hyperbolic systems satisfying (SK).
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2.1. The main results. In order to find out a suitable functional framework for solving
(50), let us temporarily consider a smooth solution Z. Taking advantage of the symmetry
of the matrices A* and integrating by parts, one gets the following ‘energy identity’:

1d 2 1 {rrm k o
55\|Z\|L2—§l§1/wzz (AL (2))dx + RdBZ-Zd:n_O.

Therefore, combining with (51) and Gronwall inequality, we discover that

t t
121+ [ 1ZalRs dr < |1 Zol exp(C [ 19 2u dr):
0 0

Hence, even for controlling the L? norm of the solution, a bound of VZ in L} (Ry;L>)
is needed. Since no gain of regularity can be expected on the whole solution (see (34)), we
must assume that Zy belongs to a functional space X that is embedded in the set of globally
Lipschitz functions. If X = H® then this embedding holds if and only if s > d/2+ 1. In the
framework of Besov spaces with last index 1, one can reach the critical index s = d/2 + 1,

owing to the (critical) embedding
. d
(53) B}, (RY) < Cy(RY).

. d
Hence, X must be a subspace of Bf’zrl. Consequently, we shall take s’ =1+ d/2 in (34).
As regards the value of the regularity exponent s in (33) for the low frequencies, a
natural candidate is s = —1 4 d/2 since (33) and (34) together give us a control of Z in
d

da
LY(Ry; B; ;rl) (provided we succeed in bounding in L!(R.; B; 1_1) the nonlinear term F'),
and thus of VZ in L'(Ry; L>). Having at our disposal global L!-in-time estimates for the
solution will be particularly comfortable for further analysis in contrast with the classical
‘Sobolev’ approaches for partially dissipative systems where only L?-in time estimates are
available.

To make a long story short, a good candidate for a solution space is the set of functions
Z in C}(R4 x R%R™) such that

.d_q .diq . diq . diq
Z' € CyR; B )NLY R B and 2" € G(Ry; B ) NLY (R B )
According to the linear analysis presented before, one can expect to get additional informa-
tions for low frequencies, through the damped mode W defined in (40), that is essentially
equivalent to 0;Z5 in our context. We will eventually obtain the following result that will
be proved in the next subsection.

Theorem 2.1. Let the Conditions (51) and (52) be in force and assume that d > 2. Then,

d
~1,941

~d
there exists a positive constant o such that for all Zy € B3, satisfying

(54) 2y £ \\Zolléffl,gﬂ <a,

System (50) supplemented with initial data Zy admits a unique global-in-time solution Z
in the set

N ~d_1d4 1 441 1 24
E={Z e C(Ry; B3, ), Ze L'(Ry; B3, ) and 8;Z€L'(Ry; By, )}
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Moreover, there exist an explicit Lyapunov functional, equivalent to HZH 4 140 and a
constant C' depending only on the matrices A* and on Lo, and such that e
(55) Z(t)<C2Zy forall t>0
where®
56) 20221 o 12 g 170, g
'+\V%ZEH 41 '+H23HilB¢ +-HZEHZ i)
21 ¢ (B3 31 )

Choosing regularity d/2 — 1 for low frequencies has some disadvantages, though:
e it does not allow to treat the mono-dimensional case since the low frequencies of the
Ld_

nonlinear terms of type DZ x Z cannot be estimated in L'(R,; B3, 1) (this is the
needed regularlty for the rlght hand s1de of (33)). Indeed, the numerical product
does not map B3 ,(R) x Bz’1 (R) to B271 (R).

e it does not pr0V1de us with uniform bounds in the high relaxation asymptotics (see
the beginning of Section 4 for more explanations).

Another possible choice is s = d/2. Then, the solution space becomes the set of Z in
CL(R; x R%R™) satisfying

. d . d
7' € Cy(Ry; B ) NL'(Rs: B2 ) and 2" er(R+,B2+1)ﬂL1(R+,B2+1)

plus crucial informations from the damped mode that, in particular, will ensure that

. d . d
VZye L'(Ry;Bf,) and Z; € L*(Ry; B3,).
This alternative framework allows to consider initial data that are less decaying at in-
d

d
finity (regularity Bg ; for low frequencies is less stringent than B;l_ 1), to handle the
one-dimensional situation, and to provide crucial uniform a priori bounds in the strong
relaxation limit. The only drawback is that this alternative framework requires seemingly
stronger structure assumptions on the system (that are nevertheless fulfilled by the com-
pressible Euler equations). In order to specify them, let us rewrite System (50) by blocks
as follows:

871 + Z (41120021 + ALy(2)0:25) =0,
(57)
02y + Z <A’§1(Z)6kZl + ALy (2)0k s ) + Loy = 0.
k=1
Then, we need the following additional assumption:
(H3) For all k € {1,--- ,d}, A¥, =0 and Z + A¥ (Z) is linear with respect to Za.

Note that in the context of gas dynamics, the above assumption just means that there are
no terms like Vo or oVp in the density equation, which is indeed the case !

SWhenever X is a Banach space, p € [1,00] and T > 0, notation || - HLPT(X) designates the Lebesgue

norm LP of functions on [0,7] with values in X.
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Theorem 2.2. In general dimension d > 1, let the assumptions of Theorem 2.1 concerning

system (9) be in force and assume in addition that (H3) holds true. Then, there exists a
d d

. ~d.dq .
positive constant o such that for all Zy € 3227124_ satisfying
A
(58) 20 = 1 Zoll g 411 < o,

2,1

System (57) supplemented with initial data Zy admits a unique global-in-time solution in
~d d
the subspace F of functions Z of Cy(R4; Bi’ﬁ“) such that
. d . d . d
74, 7" e D' Rys By ), Z{eL'(Ry;B3{") and 8,Zx€ L'(Ry; B3,).

Moreover, there exists an explicit Lyapunov functional that is equivalent to || Z]|| _d 44 and
Bz
we have the following bound:

59) Z'(t) < CZ, where Z'(t)2|Z aa + 1216
(59) Z'(t) 0 )= IIL? Bl | ”Lg(eﬁj%
+ 12| + 125 + | z||" + 62|l a .
| ”Lg élﬂ | HL% 32%1 | ”Lgmﬁjl) 10 HLHBZ%)

Theorem 2.2 directly applies to the isentropic compressible Euler equations with relax-
ation, written in terms of the sound speed ¢ and of v (that is, System (5)). The result we
get reads as follows:

Theorem 2.3. Let ¢ >0, d > 1 and v > 1. There exists a positive constant a such that

~d d_q )
for any data (co,vp) such that co — ¢ and vy belong to B227’12Jr , and satisfy

(60) AO é ||(CO - E, UO)‘|E§i%+1 é Oé,

~d d
System (5) with e = 1 admits a unique global solution (c,v) with (c—¢,v) € Cp(R4; By} +1)
that satisfies

61 c—C,v _g.ge F =2l
( ) H( ) )HL‘X’(R+;BQ2,12+1) ” HLl(R+3B§r2)
14 ¢ ¢ "
+ ||v + ||v + [|[(c — ¢, v + [0 = CA.
e IS o (G T e o MR

A similar statement holds true for the barotropic compressible Euler equations with
general smooth pressure law P satisfying P’ > 0 in the neighborhood of the reference
density o0, although one cannot ‘symmetrize’ the system any longer by using the sound
speed. For more details, the reader may refer to [11] where a class of partially dissipative
systems, more general than (9), is considered.

In the rest of this section, we focus on the proof of Theorem 2.1. The reader is referred
to [11] for more general systems and for the proof of Theorem 2.2. A similar statement in
the LP framework has been established in [12].

2.2. A priori estimates. The overall strategy is to apply the Littlewood-Paley truncation
operator Aj to (50), then to follow the method that has been described in the previous
section so as to get optimal estimates in L? for each dyadic block. Performing eventually a
suitable weighted summation on j will lead to the control of Besov norms of the solution,
as stated in Theorem 2.1.
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Throughout, we assume that we are given a smooth and sufficiently decaying solution of
(50) on [0,7] x R® such that

(62) sup ||z(t)| .a is sufficiently small.

