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Abstract

Single ionization of H2 molecules exposed to strong and short laser pulses is investigated by a
semi-classical method. Three laser characteristics are considered: i) The carrier-wave frequency cor-
responds to wavelengths covering and bridging the two ionization regimes: From tunnel ionization
(TI) at 800 nm to multiphoton ionization (MPI) at 266 nm. ii) Values of the peak intensity are cho-
sen within a window to eliminate competing double ionization processes. iii) Particular attention is
paid to the polarization of the laser field, which can be linearly or circularly polarized. The results
and their interpretation concern two observables, namely the end-of-pulse total ionization probabil-
ity and vibrational distribution generated in the cation H+

2 . The most prominent findings are an
increased ionization efficiency in circular polarization and a vibrational distribution of the cation
that favors lower-lying levels than those that would be populated in a vertical (Franck-Condon)
ionization, leading to non Franck-Condon distributions, both in linear and circular polarizations.

Keywords: H2 photoionization, Short intense laser pulses, Linear versus circular polarization, Ionization
profiles, Non-Franck-Condon distributions, Molecular ADK and PPT methods.

1 Introduction

Imaging and controlling correlated electronic and
nuclear dynamics in their natural time scales is
a difficult challenge of ultrafast science [1]. This
is because irradiating a molecule with intense,
short laser pulses will lead to a competition
between ionization and dissociation processes.
Even though these dynamics are expected to
evolve on different time scales, a strong field phe-
nomenon such as Coulomb explosion can bring

them together and in competition, especially
in multi-electron systems. Experimental observa-
tions has been reported recently [2] of molecular
above-threshold dissociation (ATD) during the
time scale of the strong-field ionization of dihydro-
gen, giving rise to concomitant Above-Threshold
Ionization spectra (ATI). Experimental spectro-
scopic and imaging techniques based on the cel-
ebrated three-step rescattering mechanism [3, 4],
such as attosecond pump-probe spectroscopy [5],
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high-order harmonic spectroscopy [6] and laser-
induced electron diffraction [7–10] can unravel
the intricate interplay of electronic and nuclear
motions, but they depend on its understanding
and control for an optimal functioning of these as
ultrafast analytical tools.

From a theoretical and computational view-
point, a full quantum description of dissociative
ionization of multi-electron molecules taking into
account electron correlation as well as nuclear
motions is highly desirable, and represents a huge
technical challenge, scarcely attempted [11] in
the strong-field litterature. Even for the sim-
plest many-electron molecular system H2, solv-
ing the full multi-dimensional time-dependent
Schrödinger equation (TDSE) for all electronic
and nuclear degrees of freedom represents a
formidable computational task. For this molecule,
reduced-dimension models have been used, and
allow partial captures of the coupled electron-
nuclear dynamics and even of essential features of
the double ionization of the molecule [12–15].

No matter the approach one has in mind for
the electronic part of the laser-driven molecular
dynamics, it is the description of ionization steps,
strong bound-to-free transitions, that is limiting,
and resource-demanding. In view of this, there is
an interest to adapt existing analytical theories
of ionization, in particular semi-classical theories
such as the Ammosov-Delone-Krainov (ADK) [16,
17] and the Perelomov-Popov-Terent’ev (PPT)
[18–20] models, into an algorithm for the numer-
ical calculations of ionization amplitudes out of
an arbitrary initial molecular orbital (MO). The
ultimate aim would be to incorporate this simpli-
fied ionization algorithm into a code treating the
full laser-induced electronic dynamics, coupled to
vibrational degrees of freedom. There is thus a
need to explore how the ionization rate expres-
sions derived in these semi-classical theories can
be used to calculate and understand the ioniza-
tion dynamics of the molecule at a fixed nuclear
geometry, (or in a range of nuclear geometries)
considered as a parameter, before including these
as parts of a complete quantum dynamical model.

The present theoretical work is such a prelimi-
nary study devoted specifically to the ionization of
H2 molecules exposed to moderately intense laser

pulses, investigated by the ADK and PPT approx-
imations in their adaptations to molecular sys-
tems to give the MO-ADK [21] and MO-PPT [22]
theories respectively. Concentrating on the first
ionization of the two-electron molecule, we con-
sider two electronic states: the initial ground state
X1Σ+

g of H2 and the X2Σ+
g (1sσg) state of H+

2 .
More specifically, we are interested in the initial
preparation of the cation, in a superposition of
its vibrational levels, by an ionizing laser pulse.
It is the subsequent dissociation process of the
cation that involves the field coupling of the 1sσg
and 2pσu states of H+

2 , and this post-ionization
dynamics is not considered here. The radiative
coupling to the excited 2pσu state of the cation is
therefore neglected. Still another simplification we
will eventually make is the neglect of the double
ionization process, leading to the Coulomb Explo-
sion of the molecule. This is justified if we stay in
a rather moderate laser intensity range, the dou-
ble ionization entering into competition only for
intensities exceeding certain thresholds (above a
few 1014 W/cm2 at 800 nm, to fix the ideas). The
effect of various parameters of the laser field, in
particular its wavelength (in the IR and UV spec-
tral regions), peak intensity and polarization, is
analysed in terms of two calculated observables:
The total ionization probability, and the distribu-
tion of populations on the vibrational states of the
field-free cation, all taken at the final time of the
laser pulse. The last observable highlights devi-
ations from the usually assumed Franck-Condon
distribution. We will discuss the origin of this non-
Franck-Condon distribution in an assessment of
the semi-classical ionization model used.

