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Hydrodynamic limit for the Kob-Andersen model
Assaf Shapira

ABSTRACT. This paper concerns with the hydrodynamic limit of the Kob-Andersen model, an
interacting particle system that has been introduced by physicists in order to explain glassy
behavior, and widely studied since. We will see that the density profile evolves in the hydrody-
namic limit according to a non-degenerate hydrodynamic equation, and understand how the
diffusion coefficient decays as density grows.

1. Introduction

The Kob-Andersen (KA) model is an interacting particle system on Z9, where each site of
the lattice is allowed to contain at most one particle, and particles could jump to an empty
neighboring site only under a certain constraint, conserving the total number of particles.
More precisely, depending on an integer parameter k, every particle jumps with rate 1 to each
of its neighboring sites, provided that the particle has at least & empty neighbors both before
and after the jump (so for £ = 1 we obtain the symmetric simple exclusion process). This
model has been introduced in the physics literature ([16]) as one member of a large family of
interacting particle systems called kinetically constrained lattice gases (KCLGs), which model
certain aspects of glassy behavior (see [12, 20]).

In this paper we will study the hydrodynamic limit of the KA model. Consider a finite box
with periodic boundary conditions T4, = Z?/NZ¢, and run the KA dynamics inside T¢,. The
configuration at time s could be described as an empirical measure ™) on the continuous
torus T = R?/Z?: for a rectangle R C [0,1]%, seen as a subset of T?, v"")(R) will count
the number of particles in (NR) N T, normalized by N~¢ (so that the total mass remains
independent of V). The initial configuration that we choose will be approximated by some
macroscopic profile py : T? — [0,1], i.e., the measure u(()N) will be close to a measure v
that has density p, with respect to the Lebesgue measure. A simple example of such initial
configuration is given by placing a particle at each site x € Z? independently at random with
probability py(z/N).

In many systems, the relevant time scale over which v§, changes macroscopically is the

diffusive time scale N? (see, e.g., [15, 23]). That is, fixing a time ¢, we expect the random
(N)
N2t
also expect this limiting measure to have a density with respect to the Lebesgue measure,

measure v,,,, to satisfy a law of large numbers, converging to some limiting measure v,. We

namely v, = p(6,t)dd, which solves the diffusion equation:

0
50 =V D(p)Vp, p(6,0) = po(0). (1.1)
1
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2 ASSAF SHAPIRA

The parameter D(p) is the diffusion coefficient, and when it is non-zero we obtain indeed a
macroscopic density profile that changes over diffusive time scales.

Hydrodynamic limits of other KCLGs have been analyzed in [13, 4]. They present two
example of non-cooperative KCLGs, in which one is able to identify structures (called mobile
clusters) that could move freely in Z¢ (see Definition A.3). This way, even though particles
could be blocked, mobile clusters behave effectively in an unconstrained manner. In cooper-
ative KCLGs there are no such mobile clusters, so in order to move a particle from one site
to the other one needs the cooperation of a diverging number of particles. This property has
a major contribution to the glassy behavior of many KCLGs, and is responsible for the fast
divergence of time scales. See [25].

Unlike the models previously studied in [13, 4], the KA model is cooperative. Due to this
cooperative nature, the combinatorics behind the KA model becomes much more compli-
cated. Consider the following question — starting from a stationary measure and assuming
that there is a particle at the origin, will this particle eventually move, or could it stay at the
origin forever? When the model is non-cooperative the probability to stay forever at the ori-
gin is clearly 0 — we know that there is some non-zero density of mobile clusters in Z¢ which
diffuse freely, so at some point one of them will reach the origin and move the particle. When
the model is cooperative, as in the case of the KA model, already this basic question becomes
much more complicated. In some cooperative models the particle might remain blocked for-
ever with positive probability, possibly depending on the density of the initial configuration.
In the case of the KA model, it is shown in [25] that all particles will eventually move with
probability 1, unless the initial density equals 1.

In the context of the hydrodynamic limit, the techniques used in [13, 4] cannot be simply
adapted to cooperative models. It is shown in Appendix A that cooperative KCLGs are non-
gradient, a fact which makes the analysis of the hydrodynamic limit much more involved.
See Appendix A for a more complete discussion. Another property of non-cooperative models
used in [4] is that the probability for a site to stay blocked forever for the dynamics in T4
decreases exponentially fast with the volume N¢, since it is bounded by the probability that
no mobile cluster is found in T%. In the KA model, on the other hand, even though this
probability decays to 0, the decay is not fast enough.

Recently, a few methods have been developed to overcome some of these difficulties, prov-
ing diffusive scaling of the relaxation time [17] and of the motion of a tagged particle [5, 9]
in the stationary setting. In both cases, the behavior is the same as that of the simple exclu-
sion process, with time scales that are all slowed down by a factor which diverges quickly as
the density approaches 1. For example, in the case k = d = 2, the relaxation time at density p
in a box of side N behaves (roughly) like ¢“/('=#) N2?; and the path of a tagged particle in Z?
converges to a standard Brownian motion as the length scale /V diverges, when time is scaled
(roughly) as e¢/(0-P) N2,
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FIGURE 1.1. This is an example of a blocked configuration for the case k =
d = 2. The filled circles represent occupied sites, while sites marked with a line
pattern could be either empty or occupied. In this example particles have at
most one empty neighbor, so none of them could move.

The hydrodynamic limit of the KA model has been studied in the physics literature, both
heuristically and numerically. In [21] the model has been analyzed, under the (wrong) as-
sumption that the diffusion coefficient D(p) vanishes for p > p. ~ 0.88. [24] studies the
diffusion coefficient in two dimensions both numerically and under a mean-field approxima-
tion. This approximation yields a diffusion coefficient that behaves polynomially in p, and is
in rather good agreement with numerical results for low densities. [1] provides a perturba-
tive analysis of the diffusion coefficient in two dimensions, considering finite range effects,
and obtaining a polynomial in p which approximates D(p) very accurately as long as p is not
too big. In view of other quantities related to the KA model studied in [17, 9], a natural con-
jecture for the high density regime is that the diffusion coefficient remains positive whenever
p < 1, and as p tends to 1 it decays (roughly) as e=“/(!=?) (in the case k = d = 2). This
conjecture has been raised in [1] and was supported by numerical simulations.

The hydrodynamic limit in its full generality, though, cannot exist for this model — consider,
for example, the case £ = d = 2, and an initial density p, bounded above % Fix N € 3N,
and construct the following initial configuration — for every z € T%, if x ¢ 3Z? place a
particle at = (deterministically). Otherwise, place a particle at = independently at random
with probability 9py(xz/N) — 8. See Figure 1.1. These configurations have limiting density
s (9po(z/N) —8) + 8 = py, so one may naively expect that, starting the KA dynamics from
such a configuration, the particle density will converge to the solution of the hydrodynamic
equation (1.1) with initial density p,. However, observing the initial configuration more
carefully, one sees that it is blocked — no site has two empty neighbors, so the constraint is
not satisfied. In this case particles do not move, and the dynamics will certainly not follow
the hydrodynamic limit. Still, since blocked configurations are very rare ([25]), we may hope
that a hydrodynamic limit does exist in a weaker sense, that would allow us to avoid these
untypical configurations.

The same problem also appears in [13], and they suggest two solutions — the first is to re-
strict the initial configuration, e.g., to an independent product of Bernoulli random variables
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4 ASSAF SHAPIRA

with parameter po(x/N). This prevents the issue discussed above, where the configuration is
entirely blocked from the beginning, but one must work harder in order to show that blocked
configurations are not created later on during the dynamics. Another approach, also con-
sidered in [13], is to permit transitions in which the constraint is not satisfied, but with a
vanishing rate. Namely, for some ¢ > 0, we introduce soft constraints, which allow a particle
to move with rate 1 when it has & empty neighbors before and after the jump, and with rate
e otherwise. This softening of the constraint enables the system to unblock the blocked con-
figurations, and still the main contribution to the overall dynamics comes from the allowed
transitions (where the constraint is satisfies).