We shall use repeatedly that, owing to the embedding (53), the solution Z is also small in
L>®([0,T] x RY).

e Low frequencies. Let us denote Z; = A-Z and F} = AjF, with

d
(63) F23(AF - AK(Z2)0 2.
k=1
We see that for all j € Z,
d
(64) 0Zj+y A*0yZ; + BZ; = F;.
k=1
Hence, taking the L?*(R% R") scalar product with Z; and using that the first order terms
are skew-symmetric yields

2dt\|Z\|L2+/ BZ, de_/Rdzj-Fjdx.

The term with B may be bounded from below according to (51). Hence, using Cauchy-
Schwarz inequality for bounding the right-hand side delivers for some ¢ > 0,

S 1Z51% + el 2ol < 1F5le 1250

In order to recover the full dissipation, we proceed as in the previous section, introducing
the functional L, ,, defined in (26). Adapting the computations therein to the case where

the source term in (12) is nonzero, we get for all » > 0 and w € S (with the notations
of (20)):

d ~ min(1 r?) — ! i
= Lr(Z)) + f;)skus JAEZ? < Re (F - Z;)
+ min(r Z( B AL\ Zj BLALE) + Re (BuAL By BuALZ,) )-

k=1
In light of Cauchy—Schwarz inequality, the sum in the right-hand side may be bounded by

\/ Ly (Z;) Ly ) Hence, using that Condition (SK) and (27) ensure the existence of a
positive constant co > 0 such that for all » >0 and w € S%1,

n—1
(65) > erlBoALZP > 200 Ly w(Z)),
k=0

we conclude that

d

(66) Ll Z5) + comin(1,1%) Ly( ) < VLo Z) Ly By).
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Let us denote for all j € Z,

n—1

J2 121 + Yoo Re [ (BALZ,(€)- (BALZ,(©) min(i. €7 de

k=1

Integrating (66) on R? and observing that, by virtue of (27), we have
1

(67) §||Zj||%2 < L; < 2/|Zj]172,

we get, up to a slight modification of ¢,

(68) dtﬁ + ¢omin(1, 22])£ < C||Fjll 2/ L

d

Therefore, taking X = /L; and A = C||Fj||z2 in Lemma A.1, then multiplying by 24(5=1)
delivers for all j < 0,

t
i (4-1) ,cj(t)+%2j(%+1)/0 \/ﬁde§2j(%_ ﬁ( )+ 2l /”F |2 dr.

In order to bound the right-hand side, it suffices to combine the following facts that are
proved in e.g. [2, Chap. 2]:

Ld_ . d Ld_
(69) For d > 2, the numerical product maps By, 1(}Rd) X Bil(Rd) to B3, 1(}Rd)

and, for all smooth function ® : R¢ — RP vanishing at 0,
(70) 1Dl .4 < CIZ]z=)IZl

B21 2

1

Hence, remembering also (62), we conclude that

19 S 1211

21

V2L g

d
2
21 21

So, finally, there exist two positive constants ¢y and C such that for all 7 < 0, we have

t
(71) 2j<§—1>,/cj(t)+c02j<3+1>/0 VL dr < 2@ /r(0)

+C/ cjuvzu g HZH g 1dT with > ¢ =1.
JEZ

e High frequencies. In order to bound the high frequency part of the solution, we shall
keep the functional £;, but one cannot look at F' defined in (63) as a source term since
this would entail a loss of one derivative. To overcome the difficulty, we mimic the proof of
the L? estimate recalled at the beginning of this section, writing the system for Zj = AjZ
as follows:
d
(72) 7, +ZA )OuZj + BZ; =Y [A*(2), Aj10nZ.
k=1

Then, taking the L?(R% R") scalar product with Z; and integrating by parts yields:

2dtuz |yL2+/ BZ;-Zjdx = = Z/ O(AL (Z Zfzmdx+2/ 72 da.
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The last sum may be bounded according to the following classical commutator estimate
(see e.g. [2, Chap. 2]) that is valid for all s € (—d/2,d/2 + 1]:

I[A°(2), AjlonZ ]2 < Ces2 V(AN D) g 1 Z1lp;, with e =1.
B2 ' JEL
Thanks to the embedding (53) and to the definition of || - || By ,o We have

> [ oAb (22} 27 do < Ce2 IV AN g 12115, 12, 12

k.lm 2,1

Hence, owing to (51) we have for all s € (—d/2,d/2 + 1],

(73) HZ 72+l Zosl72 < Ce277°(IVZ] g HZHle”Z 2

2dt

To recover the full dissipation, one has to compute for all » > 1 and w € S, the time
derivative of
n—1
r'Lrw(Z;) with Lyo(Z;) 2 e Re(BALZ; - BAE)
k=1

as it will generate the term EZ;% %\BAZ?EJ-F, that is, the missing dissipation. To proceed,
one can keep F' defined in (63) as a source term and start from (64). For j > 0, the

term 7! yields the factor 277 that exactly compensates the loss of one derivative when

. dyq . d
estimating F' in B;Ir . Hence, it suffices to estimate F in B2271, which may be done by
combining (70) and the following fact:

. d . d . d
(74) the numerical product maps B2271(]Rd) X B2271(Rd) to B2271(}Rd).
Remembering (62), we get
(75) 119 S 11211 g HVZH

d .
?
2 2

1

Now, adding up the relation we get for T_ILT»M(Z\]') (after space integration) to (73) yields
for all j > 0:

(1) Lty Z / S BASZ )P de £ (29Il + 2 I EONZR )12l

21

and (65) guarantees that
(77) Z/ ex|BAEZ; ()2 de > ;.

Hence, using Lemma A.1, multiplying by 27 (541 and taking advantage of (63) and (75),
we end up with

t
(78) 2j<3+1>,/£j(t)+c2j<‘5+1>/0 VEL; dr

(d
S2](2+1) ﬁj(O)-i-C/ C]HZH d+1”Z” %ﬂ dr
B3,

| .
2
Bz,l
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e Conclusion. Let us put

(79) L2326 /e S G T and HE|Z) st
J<0 Jj=0

Since L ~ ||Zj||2L2, we have the following equivalence:

(30) =120 g1 g
2
Note that this implies that
(81) 125 <C forall So1<s<di1
By, S orall 5 — _s_§+.

Hence, we deduce from (71) and (78) that
t t

(82) L) +c / H(r)dr < £(0) + C / H(F)L(r) dr.
0 0

We claim that there exists o > 0 such that if £(0) < « then, for all t € [0,T], we have

t
(83) L)+ ¢ / H(r)dr < £(0).

0
Indeed, let us choose a € (0,¢/(2C)) so that £ < a implies that (62) is satisfied, and set

To £ sup{Ty € [0,T), sup L(t) < a}-
tel0,Th]
The above set is nonempty (as 0 is in it) and contains its supremum since £ is continuous
(remember that we assumed that Z is smooth). Hence we have
TO TO c TO
L(Ty) + ¢ H(T)dr < L(0)+C H(r)L(T)dr < L(0) + 3 H(r)dr
0 0 0

Using the smallness hypothesis on £(0), one may conclude that £ < « on [0,Tp]. As L is
continuous, we must have Ty = T" and (83) thus holds on [0, 7.

Clearly, time ¢t = 0 does not play any particular role, and one can apply the same
argument on any sub-interval of [0, 7], which leads to:

t
H(r)dr < L(to), 0<tg<t<T.

to

(84) L) +3

Hence, provided that ||ZOH 4o, is small enough, £ is a Lyapunov functional that is,

dirs

in light of (80), equivalent to HZH do1gi

2 1
2.3. The damped mode. Define W by the relation:
0: 29 + LoW = 0.
Since Lo is invertible, the second line of (57) yields

(85) W =2+ Ly 12 AL (2)0120 + ASy(2)04 25),
k=1
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which allows to get the following equation for W:
(86) W + LoW = L' <§d: (AL (2)0121) + D1(Aby(2)) 0k Zo — ASQ(Z)L28kW>.
k=1
Applying Aj to the above relation and denoting W = AjW leads to
W, + LoW; = Ly* <§d: A;Oi((A5,(2) — A5))0c Z1) + A5,0,01 21,
k=1

+A;(0:(A5(2)) 0uZ2) + A (A3, — A5(2))W) — A’gngaij)