The manuscript is organized as follows.
Section 2 starts with the equations governing the
time-evolution of the populations of the two-
electron molecule in the basis of relevant vibronic
states of the neutral H2, the cation H+

2 , and the
Coulomb Explosion channel H+ + H+. In physical
terms, they are kinetic rate equations describing
the relative population gains and losses among
these states during the single and double ioniza-
tion processes. The ionization rates driving these
equations have the form of rate constants, and are
obtained from the MO-ADK or the MO-PPT the-
ories, and carry a parametric dependence on the
internuclear distance R of the molecule through
the molecular ionization potential. Section 3 gives



Springer Nature 2021 LATEX template

Strong Field Ionization of H2 3

e-

e-
v+

H2

H2
+

H+ + H+

E

Fig. 1 Depiction of the ionization paths of the H2 vibra-
tional state v = 0 (wave function depicted in green) from
its initial potential well (brown) into its ionized vibrational
states v+ (green) in the H+

2 ground electronic potential
(red), and ultimately to its Coulomb explosion potential
H++H+ (blue) with the kinetic energy E (green).

the results concerning the two observables of inter-
est, discussed in terms of the distinction between
tunnel or multiphoton ionization regimes. The
most important conclusions of this section are:
(i) For a given peak intensity, the circularly polar-
ized field is more efficient than a linearly one in
terms of the ionization yield. (ii) The molecular
ion vibrational distribution as prepared by the ion-
ization step is shifted from v+ = 2 (as predicted
by a vertical Franck-Condon preparation) to lower
vibrational v+ levels. Moreover, when comparing
the respective roles of the laser polarization, the
differences between linear and circular polariza-
tions in terms of non-Franck-Condon ionization
are only noticeable in the tunneling regime.

2 Methods

The dynamics of single and double ionization of
H2 in a time-dependent laser field F (t) is treated
by solving the rate equations

dPH2

dt

∣∣∣∣
t

= −Γ+
0(t)PH2

(t) (1a)

dPv+
dt

∣∣∣∣
t

= Γ
v+
0 (t)PH2

(t)− ΓCE
v+ (t)Pv+(t) (1b)

dPCE

dt

∣∣∣∣
t

=
∑
v+

ΓCE
v+ (t)Pv+(t) (1c)

where PH2(t) is the total population of H2, Pv+(t)
is the population of the vibrational level v+ in
the ground electronic state of H+

2 and PCE(t) is
the total population in the [H+ + H+] (Coulomb
Explosion) dissociation continuum. As a conse-
quence, the total population of H+

2 , expressed
as

PH+
2
(t) =

∑
v+

Pv+(t), (2)

is calculated within the state-resolved com-
plete ionization dynamics of the molecule, which
includes both the gain of population of the cation
from the (first) ionization of the neutral H2

molecule, and its loss due to the second ioniza-
tion. The passage of the population from H2 to
its ionized states is represented schematically in
Fig. 1.

The instantaneous molecular ionization rates
Γ+
0(t), Γ

v+
0 (t) and ΓCE

v+ (t) are obtained as described
hereafter using the molecular ADK or PPT
approximations. The total single ionization rate
Γ+
0(t) is expressed as a sum over all accessible

vibrational levels v+ as

Γ+
0(t) =

∑
v+

Γ
v+
0 (t) (3)

with

Γ
v+
0 (t) =

∣∣∣∣∫ χ∗v+(R)
(
WH2

[R, t]
)1
2

χ0(R) dR

∣∣∣∣2 (4)

where WH2
[R, t] is the instantaneous molecular

ADK or PPT ionization rate at the internuclear
distance R and at time t given by

WH2 [R, t] = WADK/PPT

[
IH2(R), F (t)

]
. (5)

The molecular ADK and PPT ionization rates
WADK and WPPT used here are given in Eqs. (11)
and (15), and are calculated for the H2 ionization
potential IH2

(R) and the electric field amplitude
F (t). The ionization potential is taken as the
energy separating the ground electronic states of
H2 and H+

2 . In Eq. (4), χ0(R) is the wave function
associated with the ground vibrational state of H2

and χv+(R) is the wave function associated with
the vibrational level v+ of the ground electronic
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state of the cation. These are calculated numer-
ically using a Numerov type of algorithm [23], to
solve for eigenstates supported by the potential
energy curves for the ground electronic states of
H2 and H+

2 , themselves taken from Refs. [24] and
[25, 26] respectively.

Similarly, the total ionization rate of the v+
vibrational level of the cation H+

2 , ΓCE
v+ (t), is

expressed as a sum over all Coulomb Explosion
energies E as

ΓCE
v+ (t) =

∫
ΓEv+(t) dE (6)

with

ΓEv+(t) =

∣∣∣∣∫ χ∗E(R)
(
WH+

2
[R, t]

)1
2

χv+(R) dR

∣∣∣∣2 (7)

where

WH+
2

[R, t] = WADK/PPT

[
IH+

2
(R), F (t)

]
(8)

and where χE(R) represents the wave function of
the energy normalized Coulomb Explosion disso-
ciative continuum at energy E. It is calculated
numerically using the Numerov algorithm also,
with the Coulomb 1/R repulsion as potential
energy curve. The ionization potential IH+

2
(R)

is taken here as the energy separating the 1/R
Coulomb repulsion energy potential curve from
the ground electronic potential curve of H+

2 .
At time t = 0, the system is in the ground

vibrational level of the ground electronic state of
H2, with

PH2
(0) = 1,

∀v+, Pv+(0) = 0, (9)

PCE(0) = 0,

and since the sum of Eqs. (1a), (1b) and (1c) is
zero, one can note that the total population

PH2
(t) + PH+

2
(t) + PCE(t) = 1 (10)

is naturally conserved throughout the entire ion-
ization process.

