
HAL Id: hal-03782980
https://hal.science/hal-03782980v1

Preprint submitted on 10 Feb 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Superintegrability, symmetry and point particle
T-duality

Ctirad Klimcik

To cite this version:

Ctirad Klimcik. Superintegrability, symmetry and point particle T-duality. 2025. �hal-03782980�

https://hal.science/hal-03782980v1
https://hal.archives-ouvertes.fr


ar
X

iv
:2

20
9.

02
58

4v
1 

 [
he

p-
th

] 
 6

 S
ep

 2
02

2

Superintegrability, symmetry and point particle T-duality

Ctirad Klimč́ık
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Abstract

We show that the ideas related to integrability and symmetry play an important
role not only in the string T-duality story but also in its point particle counterpart.
Applying those ideas, we find that the T-duality seems to be a more widespread
phenomenon in the context of the point particle dynamics than it is in the string
one; moreover, it concerns physically very relevant point particle dynamical sys-
tems and not just somewhat exotic ones fabricated for the purpose. As a source of
T-duality examples, we consider maximally superintegrable spherically symmet-
ric electro-gravitational backgrounds in n dimensions. We then describe in detail
four such spherically symmetric dynamical systems which are all mutually inter-
connected by a web of point particle T-dualities. In particular, the dynamics of
a charged particle scattered by a repulsive Coulomb potential in a flat space is
T-dual to the dynamics of the Coulomb scattering in the space of constant neg-
ative curvature, but it is also T-dual to the (conformal) Calogero-Moser inverse
square dynamics both in flat and hyperbolic spaces. Thus knowing just the Hamil-
tonian dynamics of the scattered particle cannot give us an information about the
curvature of the space in which the particle moves.

1 Introduction

The motion of a classical string in a gravitational-Kalb-Ramond background is
characterized by a dynamical system referred to as a nonlinear σ-model in 1 + 1
spacetime dimensions. In the case of a topologically trivial Kalb-Ramond field
strength, the classical action of this σ-model reads

S =

∫

dτ

∮

dσ(gij(x) + bij(x))∂+x
i∂−x

j , ∂± := ∂τ ± ∂σ, (1)
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where τ , σ are respectively time and (circular) space coordinates on the worldsheet,
xi are coordinates on the target space T and (gij(x), bij(x)) are a metric tensor
and a Kalb-Ramond potential in those coordinates.

Consider some other gravitational-Kalb-Ramond background (T̃ , g̃ij(x̃), b̃ij(x̃))
and the σ-model which corresponds to it

S̃ =

∫

dτ

∮

dσ(g̃ij(x̃) + b̃ij(x̃))∂+x̃
i∂−x̃

j . (2)

The phenomenon of stringy T-duality [8, 15, 5, 10, 11, 12] takes place if the back-
grounds (T, g, b) and (T̃ , g̃, b̃) are not geometrically equivalent but the σ-models (1)
and (2) are dynamically equivalent.

The geometrical (non)equivalence of the targets means the (non)existence of a
diffeomorphism D : T → T̃ such that (D∗g̃, D∗b̃) = (g, b). On the other hand, the
dynamical equivalence of the σ-models (1) and (2) means the equivalence of their
Hamiltonian dynamics [1, 16]. Thus if the σ-models (1),(2) are characterized by
their respective phase spaces P ,P̃ , symplectic forms ω, ω̃ and Hamiltonians h, h̃
they are dynamically equivalent if it exists a symplectomorphism Υ : P → P̃ such
that Υ∗h̃ = h.

In particular, the phase spaces P and P̃ of the σ-models (1) and (2) are
parametrized respectively by the functions xi(σ), pi(σ) and x̃i(σ), p̃i(σ), the sym-
plectic forms are the canonical ones

ω =

∮

dσdpi(σ) ∧ dxi(σ), ω̃ =

∮

dσdp̃i(σ) ∧ dx̃i(σ)

and the Hamiltonians read

h(x, p) =
1

2

∮

dσgij(x)
(

pi − bik(x)∂σx
k
) (

pj − bjl(x)∂σx
l
)

+
1

2

∮

dσgij(x)∂σx
i∂σx

j ,

h̃(x̃, p̃) =
1

2

∮

dσg̃ij(x̃)
(

p̃i − b̃ik(x̃)∂σx̃
k
)(

p̃j − b̃jl(x̃)∂σx̃
l
)

+
1

2

∮

dσg̃ij(x̃)∂σx̃
i∂σx̃

j .

The symplectomorhism Υ is a canonical transformation x̃ = x̃(x, p), p̃ = p̃(x, p)
such that

h(x, p) = h̃(x̃(x, p), p̃(x, p)).

Historically, the dynamical equivalence of strings moving in the geometrically
non-equivalent backgrounds came as a surprise and it was often considered to
be a distinctive feature of the string dynamics with respect to the point particle
one. However, as it was pointed out in [9], the T-duality exists also in the point
particle context, where it establishes the dynamical equivalence of geometrically
non-equivalent electro-magnetic-gravitational backgrounds.

The motion of a classical point particle in a electro-magnetic-gravitational back-
ground is characterized by a classical action of a 0 + 1-dimensional σ model

S =

∫

dt

(

1

2
gij(x)ẋ

iẋj −Ai(x)ẋ
i − V (x)

)

, (3)
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where t is the time, xi are coordinates on the target space T and (gij(x), Ai(x), V (x))
are respectively the metric tensor as well as the vector and the scalar potentials.