Using (51), an energy method and Lemma A.1, we get two positive constants ¢ and C' such
that for all j € Z and t € [0, 7],

t
B7) W52 +C/O IWillL2 < [[W5(0)]] 2

¢t d
+C | S (1850(45(2) = A2 12 + 145910k Z1
k=1

+ 114, (0:(A5(Z) 95 Z2) || 12 + 1A (A5 — A5 (Z))W ) 2 + ||L51A§2L28ijHL2) dr.
Bernstein inequality (150) guarantees that
1L ABy L0k W[ 12 < C27 Wl 2
Hence, there exists jo € Z such that for all j < jg, the last term may be absorbed by the
time integral of the left-hand side.
Next, using (57) to compute the time derivatives, we see that the terms with
Oi((A5(Z) — A5)0kZ1) or  Oy(A5,(2)) 012

are linear combinations of coefficients of type K(Z) Z®V?Z, K(Z) Z®VZ and K(Z)VZ®
VZ for suitable smooth functions K. Hence, using (69), (70) and remembering (62) yields

0(A(2) — A0 Z1] g, + |02 ]l g, < C(IZI 4 IVZI 4 +1Z17, )-
By By, B3, B3y 322,1

To handle ||Aj((A]§2 — AL,(Z))W)|| 2, we split W into low and high frequencies. For the
low frequency part, we just write that by composition (70) and product law (69),

< (0 _id_
14 (A5, — A5 (Z2)W*) |12 < Cei27 G711 2] 4 HWHZ.%,l-
B4 B3,

For the high frequency part, we further decompose W as follows (in light of (85)):

d
(88) W =2Zy+Ly" Y (A5,0021 + A5y0025)
k=1

d
+ Ly ((A5,(2) — A5)0kZy + (A5y(Z) — Aby)01 7)),
k=1
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which allows to get
(89) Wiy <z 4 +CHVZth +CHZH g HVZH g
BZ, B, B3,

whence, using (74),
1(A5, — A5, (2))W™] a4 S0y W

da
Q_
2 21 2

1

SN2 g g (120" g +1IVZ]" , 121 g IVZI] g ),

21 2,1 2,1 21 21
and thus
I8 ((Aky ~ AR ()W) 12 S 24120 g (L4 120,9 )1V 20 g with Does=1.
B3y B3, B3y jez

Plugging this information in (87), multiplying by 27(%_1), summing up on j < jo and
remembering that || Z]| ¢ is small, we conclude that®
B2 1

W, / Wl < Wl

21

+C/ ||Z|| 4 HVZH 4 +||Z||2 )dT+C/ HZHZ +1

21
Since
HZHg HZHZ +HZHh
Bsa 51 ,1
and
HZH2 HZH 2 gy
2
21 21 2,1

taking advantage of (83) eventually yields :
t
(90) Wl +c/ W, dr < CLO) forall te0,T)
B3, 0 B3,
Owing to (89) and (83), the high frequencies of W also satisfy
t
(91) W, + c/ W\ dr <CL(0) forall te[0,T],
B, 0 B,

which completes the proof of (55).

2.4. Proving Theorem 2.1. Having the a priori estimates (83), (90) and (91) at hand,
constructing a global solution obeying Inequality (55) for any data Zj satisfying (54) follows
from rather standard arguments. First, in order to benefit from the classical theory on first

order hyperbolic systems, we remove the low frequency part of Zy so as to have an initial
d

data in the nonhomogeneous Besov space B; fl. More precisely, we set for all n € N,
(92) Zp 2 (d — S,)Zy with S, 2 x(27"D).

6Hamdling the intermediate frequencies corresponding to jo < 7 < 0 may be done from (71) since, then,
PE 2 PG and [Willee £ 1125122
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In light of e.g. [2, Chap. 4], we get a unique maximal solution Z" in
d
c([0,7); BE ) n €L((0, T BE,).

d . a
Since 32271 is embedded in B2271, it is easy to prove from (57) and the composition and
Ld_
product laws (69) and (70) that 0,7y and (0;Zy — LoZs) are in LlOC(O,T";Bi1 1), and as
d_
Z§ belongs to 32 1 , we deduce that Z™ is actually in C([O,T");ijl N B3, 1), hence
. d
obeys (83) for all ¢ € [0,7™). In particular, the embedding By, < L guarantees that

TTL
/ 1V 27|10 dt < oo,
0

and thus the standard continuation criterion for first order hyperbolic symmetric systems
(again, refer to e.g. [2, Chap. 4]) ensures that 7" = oo. In other words, for all n € N, the
function Z" is a global solution of (57) that satisfies (83), (90) and (91) for all ¢t € R,.
Note that, owing to the definition (92), we have

”Zo”~g 1 = HZOHN% di1 n € N.
2 2

Hence (Z")nen is a sequence of global smooth solutions that is bounded in the space E of
Theorem 2.1.

Proving the convergence of (Z™),en relies on the following proposition that can be easily
proved by writing out the system satisfied by the difference of two solutions Z and Z’ of
(57), namely,

d d
0Z -2 +> ANZ)on(Z - Z)+B(Z—Z") =) (ANZ') - AM(2)onZ,
k=1 k=1

applying the Littlewood-Paley truncation operator Aj to this system then arguing as for
getting (73) and using product laws (see the details in [11, Prop. 2]):

Proposition 2.1. Consider two solutions Z and Z' of (57) in the space E corresponding
~d d
to small enough initial data Zy and Z| in B bt Then we have for all t > 0,
t
7= Z)Olg < Vo= Zillyg +C [ (17 g g + 17 g.0)ar
B2 1 2 1 2 1
From this proposition (applied to Z" and Z™ for any (n,m) € N?), Gronwall lemma
and the definition of the initial data in (92), we gather that (Z"),cn is a Cauchy sequence
d

in the space Cb(R+;B 1), hence converges to some function Z in Cp(Ry;Bs ;). As the
regularity is high, passmg to the limit in the system is not an issue, and one can easily
conclude that Z satisfies (57) supplemented with data Z.

That Z belongs to the smaller space E stems from standard functional analysis. Typ-
ically, one uses that all the Besov spaces under consideration satisfy the Fatou property,
that is, for instance

HZH 41,44 < Climinf [|Z7] e
2
S . . . .ondy .
The only property that is missing is the time continuity with range in BQQI . However, this
is known to be true for general quasilinear symmetric systems (see e.g. [2, Chap. 4]).
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Finally, the uniqueness follows from Proposition 2.1.

3. DECAY ESTIMATES AND ASYMPTOTIC BEHAVIOR

The global-in-time properties of integrability for the solution Z that have been proved
so far ensure that Z(t) tends to 0 in the tempered distributional meaning when ¢ goes to
oo. In the present section, we aim at specifying the decay rate for some Besov norms of
Z, whenever the initial data satisfy a (mild) additional condition. In the pioneering works
by the Japanese school in the 70ies and early 80ies (see e.g. [28, 33]), it was expressed in
terms of Lebesgue spaces LP for some p € [1,2). However, it is well understood now that
it suffices to prescribe this condition in some homogeneous Besov spaces with a negative
regularity index.

In order to understand how those spaces come into play, looking first at the linearized
at the linearized system (12) with no source term is very informative. Let Z be the
corresponding solution. Using (30) and Fourier-Plancherel theorem yields for all ¢ > 0:

(93) 12;(t)]|z2 < Cl1Z;(0)| e ™20 ez

This means that the high frequencies of Z decay to 0 exponentially fast, and that the low
frequencies behave as those of the heat flow. More precisely, for all a > 0, we have

Y62 Z;() || 12 < C¥ 1) 2P Y| Z;(0) |2, t>0, j<O.

Hence, since the function z®/2e~*

(94) 21 Z2()) 510 < CallZolly, . t>0.
2,1 2,1

is bounded on R, we eventually get for all s € R,

We note that, as for the free heat equation, in order to obtain some decay for the low
frequencies, a shift a regularity is needed. This is the reason why it is wise to make an
additional assumption (e.g. some negative regularity) on the initial data to eventually get
some decay rate for the norms we considered before for the global solutions to (50). In fact,
to compare our results with the classical ones in the literature, one can introduce another
family of homogeneous Besov spaces, namely the sets BS’OO of tempered distributions z on

R? satisfying

(95) 2]l ps  Zsup2®||Ajz|p2 <oo and  lim [[x(277D)z| 1~ = 0.
2,00 jEZ J——00

Owing to the critical embedding

Izl g a  Slzlpgey, 1<p<2,
P(Rd

.4
B7.
making assumptions in spaces Bioo with a negative s is weaker than in the pioneering works
on decay estimates [28] where the initial data were assumed to be in L' (this corresponds to
the endpoint value o1 = d/2) or (see [33]) in LP for some p € [1,2) (take o1 = d/p—d/2).