The molecular ADK (or MO-ADK) ionization
rate is given by [21]

WADK

[
Ip, F

]
= B2

0

(
2κ2

F

)ξ
exp

(
−2κ3

3F

)
, (11)

where κ =
√

2Ip, ξ = (2Z/κ)− 1, and

B0(θ) =
∑
l

√
2l + 1

2
Cl Pl(cos θ) . (12)

Z is the effective Coulomb charge seen asymptot-
ically by the electron and θ is the angle between
the laser field and the molecular axis. In the case
of linear polarization, the time dependent electric
field amplitude is given by F (t) = |F(t)|, where

F(t) = F0 f(t) cos(ωt) eθ (13)

ω is the carrier-wave frequency and F0 the electric-
field amplitude. f(t) = sin2(πt/tf ) denotes the
temporal envelope of the pulse, tf being the total
pulse duration, eθ = [cos θ ez+sin θ ex] is the unit
vector along the direction of the fixed polarization
of the field, which makes an angle θ with respect
to the molecular axis. In this case of linear polar-
ization, we will limit ourselves to the angle θ = 0,
corresponding to a situation where the molecule is
aligned with the field. In the case of circular polar-
ization, the time dependent electric field is given
by

F(t) = F0 f(t)
[

cos(ωt) ez + sin(ωt) ex

]
, (14)

i.e. the angle θ becomes time-dependent, with
θ(t) = ωt. It is to be noted that the field ampli-
tude F0 for the circular polarization case is chosen
as the one for the linear case divided by

√
2,

such that the average value of F 2(t) over an
optical cycle is identical in linear and circular
polarization. The coefficients Cl in Eq. (12) ensure
the anisotropy of the ionization by the different
weighting of the spherical harmonics-related Leg-
endre polynomials Pl(cos θ) of quantum number
l. The values of the coefficients Cl are experimen-
tally fitted in Refs. [27] and [28], and are provided
in Table 1 for both the ionization of H2 and of
H+

2 . Figure 2 shows the electric field components
Fz and Fx and their square modulus for circular
polarization along the z and x axes. The linear
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Fig. 2 Panel (a): 800 nm circularly polarized laser electric
field components along the z-axes (Fz(t), full blue line),
and along the x-axes (Fx(t), dotted red line) as a function
of time. The H2 molecular axis is aligned along z-axis. θ is
the angle between the intermolecular axis and the instan-
taneous field direction. Panel (b): Square modulus of the
linear (full blue line) and circular (dashed purple line) fields
as a function of time.

Table 1 Anisotropy coefficients Cl for H2

[27] and H+
2 [28]

l Cl for H2 Cl for H+
2

0 2.4350 4.52
2 0.1073 0.62
4 0.0010 0.03

polarization corresponds solely to Fz. The upper
panel also illustrates the angular positioning of the
H2 molecule assumed to lie on the z-axis.

In the molecular PPT (or MO-PPT) approach,
the ionization rate is given by [22]

WPPT

[
Ip, F

]
=B2

0

(
2κ2

F
√

1 + γ2

)ξ
exp

(
−2κ3

3F
g(γ)

)
×A0(ω, γ) (1 + 2γ)

−2Z/κ
, (15)

when taking into account the Coulomb correction
factor [29]. In this expression γ = ω

√
2Ip/F is

the (frequency dependent) Keldysh parameter [30,
31]. The expressions of g(γ) and A0(ω, γ) differ in
linear and circular polarizations. For the case of
linear polarization, A0(ω, γ) is given by

A0(ω, γ) =
β2(γ)√

3π

∞∑
ñ>ν

Ω0

(√
ñ′β(γ)

)
e−ñ

′α(γ) (16)

where ñ′ = ñ − ν with ν =
Ip
ω

(
1 + 1

2γ2

)
. The

sum therefore runs over the number of photons ñ
absorbed above the ionization threshold. In prac-
tice, in the numerical evaluation of A0(ω, γ), we
considered the sum (16) converged when its rela-
tive gain over an iteration was less than 10−10 of
the current sum value. In addition, we have

Ω0(x) =
x

2

∫ 1

0

e−x
2t

√
1− t

dt , (17a)

α(γ) = 2 Arsh(γ)− β(γ) , (17b)

β(γ) =
2γ√

1 + γ2
, (17c)

g(γ) =
3

2γ

[(
1+

1

2γ2

)
Arsh(γ)− 1

β(γ)

]
(17d)

Finally, in the case of circular polarization
A0 is a a function of γ only, and the expres-
sions of A0(γ) and g(γ) involved in the MO-PPT
ionization rate (15) become

A0(γ) = (1−t0)

[
γ2(1+γ2)(1−t20)

(γ2+t20)(1+t20+2t20/γ
2)

] 1
2

(18)

and

g(γ) =
3t0

γ2(1− t20)

[
(1 + γ2)

(
1 +

t20
γ2

)] 1
2

(19)

where t0 function of γ, is a real positive root, in
the interval [0,1], of the following equation [18]

Arth

√ t20 + γ2

1 + γ2

 =
1

1− t0

√
t20 + γ2

1 + γ2
. (20)

For practical reasons, it is convenient to fit t0(γ)
using a simple analytical function. Indeed, one can
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very accurately fit this variation with γ using an
eighth order Padé approximant [32] in the form

t0(γ) =

(
8∑
i=0

ai γ
i

)/(
8∑
i=0

bi γ
i

)
(21)

The corresponding fitting parameters ai and bi
are provided in table 2. We have verified that the
relative error made when using this simplified ana-
lytic expression is always less than 6×10−4 on the
interval γ ∈ [0, 100].