Consider a geometrically non-equivalent background (T̃ , g̃ij(x̃), Ãi(x̃), Ṽ (x̃)) and
the corresponding action

S̃ =

∫

dt

(

1

2
g̃ij(x̃) ˙̃x

i ˙̃xj − Ãi(x̃) ˙̃x
i − V (x̃)

)

. (4)

The phase spaces P and P̃ of the 0 + 1-dimensional σ-models (3) and (4) are
parametrized respectively by the canonically conjugated coordinates xi, pi and
x̃i, p̃i, the symplectic forms are the canonical ones

ω = dpi ∧ dxi, ω̃ = dp̃i ∧ dx̃i

and the Hamiltonians read

h(x, p) =
1

2
gij(x) (pi + Ai(x)) (pj + Aj(x)) + V (x), (5)

h̃(x̃, p̃) =
1

2
g̃ij(x̃)

(

p̃i + Ãi(x̃)
)(

p̃j + Ãj(x̃)
)

+ Ṽ (x̃). (6)

In full analogy with the string case, we declare the point particle models (3) and
(4) mutually T-dual if it exists a canonical transformation x̃ = x̃(x, p), p̃ = p̃(x, p)
such that

h̃(x̃(x, p), p̃(x, p)) = h(x, p).

The first nontrivial examples of the point particle T-duality obtained in [9]
showed that the phenomenon did exist but otherwise they were not particularly
physically relevant and they were fabricated for the purpose by essentially a trial
and error method. In this paper, we do much better, we show that the point
particle T-duality concerns physically very relevant dynamical systems and we
give also a method how to obtain many new examples. This method is based on
the concepts of integrability and symmetry and was largely inspired by the string
T-duality story where, apparently, all known integrable σ-models are (Poisson-Lie)
symmetric and T-dualizable. It turns out that the integrability and symmetry help
to find the T-duality examples also in the point particle context, moreover, the
reason why they help turns out to be much clearer than in the string case where the
observed relation between the integrability and T-dualizability remains somewhat
mysterious.

Few remarks are perhaps in order about the motivations to study the point
particle T-duality. First of all, it is an interesting problem to deal with on its
own, since it opens a problem of classification of physical dynamical systems in T-
duality equivalence classes. All members of a given class share the same dynamical
properties, which maybe manifest or hidden depending on which representative of
the class we consider. For example, the T-duality between the Coulomb and the
Calogero-Moser scattering, which we establish in the present paper, means that
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the manifest conformal symmetry of the Calogero-Moser model is present also in
the Coulomb one albeit in a hidden dynamical way.

Another motivation has to do with the problem of zero modes in the string
T-duality story. At a first sight it might seem that at least some examples of the
point particle T-duality could be obtained by a sort of dimensional reduction of
the stringy T-duality, or, said in other words, by restricting the string dynamics to
the zero modes. However, this is not the case because (with a notable exception
of Abelian T-duality) the T-duality phenomenon in string theory was so far estab-
lished only for strings deprived of the zero modes. Indeed, the stringy T-duality is
in reality dismembered, that is, it takes place only if we cut out some zero modes
from the string on both original and dual side. This means, in particular, that no
examples of point particle T-duality can be obtained by a dimensional reduction
of this dismembered string T-duality. However, it might be possible to go in an
opposite direction, this is to say, to work out viable examples of the point particle
T-duality and to ”glue” them to the dismembered stringy T-duality examples to
achieve a full-fledged string T-duality.

The plan of the paper is as follows. In Section 2, we construct a particularly
simple dynamical system in n dimensions that we call referential spherically sym-

metric maximally superintegrable system. Although this simple system does not
have a geometric interpretation as a 0+1-dimensional σ-model, still it plays an im-
portant role in our analysis because it does naturally represent a T-duality class of
0+1-dimensional σ-models which do have the geometric interpretation. Indeed, in
Section 3, we show that four physically relevant and geometrically distinct spher-
ically symmetric σ-models are maximally superintegrable and symplectomorphic
to the referential system. It follows, that they are all mutually T-dual, or, said
differently, they belong all to the same T-duality class represented by the referen-
tial model. Those four systems are the (repulsive) Coulomb potential in the flat
space and in the space of constant negative curvature, as well as the Calogero-
Moser potential in the flat and in the hyperbolic spaces. In Section 4, we provide
conclusions and an outlook. Two technical results concerning Section 3 are placed
into Appendix.

2 Referential maximally superintegrable system

A dynamical system (P, ω, h) is a smooth manifold P equipped with a symplectic
form ω and with a smooth function h, such that all time evolution flows generated
by the Hamiltonian h are complete, that is, they can be all smoothly prolonged to
both forward and backward infinities t → ±∞.

Let H > 0, T be canonically conjugated coordinates on an open symplectic
half-plane P1 equipped with the Darboux symplectic form

ω1 = dH ∧ dT,
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or, equivalently, with the Darboux Poisson bracket

{T,H} = 1. (7)

Note that a choice of the Hamiltonian h1(H, T ) = H gives a honest dynamical
system (P1, ω1, h1 = H) with the complete flows H =const, T = t − t0. Indeed,
this simple form of the flows follows from the Hamiltonian equations of motion
which take the form

Ṫ = {T, h1} = 1, Ḣ = {H, h1} = 0.

Remark 2.1. On the other hand, a choice h1(H,T ) = T does not give a dynamical system

because the corresponding flows T =const, H = −t+ t0 cannot be prolonged to t → ∞ (H must

remain positive).

Let Sn−1 be the standard (n−1)-dimensional unit sphere and T ∗Sn−1 its cotan-
gent bundle equipped with its standard symplectic form ωT ∗Sn−1 . We parametrize
T ∗Sn−1 by n-vectors B and k fulfilling

kk = 1, Bk = 0. (8)

The vector k thus represents a point on the sphere Sn−1, while B parametrizes
the cotangent space at k. The symplectic form ωT ∗Sn−1 then reads

ωT ∗Sn−1 = dB ∧ dk.