This is the approach we will take — consider the KA model with e-soft constraints, which
has a hydrodynamic limit with diffusion coefficient D). We analyze this coefficient, showing
that, as ¢ — 0, it converges to a strictly positive limiting coefficient D. This result tells us that
when ¢ is very small, it has a very mild effect on the hydrodynamic limit; and the role it plays
(of unblocking configurations), though crucial for the convergence to the hydrodynamic limit,
takes a negligible amount of time compared to the hydrodynamic scale. We also analyze the
value of D at large densities, finding upper and lower bounds for its decay, which match up
to sub-leading corrections. The decay that we obtain is of the same type as the corresponding
factor in [17, 9]; so in particular for the case £k = d = 2, as conjectured is [1], D decays
(roughly) as e=¢/(-r),

2. Model and main result

The Kob-Andersen model in dimension d is a Markov process on © = {0, 1}%", depending
on a parameter 2 < k < d. For a configuration n € €2, we say that x € Z¢ is occupied if
n(z) = 1 and empty if n(z) = 0. The elements of Z¢ are called sites, and we will consider the
(undirected) graph structure given by the edge set

(7% = {(x,y) €Zix7%yex+ {:tel,...,:l:ed}},

where ¢, ..., e, are the standard basis vectors. We will sometimes write © ~ y to denote
(z,y) € E(Z7).
For each configuration n € 2 and edge (z,y) € £(Z), we define the constraint
. L if Zz:ywz;ﬁx(l - 7’](2’)) > k—1and Zz:mwz#y(l - 77(2)) > k— 17
Cay (1) = , 2.1)
0 otherwise.

The KA dynamics is then defined as the Markov process whose generator, operating on a local
function f : ) — R, is given by

LIm = > caymVayf(n), (2.2)

(z,y)€€(2)
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HYDRODYNAMIC LIMIT FOR THE KOB-ANDERSEN MODEL 5

where
Veyfm) = fn"") — f(n),

and n*¥ is the configuration obtained from 7 by exchanging the occupation at = and at y. This
process, for any p € (0, 1), is reversible with respect to the measure 1,, which is a product
measure of Bernoulli random variables with parameter p. This is a consequence of the fact
that ¢, , (1) does not depend on the occupation at z and at y. When clear from the context we
will sometimes omit the subscript p. For more details on the construction of the model see
[6].

As discussed in the introduction, in order to study the hydrodynamic limit we introduce
the soft constraint for some ¢ > 0:
1 ife,, =1,

= (2.3)
e otherwise,

and the soft dynamics defined by the generator

LOfm) = > & Vayf(n). (2.4)
(z,y)€E(Z?)
The introduction of the soft constraints allows us to use the general result of [11, 26]. Fix
e > 0, and let

2
1 i c
DO(p) = by | Y gl | daa (le) =n(0) = Y Voemf | | (25)
2p(1—=p) 7 el =
where the infimum is taken over all local functions f : 2 — R; a function is local if it depends
on the occupation of finitely many sites. Note that the sum over z is well defined thanks to

the locality of f. The operator 7, is the translation by =z, that is,

(r2f)(n) = f(72m),
(T (y) = n(x +y).

In this setting, by [11, 3, 26], the density profile of the soft dynamics converges in the hydro-
dynamic limit to the solution of the hydrodynamic equation (1.1), with diffusion coefficient
DE(p).

By equation (2.5) the diffusion coefficient is decreasing with ¢, and hence converging to a
limit:

D(p) = lim D (p). (2.6)

When taking ¢ to 0 slowly enough as N grows to infinity, the density profile converges to the
solution of the diffusion equation (1.1) with this diffusion coefficient:

Proposition 2.1. Fix a smooth initial density profile p, : T — (0,1), and let v, be the measure
whose density with respect to the Lebesgue measure is py. Consider a sequence of initial conditions
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6 ASSAF SHAPIRA

(n(()N)) Nen, With n(()N) € {0,1}™~, such that the associated empirical measures V(()N) converge to

vo. Let pi(0) be the solution of the diffusion equation (1.1), with diffusion coefficient D given by
equation (2.6), and v, the measure with density p;. For s > 0, denote by &N the (random)
empirical measure associated with the Kob-Andersen model on T% with e-soft constraints at

(microscopic) time s, with the initial configuration néN).

Then there exists a sequence (ey)nen for which vy EN’ N)

tends to infinity.

converges in probability to v, as N

Remark 2.2. In general, the diffusion coefficient is a matrix given by (see [23, Propositions
2.1 and 2.2])

tL 2
Da,@ tllglo / 2p 1 — %Iafﬁﬁ :up ) T](ZL‘)) - P ) :

The reason that D©)(p) in equation (2.5) is a real number, is that in our case D is a scalar
matrix: the dynamics is invariant under inversion of a single coordinate (i.e., x — z —
(2z - eq) €4), and therefore, if o # 3, the sum Y, ;4 zo25(1(n(0) e”“n(x)) — p*) must vanish.
That is, D is a diagonal matrix. Since the dynamics is also invariant under permutation
of coordinates, all diagonal elements are equal, i.e., D is scalar. This fact is useful for the
analysis of the limiting PDE in the proof of Proposition 2.1.

The main result of this paper is that D is strictly positive, so that the hydrodynamic limit is
not degenerate, i.e., the density profile evolves over diffusive time scales.

Theorem 2.3. For all p € (0,1),

C/exp (Alog(1/(1—p))* (1 = p)~ /D) k=2,
Cr/ ekafl ()\(1 _ p)fl/(d7k+1)> k> 3,

D(p) <C'/exp ' (N (1 — p)~H/@F+1),

D(p) >

where exp”(-) is the k-th iterate of the exponential. The constants C,C’', \, X' are all strictly
positive, and may depend only on d and k.

3. Proof of Proposition 2.1

The proof is based on the results of [11, 3, 26], together with the continuity of the solution
p:(0) with respect to the diffusion coefficient.

Denote by pf) the solution of the diffusion equation (1.1) with diffusion coefficient D)
given by equation (2.5). The existence and uniqueness of p; and pj, as well the maximum
principle, comes from the theory of parabolic equations (see, e.g., [27]) . Indeed, since D
is bounded and isotropic (see Remark 2.2), we may define a continuous increasing positive

!Most works treat the equation on R? rather than the torus. Nonetheless, the results we need hold also for the
equation on T¢, see the discussion in Section 11.5 of [27].
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HYDRODYNAMIC LIMIT FOR THE KOB-ANDERSEN MODEL 7

function ®(u) = [;' D(p) d p, allowing us to write equation (1.1) as

atﬂ = A(I)(p)a

known as the generalized porous medium equation, or the filtration equation. It is the subject
of [2], and discussed thoroughly in [27].
The main tool we use is:

Theorem 3.1 ([11, 3, 26]). For any smooth test function f on T¢,

[ 10400 == [ ro)siie)a0

In addition, we need to know that, for small ¢, the profile p§€> is close to p;. This problem

in probability.

is analyzed in [2] in a much more complicated setting, where D(p) may approach 0 in some
points of space. Since we only consider the case where p is bounded away from 1, the
assumptions of [2] are easily verified, yielding:

Claim 3.2. Forallt > 0

(5) e—0 P
in L*(T%).

In order to prove Proposition 2.1, we will fix a dense countable family { f,, }.nen of bounded
functions on T?. Then, as discussed in [15, Chapter 4.1], it suffices to show that

P{ [ a0 - [ 10008

for any fixed 6 > 0 and all m € N, for an appropriately chosen sequence {ex}.

N—o0

>0 0 (3.1

An immediate corollary of Theorem 3.1 and Claim 3.2 is:

Corollary 3.3. Fix M > 0. Then there exists (M), N(M) such that, for all m < M and

N > N(M),
P[| [ 1n@arit™w - [ oo

Moreover, we may assume (M) — 0 and N(M) — oo as M — oc.

1
< —.
>5}_M

Proof. By Claim 3.2, for all m there exists ¢*(m) such that

’/fm 0)do — /fm )ou( )d6‘<5/2

for all ¢ < e*(m). We will choose £(M) = min,,<p £*(m) A 7.

By Theorem 3.1, for any m and any ¢ there exists N(m,¢), such that if N > N(m,¢) then

P{/fm( )dv(6) /fm 6)do

Define N(M) = max,,<ps N(m,e(M)) v M. This concludes the proof of the corollary. O

1
9| <L,
>5/} M



196

197

198

199

200

201
202
203
204
205
206
207
208
209
210

211

212
213

21

N

215
216
217

218

219

220

8 ASSAF SHAPIRA
We are now ready to choose our sequence ¢ y:
My = max{M : N > N(M)},
ey =e(My).

Then, indeed,

P[/fm(e)dl/jvj\g’tN(e)_/fm(e)p(é’)dg‘ >5} < MLN

for all m < My. This concludes the proof of the proposition. O

4. Proof of the lower bound
The purpose of this section is to prove
DO > = (4.1)

C Mog(1/¢)? ¢/ 4=D) |k =2,
;) O (Alog(1/9)*q ) 4.2)
C expF! (Aq_l/(d_k+1)) k>3,

where for convenience we denote 1 — p = ¢q. Throughout the section A and C' denote generic
positive constants, depending only on k£ and d, that may be updated from one line to the
other. This will prove the first inequality of Theorem 2.3 since D > D),

The proof is based on a comparison to the diffusion coefficient of a random walk on the
infinite component of a percolation cluster. The idea behind the proof, is that even though
at small scale particles are blocked, at a large scale there is high probability that somewhere
a droplet containing many empty sites could approach the particle allowing it to move; and
this is the scale which determines the diffusion coefficient. This mechanism is constructed in
[17, 9] using the notion of a multistep move — a sequence of exchanges, all allowed for the
KA dynamics, moving a particle with the aid of a nearby vacancies.