Table 2 Padé approximant parameters for t0.

i ai bi

0 0 1
1 0 1.97454
2 1/3 2.50994
3 6.58161 × 10−1 2.46203
4 6.29483 × 10−1 1.55840
5 4.09872 × 10−1 7.56738 × 10−1

6 1.41151 × 10−1 1.97492 × 10−1

7 9.97954 × 10−3 1.23464 × 10−2

8 1.02588 × 10−4 1.17511 × 10−4

3 Results

In this section we first justify the consideration of
the first step of the complete ionization dynam-
ics of H2, the first ionization of the two-electron
molecule, by referring to an intensity range which
allows one to separate its single and double ion-
izations. We then analyze the performances of
the two semi-classical approaches, MO-ADK and
MO-PPT, by comparing the ionization yields they
predicted to results of full quantum mechanical
TDSE calculations. We confirm through this com-
parison that MO-PPT is actually a rather good
approximation for describing ionizations both in
tunnel or multiphoton regimes. Finally, we dis-
cuss and interpret results of MO-PPT calculations
on two observables, namely the final ionization
probability vs. intensity profiles and the non
Franck-Condon vibrational distributions of H+

2 as
a function of the field intensity and polarization
characteristics.

3.1 Single versus double ionization

The laser-induced complete dissociative ionization
of H2, in a full quantum description, should con-
sider the two electrons and the two protons on
an equal footing, through a wavefunction evolu-
tion taking electron correlation fully into account
and involving both the single and double ioniza-
tion processes, together with the nuclear dynam-
ics. Such a full quantum treatment remains a
formidable methodological challenge. Depending
on the laser pulse duration and leading inten-
sity, the complete dissociative ionization dynamics
can be described by steps of increasing sophis-
tication. In particular, the two time scales of
ionization and nuclear dynamics being very differ-
ent, the possibility is offered to treat separately
the two fragmentation processes, focusing as a first
step solely on the ultra-fast ionization. Depend-
ing on the intensity of the laser, this will give
rise to single, and sequential (or non-sequential)
double ionization processes [15, 33, 34]. Neglect-
ing all vibrational wave packet evolution during
the pulse, all the ultra-fast ionization dynamics is
encapsulated in the rate WH2 [R, t] appearing in
Eq. (4) which, as stated above, is obtained within
a semi-classical approach either the simple, com-
monly used MO-ADK approach [21] or the more
complete MO-PPT theory [22].

Figure 3 illustrates how the final population,
(evaluated at the final time tf of the laser pulse),
of the initial neutral H2 molecule, PH2(tf ), that
of the molecular cation H+

2 resulting from the
first ionization, PH+

2
(tf ), and the population of the

Coulomb Explosion channel accessed from the sec-
ond ionization, PCE(tf ), vary as a function of the
laser peak intensity I. For this illustrative pur-
pose we are showing the results for a λ = 800 nm
linearly or circularly polarized IR pulse extend-
ing over 12 optical cycles, for a total duration of
about 32 fs. Results obtained by doubling or halv-
ing the pulse duration show that changing the
pulse duration only scales up or down the total
ionization probability without changing the rela-
tive populations of the different vibrational levels
produced in H+

2 . These results are collected in the
Supplementary Information.

In Fig. 3, the first ionization is observed for
peak intensities of about 1014 W/cm2, with the
precise onset intensity depending on the polar-
ization of the field. There, the initial population
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Fig. 3 Final populations of H2 (PH2
(tf ); dashed blue

line), H+
2 (P

H+
2

(tf ); full green line) and H+ + H+

(PCE(tf ); Coulomb Explosion, red dotted line), using a
800 nm (a) linearly and (b) circularly polarized field, and
the MO-PPT approach for a sin2 pulse envelope of total
duration 32 fs corresponding to 12 optical cycles (16 fs
FWHM). The vertical purple line in panel (a) indicates the
value of the intensity at which the Keldysh parameter is
γ = 1.

of the neutral molecule starts to decrease while
the H+

2 cation’s population increases up to about
0.8. It is only for field intensities typically larger
than 4 × 1014 W/cm2 in linear polarization and
2.5×1014 W/cm2 in circular polarization that the
second ionization process comes into play and
the initial state population decreases below 0.2.
Note that this onset of second ionization would
be shifted to a higher intensity for a shorter pulse
(see Supplementary Information for details). It is
worthwhile to note that this second ionization sets
in basically by depleting the population of the H+

2

cation. It is precisely in that respect that we can
at least partly separate the two (first and second)
ionization processes, defining the physical frame
for our focus on the single ionization as a dominant
process for intensities typically less than about

3 × 1014 W/cm2 at 800 nm. This thus fixes the
general framework of the present study which will
concern from now on only the first ionization of
H2.