We are now ready to define the referential spherically symmetric maximally

superintegrable dynamical system (Pn, ωn, hn) alluded to in the Introduction. The
phase space Pn of this dynamical system is defined as

Pn = P1 × T ∗Sn−1,

its symplectic form ωn is given by

ωn = ω1 + ωT ∗Sn−1 = dH ∧ dT + dB ∧ dk. (9)

and its Hamiltonian hn is given simply by

hn = H.

We now provide an n-dimensional analogue of (7), that is the complete set of
Poisson brackets corresponding to (or characterizing) the symplectic form ωn:

{T,H} = 1, {H,k} = 0, {T,k} = 0, {H,B} = 0, {T,B} = 0, (10)

{Bi, Bj} = Bikj −Bjki, {ki, Bj} = δij − kikj, {ki, kj} = 0, i, j = 1, ..., n.
(11)
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Note that the brackets (11) are the Dirac ones; they are derived from (9) by taking
into account the constraints (8).

The Hamiltonian equations of motion of the referential system (Pn, ωn, hn) read

k̇ = {k, hn} = 0, Ḃ = {B, hn} = 0, Ṫ = {T, hn} = 1, Ḣ = {H, hn} = 0

and this implies the completeness of the flows k=const, B=const, H=const,
T = t− t0.

The coordinates k,B on T ∗Sn−1 Poisson commute with the Hamiltonian hn =
H , they are therefore the integrals of motion. Together with the Hamiltonian hn,
those coordinates furnish the 2n−1 integrals of motion in involution, the referential
system (Pn, ωn, hn) is therefore maximally superintegrable. Note, in particular,
that the components of the wedge product k ∧ B are conserved generators of
n-dimensional rotations (i.e. the angular momenta).

Remark 2.2. We note that the referential dynamical system (Pn, ωn, hn) does not lend itself

to a geometric interpretation. However, as we shall see in the next section, it is symplectomorphic

to at least four dynamical systems which do have the geometrical interpretation as the 0 + 1-

dimensional σ-models. We may therefore say that the non-geometric referential system naturally

represents a whole T-duality equivalence class of the geometric systems.

We now add some technical stuff which will be useful in the next section.
Consider a 2n-dimensional manifold

Mn = {(p,x) ∈ R
n × R

n,x 6= 0}

equipped with the Darboux symplectic form

Ωn = dp ∧ dx.

The canonical Poisson brackets corresponding to Ωn are

{xi, xj} = 0, {pi, pj} = 0, {xi, pj} = δij , i, j = 1, . . . , n.

Note that we use the notation {., .} for the Poisson brackets on Pn and the boldface
one {., .} for the Poisson brackets on Mn.

It turns out that the symplectic manifoldMn is the phase space Pn in a disguise.
Indeed, consider a bijection Rr : Mn → Pn defined as

H = hr(x,p) :=
1

2
x2, T = tr(x,p) := −px

x2
,

k = kr(x,p) :=
x

|x| , B = Br(x,p) :=
x2p− (px)x

|x| , (12)

with the inverse map Rr
i given by

x =
√
2Hk, p = −

√
2HTk +

B√
2H

.

6



The direct calculation of the bold-faced Poisson brackets gives

{tr, hr} = 1, {hr,kr} = 0, {tr,kr} = 0, {hr,Br} = 0, {tr,Br} = 0,

(13)
{Br

i , B
r
j} = Br

i k
r
j −Br

jk
r
i , {kr

i , B
r
j} = δij − kr

i k
r
j , {kr

i , k
r
j} = 0, i, j = 1, ..., n.

(14)
Comparing (10),(11) with (13),(14), we conclude that the map Rr is indeed

the symplectomorphism.

Remark 2.3. In Section 3, we shall present as the main technical result of this paper

an explicit construction of four symplectomorphisms from Mn to Pn denoted respectively as

RM ,RyM ,RC ,Ry. Those four symplectomorhisms will have all geometrical interpretation. It

is perhaps worth pointing out that there exist also symplectomorphisms which do not have ge-

ometric interpretation, like, for example, Rr where the Hamiltonian hr(x,p) does not have a

kinetic term. The reason why we have introduced Rr is the fact that the x,p-depending vectors

k
r(x,p), Br(x,p) will play an important technical role throughout the paper.

3 Explicit canonical transformations

3.1 Calogero-Moser system in the flat space

In this section, we show that the Calogero-Moser system in the flat space is sym-
plectomorphic to the referential maximally superintegrable system of Section 2.

Spherically symmetric Calogero-Moser dynamical system (Mn,Ωn, h
M) is de-

fined by the Hamiltonian

hM(x,p) :=
1

2
p2 +

1

2

γ2

x2
. (15)

The flows generated by (15) are complete due to the conservation of energy and
the fact, that the Calogero-Moser Hamiltonian is the sum of two positive terms,
therefore neither kinetic nor potential energy may diverge within a given flow
characterized by some conserved value of energy. This means that a particle can
never reach singularity at x = 0 nor develop an unbounded velocity which would
be necessary in order to reach infinity in a finite time.

Following (5), the Calogero-Moser Hamiltonian hM (x,p) has the geometric
interpretation as the Hamiltonian of the 0 + 1-dimensional σ-model. Indeed, it
corresponds to the motion of a charged particle in a flat space Rn and in a repulsive
centrally symmetric electric potential V (x) = 1

2
γ2x−2.