This motivates the following statement that we shall prove in the rest of the section:

Theorem 3.1. Let the assumptions of Theorem 2.1 be in force, and assume in addition
that Zy € By 2} for some o1 in (1 —d/2,d/2]. Let aq £ (o1 +d/2—1)/2 and ¢y =

(HZO”B;;} + ”ZOHEQ%;L%JH)_I/C”'
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Then, the global solution Z constructed in Theorem 2.1 also belongs to LOO(R+;B££),
and there exists a constant Cy that may be computed in terms of co such that

aq l 201 h l <
(1 + cot) |!Z(t)HB§;1 + (1 + cot) (\\Z(t)llBﬁjl + HatZ2(t)\\B§;1) < CO“ZO|’§§;1,%+1‘

Remark 3.1. Under the (stronger) structure assumptions of Theorem 2.2, one can prove
a similar result assuming only that o1 is in wider range (—d/2,d/2]. The inequality we
eventually get is

(14 cot)™ ”Z(t)HZ a F(1+ COt)2Ol1 HZ(t)”h diy
B2 B3

2,1 21 2,1

with aq = (01 +d/2)/2 and cy = (HZOHB;:(} + || Zo||

+ (L4 cot* 0. Z2()] 4 < CollZoll _g .
B2 B22 2

1
-1/
e
Remark 3.2. FEven though the negative Besov space assumption is weaker than in e.g.
[33], the obtained decay rates are the same ones. Note also that || Zol| 5o, can be arbitrarily
2,00

large: only HZ0H§2%;1,%+1 has to be small.

The linear decay rate for low frequencies turns out to be the correct one for the solu-
tion of the nonlinear system (50), and better (algebraic) decay rates hold true for the high
frequencies and for the damped mode. At the same time, although the high frequencies of
the solution of the linearized system (12) have exponential decay, it is not the case for the
nonlinear system (50) owing to the coupling between the low and high frequencies through
the nonlinear terms. We do not claim optimality of the above decay rates for the high fre-
quencies but, for sure, it is very unlikely that they are exponential even for very particular
initial data.

Let us briefly explain the general strategy of the proof. The starting point is to show
that the additional negative regularity is propagated for all time (with a time-independent
control). Then, we shall combine it with Inequality (84) and an interpolation argument
so as to exhibit a decay inequality for ||Z (t)HB 4_,- The rate that we shall get in this way

2.1
turns out to be precisely the one that was expected from our linear analysis in (94). Then,

interpolating with the estimate in the negative space will enable us to capture optimal decay
rates for intermediate norms || Z(t)| B3,

To the best of our knowledge the idea of combining a Lyapunov inequality with dissipation
and interpolation to get (optimal) decay rates originates from the work by J. Nash on
parabolic equations in [29]7. Implementing it on other equations in a functional framework
close to ours is rather recent. The overall strategy is well explained in a work by Y.
Guo and Y. Wang [19] devoted to the Boltzmann equation and the compressible Navier-
Stokes equations in the Sobolev spaces setting, and Z. Xin and J. Xu in [37] used the same
method to prove decay estimates for the compressible Navier-Stokes equations in the critical
regularity framework. In the context of partially dissipative systems, the idea of prescribing
additional integrability in terms of negative Besov norms instead of Lebesgue ones seems
to originate from a paper by J. Xu and S. Kawashima [40].

Finally, let us emphasize that it is possible to do without a Lyapunov functional (like we
did in e.g. [17]) but, somehow, the proof is more technical and less ‘elegant’.

7Special thanks to L.-M. Rodrigues for pointing out this reference to us.
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3.1. Propagation of negative regularity. In order to prove that the regularity in Bz_ 7
is propagated for all time, let us start from the equation of Z; written in the following way:

d
0 Z; +ZAk VOuZj + BZ; =Y [Ar(2), Aj)0nZ.
k=1 k=1
Taking the L? scalar product with Z; and using (51) yields

d

1Zjl172 + ell Zogl7z < D 1Ak D)2 211 2 -
k=1

(96) 5 dt\

One can show (combine the commutator inequalities of [2, Chap. 2] with (70)) that

. . . d d
up2 I [ 4(2), A Z] 12 < CIVZ| g |1Z]yer i — <o < Lp1.
JEZ BZQ:I 2,00 2 2

Hence, dropping the nonnegative term in the left-hand side of (96), using Lemma A.1 and
taking the supremum on j yields

1Z(O 5521 < 1Zoll 521 +C/ vzl 4 HZHBm dr,  t=0,
which, after applying Gronwall lemma, leads to
120l < ol (€ [ 19214 dr)
2

Whenever Zj satisfies (54), the global solution of Theorem 2.1 has (small) gradient in

. d .
L'(Ry; 32271). Hence the above inequality guarantees that Z is uniformly bounded in B, i
there exists a constant C' depending only on o1 and such that

(97) sup | Z(t)]| y-o1 < Cl|Zol| g -

tZO 2,00 2,00
3.2. Decay estimates for the whole solution. The starting point is Inequality (84)
that is valid for all 0 < ¢y < t, and the fact that

£y PG a2 700 and H=|Z)
JEZ

7“

Being monotonous, the function £ is almost everywhere differentiable on Ry and Inequality
(84) thus implies that

(98) %ﬁ +cH <0 ae onR,.

Now, if —o7 < d/2 — 1, then one may use the following interpolation inequality:

’ 1 1-06o L bo . _ ﬁl _ _ ﬂl _
12,41 S (120, ) (120 0)" with (1= 60)(1+5) = ordo =5 -1
which imphes, taking advantage of (97), that

%

(99) HZ(t)HfB 1 2 (121, )™ % |1 Z| iaf°-

2,1 21
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To handle the high frequencies of Z, we just write that, owing to (55), we have

90
h > h 1— 9 T 1= 90
Putting (99) and (100) together and remembering that
(101) HZHZ gt HZHh 4
21 21

one may thus write that for a small enough ¢ > 0, we have

1 _ %
H Z cplL% with ¢o = C(HZOHB*f’l + ||ZOH~% . dﬂ) -0 .
2
Reverting to (98), one eventually obtains the following differential inequality:
DLt el <0
— =0 <
@~ =

which readily leads to

(102) L(t) < (1 + cot) =% £(0).
Now, replacing 6y with its value, and using (101), one can conclude that
. 1 d
103) 12O g wgos S 0@ 1l g g with a2 g (or5 1)
2 1 2 1

As regards the low frequencies of the solution, this decay is consistent with (94) in the case
s=—o0; and a =01 +d/2— 1.
3.3. High frequency decay. From (76) and (77), we gather

1d

—i _i(d .
25 oL SEINB N2l + 2 EV 2Ry VE with 3 e =1,

21 >0
Hence, bounding F}; according to (75) yields

1d

Zdtﬁ +C£ CJ2 it +1 ||Z|| 7+1(HZH 2% +HZHB%+1)V£J' with chzla

2 1 1 2,1 ,720

whence
55 VI S 2L g 1Z) g g (V)

By time integration (viz. we use Lemma A.1), we deduce that

t
—c —j(¢ —c(t—1
\/ﬁj(t) <e tq/ﬁj(O)-l-CQ J(2+1)/0 e (t )cj(T)HZ(T)HBQ%jl|’Z(T)|’§§i%+l dr.

Hence, multiplying both sides by 27 (%H), then summing up on j > 0 and using the equiv-
. d
alence of the high frequency part of (79) with the norm in Bijl, we end up with

t
h —ct h —c(t—7)
12001, g S eVl ., 9 K TR LT

2,1
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Consequently, for all t > 0,
(L + ot Z@" 4, < (1 +cot)* e | Z0]" 4
B B

+1 441
2,1 2,1

t 2041
1+ cot —e(t—r) N )
7 H|z dr.
+/0 <1 + C(]T) ¢ (( + COT) H (T)||§§1,%+1) T

Inequality (102) ensures that

sup(1+ cor) | Z(7) | g gr < ClZ0ll g1 gn-
720 B3,

_d
BZ;
Furthermore, one can find a constant Cy depending only on a7 and ¢y such that

t 201
/ <1 + C(]t> e—c(t—T) dT < C07 t > 0
o \1+4+co7T - -

Hence, in the end, we get

(104) iglg“ + ) ZOI 4., < CollZoll g1, g1

2,1 2,1

h
B
3.4. The decay of the damped mode. According to (86) and to (57), the damped mode
W& —L5 19,75 satisfies a relation of the form

OW + LW ~ Z -NV?*Z+VZ-NZ+ 1+ Z)VW
and, according to (85), we have
W ~Zy+NVZ+ZVZ.