We start by providing the exact definition of a multistep move (see also [17]):

Definition 4.1 (multistep move). Fix M C Q and T € N. A T-step move M with domain M is
a function from M to (Q x Z% x {%e, ..., xey, O})T+
M = {n(n), z'(n), é"(n)},_,, such that, for all n € M,

(2) forallt e {1,...,T}, n(n) = ne_1(n)* ="+,
(3) forallt € {1,...,T}, cyt atyet(n:(n)) = 1, where by convention we set ¢, (1) = 1 for

' described by a sequence of functions

all z, .

Warning: ¢ in the above definition does not stand for the (continuous) time in which
the process evolves. It is a discrete variable indexing steps in a multistep move.
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HYDRODYNAMIC LIMIT FOR THE KOB-ANDERSEN MODEL 9

Definition 4.2. Fix a T-step move M with domain M. Then, for ¢t € {1,...,T}, the loss of
information at time ¢, denoted Loss,(M ), is defined as
2o = sup #{n € Mzmi(n) = ('), ' () = 2" () () = ¢ ()}
n'e
We also set Loss(M) = sup, Loss;(M).

The multistep move that we will define will allow us to move a particle at = to the site
x + Le, (v € {1,...,d}). The choice of L in equation (4.2) guarantees that such a multistep
move could indeed be applied. Note that C, A can be chosen such that L. € N.

We will therefore consider the coarse grained lattice Z¢ = LZ?, and split a generic config-
uration 7 in two — the occupation of the sites of Z¢ denoted € Q = {0, 1}2%, and that of
the sites outside Z¢ denoted 7 € {0, 1}Zd\ZdL. We will also split the measure in two, such that
7] distributes according to 7z and 7 according to /i. Note that both measures 7, i are Bernoulli
product measure with parameter p (which is implicit in the notation). The coarse grained
lattice has a graph structure (isomorphic to Z9), i.e., two vertices i, j are connected by an
edge ifi — j € {+ey,..., ey}, where e, = Le,. We denote the edge set by £(Z4).

Next, we will define a multistep move allowing particles to move on the coarse grained
lattice Z¢, that is, it will exchange the occupation at Li with the occupation at Lj for some
edge (i,j) € £(Z%). In order to achieve that, there must be sufficiently many empty sites
organized in a proper fashion in the region between ¢ and j. We can think of an edge in
£(Z4) satisfying this condition as open, and otherwise closed, defining a percolation process
on Z¢. An important property of this construction is that the conditions we require for an
edge to be open or closed will only depend on the occupation outside Z¢, namely 7.

Lemma 4.3. There exist a percolation process ¢(7}) € II = {0,1}¢Z1) and T-step moves M*®", . . .,
M*%¢ such that:

(1) The process ¢;; is stationary and ergodic (with respect to ji), and dominates a supercriti-
cal Bernoulli percolation® uniformly in q.

(2) T <CLN
(3) Forany e € {+e;,...,¢,} the move MF® satisfies:

(a) The domain of M¢, Dom M¥, consists of the configurations in which ¢,z = 1.

(b) 2Los(M®) < (1 [,

(c) For any n € DomM?¥, denoting M¢ = {n;(n), x*(n), et(n)}tTZO, at the final configura-

tion
nr(n) =n"*

Proof. The lemma is proven in [9], Lemmas 3.9 and 3.14. See also [17, Section 3.4.1]. The
reader may note that in the proof of [9] ¢ is assumed small, but since the relevant probabilities

2Domination here means that there exists a supercritical Bernoulli percolation process on Z4 whose set of open
edges is contained in the set of open edges given by c.
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FIGURE 4.1. Droplet propagation. Sites marked with 0 are empty, the other
sites could be either empty or occupied. We see that in a sequence of uncon-
strained transitions the empty column moves to the right.

estimated are monotone in ¢ one may discard this assumption by adjusting the constants C, A
in equation (4.2). O

Remark 4.4. The reason for the iterated exponential scaling of D(p) hides in the proof of
Lemma 4.3, and explained in details in [9, 17, 25]. It is based on induction over both k£ and
d, of two different scales.

The first scale, [(k,d), is the scale at which cluster of empty sites could typically advance.
For k = 1, for example, the constraint is always satisfied and [(1,d) = 1. Perhaps more
interesting is the case k = d = 2, where a column of empty sites of length / could move
if there is an empty site in a neighboring column (see Figure 4.1). The probability to have
a vacancy in the neighboring column is 1 — (1 — ¢)!, hence this event becomes likely when
choosing (2, 2) ~ 1/q. This is the scale of the droplets, which are those empty clusters of size
| that are able to move in Z¢<.

The second scale, L(k, d), is the typical distance of an arbitrary site to a droplet, so L(k,d) ~
¢ "*4)_If we look at a particle and consider its neighborhood at scale L(k,d), we are likely
to find a droplet, that would be able to move to the vicinity of that particle and help it jump.

In order to understand the scaling of D(p), we should understand the two scales I(k, d)
and L(k,d). Consider the set [1, L(k — 1,d — 1)]%. If we empty the entire boundary of this
set, it could serve as a droplet — take, for example, the surface {0} x [1,L(k — 1,d — 1)]%"1.
This is a d — 1 dimensional surface, and each of its sites has an empty neighbor to the right
coming from [1, L(k — 1,d — 1)]¢. Therefore, any move for the KA dynamics with parameters
k —1,d — 1 could be applied to that surface. Since its size is L(k — 1,d — 1), it is likely
to contain a droplet. Hence, using this droplet, we are able to move freely the sites on
the surface. With slightly more careful analysis, it could be shown that by rearranging the
sites on {0} x [1,L(k — 1,d — 1)]%"! the set [1, L(k — 1,d — 1)]? could “swallow” this surface,
thus moving one step to the left. That is, [1,L(k — 1,d — 1)]¢ is, indeed, a droplet; and so
l(k,d) ~ L(k—1,d—1).

The two relations, L(k,d) ~ ¢~'*% and I(k,d) ~ L(k — 1,d — 1), show that the two scales
indeed behave as an iterated exponential. The scaling of the diffusion coefficient could then
be explained heuristically, if we imagine that the particles are mostly blocked, except those in
the vicinity of a droplet. Since the sites that are able to move have density L—¢, the diffusion
coefficient scales polynomially in L.
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An immediate consequence of point one of Lemma 4.3 is that the graph induced by the
open edges (i.e., for which ¢ equals 1) has a unique infinite connected component. Let
C denote this infinite component. In [10] (see also [22]), it is shown that the diffusion
coefficient of a random walk on C is given by the following variational formula:

D = inf Z i [Co.c (Oar + P(72,8) —9(2))* |0 € C,20 €C]

where the infimum is taken over local functions ¢ : II — R (namely, functions that depend
on finitely many edges).
The input we need from [10, 8] is the positivity of the diffusion coefficient:

Lemma 4.5. There exists Dy > 0 such that for all local 1) : 1 — R and all p € (0, 1),
Z /l [Eoﬁa (50471 + w(TEaE) - ¢(E)>2i| Z EO'

Proof. This is a direct consequence of [10, Lemma 2.1] and the first point of Lemma 4.3. [

In order to relate the diffusion coefficient given in equation (2.5) to D, we use the following
proposition:

Proposition 4.6. Fix a local function g : Qj x II — R. Then there exists a local function
Y : II — R, such that

4. ) ., 1
;M [CO,ea (0aq + 9 (7e,¢) — ¥(C)) } < 20(1 — p) X
d 2
Zﬁ ® Q| Coza | Oaa(7(€r) —7(0)) — Z Vo, 9(7i, 7i¢) ;
a=1 i€Z$
where V is the gradient operating only on 7 (that is, Vg, g(77, 7€) = g(7; 1%%, 7,¢)—g(7:7, 75€))-
Proof. Note first that the sum ) | iczd Voz, 9(7i, 7;¢) is finite (and hence well defined) since g
is local. We are therefore allowed, throughout the proof, to replace it by a sum over a large
enough torus T, ; = Z{ /NZ{ for large N' (depending on g). We start by writing the left hand
side of the inequality as

d
> f[Gos, T+ T+ 1D,
a=1

[=0a,1,
II = 26,1 (Y(7,0) — ¥(@)),
Il = (4(rs,) — (@))%
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303 and the right hand side (noting that ¢ depends only on 7 and not on 77) as

d
Z fi[coz, (U + 11 +1IT')]