Remark 3.1. The Calogero-Moser dynamical system is sometimes referred to as the conformal
field theory in 0+1-dimensions. The reason for this interpretation is the fact that the conformal
group in 0 + 1-dimension is SL(2,R) and it is infinitesimally generated via the Poisson brackets
by the Hamiltonian hM , a dilation charge D = − 1

2
px and a special conformal transformation
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charge C = 1

2
x2. It is easy to verify that the Poisson brackets of those generators form the

sl(2,R) Lie algebra

{hM , D} = hM , {C,D} = −C, {hM , C} = 2D.

It is well-known that the flat Calogero-Moser system is superintegrable in
three dimensions [13], our goal is now to show that the n-dimensional version
(Mn,Ωn, h

M) is also superintegrable and, moreover, it is symplectomorphic pre-
cisely to the superintegrable referential dynamical system1 (Pn, ωn, H). For that,
consider a map RM : Mn → Pn defined as

H = hM(x,p) =
1

2
(p2 + γ2x−2), T = tM(x,p) :=

px

p2 + γ2x−2
, (16)

k = kM(x,p) := kr(x) cosΨM(x,p)− Br(x,p)

|Br(x,p)| sin Ψ
M(x,p), (17)

B = BM(x,p) := Br(x,p) cosΨM(x,p) + |Br(x,p)|kr(x) sinΨM(x,p), (18)

where

ΨM(x,p) =
|Br(x,p)|

√

|Br(x,p)|2 + γ2
arctan

px
√

|Br(x,p)|2 + γ2
.

We verify easily that it holds

(

kM(x,p)
)2

= 1, kM(x,p)BM(x,p) = 0,

we thus observe that the map RM is indeed from Mn to Pn. Moreover, the map
RM is evidently defined on the whole Mn and is smooth everywhere on Mn.

Now consider a map RM
i : Pn → Mn defined by

x = NM (H, T, |B|)
(

k cosΨM(H, T, |B|) + B

|B| sinΨ
M(H, T, |B|)

)

(19a)

p =
(2HTk +B) cosΨM(H, T, |B|) + (2HT B

|B| − |B|k) sinΨM(H, T, |B|)
NM(H, T, |B|) ,

(19b)

where

NM (H, T, |B|) =
√

4H2T 2 +B2 + γ2

√
2H

,

ΨM(H, T, |B|) = |B|
√

B2 + γ2
arctan

2HT
√

B2 + γ2
.

1It should be noted that two given spherically symmetric maximally superintegrable models
need not be necessarily symplectomorphic to each other. In particular, the phase space of one
of them may be symplectomorphic to our referential phase space Pn but the phase space of
the other may be rather symplectomorphic to a Z-quotient of Pn (in this case the symplectic
half-plane H,T becomes a symplectic half-cylinder with T becoming an angle variable). Other
scenarios are also possible.
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The map RM
i is evidently well defined on the whole Pn and it is everywhere

smooth because the apparent singularity at |B| = 0 is smoothly removable due to
the multiplication by sinΨM .

We readily verify that

RM ◦ RM
i = IdPn

, RM
i ◦ RM = IdMn

,

which means that the both maps RM ,RM
i are diffeomorphisms inverse to each

other.

A direct calculation of the bold-faced Poisson brackets then gives

{tM , hM} = 1, {hM ,kM} = {tM ,kM} = {hM ,BM} = {tM ,BM} = 0, (20)

{BM
i , BM

j } = BM
i kM

j − BM
j kM

i , {kM
i , BM

j } = δij − kM
i kM

j , {kM
i , kM

j } = 0. (21)

Comparing (20),(21) with (10),(11), we conclude that the diffeomorphism RM is
in fact the symplectomorphism. Said in other words, we have just shown that the
flat Calogero-Moser system (Mn,Ωn, h

M) is symplectomorphic to the referential
dynamical system (Pn, ωn, H) via the symplectomorphism RM , in particular, we
have

H = hM(x,p) =
1

2
(p2 + γ2x−2).

If we interpret the variable T in (19) as time andH,k,B as constant quantities,
the inverse symplectomorphism (19) can be checked to be the solution of the
Calogero-Moser Hamiltonian equations of motion

ẋ = {x, hM} = p, ṗ = {p, hM} =
γ2x

(x2)2
. (22)

In reality, we have used this very fact to find the explicit form (16), (17) and
(18) of the symplectomorphism RM . We have first found the general solution
(19) of the Calogero-Moser Hamiltonian equations of motions (22), we interpreted
the time as the variable canonically conjugated to the Hamiltonian and then we
expressed H, T,k,B as the functions of p,x. It was of course not clear from the
outset what kind of the bold-faced Poisson brackets would obey those functions,
but it turned out eventually that they do obey those of the referential dynamical
system (Pn, ωn, H). It is this circumstance which makes the spherically symmetric
Calogero-Moser model propitious to admit point particle T-duals.

3.2 Calogero-Moser system in the hyperbolic space

In this section, we show that the Calogero-Moser system in the space of constant
negative curvature is symplectomorphic to the referential maximally superinte-
grable system of Section 2.

9



Equip the space R
n with a metric

gjk = δjk −
α2xjxk

1 + α2x2
. (23)

The scalar curvature of the metric (23) is constant

R = −n(n− 1)α2;

the space R
n equipped with the metric (23) is then called the hyperbolic space or

the space of negative constant curvature.

Note that the inverse metric tensor reads

gjk(x) = δjk + α2xjxk,

therefore the Hamiltonian (5) of a charged point particle moving in the background

(23) and feeling the electric potential V (x) = 1
2
γ2

x2 is

hyM(x,p) =
1

2
gjk(x)pjpk + V (x) =

1

2

(

p2 +
γ2

x2
+ α2(px)2

)

. (24)

We thus observe, that the dynamical system (Mn,Ωn, h
yM) is an α-deformation of

the flat Calogero-Moser dynamics described in the previous section, the deforma-
tion which physically corresponds to switching on the negative constant curvature.