4L

Therefore, applying Aj to the above equation, taking the L? scalar product with W;
A;W and using Bernstein inequality in order to bound the last term, we get for all j € Z,

1d . .

57 IWillze +elWillze < C(I1A((1+ 2)Z - V22) |2 + |A5((1 + 2)VZ - VZ) | 2
HIA;(VZ2 - Z)|12) W] 2 + C2 | W 7.

Let us choose jo € Z such that C2/0 < ¢/2 (so that the last term may be absorbed by the

4-1)

left-hand side). Then, using Lemma A.1, multiplying both sides by 2 ( , then summing

up on j < jo, we end up with®
(105) (W 4, <e Wl 4,
B} B2

2,1 2,1

t
+c/ e 1+ 2)2VZ| 4 + A+ 2)VZRVZ| 4 +1Z20V 2|, | )dr.
0 B;:l sz,l 327,1

Since d > 2, the product laws (69) and (74) guarantee that

1+ 2)Z2 V22| 4, +10+2)VZRVZ| 4, S (A +1Z] .4 )2l
B2 B} B, B

2,1 21

12]]

2,1 2,1

8Rigorously speaking the low frequencies that are here considered are lower than with our previous
definition since it may happen that jo < 0. However, one may check that the high frequency decay estimate
in (104) still holds if we put the threshold at some jo < 0: the argument we used works if summing up on
j > jo provided we change the ‘constants’ accordingly.
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which, combined with (103) and the fact that ||Z]| . ¢ is small implies that
B

2,1

||(1+Z)Z®V2ZH g 1+||(1+Z)VZ®VZ|| g 1N(1+c0t)—2a1,c2(0).

2 1
Similarly, we have

II(1 +Z)Z®V22H 41 ”2”2 S ”2”2 41,441~

21 1 21

< (1 + cot) 21 L2(0).

Hence, using (105) and arguing as in the previous paragraph, we end up with

(106) sup(1 + cot) > |[W (8)||“ 4 L < CollZoll g1 4
t>0 B2

2,1 2 1

+1°

.d_q
In other words, the decay rate for the low frequencies of the damped mode in norm 32 1
is the same as that of the high frequencies of the whole solution.

Summing up the results of the previous paragraphs completes the proof of Theorem 3.1.

4. ON THE STRONG RELAXATION LIMIT

This section is devoted to the study of a singular limit problem for the following class of
partially dissipative hyperbolic systems:

BZ¢

d
(107) 0,25+ AK(Z°)0pZ° + =0,

k=1

where, denoting Af £ Ak (0) and Z’gm(Z) £ Ak (Z) — AF | we assume that for all
ke{l,---,d}:

(1) Akl =0, and A11 is linear with respect to Z5 and independent of 7,

2) A%, and A21 are linear with respect to Z; and independent of Zs,

) A

) A22 is linear with respect to Z,

) Condition (SK) is satisfied by the pair (A(&), B) with A(§) defined in (13), at every
point & € R?.

The linearity assumption is here just for simplicity as well as the fact that there is no
0-order nonlinear term. At the same time, assuming that A¥, and A%, (resp. A%,) only
depend on Z; (resp. Z3) is very helpful, if not essential. We shall see that it is satisfied by
the compressible Euler equations written in terms of the sound speed (see (5)).

(
(3
(4

We want to study the so-called ‘strong relaxation limit’, that is whether the global
solutions of (107) constructed before tend to satisfy some limit system when & goes to 0.

A hasty analysis suggests that the part of the solution that experiences direct dissipation,
namely Z5 with the notation of the previous sections, tends to 0 with a characteristic
time of order e and that, consequently, Z] tends to be time independent (since, for all
ke {l,---,d}, we have A%, =0 and A¥, is independent of Z;). To some extent this will
prove to be true but, even for the simple case of the linearized one-dimensional compressible
Euler equations, the situation is more complex than expected. Indeed, consider

ora + Ozu = 0,
108
(108) Ou+ 0pa+ e tu=0.
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In the Fourier space, this system translates into

i 5)+ (e 2) ()= 0)

e In low frequencies |¢| < (2¢)~!, the matrix A(£) of this system has the following
two real eigenvalues:

1

() = o (12 VI 2907)-

For £ going to 0, we observe that
M) ~e™ and AT(€) ~ €2

This means that one of the modes of the system is indeed damped with coeffi-
cient e~ but that the overall behavior of solutions of the system is like for the
inviscid limit (or for the heat equation with vanishing diffusion).

e In high frequencies |£| > (2¢)7!, the matrix A(¢) has the following two complex
conjugated eigenvalues:

AE(E) = 2—2(1 +iy/(226)2 — 1)-

Clearly, Re AT (&) = (2¢)7! and Im AT (€) ~ i¢ for € — co. Hence, there is indeed
dissipation with characteristic time ¢ for the high frequencies of the solution.

The ‘low frequency regime’ is expected to dominate when ¢ — 0, as it corresponds to
|€] < e 1. Consequently, the overall behavior of System (108) might be similar to that of
the heat flow with diffusion e, and one can wonder if the high relaxation limit is analogous
to the inviscid limit®. However, we have to keep in mind that the low frequencies of the
‘damped mode’ (that here corresponds to the combination u + £0,a) undergo a much
stronger dissipation. This is of course an element that one has to take into consideration.

Based on this simple example, it looks that in order to investigate the high relaxation
limit, it is suitable to use a functional framework that non only reflects the different be-
havior of the low and high frequencies (with threshold being located around ~!) but also
emphasizes the better properties of the damped mode.

4.1. A ‘cheap’ result of convergence. Let us revert to the general class of Systems
(107) supplemented with initial data Zj. The structure assumptions that we made at the
beginning of the section enable us to apply Theorem 2.2. In this Subsection, we shall
take advantage of it and of elementary scaling considerations so as to establish that both
Zi — Zi and Z5 converge strongly to 0 for suitable norms. The reader may refer to the
next subsection for a more accurate result.

The starting observation is the following change of time and space scale:

(109) Z(t,x) & Z°(et,ex).

Clearly, Z¢ satisfies (107) if and only if Z satisfies (57).

9This phenomenon that is well known in physics is sometimes called overdamping.
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The following property of homogeneous Besov norms is well known (see [2, Chap. 2]):
M n. o~ o5—d/2 .
(110) o€l =<l
By adapting the proof therein, one can prove that
(111) l(ell, el and lx(e)l, = el
2,1 32,1 2,1 32,1

where we have used the notation
0 - h, -
M2 el 2 Y Al ad a2 Y A
' JEZL, 29 <o JEZL, 29>
Putting together (110), (111), the change of unknowns (109) and Theorem 2.2 readily gives
the following global existence result that is valid for all € > 0.

Theorem 4.1. There exists a positive constant o such that for all € > 0 and data Z§
satisfying

L,
(113) 2 Z51155 " +ellZ5)™, dH <

21 21

Oé,

System (107) supplemented with initial data Z§ admits a unique global-in-time solution Z¢
satisfying the inequality

(114) ZE(t) < CZ5  with
Lt h,e™?t e, Vi - ?
ZE@) 220N, HellZE™t T, el ZEIT +HZ2|| < g4 TE V2 z5|1
©(Bs) L (B3, Ly 21 ) (le LE(BF))
+HIZE|® +H<‘?tZzHZ g
LB L}(B2,)

The above theorem implies that Zf — Z{(0) and that Z5 — 0 when ¢ — 0. Indeed,
from the definition (112), it is obvious that for all n >0, >0 and s € R, we have

(115) I=11%7 BtP S 776”2” and 2] PR U_BHZII

Hence, using (114) and Hoélder 1nequality yields

(116) |ze|= < celzg,
Lz(R+§B;1)

Thanks to (113) and, again, to (114), this allows to get

(117) 125 | 4 < Casl/?