304

' = 26,171 | ((@) = 7(0)) Y Voz, 9(ril, 70 | |
€T
2
HI/ = ,l_L Z 707% g(Tl‘ﬁ, TZ‘E)
€T |,
305  We now compare term by term. The term I,I' do not depend on ¢: I' = §,12p(1 — p), so
!/
306 indeed I < 2p(1 el
307 For the other terms we need to specify our choice of :

V(@) =27 |1(0) > g(rim, 7o)

: ~md
ZGTN,L

308  Fixe e {é,,...,e4}, and note that 7,¢ depends only on 7 for any i € Z¢. Then

w<TEE) :2ﬁ ﬁ(O) Z g(Tiﬁa TiJrEE) _2,u 77 Z g Tz+e7777-z+ec)
€T 1 €Y L

:2ﬁ ﬁ<0> Z g(TiﬁosziE) ’
€T 1
300 and thus
(76,0 — (@) =T [27(0) > Vog, g(7i7,7i0) | - (4.3)

ZGTN,L
310 Observe now that 7(0) = 7(¢,) implies Vg, g(7; 7, 7:¢) = 0, and otherwise 7(¢,) = 1 — 7(0),
311 yielding
(7(@1) = 7(0)Voe, g(r: 77, 7€) = (1 = 277(0)) Vo, 9(7: 7, 7:).-

312 Therefore, by equation (4.3),

a | (m(er) —1(0)) Z Voe 9(r:7, 7ie) | = Z 7 [Voz 9(7:7,7:¢)] — (¢(72,¢) — ¥(0)),

icTd i eTd
€T €Ty 1,
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and noting that 7z [V, g(7;7, 7;¢)] = 0 (the gradient of any function has 0 expected value),
we obtain
II=1Ir.
Finally, for the last term we use again equation (4.3), together with Jensen’s inequality and
the fact that 77(0)* < 1:
2
M <7|{27(0) Y Voe g(nn,me) | | <41 O

. ~md
ZGTN’L

Corollary 4.7. For all local g : Qp x II — R,
2

d
1 —
E ﬁ &® ,EL EOEQ 5(} 1(77 61 VU e g 7—1777 TiC ) Z D07
2p(1 = p) <= —2V

zeZd

where D is the positive constant given in Lemma 4.5.

The next step of the proof is to use the multistep move given in Lemma 4.3 in order to
compare D, with D (recalling equation (2.5)).

Proposition 4.8. Fix a local function f : Q0 — R. Then there exists a local function g : Qp, < II —
R such that

d 2
M Zco,ea (77) (5a,1(77(€a) - 77(0)) - Z vO,ea (Tmf)) >

a=1 x€Z4
2

d
PN I g, | Saa (@) —7(0) = Y Vo, g(7:7, i)
a=1

;—7d
1€LS,

Proof. Let g(7,¢) = i[5 ,cp0 uf (1)
v €Z%and o € {1,...,d}, denoting M® = {n,(n),z'(n), €t(77)}tT=o’

7, E]. We use Lemma 4.3 in order to write, for all

VO eaTxf Z th xt+etwa 77t Z Tot Vo et To— xtf('r]t) (44)

t=1
We also note that the total particle flow (defined as the change in ) _x7(z)) can be decom-
posed along the T-step move. In more details, using the fact that n, and »n agree outside
{0,241,
> a(mo(w) = nr(x)) = Lea (1(a) = 71(0)) .

T

On the other hand, at step ¢ the configuration changes only at z* and z' + €', therefore

Y wlma (@) = () = e (n(a”) = mi(2* + ) = ' (:(0) — me(e")),

x
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implying
T T
> a(no(w) —nr(x) =YY w(ma(e = e (1:(0) — mi(e")).
x t=1 =z t=1
That is,
T
Lea (11(2a) = 7(0)) = Y 'rar (n'(¢") = m(0)) - (4.5)
t=1
Using these two identities, the Cauchy-Schwarz inequality, and the properties of the move,
we obtain

d
Zﬁ ®fi [Coz, | €1 eal((Ea) —7(0)) — Z Voz. 9(77], 7€)
a=1 i€Zg
2

d
1
S ﬁ Z ILL EO o L€a<77 Z V0 ,Ca Z Ti+yf(77)
a=1 i€zd ye[L]?
T T 2
C0.2a 61 Zetht (nt(et> — 77t(0>) — Z ZTmt Vo’eth_mtf(T]t)>
t=1 zezd t=1

LZZZ COe Tzt Co et(nt) (61 € (nt( ) (O)) - Z vO,etTa:f(nt)>

x€Z4

d d 2
D> um ) Ly, Z les=ctCo.es (1) (61 o5 (1 (e5) =1/(0) = D VoS (n’))

a=1 neq USY x€Z4

T T
gﬁ;
d

<5 ZQLOSS(M”“ > ur)Y " coes (61 ceg (0 (eg) =0/ (0) = Y Voe,Tuf (77')> :

'en p=1 werd
The result follows by inserting the bounds for 7" and Loss(M) given in Lemma 4.3. O
The proof of the lower bound (4.1) follows from Proposition 4.8, Corollary 4.7, and the
variational characterization of D in equation (2.5). O
5. Proof of the upper bound
In order to find the upper bound we will use a process tightly related to the Kob-Andersen
model, called the k-neighbor bootstrap percolation (see, e.g., [19]). We start by defining this

process, and describing some of its basic properties.

5.1. Bootstrap percolation.
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Definition 5.1 (bootstrap percolation). Fix V' C Z< and A C Z<. The bootstrap percolation in
V starting from A is a deterministic process defined for ¢t = 0,1,2,... as

A= ANV,
Ay = A U{z eV :#{y € A suchthaty ~ z} > k}.

The limit Uy A4; is called the span of A in V, and denoted by [A]V. We say that two sites x
and y are connected for the bootstrap percolation in V starting from A if they are connected in
[A]Y (thought of as the subgraph of Z? induced by the set [A]Y), that is, if there is a nearest
neighbor path z = 1,...,z, = y such that z,, ...z, € [A]".
For n € 2, we define
A, ={x ez n, =0}

We may refer to the bootstrap percolation in V' starting from A, as the bootstrap percolation
starting from 7. When context allows we omit the explicit mention of V', A, or both.

We continue with several properties of bootstrap percolation.

Observation 5.2. (monotonicity). Let U C V C Z%, and fix A C B C Z%. Then [A]Y C [A]Y
and [A]Y C [B]Y.

The following observation reveals the the connection between bootstrap percolation and
the Kob-Andersen model:

Observation 5.3. Fix n € ), and consider a set V C Z?. Assume that, for two neighboring
sites z,y € V, the constraint ¢, , is satisfied in V, that is, ¢, (') = 1 for any »’ that agrees
with 7 on V. Then [4,]" = [A4]".

Proof. Assume without loss of generality that n(z) = 1 and n(y) = 0, and note that [4,]" C
[A, U {z}]Y. On the other hand, since c¢,, = 1 in V, the site = will be added to A, after
a single step of the bootstrap percolation. Denoting the set after that single step by A/,
(A, U{z}]V C [A]Y =[A,]V. Therefore [A,]V = [4, U {x}]V. The same argument shows that
[Ageal” = [4, U {2}]" O

Observation 5.4. Fix A ¢ Z¢,V C Z¢, and = € V. Let U be the set of sites connected to z in
[A]Y. Then [A]Y =U.

Proof. Let (A:):>o denote the bootstrap percolation in V' starting with A, and assume by con-
tradiction [A]Y C U. Since U C [A]Y, there exists a first time ¢ for which some y € U \ [A]Y
is contained in A;. By minimality, A4, ; N U C [A]Y, and since y ¢ [A]Y it has at most k — 1
neighbors in A;_; NU. On the other hand, it has at least k£ neighbors in A;. Therefore, it must
have at least one neighbor in '\ U. This is a contradiction, since U is a connected component
containing y. 0J
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Claim 5.5. Fix A C Z%. Consider two sets B C B’ C Z%, a site = € B, and any S C Z°.
Assume that z is connected to S for the bootstrap percolation in B’, but not for the bootstrap
percolation in B. Then z is connected to 0B for the bootstrap percolation in B’.