To be complete, a few additional observa-
tions are in order: (i) For intensities exceeding
1015 W/cm2 the molecule is completely ionized
both for linear or circular polarizations. (ii) An
identification as to whether the ionization follows
a tunnel or multiphoton regime can be given in
terms of the already defined Keldysh parameter
γ. The regime with γ � 1 is referred to as the
tunnel ionization (TI) regime, where the electron
escapes by tunneling through the barrier resulting
from a field-distorted Coulomb potential. In the
opposite limit of γ � 1, the electron ionizes after
absorption of several photons, a regime termed
multiphoton ionization (MPI). The field intensity
value giving γ = 1 for the first ionization process is
indicated by a vertical line in Fig. 3(a). It roughly
delimits the two ionization regimes (TI and MPI).
For a given ionization potential and field fre-
quency, the Keldysh parameter takes on values
less than 1 for field intensities higher than the
limit indicated by the corresponding vertical line.
In other words, basically all intensities within the
first ionization profile studied here allow at 800 nm
an interpretation of the dynamics in terms of the
TI regime, where semi-classical approaches are
normally rather well adapted. (iii) Finally, linear
and circular polarizations give slightly different
results. More precisely, switching the polarization
from linear to circular, the first ionization PH+

2
vs.

I profile is shifted towards lower intensities and
acquires a narrower extension. This could be inter-
preted by the fact that for the circularly polarized
pulse, as opposed to the linearly polarized one,
the electric field amplitude does not vanish at any
time during the optical cycle. Thus, for a given
nominal intensity the circularly polarized field has
a higher fluence, and hence a better ionization
efficiency.

3.2 Validation of the semi-classical
approaches

We proceed now to a quantitative assessment of
the performances of the two semi-classical approx-
imations MO-ADK and MO-PPT with respect
to the first ionization of H2, by comparing the
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calculated PH+
2
(tf ) with that predicted by a full

quantum mechanical calculation [27, 35, 36], in
which the two-electron TDSE was solved at a
(full) Time-Dependent Configuration Interaction
(TDCI) level, using CI wavefunctions compris-
ing of thousands of configurations using Kohn-
Sham (DFT) molecular orbitals expressed in an
extended B-spline basis. The TDCI data used here
are those of figures 3, 5, 7 of Ref. [27] explicitly
marked TDCI (as opposed to SAE-CI, based on
a more limited CI expansion of the two-electron
system eigenstates, as per the description of it in
Ref. [27]). Note that this paper (Ref. [27]) assesses
the validity of the SAE by comparing SAE cal-
culations’ results with the aforementioned TDCI
results. It is the latter however that are rele-
vant here. The comparison is made for a series
of laser peak intensities ranging from 1013 W/cm2

up to 1015 W/cm2, and for three wavelengths,
λ = 266 nm, 400 nm, 800 nm. The number of opti-
cal cycles are adjusted, for each value of λ, in
such a manner as to have the same pulse dura-
tion. Both polarization cases, linear and circular,
are considered. Figure 4 displays, for the linear
polarization case, the final ionization probability
as a function of intensity on a logarithmic scale
to better enhance the large scale differences. The
corresponding results for circular polarization are
displayed in Fig. 5.

On numerical grounds, the present semi-
classical calculations are in close agreement
(graphical estimation) with those of the Fig. 5 of
Ref. [37], despite a difference in the models for the
calculation of the rate: Averaged over H+

2 vibra-
tional states in this work (Eq. 4), and taken at H+

2

equilibrium distance for Ref. [37]. We note that
for the highest frequency considered (λ = 266 nm,
panel (a) of Fig. 4) the ionization is basically in
the multiphoton (MPI) regime, as all considered
values of the field intensity I up to 1015 W/cm2

give a Keldysh parameter γ > 1. In this case, the
frequency-independent MO-ADK description fails
by orders of magnitude in producing the correct
H+

2 population, at least up to I = 3×1014 W/cm2.
The MO-PPT model is a much better approxi-
mation, and gives results that basically follow the
exact TDCI results. Semi-classical approximations
are in better agreement among them and with the
exact results for lower frequencies (λ = 400 nm,
800 nm, Fig. 4, panels (b), (c) respectively), where

Fig. 4 Final ionization probability of H2 (in logarithmic
scale) using a linearly polarized field of peak intensity I (in
logarithmic scale), as given by MO-ADK (dashed red line),
MO-PPT (full black line) and TDCI [27] (grey crosses)
methods, with wavelengths of (a) 266 nm over 36 optical
cycles, (b) 400 nm over 24 optical cycles and (c) 800 nm
over 12 optical cycles. The total pulse duration is therefore
fixed at the value 32 fs (16 fs FWHM).

the tunnel mechanism becomes progressively dom-
inant. This is indicated by the shift of the vertical
line γ = 1 towards lower intensities in panels
(b) and (c). In particular, a rather good agree-
ment between MO-ADK and MO-PPT results is
obtained at λ = 800 nm.
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Fig. 5 Final ionization probability of H2 (in logarithmic
scale) using a circularly polarized field of peak intensity I
(in logarithmic scale), as given by MO-ADK (dashed red
line) and MO-PPT (full black line) methods, with wave-
lengths of (a) 266 nm over 36 optical cycles, (b) 400 nm
over 24 optical cycles and (c) 800 nm over 12 optical cycles.
The total pulse duration is therefore fixed at the value 32 fs
(16 fs FWHM).

Although no TDCI calculations results are
available for the case of circular polarization, we
can still offer a reasonable interpretation of two
observations in Fig. 5: (i) for the three wavelength
considered, the threshold intensity for the H+

2 pop-
ulation saturation is lower for the case of a circular

polarization as compared to the linear polariza-
tion case, due to the higher fluence argument
advanced previously; (ii) the slope of the rise of
the ionization probability curve is much higher for
λ = 800 nm than for λ = 266 nm. This is due
to the fact that λ = 800 nm corresponds to the
TI regime where the ionization yield is exponen-
tially increasing with the intensity, as opposed to
the λ = 266 nm case where the MPI regime is
the leading one, giving rise to a slower power-type
increase.