L2(R+;B22J)
In order to justify that Z5 — Z5(0), one may bound 9;Z5 through (107) remembering that
the blocks A¥, are linear with respect to Z5. From the product law (69), and from (114)
and (117), we get

10:Z1 || g SIZI, L g 127 4 <0’
Hreesth Y esE, ~RyiBE,
and thus
(118) |25 (t) — ZlOH 4, <CAP(et)? forall ¢>0.

21
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. d
In conclusion, Z5 tends to 0 in L?(Ry; BJ,) with rate of convergence /2, and Z§ — Z5

d
converges to 0 in L>([0,T]; B2 1 1) with rate (¢T7)'/2, for all T > 0.

4.2. Connections with porous media-like equations. In order to exhibit richer dy-
namics in the asymptotics ¢ — 0, one may perform the following ‘diffusive’ rescaling:

(119) (25, Z5)(7,2) = (25,67 Z5) (e 7, ).
Dropping the exponents e for better readability, we get the following system for (Zl, Zg):
d d
0-Zy+ Y AN(Z2)0kZr + > (Alo+ Afy(21)) 0k 2y = 0,
k=1 k=1
(120) ] .
20,75 + ¢ Z(A§2+A§2(Zl, sZg))é)ng + Z(Agl +A§1(Zl))akZ1 + LoZs = 0.
k=1 k=1
From the second line, one can expect
d
(121) W2 Z,+ 13 (D0 (A5 + A51(Z)aur ) — 0.

k=1

In order to find out what could be the limit system for Zl, let us systematically express Zg
in terms of W and Z; by means of (121) in the first line of (120). We get

0- 21+ (Aby+ ARy (20) 0 W + AF, (W)0yZ:
k
+Z A 2+A Zl )L2 ak((Agl+ggl(Zl))ag21)
+ZA L2 Azl-i-A ( 1))8@21)8k21:0.

Introducing the following second order operator:

(122) ALY ABLy A5 1040,

the above equation may be rewritten:
(123) 0,71 + AZy + Q1(Z1, V2 Z)) + Qa(V 21,V 7))
+ Tl(Zl, VZl, VZl) + TQ(Zl, Zl, V221) =9

where, @1, Q2 (resp. Ty, Ty) are bilinear (resp. trlhnear) expressions that may be com-
puted in terms of the coefficients of the matrices AH, A12 and of Lo, and

d
(124) S& =N (AR, + Aby(Z0)) oW — ZAH VORZ1.
k=1 k=1

Consequently, if (121) is true, then we expect 21 to tend to N with N satisfying
(125) 8;N + AN +Q(N,V?N)+Qo(VN,VN)+Ty(N,VN,VN)+To(N,N,V?N) =
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Note that, as a consequence of Lemma A.3 in Appendix, and since we assumed both Condi-
tion (SK) and that A¥, =0 for all k € {1,--- ,d}, (125) is a quasilinear (scalar) parabolic
equation.

Before justifying the above heuristics in the general case, let us again consider the com-
pressible Euler equations, that is

(126) Opo° + div(p°v°) =0 in Ry xRY
D (0°v°) + div (00 @ v°) + V(P(0%)) + e 100" =0 in Ry x RY

Under the isentropic assumption

(127) P(z) = Az" with v>1 and A>0,

the above system enters in the class (107) if reformulated in terms of (¢%, 0%), where
Az - —1

(128) £ L (7~)2 (&) and 72 VT
Y

Indeed, we get:

(129)

Ot +v° - V& + At dive® = 0,
O 4+ v° - Vot +3¢EVE + e = 0.

1 ~
So, if we set ¢ £ #(@)V, then Conditions (1) to (4) below (107) are satisfied with
Zf =c —c¢ and Z5 =1°.

Now, performing the diffusive rescaling:

(130) (%, v%)(t, z) = (¢, ev%)(et, x),

System (126) becomes

(131) {5753 +div(0°0%) = 0 in Ry xRY
e20.(F°0°) + ediv (FF0° @ T°) + V(P(F)) + &0° =0 in Ry x RY

In light of the second equation, it is expected that

V(P(0°))+0°v°* =0 when &—0,
and thus that ¢° converges to some solution N of the porous media equation:
(132) d.N — A(P(N)) = 0.

The general result we shall prove for Systems (107) reads as follows for the particular case

of the isentropic Euler equations'’:

Theorem 4.2. Consider the Euler equations with relazation (126) in R? (with d > 1)
.4 .4
with pressure law (127) and initial data (o5, v5) such that (¢° — @) € B3, N BQZII and

. d .diq
v5 € B3N B;Ir . There ewists o > 0 independent of € such that if

_ 57 -1 _ h, -1
(133) 1 — 2001y +ell(eb — 2 vp)I"5,, <«
B22,1 B22,1

10A statement in the same spirit, but allowing for Besov spaces constructed on LP may be found in [12].
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then (126) supplemented with (of,v§) has a unique solution (¢°,v°) with (o° — 0,v°%) €
. d . d
Co(Ry; B3y N BQZII) satisfying in addition

_ et _ h,e=1 1/2y &
(134) [[(e" —2,v)|” +ell(6" — 0,09 +e/7lo” — 2l
Lo ®y:BE) Lo ® B LQ(R+7 B3
- et - - e
+ 1o B4 e P e+ () TIV(P@) T, < Ca
LiR+;B3, ) L*(Ry;B3,) LY (Ry;B3,)

< «, Equation (132) has a unique
1

Furthermore, for any Ny in B2 1 such that | Nol| .

d
B2
Bg,
d

solution N in the space Cp(Ry; B2§1) NLY(R,; BZ +2) satisfying for all t > 0,

YCI / I8 g, < CIRol

2 1
Finally, if one denotes by (0%,v°) the rescaled solutzon of the Euler equations defined through
(130) and assumes in addition that
INo — Gol| 41 S Ce,
B3,

then we have

—.  V(P(@)) > N
(135) [o7 + 22 G FIN=Fl o FIN-F 4. <Ce
0 L'(Ry;B3,) Lo(R4;B5, ) LI(R+7B )

Proof. Let us assume for a while that ¢ = 1 so that one can readily take advantage of
Theorem 2.3. As a first, we want to translate Theorem 2.3 in terms of p, where ¢ and o
(resp. ¢ and p) are interrelated through (128).

On the one hand, Inequality (61), the property of interpolation in Besov spaces and
Hoélder inequality with respect to the time variable imply that

§+1 < OH(CO -G, UO)HE%,%JA

le =l
( —+5 2,1 2,1

On the other hand, using the fact that the composition inequality (70) is actually valid for
all positive Besov exponents (see e.g. [2][Chap. 2]), we may write that

HC - é”Bﬁja ~ ”Q - éHBQ%,;ra for a=0,1.

Finally, we note that d;v = —v — 0~ *V(P(p)) — v - Vv and that
< Cllol] Ivoll, 4

[v- Vo g 4 g -
+3 22,1) o0 +§B221 R+1Bz2 )

LY(R

Therefore, the last term of d;v may be ‘omitted’ in Inequality (61), and we get

+[lo— @HZ i Tl + ol 4
L (R+,B? AR (11@321 +7B§1+1) L2(R1;B3,)

+llo+ eV (PE)I, < Clleo = 2v0)ll _g 4.+
2,1

(136) [l(e — 2, vl

. d
+ Bz2,1)
Now, for general ¢ > 0, performing the rescaling (109) and remembering the equivalences
(110) and (111) gives the first part of Theorem 4.2.
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After performing the diffusive rescaling (130), the rescaled pair (g, v°) satisfies
OF — APF)) = —div(@We) with ° &5 4 L&) < ).

Thanks to (110), the bound for the last term in (136) translates into
(137) Wl 4 < Cae,

L (R+;B;1)
which completes the proof of (134).

Proving that ¢° tends to some solution N of (132) may be done exactly as in the general
case presented below in Theorem 4.3. O

Let us finally turn to the study of the strong relaxation limit in the general case. The
main result we shall get reads as follows:

Theorem 4.3. Assume that'' d > 2 and consider a system of type (120) for some € > 0.

Let the structure hypotheses listed below (107) be in force There exists a positive constant !