Note that the flows generated by (24) are again complete due to a variant
of the argument given in the previous section for the case α = 0. Indeed, the
hyperbolic Calogero-Moser Hamiltonian is the sum of positive terms, therefore
neither kinetic nor potential energy may diverge within a given flow characterized
by some conserved value of energy.

Our goal is to show that the hyperbolic model (Mn,Ωn, h
yM) is symplectomor-

phic to the referential dynamical system (Pn, ωn, H). For that, consider a map
RyM : Mn → Pn defined as

H = hyM(x,p) =
1

2
(p2 + γ2x−2 + α2(px)2), (25)

T = tyM (p,x) =
argtanh αpx√

p2+γ2x−2+α2(px)2

α
√

p2 + γ2x−2 + α2(px)2
, (26)

k = kyM (x,p) := kr(x) cosΨyM(x,p)− Br(x,p)

|Br(x,p)| sin Ψ
yM(x,p), (27)

B = ByM(x,p) := Br(x,p) cosΨyM(x,p)+ |Br(x,p)|kr(x) sinΨyM(x,p), (28)

where

ΨyM(x,p) =
|Br(x,p)|

√

|Br(x,p)|2 + γ2
arctan

px
√

|Br(x,p)|2 + γ2
.
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We verify easily that it holds

(

kyM (x,p)
)2

= 1, kyM(x,p)ByM(x,p) = 0,

we thus observe that the map RyM is indeed from Mn to Pn. Moreover, the map
RyM is evidently defined on the whole Mn and is smooth everywhere on Mn.

Now consider a map RyM
i : Pn → Mn defined by

x = NyM (H, T, |B|)
(

k cosΨyM(H, T, |B|) + B

|B| sin Ψ
yM(H, T, |B|)

)

(29)

p =

(√
2H tanh (α

√
2HT )k + αB

)

cosΨyM(H, T, |B|)
αNyM(H, T, |B|) +

+

(√
2H tanh (α

√
2HT ) B

|B| − α|B|k
)

sinΨyM(H, T, |B|)
αNyM (H, T, |B|) , (30)

where

NyM (H, T, |B|) =

√

(B2 + γ2) cosh2 (α
√
2HT )

2H
+

sinh2 (α
√
2HT )

α2
,

and

ΨyM (H, T, |B|) = |B|
√

B2 + γ2
arctan

√
2H tanh (α

√
2HT )

α
√

B2 + γ2
.

The map RyM
i is evidently well defined on the whole Pn and it is everywhere

smooth because the apparent singularity at |B| = 0 is smoothly removable due to
the multiplication by sinΨyM .

We readily verify that

RyM ◦ RyM
i = IdPn

, RyM
i ◦ RyM = IdMn

,

which means that the both maps RyM ,RyM
i are diffeomorphisms inverse to each

other.

A direct calculation of the bold-faced Poisson brackets then gives

{tyM , hyM} = 1, {hyM ,kyM} = {tyM ,kyM} = {hyM ,ByM} = {tyM ,ByM} = 0,

(31)
{ByM

i , B
yM
j } = B

yM
i k

yM
j −B

yM
j k

yM
i , {kyM

i , B
yM
j } = δij−k

yM
i k

yM
j , {kyM

i , k
yM
j } = 0.

(32)
Comparing (31),(32) with (10),(11), we conclude that the diffeomorphism RyM

is in fact the symplectomorphism. Said in other words, we have just shown that
the hyperbolic Calogero-Moser system (Mn,Ωn, h

yM) is symplectomorphic to the

11



referential dynamical system (Pn, ωn, H) via the symplectomorphism RyM , in par-
ticular, we have

H = hyM (x,p) =
1

2

(

p2 + γ2x−2 + α2(px)2
)

.

If we interpret the variable T in (29) and (30) as time and H,k,B as constant
quantities, the inverse symplectomorphism (29) and (30) can be checked to be the
solution of the hyperbolic Calogero-Moser Hamiltonian equations of motion

ẋ = {x, hyM} = p+ α2(px)x, ṗ = {p, hyM} =
γ2x

(x2)2
− α2(px)p. (33)

In reality, we have used this very fact to find the explicit form (25),(26),(27) and
(28) of the symplectomorphism RyM . We have first found the general solution (29),
(30) of the Calogero-Moser Hamiltonian equations of motions (33), we interpreted
the time as the variable canonically conjugated to the Hamiltonian and then we
expressed H, T,k,B as the functions of p,x. It was of course not clear from the
outset what kind of the bold-faced Poisson brackets would obey those functions,
but it turned out eventually that they do obey those of the referential dynamical
system (Pn, ωn, H). It is this circumstance which makes the hyperbolic spherically
symmetric Calogero-Moser model propitious to admit point particle T-duals.

3.3 Repulsive Coulomb potential in the flat space

In this section, we show that the standard repulsive Coulomb system in the flat
space is symplectomorphic to the referential maximally superintegrable system of
Section 2.

We consider a Hamiltonian

hC(x,p) :=
1

2
p2 +

β2

|x| , (34)

which has a natural physical interpretation in the dimension n = 3 because β2

|x| is
the repulsive Coulomb potential in the flat three-dimensional space.

The flows generated by (34) can be shown to be complete by essentially the
same argument as in the Calogero-Moser case.