3.3 Non-Franck-Condon ionization

An interesting way of presenting the results of
the integration of Eq. (1b) without the last term
on the right hand side (since we are consider-
ing only the first ionization process, ignoring the
Coulomb Explosion channel) is to plot, as a nor-
malized function of v+, in the form of a histogram,
the populations fnFC(v+) of various vibrational
states v+ of the cation, relative to the final total
population of cation PH+

2
(tf ), accumulated during

the ionizing action of the laser pulse

fnFC(v+) =
Pv+(tf )

PH+
2
(tf )

=
1

PH+
2
(tf )

∫ tf

0

Γ
v+
0 (t)PH2(t)dt (22)

This kind of plot gives the composition of the
vibrational wave packet created in the cation as it
is formed by the ionization of the neutral molecule
H2. It is often assumed that the ionization is a
Franck-Condon (FC) process, i.e. the vertical pro-
motion of the ground vibrational state χ0(R) of
H2 onto the cation electronic ground-state man-
ifold. This Franck-Condon principle corresponds
to assume that WH2

[R, t] in Eq. (4) does not
depend on the internuclear distance R. Eq. (22)
then becomes

fFC(v+) =
|〈χv+ |χ0〉|2∑
v+
|〈χv+ |χ0〉|2

(23)

Now, by the mere fact that the rate WH2
[R, t]

as described by the MO-ADK formula for tun-
nel ionization, or by the more general MO-PPT
expression, depends on the internuclear distance R
through the first ionization potential IH2

(R) (see
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Eq. 5), we expect that the vibrational distribution
in the cation does not follow the Franck-Condon
principle. Indeed, the onset of a non-Franck-
Condon behavior has been related to a sharp
increase of the tunnel ionization rate as a func-
tion of the internuclear distance R by a number
of authors [38, 39]. Such an increase in the ion-
ization rate is expected when Ip decreases, and
this is the case when R increases in the range
0 < R < 3.5 a.u which is of interest to us, hence
the relationship between Γ

v+
0 and R. Another form

of deviation from the Franck-Condon principle
has been discussed in the literature [40], and per-
tains more to the field-induced deformation of the
cation vibrational states onto which the initial
(also deformed) vibrational wavefunction of the
parent neutral molecule is projected. The ADK
or PPT ionization rates used in this work contain
the R-dependent ionization potential, and this
does contribute in part to the non-Franck-Condon
effect demonstrated therein. We also extend the
analysis of non-Franck-Condon ionization to cir-
cular polarization, and to several wavelengths
covering the TI and MPI regimes.

The R dependence of the square root of the
ionization rate WPPT, as it enters Eq. (4), is dis-
played in Fig. 6, panels (c) and (d) together with
a pair of H+

2 vibrational wavefunctions χv+(R),
with v+ = 1 in (c) and v+ = 2 in (d). The FC
distribution, fFC(v+) is given by the histogram
of panel (a), while that in panel (b) gives an
example of non-Franck-Condon (non-FC) distri-
bution, fnFC(v+), as given in Eq. (22) with Γ

v+
0

therein defined by Eq. (4) using WPPT. The distri-
bution shown in panel (b) is for the specific case
of a λ = 800 nm, I = 1.6 × 1014 W/cm2 linearly
polarized pulse.

The first general observation that can be made
when comparing the FC with the non-FC distri-
butions is that the maximum population is shifted
from the v+ = 2 level to the v+ = 1 level, the
ground v+ = 0 population increasing also with
respect to its FC value. The second observation
is that the distribution stops at a lower value of
v+ than in the FC distribution: While the FC
distribution in panel (a) extends to the last v+
level (v+ = 18) supported by the ground-state
potential energy curve of H+

2 , the non-FC dis-
tribution in panel (b) acquires negligible values
past v+ ' 10. The quantitative details of these

Fig. 6 Franck-Condon projection of the H2 ground state
on the H+

2 vibrational states v+ (upper panel a), and the
non-Franck-Condon population resulting from a MO-PPT
circularly-polarized 800 nm field of peak intensity 1.6×1014

W/cm2 (upper panel b). The lower panels display the wave-
functions of H2 ground state (χ0), together with the ones
of the vibrational states (c) v+ = 1 and (d) v+ = 2 of
H+

2 (χv+ ). The square root of the ionization amplitude cal-

culated from the MO-PPT method (W
1/2
PPT, from Eq. 15)

using a 800 nm circularly polarized field and a typical peak
intensity, is given as the solid green line, with a scale indi-
cated on the right vertical axis.

deviations with respect to the vertical FC ioniza-
tion results depend on the specific values of the
laser pulse parameters. We will give later a more
detailed discussion of how these variations with
respect to the FC distribution depend on the field
polarization. For now, it suffices to say that the
non-FC distribution that the MO-PPT ionization
model affords is more compact, more restricted to
the low-lying vibrational levels of the cation.

We can understand these salient traits of the
non-Franck-Condon distributions by referring to
panels (c) and (d) of Fig. 6. One first notes that
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a rather fast variation from almost zero to 0.7 is
observed for W

1/2
PPT as R goes from 0 to ca. 3 a.u.