(independent of ) such that for any initial data Ny € 321 for (125) and Z€ € 32 1ﬂB2+1
for (120) satisfying

(138) 1Rl 4 <a
21
0 ¢ h
(139) z5 = HZgl” 5 +5H282H vl +5H281H d+1+52”Zo2H 5., <a
21 21 21 21

System (125) admits a unique solution N in the space

Co(Ros BE) N L Ry BET)

)

satisfying for all t > 0,

(140) IN ()

’
1

L0+ [ 1R, st S CINGl g
2 2

- .4 .d
and System (120) has a unique global-in-time solution Z° in C(Ry; B3, ﬂBf’;rl) such that

~_ 0 —1 =Sl —1 Senh
4y Nzs o, el zsll o, FellZTl

LOO(R+§B22,1) LOO(R+§BQ2,1) Lo (Ry;B 2+1)
21 e het Zeple ! —1y Zephe™ e
+e7l1Z3 ™ + 1zl +e Y| Z5 || + 1 Z3 ] 4
Lo +3 2d1+1 Ll( +3 2%,1+2 ( +5 2d1+1 Ll( —+3 25,1+1)
Sele ! -1 5 €
+1Z31> +e W 4 <CZj
2eeB) L R4:BE) ’

where W< has been defined in (121).

U The one-dimensional case is tractable either under specific assumptions on the nonlinearities that are
satisfied by the Euler equations, or in a slightly different functional framework. More details may be found
in [12].
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If, in addition,
INo — ZlO” ¢, < Ce,

2 1
then we have

142 N - Z§ + N - Z; < Ce.
(142 IS =28 o SN B <
Proof. That (120) supplemented with initial data Z) admits a unique global solution satis-
fying (141) follows from Theorem 2.2 after suitable rescaling. Indeed, if we make the change
of unknowns:
~ = ~ ZQ T X
143 71, Zo) () = (71, 22 <—,—),
(143) (2, D)) = (21, 2) (5,2
then we discover that Z satisfies (120) if and only if Z is a solution to (57). Then, taking
advantage of the equivalence of norms pointed out in (110) and (111) gives the desired
global existence result and (141) up to the last term since defining the damped mode as in
(85) would lead to the function
d d
(144) Zo+ Ly (A5 + A5 (20)0k 2y + eLy " Y (A + A5y(Z1,222)) Ok Zo.
k=1 k=1
However, combining Inequality (141) (without the last term of course) with (115) ensures
that B B B
1] .4 telz] 4 +IVZ| 4. S 2
LOO(RJHBQJ) LOO(R+§B2,1) Ll(R‘F;BQ,l)

. d —
Hence the last term of (144) is of order ¢ in LI(R+;B2271), and W does satisfy (141).
In order to prove the convergence of Zi to N , let us first verify that S defined in (124)

Ld_
is of order ¢ in Ll(]RJr;BQ%1 1). As d > 2, it is just a matter of taking advantage of the
product law (69) to get

181,44 S (12000 )T g+ 171 g 1970
B2,1 2 21 21
Hence, .
ISI g SOHIZL Iy
YRy;BZ ) L (R4;B3) LY(R4;B5)

and using (141) and the smallness of the initial data thus yields
(145) HSH e L < Cea.

R+1 2.1
Let us next briefly justify that any data No satisfying (138) gives rise to a unique global
~ . d . d
solution N of (125) in Cp(Ry; Bg,) N LI(RJF;BQ%;Q) satisfying (140). In fact, since the
operator A is strongly elliptic, the parabolic estimates in Besov spaces with last index 1

recalled in Proposition A.1 ensure that any smooth enough global solution N satisfies for
all £ >0,

1) + [ (1.,

d
B3y

/ IV g0 5 10

+HQ2(VN VNIl

.4 a
2 B2
2 2

¢ +|ITLU(N, VN, VN)|| 4 HTQ(N,N,V2N)H,4)CZT.
221 221 B22,1
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. d
Using the stability of the space B2271 by product and an obvious interpolation inequality,
the nonlinear terms may be estimated as follows:

IQuF V2Rl 5 S 1N g VN g S IR g 11
|Q2(VA VR g HVNH2 <M gHNH
21 21 2,1 21
ITU(N, VN, VN, 54 S HNH g HVNH2 SJHNH2 IN g i
2, 21 1 21
ITo(N. N, M) g SINIP 4 V2R g S INI2, HNH
321 27 21 21 21

Hence, we have for all ¢ > 0,
t ~ ~ ~
IS0l + [ 181 geatr Ul g+ [0+ 1T Iy 171,
2 21 2,1 2,1 2,1

Clearly, if the solution is small enough (which is ensured if the initial data is small) then, the

last term of the right-hand side may be absorbed by the left-hand side, leading to Inequality
(140). The above formal inequalities combined with a suitable contracting mapping argu-

ment (in the spirit of the one that is used e.g. for solving the incompressible Navier-Stokes

equations, see details in [2, Chap. 5]), allow to conclude to the global existence of a solution
o (125), fulfilling the desired properties.

To finish the proof of Theorem 4.3, we just have to compare Z with N. To proceed, let
us subtract (125) from (123). We get the following equation for 6N 2 Z —N:

80N + AN = 8 — Q1(Z1, V2N) — Q1(6N, V2N) — Q2(VZ1,VoN) — Q2(VSN,VN)
~Ty(0N,VZ1,YZ) — Ty (N,VON,VZ,) — Ty(N,VN,VéN)
—Ty(8N, Z,,V?Z1) — Ty(N, 0N, V2 Zy) — To(N, N, V26N).

Hence, by virtue of Proposition A.1, we have for all ¢t > 0,

L QU2 VAN

SN SN (0 S
I ||Loo(3 s S| ()\IB;11+II I et nh
5 _
+|Qi(N, VN, 3 1)+HQ2(VZ1,V5N)H (Bgfl)ﬂ\c?z(VéN,VN)H el

+HT1(5N,V21,V21)”L1(B§1 1)+HT1(N VN, VZl)H Lsd +||T1(N, VN, VéN)| .

2,1 2,1

+| T2 (8N, Z,, V2 2Zy)||

+ || To(N, 8N, V2 Z + || T2 (N, N, V25N
sl T ( 1)”Lg(351 3 [ T( )HL%
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. d
So, using (69), the stability of B, by product, (145), (138) and (140), we find that

H5NH S N (0 )H g ISl

B L EE LiB2 )
1+ (N, Z, N 4 +Z 4 )|IVeN
HA+ I 201, B)Hmw%)HH?W)H by s
FIRZON,_ g IVl g 1V, g

L (B3 L(B3) (B3,)

VN, o +IVELR, WWngf

B31) B21 L (Bs,
< |I6N(0 + + (o + SN .
~ ” ( )”Bffl ag (a «Q )H HL%(BQ%,TI)OL;X’(BQ%,;H

Hence, as « is small enough, we get:

(146) |6V

~ ‘

\5]?(0)”3%71 +ae forall ¢t>0,

+1
L°°(B N NL{ (B3, ) 21

which completes the proof of the theorem. O

We end this section with a few remarks. The first one is that, for small €, it is natural
to modify the definition in (121) so as to have a damped mode that is expressed in terms
of Zy and N. If we set

d
(147) W Zy+ Ly > (A5 + A5 (N))ON,
k=1
then we have

W—W = Lzlz A5 (N)OoN + AL (ON)Oy.Z1)-

k=1
In order to bound the right-hand side, one can observe that
145, (N) 046N | 4 SN 4 IIWH 7
2 LI(Ry; 2§1) Lo (R 2§1) (R+7 §+1)
1A, (8N) 0k 21| 4.S ||5NH A 4
. L' (Ry:BE) L2®yES) L2R4:BE)

Hence, taking advantage of Inequalities (140), (141) and (142), and of interpolation inequal-
ities yields

(148) W =Wl 4 <Ca(lNO)] 4, +ac),

1(R+§Bz,1) Bz,l

which guarantees that T satisfies (121).

da

Note also that, since 7, is bounded in Cp(Ry; B; 1) independently of ¢, using (140) and
(142), and interpolating, one obtains

N -7 < CeP € (0,1).
H 1”L°°(R+,B7 5) € /8 ( )

Finally, observe that if we introduce the following rescaled solution of the limit system:

N&(t,z) & N°(et, z),
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then combining (142) with the definition of Zf in (119) yields
Ld_
Z; =N°+0() in L¥(Ry;Bi, )

which is, indeed, a more accurate information than what we had in Theorem 4.1 or in (118).
Similarly, putting (142) and (148) together yields the following expansion:

d . _ . d
Z5(t,x) = —eLy' > (A%, + AL (N(et,2))) 0k N(et,x) + O(e) in L' (Ry;B3,).
k=1

APPENDIX A

The following classical result (see the proof in e.g. the Appendix of [10]) has been used
a number of times in this text.