Proof. Assume that z is not connected to 0B for the bootstrap percolation in B’, so in partic-
ular its connected component in [A]?’, denoted U, is entirely contained in B. By Observation
5.4 and monotonicity of the bootstrap percolation, U = [A]Y C [A]?. This is a contradiction,
since by assumption U N S # () but [A]® N S = 0. O

5.2. Analysis of the test function. We will prove the upper bound by estimating the expres-
sion inside the infimum in equation (2.5) for a carefully chosen function f.
Recall ¢ = 1 — p. The test function we will construct will depend on a scale

[ = Lexpk_Q(x\q_d—}cH)J : (5.1)
Throughout the section A and C' denote generic positive constants.

Definition 5.6 (relevant sites). Fix n € Q. A site x € [-2I, QZ]d is called relevant if it is not
connected to {0,1} x [—2[,2/]*"" for the bootstrap percolation in [—2/,2I]%; and otherwise it
is called irrelevant. Denote the set of relevant sites by R (7).

We divide the box [/, ] in two parts — the left part A_ = [—1,0] x [—1,/]*", and the right
part A, = [1,1] x [-1,]]*" (see Figure 5.1). The test function we consider is

) ——— i T S O (5.2)

= a1
2(20+1) 2€ALNR zeA_NR

Hence, the purpose of this section is to prove that for ¢ small enough

d 2
DT (5 (nex) = n(0) = > Vf) <e
a=1 z€Z
Remark 5.7. The choice of f in equation (5.2) seems mysterious at first sight — Observation
5.3 explains the use of bootstrap percolation, but the introduction of relevant sites and the
exact form of f are not that clear.

One way to gain more intuition on this choice of f is to look more carefully at the varia-
tional principle (2.5). Ignoring the contribution of f, we are left with the term

Coen (a1 (n(er) —1(0)))*.

This could be though of as a contribution of the instantaneous current between the origin and
e1. The appearance of this term is not surprising — if typically the system has large currents,
it is natural to expect the diffusion coefficient to be large.

However, the typical instantaneous current is not sufficient to understand the behavior of
the diffusion coefficient — correlations in space and time could also have an important effect.
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For example, take the Kob-Andersen model with £ = d = 2, and consider a configuration
in which the sites ej,e; and e; + e, are empty, and all other sites (in a large neighborhood
of the origin) are occupied. The particle at the origin could jump one step to the right, but
any attempt to jump further is not allowed by the constraint. Therefore, if we wait for some
time it is likely to jump back to the left. Thus, we see that an instantaneous right current can
cause at a later time a current to the left. The role of the function f in equation (2.5) is to
compensate for this effect, by adding to 4,1 (n(e1) — 1(0)) an effective current in the opposite
direction.

The example of the last paragraph demonstrates the following heuristic picture — typically,
most particles are confined to a very small region; they can move back and forth but never
too far. Assume for simplicity that the origin is occupied, and consider the particle there.
In view of the heuristic described above, this particle will remain for a very long time in a
certain region that we may refer to as the attainable region. Recalling Observation 5.3, it is
reasonable to approximate this attainable region by the set of sites connected to the origin
for the bootstrap percolation in some (large) box. Hence, being relevant roughly represents
a small attainable region.

As long is this attainable region remains small, we expect that any instantaneous current
to the right caused by the particle at the origin will be canceled shortly after by a jump to the
left. For a good choice of f, this fact (assuming ¢, () = 1) should be expressed as

n(er) = n(0) & Y Voo f(n).

z€Z?

In the following we will see that the function f defined in equation (5.2) satisfies this
approximated relation. The error term corresponds to the possibility that the attainable re-
gion is, in fact, large. When the notion of "small" or "large" attainable region is determined
according to the scale [ given in equation (5.1), we obtain the upper bound of D.

First, observe that since f depends on (4] + 1)? sites and its maximum is smaller than [ + 1,

pl> e (50(71 (n(ex) = n(0)) = > vo,earxf> <de(14 A+ 1D +1))? = 0(e).

x€Z4

(e)

0,eq

Therefore, since ¢, = (1 —€)co., + ¢, it suffices to prove

d 2
% Zco,ea (511,1 (77(61) - 77(0)) - Z vO,eaTzf> S €_>\l' (53)

a=1 zEeZd

Since the analysis of f will require us to understand when particles enter or exit different

boxes (and in particular A.), we will need to introduce some notation. First, for a set A C Z¢,
we say that an (undirected) edge (z,v) is on the boundary of A, and write (z,%) € dA, if one
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Dobdbobodd o

@ L] L] [ ] L] L] L[] L] L] @77
@ -
SAARARREREE
FIGURE 5.1. A sketch of the different sets in A; in two dimensions. The left
part A_ are the red vertices; the right part A, consists of the blue vertices; the
boundary 0A is given by the gray edges; the inner boundary 0A contains the
sites circled in gray; the boundary in the e; direction 9'A is circled in orange;
and the set A} is represented by the green line crossing the box. In this picture,
for any o € A} (i.e., on the green line), the site 2" is the orange circle to its

right (at distance | + 1); and the site z; ! is the orange circle to its left (at
distance 1).

vertex is in A and the other outside A. The (inner) boundary OA are the sites in A that have a
neighbor outside A.
For a = 1,...,d we define the boundary in the e, direction

O*N={z:(v,z —e,) € OA}.
We will write A, = [—,1]* (and Ay = [—21,20]Y), as well as
AP = [—11*" x {0} x [~
Finally, for =y € Ay, we denote the two boundary sites above and below z as

xara:x0+(l+1)ea,

Ty " =z — le,.

Note that z* € 9°A,. See Figure 5.1.
We are now ready to start the analysis of f. In the next proposition we will see, for fixed
x, what is the contribution of V., 7, f:

Proposition 5.8. Fix an edge (x,x — ¢) and configuration n such that ¢o. = 1 and Vo .7..f # 0.
Then one of the following holds:

(1) 0 € x+ (Ayq1 \ Ag_2) (equivalently x € Agyq \ Aoy_o), and there exists y € = + O\,
such that the bootstrap percolation in x + Ay connects y to x + 0Ny _o, either for n or
n%¢. In this case |V .7, f| < Cl. See Figure 5.2.
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FIGURE 5.2. Illustration of the first case in Proposition 5.8. = + Ay is filled in
gray. The origin is on one of the three red lines, which represent 2+ Ay 1\ Ag—o.
The blue square is z+dA; and the green square is x +0Ag,_5. These two squares
must be connected for the bootstrap percolation.

(2) (0,¢) € x + 0N (equivalently (z,r — e) € OA) and —x is relevant for 7,n. In this case

(1 0ex+A.Nd[-11°

— —1 S ALNo
VoeTuf = —77<€) n(0) X eET Ay
’ 2(20 + 1)d-1 1 0€z+A_NI

1 zeA_na[-1,1*

_n(e)=n(0)  J-1 z—ecA_Na[-1,1°
220+ ) | -1 zeA no[-L)¢

1 z—eeA.nd[-1,0"

(5.4)

\

Proof f could only change when the set of relevant sites changes, or when a relevant site
changes its occupation.

The first case corresponds to point 1 — for the set of relevant sites for 7,7 to change, [A,]* T2
must change, and by Observation 5.3 this is only possible if ¢, . is only satisfied with the help
of sites outside = + Ay. This means that at least one of the vertices 0 or e is in x + Ay, and
in particular 0 € = + (Agyq \ Ag_2).

To understand the second implication, we may assume without loss of generality that there
is some site z € A; which is connected to {0, 1} x [—21, 2/]%"! in [4,]***2 but not in [A,p..]** "2,
By monotonicity of bootstrap percolation and using again Observation 5.3, z cannot be con-
nected to {0,1} x [—2[,2(]"! in [A,]*2-2. Then, by Claim 5.5, 2 is connected to dAy_» in
[A,]*TA2t. To finish the first point, we only need the rough bound | f(n)| < %

In the second case, we note first if a particle jumps inside A;, and it is originally in A, N'R,
then it will remain in A, NR (and analogously for A_). Therefore, f could only change if
a particle jumps into or out of A;, so for 7, f to change we must require (0,e) € = + 9A;.
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Moreover, its (shifted) position —x must be relevant for the shifted configuration 7,n. Then,
Vi0,e)7.f is given by following carefully the four options: moving into A, out of A, into A_,
orout of A_. O

In order to control the contribution coming from the first case of Proposition 5.8, we give
a name to the event that appears there:

Definition 5.9. Fix an edge (z,x — e). Then E, ,_. is the event, that there exist y € z + JA,

and z € x + 0Ay_, such that the bootstrap percolation in = + Ay connects y to z, either for
0,e

or n"c.