This has a double effect: First, recalling Eq. (4), we
see that with respect to high v+ vibrational wave-
functions of H+

2 , it filters out almost completely
the left turning point amplitudes of this wavefunc-
tion, which normally (i.e. in the FC case) would
presents some overlap with the χ0(R) H2 ground
vibrational state, while the amplitudes of this high
v+ wavefunction found at the right turning point
lies completely outside the range of χ0(R) and
gives a zero overlap with it. The consequence is
that, from a broad vibrational population distri-
bution extending up to v+ = 18 as obtained for
the vertical FC ionization, we now have, with the
non trivial dependence of WPPT on R, a narrower
distribution (up to v+ ' 10).

The fact that this non-FC distribution is
peaked at v+ = 1 rather than at v+ = 2 can

also be understood by this rise of W
1/2
PPT in the

region where χ0(R) is peaking, though things here
depend on a rather delicate balance between var-

ious portions of the variation of W
1/2
PPT around

its value at the equilibrium internuclear distance
Re of the neutral molecule. In the interval of R
where χ0(R) overlaps well with χv+=1(R) (traced
in orange in panel (c)), i.e. on the right of the equi-

librium geometry, W
1/2
PPT is larger than its value

at Re. Thus the overlap between the v+ = 1 state
and the H2 ground vibrational wavefunction is
enhanced with respect to the FC situation. The
same thing can be said for the overlap between
the cation ground vibrational wavefunction. This
nodeless χv+=0(R) wavefunction is centered at the
node of the χv+=1(R) function just discussed and
its overlap with the H2 ground vibrational state

χ0(R) lies in the region where W
1/2
PPT is larger than

its value at Re. As a consequence, the weights
of the v+ = 0 and v+ = 1 vibrational states
are increased when using the more realistic PPT
approach as compared to the FC approximation.

The case of the vibrational state v+ = 2 is
more delicate: In the interval of R where χ0(R)
overlaps well with χv+=2(R) (traced in orange in

panel (d)), W
1/2
PPT is smaller than its value at Re

on the left of this equilibrium geometry, dimin-
ishing the contribution to the overlap there. The

subsequent rise of W
1/2
PPT in the region of the first

maximum of χv+=2(R) contributes to enhance the
(positive) overlap there. However, the continued

Fig. 7 Non-FC final H+
2 populations using linearly

(striped pink bars) and circularly (full brown bars) polar-
ized fields, calculated at a peak intensity of I = 1.6 ×
1014 W/cm2 by the MO-PPT method. The upper and lower
panels are for comparing wavelengths of (a) 266 nm over
36 optical cycles and (b) 800 nm over 12 optical cycles. FC
projections are indicated by horizontal purple lines.

rise of W
1/2
PPT past this range enhances the pre-

viously small negative overlap between the tail
of χ0(R) and the negative lobe of χv+=2(R). All
this gives a slight decrease in the overlap between

the two functions when the R-dependent W
1/2
PPT is

inserted.
A closer look at how the non-FC charac-

ter affects the lowest v+ states’ populations is
given in Fig. 7, for two values of the wavelengths,
266 nm and 800 nm. The field intensity is 1.6 ×
1014 W/cm2. The histogram with striped pink
bars is for the linear polarization case, while that
with full brown bars is for the case of a circularly
polarized pulse. The horizontal purple line drawn
at each value of v+ marks the expected height of
the population for that level in the FC distribu-
tion. We see that there is depletion of population
with respect to the FC distribution starting from
v+ = 4. The v+ = 2 population actually increases,
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but less so than the v+ = 0 and 1 populations.
There is little difference between linearly and cir-
cularly polarized fields in the MPI regime (λ =
266 nm, panel (a)). The non-FC character seems
a little stronger for linearly polarized fields in the
TI regime (λ = 800 nm, panel (b)).

In summary, the ionization of H2 within a
MO-PPT model description, enhances the popu-
lations of the lowest levels v+ = 0 − 4 of H+

2 to
the detriment of levels close to the dissociation
limit. A number of remarks ought to be made at
this point. First, although the above results were
obtained for rather long pulses, they are represen-
tative of the vibrational excitation of the cation
as it is formed, in an attosecond time-scale, as
the MO-PPT semi-classical model sees the time as
merely a parameter governing the instantaneous
value of the field under which the molecular ion-
ization is produced. Basically, the consideration of
the long pulse is irrelevant in the discussion of the
non-FC character of the ionization, as it merely
amplifies the collected ionization signal while the
non-FC character is defined relative to the total
final ionization probability, (see Eqs. (22, 23)).
Thus, the v+-state population distributions shown
here represent the vibrational wave packet of the
cation as it is formed. This absence of depen-
dence of the calculated non-FC distributions with
the pulse duration was confirmed by calculations
performed with shorter (8 fs FWHM) and longer
(32 fs FWHM) pulses at the 3 considered wave-
lengths (266, 400 and 800 nm). This distribution
is thus to be viewed as the initial state of a subse-
quent vibrational dynamics, be it with or without
an external field.

Imagine for example that the external field is
the probe pulse in a pump-probe experiment. The
outcome of this vibrational dynamics, often dis-
cussed by assuming a FC preparation of the molec-
ular ion, will be affected by this non-FC character.
In the IR spectral region, a dynamical control
of the dissociation probability can be exerted by
tuning the carrier-envelope phase of the probe
pulse, by a mechanism called Dynamical Dissocia-
tion Quenching (DDQ) [41, 42]. The non-FC wave
packet would modify the optimized parameters for
this type of control. In the UV-Visible region, an
intense probe pulse gives rise to ATD signals in
the proton kinetic energy release (KER) spectrum,
with possible signatures of Bond-Softening and/or

Vibrational Trapping effects [43]. All this depends
delicately on the content of the initial vibrational
wave packet. A non-FC preparation of this wave
packet will surely be manifest in these spectra.