Our goal is to show that the flat Coulomb system (Mn,Ωn, h
C) is symplecto-

morphic to the referential dynamical system (Pn, ωn, H). For that, we consider a
map RC : Mn → Pn given by

H = hC(x,p) =
1

2
p2 +

β2

|x| , T = tC(x,p) := τC(px, hC(x,p), KC(x,p)), (35)

k = kC(x,p) :=
(β2|x|+ |Br(x,p)|2)kr(x)− (px)Br(x,p)

KC(x,p)|x| (36)

12



B = BC(x,p) :=
(β2|x|+ |Br(x,p)|2)Br(x) + |Br(x,p)|2(px)kr(x)

KC(x,p)|x| (37)

where kr(x), Br(x,p) were defined in (12) and

KC(x,p) :=
√

2hC(x,p)|Br(x,p)|2 + β4,

τC(px, H,K) :=
px

2H
+

β2

√
2H

3argsinh

(√
2H

K
px

)

. (38)

We verify easily that it holds

(

kC(x,p)
)2

= 1, kC(x,p)BC(x,p) = 0,

we thus observe that the map RC is indeed from Mn to Pn. Moreover, the map
RC is evidently defined on the whole Mn and it is smooth everywhere on Mn.

Now consider a map RC
i : Pn → Mn defined by

x =
(K2 + β2

√

K2 + 2HJ2(T,H,K))k + 2HJ(T,H,K)B

2HK
, (39)

p =
2H

K

(

B +
β2(J(T,H,K)k −B)

β2 +
√

K2 + 2HJ2(T,H,K)

)

, (40)

where
K ≡

√

2H|B|2 + β4, τC(J(T,H,K), H,K) = T. (41)

Note that the second equation of (41) is the definition of the function J(T,H,K),
that is J(T,H,K) is the function inverse to τC(px, H,K) viewed as the function
of the first argument. The fact that this inverse function exists follows from taking
a partial derivative of τC with respect to px for fixed H > 0 and K ≥ β2. Indeed,
we find from (38)

∂τC(px, H,K)

∂(px)
=

1

2H
+

β2

2H
√

K2 + 2H(px)2
> 0.

Therefore, for H,K fixed, the function τC(px, H,K) is increasing as the function
of px and it admits the smooth inverse function J(T,H,K).

The map RC
i is evidently well defined on the whole Pn and it is everywhere

smooth. Moreover, we readily verify that

RC ◦ RC
i = IdPn

, RC
i ◦ RC = IdMn

,

which means that the both maps RC ,RC
i are diffeomorphisms inverse to each

other.

A direct calculation of the bold-faced Poisson brackets finally gives

{tC , hC} = 1, {hC ,kC} = {tC ,kC} = {hC ,BC} = {tC ,BC} = 0, (42)
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{BC
i , B

C
j } = BC

i k
C
j −BC

j k
C
i , {kC

i , B
C
j } = δij − kC

i k
C
j , {kC

i , k
C
j } = 0. (43)

Comparing (42),(43) with (10),(11), we conclude that the diffeomorphism RC

is in fact the symplectomorphism. Said in other words, we have just shown that the
flat Coulomb system (Mn,Ωn, h

C) is symplectomorphic to the referential dynamical
system (Pn, ωn, H) via the symplectomorphism RC , in particular, we have

H = hC(x,p) =
1

2
p2 +

β2

|x| .

If in (39), (40) we interpret the variable T as time and H,k,B as constant
quantities, the inverse symplectomorphism (39), (40) can be checked to be the
solution of the flat Coulomb equations of motion

ẋ = {x, hC} = p, ṗ = {p, hC} =
β2x

|x|3 . (44)

In reality, we have used this very fact to find the explicit form (35),(36),(37)
of the symplectomorphism RC . We have first found the general solution (39),
(40) of the flat Coulomb Hamiltonian equations of motions (44), we interpreted
the time as the variable canonically conjugated to the Hamiltonian and then we
expressed H, T,k,B as the functions of p,x. It was of course not clear from the
outset what kind of the bold-faced Poisson brackets would obey those functions,
but it turned out eventually that they do obey those of the referential dynamical
system (Pn, ωn, H). It is this circumstance which makes the flat Coulomb model
propitious to admit point particle T-duals.

Remark 3.2. The reader might not have recognized in (39) and (40) the standard solution

of the Coulomb (or Kepler) problem as we have intentionally avoided to employ the spherical

coordinates. Indeed, any use of local coordinate systems like the spherical coordinates would

obscure our task to find the global symplectomorphism relating the Coulomb model to the

referential one.

3.4 Repulsive Coulomb potential in the hyperbolic space

In this section, we show that the repulsive Coulomb model in the space of con-
stant negative curvature is symplectomorphic to the referential maximally super-
integrable system of Section 2.

We consider a Hamiltonian of a charged point particle moving in the hyperbolic

space background (23) and feeling the electric potential V (x) = β2
√
1+α2x2

|x| :

hy(x,p) =
1

2

(

p2 + α2(px)2
)

+
β2

√
1 + α2x2

|x| − αβ2, α > 0. (45)
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The flows generated by (45) are complete due to essentially the same argument as
in the previous sections.

Note that the Hamiltonian hy is well defined in any number of dimensions,
but in the dimension n = 3 it has a natural physical interpretation as the repul-
sive Coulomb potential in the space of negative constant curvature. Indeed, in
three dimensions the Laplace-Beltrami operator in the background (23) acts on

the potential V (x) = β2
√
1+α2x2

|x| − αβ2 with the result

∆LB

√
1 + α2x2

|x| ≡ 1√
det g

∂xj

(

√

det ggjk∂xj

√
1 + α2x2

|x|

)

= −4πδ(x).