An important tool we will use in order to bound the probability of this event is the following
lemma:

Lemma 5.10 ([7, Lemma 5.1]). Let I’ < 10l, and fix y,z € Ap. Then, assuming that the
constant \ in equation (5.1) is small enough,
Allz=yll oo
(2 connected to y in [A,]*) < ((] |z — y||io_1 q) ’ k=2,
pu(z connected to y in [A,]M) < MVl k> 3.

Claim 5.11. Fix an edge (z,z — ¢). Then
ﬂ(Ea:,x—e) S Ce_M-

Proof. First, note that there are C1¢~! possible choices of y and C1%~! choices of 2. Note that
|z —yl|l,, > ! —2. By Lemma 5.10, the probability for y to be connected to z is bounded by
(Cl141g)M for k = 2 and ¢ for k > 3; both of which are, indeed, smaller than Ce=*. O

The last claim covers the first case of Proposition 5.8, and we now move to the second.

When considering this case, we will use certain cancellations in directions perpendicular
to e;. More precisely, a particle jumping from 0 to e, (for o # 1) will enter x + A; (for an
appropriate choice of x) but exit 2’ + A; (for an appropriate choice of z'). We then expect
that V., 7.f and V., 7. f will cancel out, which is indeed the case unless one of the sites is
relevant and the other irrelevant. We therefore introduce the following event:

Definition 5.12. Fix « € {2,...,d} and z, € A?. Let E,(z,) be the event, that either —z{® is
relevant for 7+a7, or —z;® is relevant for 7,7, but not both.

Claim 5.13. Fix a € {2,...,d} and xy € A}. Then for all n € E,(z,), the origin is connected
to A, in [A,]**. Moreover,
i(Ea(o)) < Ce N,

Proof. We will prove that the origin is connected to dA; in [A,]** for the case where —z]* is

relevant for 7,+.7, but —x, is irrelevant for 7,-.7. The complementing case as analogous.
0 0
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Let S = x9+ {0,1} x Z4 1, B_ = 2,“ + Ay, B, = 7 + Ay. Saying that —zJ® is relevant
for Tyiet) 18 the same as saying that 0 is connected to B, N S in [4,|%+; and saying that —z“
is irrelevant for Tyool) 8 the same as saying that that 0 is not connected to B_ N S in [A4,]"-.

In particular, setting z = 0, B = B_ and B’ = Ay, A, satisfies the conditions of Claim 5.5.
Therefore 0 is connected to B_ in [A,]?', which implies the result since 0 € A; C B_.

The probability estimate follows from Lemma 5.10. O

Claim 5.14. Fix a € {2,...,d}, and a configuration 7 such that n ¢ (J
o, (n) = 1. Then

E.(xo) and

QC()EA?‘

> Voeraf =0.

TEIYN;
Proof. We split the sum according to the projection of = on Af* —

Z VoeoTef = Z (Vo,eangaf‘i‘Vo,eaTmo—af)-

Ieao‘Al xo GA?

Fix one of these summands. If —x{* is irrelevant for T,gon and —zy* is irrelevant for 7, -an,
then by the Proposition 5.8
V07ea7_x3>af = V07ea7_xaaf = O

Otherwise, since n ¢ E,(x), both must be relevant, hence

2) —n(0 -1 xp€e A,
Voo iof — L”d_f y 0
‘ 2(20+1) 1 2o € Ay;
eq) — 0 1 Xo € A_,
Voeursof = Lﬁﬁ_z "
2(20 + 1) 1 g€ Ay
and their sum is 0. U

Claim 5.15. Fix a € {2,...,d}. Then

2
% CO,ea (Z VU,eaTxf> S Cei/\l-

xcZ4

Proof. We split in the different cases described in Proposition 5.8:
2

2 2
H CO,ea (Z vU,eaTxf> S 2# CO,ea Z vO,eaTxf +2,u CO,ea ( Z vO,eaTxf>

z€Z4 I€A21+1\A2l,2 TEI¥N;

We can bound the first term using Claim 5.11:
2

K| Coeq Z ]lE(x,xfea)Cl < C’ld,u

T€Ag 11\ A2

< Ce M.

Z 1E(ac,a:fea)
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The second term, according to Claim 5.14, vanishes unless n € E,(zo) for some zy, € A%, so
we are left with an error term which by Claim 5.13 is bounded by

|3a/\l Y
1 < . ]
( 220 + 1 Z Balan) | S O

ToEAY

The next step is to consider the direction e;:

Claim 5.16. Fix = € 8" [~1,{]". Then —=z is irrelevant for 7,7, with probability smaller than
Ce M,

Proof. For —z to be irrelevant it must be connected to one of 2(4/ + 1)¢~! sites on {0,1} x

[—21,20]%"1. All of these sites are at distance at least [ — 2 from z, and the statement follows
by direct application of Lemma 5.10. O
Claim 5.17. For e = e,

2
1| Coe (77(6) —n(0) — Z V()’eTmf) < Ce M,

x€Z4

Proof. The proof of the claim consists in showing that each site on 9'A; contributes "(ﬁgf Anz(IO)

to the sum, up to a small error term.
First, using Proposition 5.8, we write

2
H 1 Coe (77(6) - 77(0) - Z VO,eT$f> SQ,U Co,e Z VO,eTmf

xeZd €M1\ Ag—2

2

2
+ 2:“ Co,e 77(6) - 77(0) - Z vO,eTxf
:vE(’)lAl

The first term, just as in the proof of Claim 5.15, is bounded by Ce

5.11.
In order to bound the second term, we start by assuming that all sites of —9'A; are relevant.

S Vorf= Y "QZH O _ ye) - (o),

according to Claim

In this case,

€A, €A
SO
2
p|coe | m(e) —n(0) — Z VoeTaf | 1ooiacr| =0.
zedl A
Finally, by Claim 5.16 the probability that ' A; contains irrelevant sites is smaller than Ce=:

2

p|coe | me) —n(0) — Z Voeraf | 1_oiagr| < Ce™
:Eeal/\l
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The claim thus follows by summing the contribution of the three terms. O

All that is left is to combine Claims 5.15 and 5.17, proving inequality (5.3) and hence the
second part of Theorem 2.3. O

6. Further problems

e Prove convergence to a hydrodynamic limit without the soft constraint from a more
restricted family of initial states (as in [13]).

e Improve the bounds on the diffusion coefficient, and in particular find matching up-
per and lower bound without a logarithmic correction. In the case of the closely
related Fredrickson-Andersen model, where similar bounds have been obtained for
the spectral gap ([18]), the logarithmic correction could be removed, and, moreover,
the exact constant multiplying 1/(1 — p)?**! could be identified [14].

e Study qualitative properties of the diffusion coefficient — is it decreasing in p? Is it
continuous? Smooth? Is D© = D?

e Understand the hydrodynamic limit of more KCLGs. The comparison argument of
Section 4 could be used in order to estimate the diffusion coefficient whenever an ap-
propriate multistep move could be constructed, and may be useful in lager generality
than presented here.

e The bounds on the diffusion coefficient may have consequences other than the hy-
drodynamic limit — in general, we expect the correlation 1(n(0)et“n(z)) — p? to be-
have like p(1 — p)(4xt D)~%? e‘ﬁ% (see, e.g., [23]). It has been shown in [6] that
in the Kob-Andersen model, for x = 0, this correlation decays at least as fast as
C (logt)®/t for some unidentified constant C'. Any progress towards the predicted
p(1 — p)(4nt D)~4/? e~ %D (for D is as in equation (2.6)) would be an interesting re-
sult.

Acknowledgments

I would like to thank Clément Erignoux, Alessandra Faggionato, Fabio Martinelli, and Pa-
tricia Gongalves for very useful discussions. I acknowledge the support of the ERC Starting
Grant 680275 MALIG.

Appendix A. The gradient condition in cooperative models

In this appendix we will see that cooperative kinetically constrained lattice gas models
(KCLGs) are non-gradient.

A general KCLG is a Markov process with configuration space 2 = {0, 1}Zd, determined
by a set of constraints giving each edge (z,y) € £(Z?) a rate ¢, ,(n) € {0} U[1,00), for any
configuration 7 € ). We will make the following assumptions:

(1) The model is homogeneous, i.e., the constraint is translation invariant.
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(2) The constraint ¢, , depends only on the configuration outside = and y.

(3) The constraints have finite range, i.e., ¢, , depends only on the occupation of sites in
the box = + Ay, where R is called the range.

(4) The constraint is non-degenerate, i.e., for every edge (z,y) of Z? there exist a config-
uration 7 such that ¢, ,(n) > 0 and »’ such that ¢, , (1) = 0.

(5) For fixed z,y the constraint ¢, ,(n) is a decreasing function of 7, i.e., adding more
empty sites could only help the constraint to be satisfied.