Lemma A.1. Let X : [0,T] — R, be a continuous function such that X? is differentiable.
Assume that there ezists a constant ¢ > 0 and a measurable function A :[0,T] — Ry such

that L d
2 2

—-— < .€. .

2th +cX* < AX ae on [0,7T]

Then, for all t € [0,T], we have

X(t)—l—c/o X(T)dT§X0+/0A(T)dT.

We frequently took advantage of the fact that applying derivatives or, more generally,
Fourier multipliers on spectrally localized functions is almost equivalent to multiplying by
some constant depending only on the Fourier multiplier and on the spectral support.

This is illustrated by the classical Bernstein inequality that states (see e.g. [2, Chap. 2])
that for any R > 0 there exists a constant C' such that for any A > 0 and any function
u: R4 — R with Fourier transform @ supported in the ball B (0, R\), we have

(149) 18%u|| e < CHHANHIG=D 11 4 eNL 1<p<g< oo

The reverse Bernstein inequality asserts that, under the stronger assumption that u is
supported in the annulus {x € R? : r)\ < |z| < RA} for some 0 < r < R, then we have in
addition,

(150) lullzr < CAXTY|Vul| s, 1<p<oo.

A slight modification of the proof of (149) allows to extend the result to any smooth
homogeneous multiplier : denoting by M a smooth function on R?\ {0} with homogeneity
7, there exists a constant C' such that for any A > 0 and any function u : R — R with
Fourier transform @ supported in the annulus {z € R? : r\ < |z| < RA}, we have

(151) IM(D)u|ze < O G Dulle, aeN, 1<p<q< oo

In the last section, in order to study the convergence to the limit system, we used maximal
regularity estimates in Besov spaces with last index 1 for parabolic system. These estimates
are well known for the heat equation (see e.g. [2, Chap. 2]). Below, we extend them to
semi-groups generated by strictly elliptic homogeneous multipliers in the following meaning:
we consider functions A € C>®(R%\ {0}; M,,(C)) homogeneous of degree ~y, such that the
matrix A(§) is Hermitian and satisfies for some ¢ > 0:

(152) (A&)z-2) > €|z, ceRI\ {0}, zeC™
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Proposition A.1. Let u € C(Ry;S') satisfy

Oz+ A(D)z = on Ry x RY,

. feramees o n,
zi=0 = 20 on R%.

Then, for any p € [1,00] and s € R the following inequality holds true for all t > 0 :

¢ L
(154) IOl + [ Nellgzss dr < (ol + [ 15115, ar):
Proof. If z satisfies (153) then for any j € Z, we have
8t2’j + A(D)Z] = fj with Zj = AjZ and fj = A]f
Hence, according to Duhamel’s formula,
L
(155) zj(t) = e_tA(D)ZOJ + / e_(t_T)A(D)fj(T) dr.
0
Let us provisionally admit the following lemma:;:

Lemma A.2. There exist two constants cy and C such that the following inequality holds
forall j€Z, t>0 and p € [1,00]:

(156) 1A;eAP) 2| 1o < Ce 0% | Az 1o

Then, plugging (156) in (155) yields for all j € Z,

) t )
(157) P Y P A LG TP
Hence, taking the supremum norm on [0, ¢] (resp. integrating on [0,t]), we get for all j € Z,

Izl ne) + 272l 0nzry S (1= 702" (20400 + 1l m) )-

Just bounding the prefactor in the right-hand side by 1, multiplying the two sides by 27¢
and summing up on Z yields the claimed inequality. O

Proof of Lemma A.2. Thanks to the homogeneity of A, using a suitable Qhange of variables
reduces the proof to the case j = 0. Indeed, if we set ((z) £ 2(277z), then we have
Ao¢(2z) = Ajz(z) and

e_wj)‘A(D)AOC(ij) = e MDAz (), A > 0.
Then, consider a function ¢ in D(R?\ {0}) with value 1 on a neighborhood of the support
of v and write that

D) Age = F1 (peMOA)

=gy xAou with  gy(z) & (2m)~" / e TEp(€)e MO dg.
R4

If it is true that

(158) lgallzr < Cemeo?

then using that the convolution product maps L'« LP to LP implies that
le PV AoCllr < llgallzrAoCllzr < Ce™ M| AoC |1,

and we get (156) after reverting to the original variables.
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In order to prove (158), it suffices to establish that
lgx(2)] < C(1 + |z)|?)~Te0A zeRY A>0.

Now, integrating by parts, we get

(2m)lga(x) = (1 + [22)Uha(z) with ha(x) 2 /

v () (Id — Ag)d<e_)‘“4(5)>d£.
]Rd

Of course, the integral may be restricted to Supp ¢ which is a compact subset of R%\ {0}.
Owing to (152), on this subset, there exists a positive constant ¢y such that all the real
parts of the eigenvalues of A(§) are bounded from below by 2¢g. Now, since the differential
of the exponential map may be computed by the formula

1
DeX H = / X H X dr, H e My (R),
0

the chain rule entails that

1
De (e—AA(ﬁ)) CH = _)\/ o M1-T)A(E) (DeA(E) - H)e—ATA(g) dr.
0

Hence, there exist two constants C' and C’ such that

D¢ (e_)‘A(g))‘ < C'\em 20N < Qgm0 A>0, &€ Suppo.

By induction, one can get similar estimates for higher order derivatives of & — e M)
which eventually yields

)

|ha(z)| < Ce @ zeRY A>0,
and completes the proof. O

Remark A.1. In the case p = 2 one can work out a shorter proof, based on the Fourier-
Plancherel theorem. However, it is interesting to point out that the very same result holds
for any value of p in [1,00] including 1 and oo, and with a constant independent of p.

The following lemma ensures that in the setting of System (57), if both Condition (SK)
and A¥ (V) = 0 for all k € {1,---,d} are satisfied, then the second order differential
operator A defined in (122) is indeed strictly elliptic in the sense of Proposition A.1, with

v =2

Lemma A.3. Consider two n x n Hermitian matrices A and B such that

(0 Ap (0 0
(159) A_<A21 A22> and B_<O B22>

with Aqg € Mnl,nz((c)7 A9y € an’nl ((C), Aoy € Mn%nQ((C) and Bog € Mn%nQ((C). Sup-
pose also that Bog is positive. Then, Bao is invertible and the following two properties are
equivalent:
(1) The matriz A12B2_21A21 18 a nq X nq positive matriz.
(2) Condition (SK) holds true (that is, the four equivalent conditions of Lemma 1.1 are
satisfied).
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Proof. The invertibility of Bas being obvious, let us first assume that Ao 32_21A21 is positive.
Then, the rank of Ay; must be equal to n; and so does the rank of BoyAs1. Now, we observe

that
0 0
BA = .
<322A21 B22A22>

Hence, the rank of ( > is equal to ny + ny = n, and Condition (SK) is thus satisfied.

B
BA

Conversely, if A has the special structure (159) then an easy induction reveals that the
bottom left block of any positive power k of A ends with Asy. The same property clearly
holds for BA* that thus looks like

P 0 0
BA" = <B2ngA21 Dk) for some Cy, Dy € M,,(C).

Now, since Bso is invertible, we have for all k € N,
rank (BQQCkAQl) < rank (Agl) = rank (B22A21).

As the block at the bottom left of BA is equal to Bgy Ay, one can conclude that, under
assumption (159) we automatically have

B B
rank ( B A> = rank < BA > .
BA”71

Hence, if we assume in addition that Condition (SK) is satisfied, then we must have
rank(BosAg1) = n1, and thus rank(As;) = ny, too. Now, since ‘Ajs = Aoy, we have
for all z € C™,|

AlgB2_21A212 2= 32_21.4212 . Aglz’.
As 32_21 is positive, the right-hand side is nonnegative and vanishes if and only if As;2z =0
and thus if and only if z = 0 since rank(As;) = ny. Hence A1232_21A21 is positive, which
completes the proof. O
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