It is well-known that the hyperbolic Coulomb system is superintegrable in
three dimensions [6, 4, 3, 14, 2], our goal is to show a little bit more than this,
that is to show that its n-dimensional version (Mn,Ωn, h

y) is symplectomorphic
to the referential dynamical system (Pn, ωn, H). For that, we consider a map
Ry : Mn → Pn given by

H = hy(p,x) =
1

2

(

p2 + α2(px)2
)

+
β2

√
1 + α2x2

|x| − αβ2, (46)

T = ty(x,p) := τ y(px, hy(x,p), |Br(x,p)|), (47)

k = ky(x,p) :=
β2kr(x,p)

Ky(x,p)
+
√
1 + α2x2

|Br(x,p)|2kr(x)− (px)Br(x,p)

Ky(x,p)|x| , (48)

B = By(x,p) :=
β2Br(x,p)

Ky(x,p)
+ |Br(x,p)|2

√
1 + α2x2

Br(x,p) + (px)kr(x)

Ky(x,p)|x|
(49)

where kr(x), Br(x,p) were defined in (12) and

Ky(x,p) :=
√

2hy(x,p)|Br(x,p)|2 + (β2 + α|Br(x,p)|2)2,

τ y(px, H,B) :=

=

Argtanh

(

Aα(B,K)(K−β2)px

BK+
√

B2K2+(px)2(K2−β4)

)

α
√
2H

−
Argtanh

(

A−α(B,K)(K−β2)px

BK+
√

B2K2+(px)2(K2−β4)

)

α
√

2H + 4αβ2

(50)

A±α(B,K) =

√

K + (β2 ± αB2)

K − (β2 ± αB2)
. (51)

We verify that it holds

(ky(x,p))2 = 1, ky(x,p)By(x,p) = 0,

we thus observe that the map Ry is indeed from Mn to Pn. Moreover, the map Ry

is defined on the whole Mn (see Appendix) and it is smooth everywhere on Mn.
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Now consider a map Ry
i : Pn → Mn defined by

x =
|B|2k cosΨy(T ) + |B|B sinΨy(T )
√

(K cosΨy(T )− β2)2 − α2|B|4
, (52)

p =

√

(K cosΨy(T )− β2)2 − α2|B|4
|B|2 ×

×
(

(B + Y (T )k) cosΨy(T ) + (Y (T )
B

|B| − |B|k) sinΨy(T )

)

, (53)

where
K =

√

2H|B|2 + (α|B|2 + β2)2,

sin Ψy(T ) :=
(K − β4K−1)Y (T,H, |B|)

√

K2|B|2 + (K2 − β4)Y 2(T,H, |B|) + |B|β2
,

cosΨy(T ) :=
β2

K
+

(K − β4K−1)|B|
√

K2|B|2 + (K2 − β4)Y 2(T,H, |B|) + |B|β2
.

Here the function Y (T,H,B) is inverse to τ y(px, H,B) viewed as the function of
the first argument (with H,B fixed). The proof that this inverse function exists is
presented in the Appendix.

The map Ry
i is well defined on the whole Pn and it is everywhere smooth.

Moreover, we readily verify that

Ry ◦ Ry
i = IdPn

, Ry
i ◦ Ry = IdMn

,

which means that the both mapsRy,Ry
i are diffeomorphisms inverse to each other.

A direct (and tedious) calculation of the bold-faced Poisson brackets finally
gives

{ty, hy} = 1, {hy,ky} = {ty,ky} = {hy,By} = {ty,By} = 0, (54)

{By
i , B

y
j } = B

y
i k

y
j − B

y
j k

y
i , {ky

i , B
y
j } = δij − k

y
i k

y
j , {ky

i , k
y
j} = 0. (55)

Comparing (54),(55) with (10),(11), we conclude that the diffeomorphism Ry is
in fact the symplectomorphism. Said in other words, we have just shown that the
hyperbolic Coulomb system (Mn,Ωn, h

y) is symplectomorphic to the referential
dynamical system (Pn, ωn, H) via the symplectomorphism Ry, in particular, we
have

H = hy(x,p) =
1

2

(

p2 + α2(px)2
)

+
β2

√
1 + α2x2

|x| − αβ2.
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If we interpret the variable T in (52) and (53) as time and H,k,B as constant
quantities, the inverse symplectomorphism (52) and (53) can be checked to be the
solution of the hyperbolic Coulomb Hamiltonian equations of motion

ẋ = {x, hy} = p+ α2(px)x, (56a)

ṗ = {p, hy} =
β2x

|x|3
√
1 + α2x2

− α2(px)p. (56b)

In reality, we have used this very fact to find the explicit form (46),(47),
(48),(49) of the symplectomorphism Ry. We have first found the general solu-
tion (52), (53) of the hyperbolic Coulomb Hamiltonian equations of motions (56),
we interpreted the time as the variable canonically conjugated to the Hamiltonian
and then we expressed H, T,k,B as the functions of p,x. It was of course not clear
from the outset what kind of the bold-faced Poisson brackets would obey those
functions, but it turned out eventually that they do obey those of the referential
dynamical system (Pn, ωn, H). It is this circumstance which makes the hyperbolic
Coulomb model propitious to admit point particle T-duals.

4 Discussion, conclusions and outlook

In the preceding Section 3, we have shown that four superintegrable dynamical sys-
tems, i.e. flat and hyperbolic Calogero-Moser and flat and hyperbolic Coulomb,
are all symplectomorphic to the referential dynamical system (Pn,Ωn, H) intro-
duced in Section 2. We have constructed explicitely the respective symplectomor-
phisms RM ,RyM ,RC ,Ry : Mn → Pn as well as the inverse symplectomorphisms
RM

i ,RyM
i ,RC

i ,Ry
i : Pn → Mn. The T-duality symplectomorphisms relating those

four models are given by the compositions of one original and one inverse sym-
plectomorphism. For example, the hyperbolic Calogero-Moser is related to the
flat Coulomb by the composed T-duality symplectomorphism RyM

i ◦RC . The ex-
plicit formulas for those composed T-duality symplectomorphisms can be worked
out straightforwardly but we do not list them because they are cumbersome and,
anyway, not very illuminating.