With such constraints, the process is given by a generator as in equation (2.2).

Definition A.1 (connected configurations). Fix a KCLG and two configurations 7, . We say
that n’ is connected to 7 if there exists a sequence of configuration 7y, . .., nr such that ny =7,
nr = 1/, and for all t € {0,...,T — 1} there exist ;41 ~ 41 such that n;,, = 7/ "%+,
with ¢, 4., () > 1. For any fixed e € {*ey,...,+eq}, we say that 1’ is e-connected to 7
if, in addition, y;+1 = x¢41 + e and 7, (z;) = 0, namely, all transitions move a vacancy in the
direction e (or, equivalently, a particle in the direction —e). Note that 1’ is connected to 7 if
and only if 7 is connected to 7'; and 1/ is e-connected to 7 if and only if 7 is (—e)-connected
to 7.

Definition A.2. Let A C Z%. The configuration 7, is defined as

0 zeA,
na(r) = .
1 otherwise.
KCLGs could be either cooperative or non-cooperative (see [6, Definition 1.1]). We remind
here that a non-cooperative model is a model in which there exists a mobile cluster, defined
as follows:

Definition A.3 (mobile cluster). Let A be a finite non-empty subset of Z¢. We say that A is a
mobile cluster if:

(1) For all z € Z4, the configuration 7,4 is connected to the configuration 7, 4.
(2) For every edge (z,y), there exists a translation z € Z? such that ¢, ,(1.44) > 1.

Gradient models, in our context, are interacting particle systems with conserved number of
particles, in which the current is a gradient of some local function. This property significantly
simplifies the analysis of their hydrodynamic limits (see, e.g., [15, Definition 2.5]). The
purpose of this appendix is to prove the following result:

Theorem A.4. Cooperative KCLGs are non-gradient.

In order to prove that a model is non-gradient, we will consider the model on a torus, and
show that the integral of the current does not always vanish:
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Lemma A.5. Consider a KCLG, and assume that for N large enough, there exists a configuration
on the torus n € {0, 1}%, such that

> (@ —y)n@) = n(y))cay(n) # 0.

x,ye'ﬂ‘(]i\,

Then the model is non-gradient.

Proof. Assume that the model is gradient. That is, by [15, Definition 2.5], for some ny € N,
forany 1 < i <d,1 < n < ny there exist a cylinder function h;,, and a finite range function
pin satisfying ZIEM pin(z) = 0, such that the current is given by

WO751' (77) = Z Z pi,n(I)Twhi,n(n>

n=1 xeTzdv
for every 1.
Then for any e € {ey,...,eq}
ng
Z Wy y+e(n) = Z T—yz Z Pin(2)Tuhipn(n)
yeTY, yeTe, n=1 zeT4,
ng
=2 2 D pin(®)mshin(n)
ace']l‘jiv ze'ﬂ“f\, n=1
= 0.
This concludes the proof, recalling

Weere(n) = (n(x) —n(x + €))ewy(n). O

The construction of such 7 for a cooperative KCLG is based on the notion of reachable sites:

Definition A.6 (reachable sites and e-stretch). We say that a site is reachable from a configu-
ration 7 if it is empty for some 7’ which is connected to 7. For e € {#ey, ..., +ey} we say that
a site is e-reachable for a configuration 7 if it is empty for some 7’ which is e-connected to 7.
The e-stretch of 1 is defined as

sup{e -z : z is e-reachable} .

By the definition of non-cooperative models, it is immediate that if 7 contains a mobile
cluster then for every site x there exists ' connected to 7 for which 7/(z) = 0. In the next
proposition we will see that if we require e-connectivity the converse is also true —

Proposition A.7. Assume that for all e € {=ey,...,+e,} there exists a finite subset A, of 79,
such that the e-stretch of na, is infinite. Then the model is non-cooperative.



601
602
603
604
605
606
607
608
609
610
611
612
613
614

615

616

617

618
619
620

621

622
623

624

625
626
627

628

629
630

631

26 ASSAF SHAPIRA

Before proving this proposition, we will see how it implies Theorem A.4. Consider a coop-
erative KCLG, so by Proposition A.7 for some e € {+ey,...,+e;} and any L € N, configura-
tions that are entirely filled outside A have finite e-stretch. We will assume without loss of
generality that e = e;.

Since the model is non-degenerate, there exists a configuration 7, for which ¢, (170) = 1.
Since the model has finite range R, we may assume that this configuration is entirely filled
outside Ay; and since the constraint does not depend on the occupation at 0 and e; we assume
10(0) = 0 and 7y(e1) = 1. We will now construct a sequence of configuration starting at 7, so
that 7, is obtained from 7; by moving a 0 to the right, i.e., 7,,; = 17" "' for some z; such
that ¢, ive, (7)) > 0, 1;(x;) = 0, and n;(z; + e;) = 1. When, for some ¢, more than one such
choice of z is possible, we choose one arbitrarily. We stop when none of the sites satisfy the
required conditions.

Since the e;-stretch of 7 is finite the construction must stop at some step n < oco. On the
other hand, we chose 7, such that ¢y, (79) > 1, 70(0) = 0, and ng(e;) = 1, so n > 1. Hence,
for the configuration n = n,, for all z € Z¢

Cratre (ML —n(x))n(T + 1) =0,

but for z* =z, (USING Cp+ 1+ ey (M) = Cax wrte, (Mn—1) = 1), we know that

Car oo (M(27) (L = (2" +e1)) > 1.

That is,

Z (n(z) = n(r +e1))czpre, (7) > 1.

z€Z?
Since 7 is filled outside Ag.,, we may as well sum over z in a large enough torus T%5_,,.
Therefore, by Lemma A.5, the model is indeed non-gradient. O

We return to the proof of Proposition A.7.

Claim A.8. Fix a finite non-empty A C Z¢, and e € {#e, ..., +eq}. Assume that the e-stretch
of 14 is infinite. Then there exists a finite non-empty A’ C Z? and a strictly positive integer
n, such that 7, is e-connected to 7,01 4.

Proof. First, we may assume without loss of generality that A has the minimal possible size,
among sets for which the e-stretch of 7, is infinite; and for notational convenience we also
assume e = e;. Set k = |A|, and fix L such that A C A;.

We will start by showing the following property:

Claim A.9. For all j < k, there exists s') such that for all B C (—o0, 0] x Z4~! with | B| = j, the
e,-stretch of 73 is at most s\9). In particular, there exists L) such that the maximal possible
e1-stretch for such a set is obtained for some B C [~L"), 0] x Z1.
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Proof. For j = 1 choosing s) = L) = ( suffices since no particle could move. For j > 1,
let LW = j(hU=Y + R) and s the maximal e;-stretch of np for any B C [-LY 0] x Z4-1,
Note that s¥) is well defined since particles cannot move in directions orthogonal to e;, so we
may assume without loss of generality that B C [-LY),0] x [—j R, jR]?"!; and it is finite since
J < k.

Assume now that for some B C (—o0,0] x Z4! of size j the e;-stretch of np is more than
sU). We can assume without loss of generality that 0 € B, and by construction there must be
a site + € B outside [~L"), 0] x Z?~!. Due to our choice of LU, the set B could be separated
by a strip of width A/U~") + R, namely, there exists n € Z such that

B=B_UBy,
B_ C (—o0,n] x 7%,
By C (n+hY Y + R 0] x Z°.

However, since the e;-stretch of np_ is at most AU~ it would never be able to influence
transitions to the right of n + A=Y + R, thus the e,-stretch of B cannot be larger than that
of B_, which is a contradiction. O

As a result of this claim, there exists s < oo, such that for any set B of size strictly less than
k, the e;-stretch of B is at most s plus its maximal e; coordinate.

Since the e;-stretch of n4 is infinite, there exists an e;-reachable site x with e-x > .
s + 1. Consider a sequence of 7' flips which empties that site. We denote the set of empty
sites at step t by A;, so that Ay = A and Ay > z; and a; denotes the rightmost coordinate
of A; (i.e., a; = maxyea,{e1 - y}). Assume now that at some time ¢ we are able to identify a
non-empty set A, whose rightmost coordinate is a,, such that all sites of A; \ A, are at least
s + R to the right of @, i.e., a; < e; -y —s— Rforally € A; \ A,. We then know that the 0’s
coming from A, will never be able to reach distance R from the sites of A, \ A,, thus the set
A\ A, moves as if these sites were filled. In particular, it could not go further than distance
s, hence a; > ((QL“)d;lk(h*S)) + 1. That means that for at least ((QL“):%(SJFR)) + 1 times ¢

with different values of a;,
Ay Clag — k(s + R),ay) x [-L,L)*7".