Do some additional 0+1-dimensional σ-models belong to the T-duality equiva-
lence class consisting of the four dynamical systems that we have studied in detail?
Very probably yes due to the result of Fradkin [7] which pioneered the quest for
superintegrability for general spherically symmetric potentials. However, show-
ing that a given spherically symmetric model is superintegrable is not sufficient,
because, as it was already remarked in Footnote 1, not all spherically symmetric
superintegrable models must be necessarily symplectomorphic to our referential
model (Pn,Ωn, H). In particular, the phase spaces of some spherically symmet-
ric superintegrable models may not be symplectomorphic to our referential phase
space Pn but they may be rather symplectomorphic to a Z-quotient of Pn (in
this case the symplectic half-plane H, T becomes a symplectic half-cylinder with
T becoming an angle variable). Other scenarios are also possible and we expect
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that new T-duality equivalence classes can be discovered by following the track
of superintegrability, including cases where we abandon the requirement of the
spherical symmetry.

A big open issue is a quantum status of the point particle T-duality. Although
the problem looks much easier than in the string case, still the high degree of
nonlinearity of the explicit symplectomorphisms obtained in Section 3 suggests,
that it will not be an efortless task to settle it.
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[11] C. Klimč́ık and P. Ševera, ”Dressing cosets”, Phys. Lett. B 381 (1996) 56-61,
[hep-th/9602162],
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Appendix

First we show that the function (47) is defined everywhere on Mn. For that we
rewrite it as

τ y(x,p) =

Argtanh

(

tan
Ψy(x,p)

2

tan Φ+(x,p)
2

)

α
√

2hy(x,p)
−

Argtanh

(

tan
Ψy(x,p)

2

tan Φ−(x,p)
2

)

α
√

2hy(x,p) + 4αβ2
,

where

Ψy(x,p) = arctan

√
1 + α2x2|Br(x,p)|(px)√

1 + α2x2|Br(x,p)|2 + β2|x|
, (57)

tan
Φ±(x,p)

2
=

√

Ky(x,p)− (β2 ± α|Br(x,p)|2)
Ky(x,p) + (β2 ± α|Br(x,p)|2) . (58)

We show without difficulties that 0 < Φ+(x,p) < Φ−(x,p) for all (x,p) ∈ Mn,
therefore the domain of definition of ty(x,p) is given by all (x,p) ∈ Mn which
satisfy

∣

∣

∣

∣

tan
Ψy(x,p)

2

∣

∣

∣

∣

< tan
Φ+(x,p)

2
(< 1). (59)

Following (57), the image of the map Ψy belongs to the interval ]− 1
2
π, 1

2
π[, whatever

(x,p) ∈ Mn we consider. We find also

cosΨy(x,p) > cos Φ+(x,p), ∀(x,p) ∈ Mn. (60)
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Indeed, it follows from (57) and (58)

cosΨy(x,p) =
|Br(x,p)|2

√
1 + α2x2 + β2|x|

Ky(x,p)|x| , cosΦ+(x,p) =
α|Br(x,p)|2 + β2

Ky(x,p)
,

therefore

Ky(x,p) cosΨy(x,p)− β2 − α|Br(x,p)|2 = |Br(x,p)|2
(√

1 + α2x2

|x| − α

)

>

> 0 = Ky(x,p) cosΦ+(x,p)− β2 − α|Br(x,p)|2. (61)

Finally, the inequality (61) implies (60), which in turn implies that the relation
(59) holds for all (x,p) ∈ Mn.

We wish also to show that, forH,B fixed, the function ty(px, H,B) is invertible
as the function of (px), which means that the partial derivative ∂ty

∂(px)
must be

positive. Set

z =
(K − β2)px

BK +
√

B2K2 + (px)2(K2 − β4)

and find that it holds

∂z

∂(px)
=

(K − β2)BK

(BK +
√

B2K2 + (px)2(K2 − β4))
√

B2K2 + (px)2(K2 − β4)
> 0.

Looking at (50), we therefore see that we have just to show

∂τ y

∂z
> 0, (62)

where (cf. also (51))

τ y(z,H,B) :=
Argtanh (Aαz)

α
√
2H

− Argtanh (A−αz)

α
√

2H + 4αβ2
.

Since Aα > A−α, we find

∂τ y

∂z
=

Aα

α
√
2H(1− (Aα)2z2)

− A−α

α
√

2H + 4αβ2(1− (A−α)2z2)
>

>
Aα
√

2H + 4αβ2 −A−α
√
2H

αB(1− (A−α)2z2)
√

2H + 4αβ2
√
2H

=

=
Aα
√

K2 − (β2 − αB2)2 −A−α
√

K2 − (β2 + αB2)2

αB(1− (A−α)2z2)
√

2H + 4αβ2
√
2H

> 0. (63)
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Proving the last inequality in (63) therefore boils down to proving the following
inequality

√

K + (β2 + αB2)

K − (β2 + αB2)

√

K2 − (β2 − αB2)2 >

√

K + (β2 − αB2)

K − (β2 − αB2)

√

K2 − (β2 + αB2)2,

which is equivalent to the evident inequality

1

K − (β2 + αB2)
>

1

K − (β2 − αB2)
. (64)

21