This box has volume (2L + 1) 'k(s + R), so by the pigeonhole principle there exist ¢+ and ¢
with a; < ay such that A; — a;e; = Ay — apey. This finishes the proof by taking A’ = A; — a;e;
and n = ay — a4, and using the translation invariance of the model. O

Claim A.10. Fix any finite B C Z? and e € Z¢, and assume that there exists a finite non-empty
A C 74 such that the e-stretch of 1, is infinite. Then there exist a finite non-empty set A’ C Z¢
such that for all m € N, the configuration 74 is e-connected to a configuration 7,, in which
all the sites of me + B are empty. Moreover, we can assume that no site after me + B is empty,
i.e., nn(r) = 1 whenever z - e > m +sup,cpy - €.

((2L+1)d*1k(s+R)

)+
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Proof. By the Claim A.8 there exists L € N, A” C Ay, and n € N, such that n4~ is e-connected
to 7,.+4». Note that we may, equivalently, choose any A” which is a translation of A, for any
n in the path connecting 74~ with 7., 4». We will therefore assume without loss of generality
that 0 € A”, bute-z <Oforallz € A\ {0}.
Denote B = {by,..., by}, withe-b; > --- > e- by, and consider the union
k
A = U (b; + A” —inLe).
i=1
This union is disjoint, since A” C A;, and by repeating L times the sequence of flips required
to move A” to ne + A”, we can move b; + A” — nLe to b; + A”, reaching a configuration in
which b, is empty. Then, repeating this sequence again 2L times we can move by + A” —2nLe
to by+ A”. This is allowed since during the first sequence we do not changes the configuration
at the sites of b, + A” — 2nLe; and the in the resulting configuration both b; and b, are empty.
We continue in the same manner, until we reach a configuration 7 in which the sites of B
are all empty.
Consider now for j = 0,...,n — 1 the set

Aj =Ay—knLje + je.

As before, applying repeatedly the sequence that allowed us to move A” we can reach a
configuration 7; (connected to n’Aj) in which the sites of je + B are empty. Furthermore, A;
and Aj are disjoint for j # j', so, indeed, taking

n—1
/
A =4
j=0
for j = 0,...,n — 1, the configuration 74/ is e-connected to a configuration 7, for which the

sites of je + B are empty. Finally, since A’ is a disjoint union of copies of A”, we can translate
each of them by ne, and if we do that in the right order (starting with b, + A” — nLe and
ending with b, + A” — knL(n — 1)e + (n — le)) they will never intersect. Hence 7,44/ is
e-connected to 74/, and the result follows. O

Claim A.11. Fix e € {+£ey,...,+ey} and L € N. Assume that there exists a finite non-empty
A C 7% such that the e-stretch of 7, is infinite. Then there exists L' and A’ C Ay, such that
for all z € [L/, 00] x [—L, L]*" and every configuration 7 for which the sites of A’ are empty,
n is connected to n™**e,

Proof. We assume without loss of generality that e = e;. The first observation needed in order
to prove this claim, is that there is a configuration for which the constraint ¢, .., is satisfied,
but none of the sites to the right of x are empty, i.e., z + [1,00] x Z?"! is entirely occupied.
This is true since, if the e;-stretch of 7, is infinite for finite A, at some point the rightmost 0
has to move to the right.
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We then find a finite non-empty By C [—o0, 0] x Z4~1\ {0} such that ¢, (n5,) = 1. Let
B = U (24 By).

ze{0}x[-L,L]¢ !

Then, in particular, ¢, , ., (75) = 0 for z € {0} x [-L, L]*"".

We now apply Claim A.10 to find a finite non-empty set A’ C Z? such that for all m € N,
the configuration 7. is e-connected to a configuration 7,, in which all the sites of me + B are
empty. We define L’ such that A’ C A, and then, for every = € [L/, o0] x [-L, L]*"", taking
m = ey - x yields ¢, z1¢, (nm) = 1. Therefore, if we take any configuration n for which A’ is
empty, by performing the same transitions that connected 74 to 7,,, we reach a configuration
for which ¢, .., = 1. Note that this is done without changing the configuration neither at «
nor at x + e;. We then exchange = and x + e;, and fold back all the transitions we have done
before, reaching the configuration n***e1, O

Claim A.12. Assume that for all e € {ey,...,eq} there exists a finite set A, C Z? such that the
e-stretch of 7, is infinite, and fix ¢’ € {ej,...,e4}. Then there exists L € Nand A C Ay such
that for any 7 in which the sites of A are empty, and any z € [L + 1, 0%, the configuration
n®**+¢ is connected to 7.

Proof. Without loss of generality we fix e = ¢;. By Claim A.11 we can define L; € N and
Ay C Ay, be such that for all z; € [L;,00] x {0}¢~! and every configuration 5 for which
the sites of A; are empty, n is connected to n****¢*, Using Claim A.10 we can find L, €
N and A, € Ay, such that, for every 5 € {0} x [La,00] x {0}%!, the configuration 74,
is connected to a configuration n in which the sites of x5 + A; are empty, and during the
sequence of configurations connecting the two only edges of [—oco, —L,]* were flipped. We
continue in the same manner, for i = 1,...,d, to construct L; and A; C Ay, such that for all
z; € {0} x [L;, 00] x {0}%7%, the configuration 7,4, is connected to a configuration in which
the sites of x; + A;_; are empty, and during the sequence of configurations connecting the
two only edges of [—oo, —L;]* were flipped.

Let L = Ly, A = Ay, and fix 7 in which the sites of A are empty and z € [L + 1,00]". We
write ¥ = x1 + -+ + x4 for z; € {0}! x [L;,00] x {0}¢7%. By our construction of A, 7 is
connected to a configuration n' in which the set A; + x5 + - - - + x4 is empty, and during the
sequence of configurations connecting the two the sites x and x + e; remained untouched.
Then, by the construction of A;, we can connect 1’ to n’***¢1, All that is left is to rewind the

steps leading to 7/, and the proof is complete. O

Claim A.13. Assume that for all e € {ey,...,eq} there exists a finite set A, C Z? such that the
e-stretch of 74, is infinite. Then there exists L € N and A C A such that for any » in which
the sites of A are empty, any = € [L + 1,0¢]%, and any ¢’ € {ei,...,eq}, the configuration
n***+¢ is connected to 7.
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Proof. The only difference between this claim and Claim A.12 is that now ¢’ is chosen after A is
fixed. In order to achieve that, we apply Claim A.12 d times, with ¢ = ¢, foralli € {1,...,d},
obtaining d numbers L,,...,L; € Nand d sets A; € Ay,,..., A; € Ap,. Taking L = max; L,
and A = UL | A; will suffice — fix 1 in which the sites of A are empty, every = € [L + 1,00]"
and i € {1,...,d}. In particular = € [L; + 1,00]%, and that the sites of A; are empty in 7, so

by construction of A; we know that ***¢ is connected to 7. O
We are now ready to prove Proposition A.7.

Proof of Proposition A.7. We assume that for all e € {+ey,...,+e,} there exists a finite set
A, C Z% such that the e-stretch of 74, is infinite, and construct a mobile cluster A.

First, use Claim A.13 in order to find L, € N and A, C Ay, such that for any n in which
the sites of A, are empty, any z € [L, + 1,00]% and any e € {ei,...,eq}, the configuration
n®**+¢ is connected to 7. Similarly (by flipping Z?), we can find L_ € Nand A_ C Aj_
such that for any 7 in which the sites of A_ are empty, any 2 € [—oo, —L_ — 1]%, and any
e € {—ey,...,—eq}, the configuration n***¢ is connected to 7. It will be more convenient to
consider translations of these sets,

A/_’_:A+—(L++2)€1—“‘—(L++2)€d,
A=A +(L_+2)e;+ -+ (L_+2)eq.

This way, for any 7 in which the sites of A’ are empty, any = € [2,00]%, and any e €
{tey,...,*eq}, the configuration n***¢ is connected to n; and for any n in which the sites
of A" are empty, any = € [—o0, —2]%, and any e € {=ey,...,+ey4}, the configuration 7***¢ is
connected to 7. Let
A=A UA.

We will show that it is a mobile cluster. Since already A’, allows us to flip edges is its vicinity,
we only need to show that 7, is connected to 7., 4 for all e € {£e;,...,+e,4}. To do that,
we note that, since the sites of A’ are all in [2, 00|, the configuration 74 is connected to
Na e+ )- In this new configuration the sites of e + A’ are empty, and since the sites of A’

are all in [—oo, —2]d + e it is connected to et AL )U(e4A”) = TetAr O
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