The last comment to be made on these non-FC
ionization considerations is that the semi-classical
expressions of the ionization rate depend on R
only through the ionization potential, as they are
basically adapted from a theory of atomic ion-
ization. By considering the core potential as felt
by the ionizing electron as a single-centered one,
MO-ADK and MO-PPT, as well as CS-ADK,
the recent adaptation of ADK theory to complex
systems [44], ignore the LCAO (Linear Combina-
tion of Atomic Orbitals) form of the molecular
orbital out of which the ionization takes place.
A study that takes into account the form of this
potential [45], using a reformulation of the tun-
neling ionization theory [46] do reveal this depen-
dence that would further enhance the non-Franck-
Condon character of the cation initial vibrational
wave packet. Various considerations, of short-time
projections of the initial (molecular) orbitals onto
the ionization continuum, or of exact molecular
symmetry conservation in the case of ionization
under a perpendicularly polarized field [10], indi-
cate the existence of diffraction-like factors in
the exact ionization probability amplitude, the
R-dependence of which would contribute to a
stronger non-FC behaviour, in particular for a
high ionized electron momentum. This aspect of
the non-Franck-Condon strong field ionization is
yet to be explored using a more detailed, albeit
numerically exact description of the strong-field
ionization.

4 Conclusion

In this paper, we consider the dynamical process of
laser-induced strong field ionization of H2, treated
within semi-classical models which include the
internuclear degree of freedom as a mere param-
eter. We verified that for laser peak intensities
not exceeding a few 1014 W/cm2 the single (first)
ionization is by far the dominant process in the
tunnel ionization regime. For those intensities the
first ionization process can be considered by itself,
separated from the slower vibrational motions,
thus allowing us to concentrate on the ioniza-
tion dynamics. Concerning the models, we refer to
semi-classical treatments comparing the relative
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performances of MO-ADK and MO-PPT approxi-
mations. In that respect, we show that the popular
MO-ADK method performs well in the tunnel ion-
ization (TI) regime, that is for the corresponding
Keldysh parameter γ � 1, i.e. for high intensities
and long wavelengths. The MO-PPT formula is
characterized by a more extended validity domain,
at least partially covering the multiphoton ion-
ization (MPI) regime with γ � 1. As typical
examples of the TI and MPI regimes, we consid-
ered two wavelengths, one in the near IR domain
(800 nm) and the other one in the UV spectral
region (266 nm). We compared the results for the
two types of field polarizations: linear and circu-
lar. For any wavelength, the threshold intensity for
the H+

2 population saturation is lower for the case
of a circular polarization as compared to the linear
polarization case. This is mainly a fluence effect.
We also noted that the slope of the rise of the ion-
ization probability vs. intensity curve is higher for
λ = 800 nm than for λ = 266 nm. This is coherent
with the identification of the first case as typical of
the TI regime, and the second of the MPI regime.

Concerning the vibrational populations of the
ion as it is formed, we have shown that the strong
field ionization of H2 does not follow the Franck-
Condon principle, contrary to the simplified view
of an ultrafast ionization mechanism with the
nuclear motions frozen on the ionization time
scale. Indeed, in this simplified view the vibra-
tional initial state of the neutral molecule would
simply be transported vertically onto the cation’s
ground-state manifold. The deviation from a
Franck-Condon behaviour is to be understood in
terms of the R-dependence of the ionization rate,
which increases rapidly with the internuclear dis-
tance, whatever the polarization. The resulting
so-called non-FC distributions are peaked at lower
vibrational levels than the FC ones, and are more
limited in v+ range than the Franck-Condon one,
levels above v+ = 4 being only weakly populated.

It is worthwhile noting that non-FC distribu-
tions have already been experimentally observed
in the literature using a 800 nm excitation in linear
polarization, and interpreted with a theoretical
approach at the ADK level of approximation [40].
This study concluded also that the ionization pro-
cess was favoring the production of the lowest v+
levels, but the comparison cannot be pushed fur-
ther, not only because our study is performed at
the PPT level of approximation, but also because

the individual vibrational levels of H+
2 referred

to in Ref. [40] take into account the laser-induced
modifications of the two field-dressed potential
energy curves of the 1sσg and 2pσu states of the
cation. As such, the distribution is necessarily non-
FC, not because of a non-vertical ionization, but
because the distribution is one over a different
basis of vibrational states.

The study we have presented here, describing
the creation of a vibrational wave packet in the
electronic ground state of the molecular ion H+

2 ,
is a first step towards the development of a more
complete model that will take into account the
subsequent nuclear dynamics, by solving the time-
dependent Schrödinger equation describing the
dynamics of the nuclear wave packet thus formed
in the electronic state 1sσg and coupled to the
first excited and dissociative electronic state 2pσu
of the H+

2 ion. This will complete the inclusion
of a semi-classical MO-ADK or MO-PPT scheme
in the full description of the dissociative ioniza-
tion process leading to a useful observable such as
the kinetic energy distribution of protons emitted
in the dissociative continuum associated with the
asymptotic [H(1s) + H+] channel. This approach
should allow an accurate and realistic evaluation
of the low energy part of these proton spectra,
while the description of higher kinetic energies will
require the consideration of the double ionization
process leading to the [H+ + H+] Coulomb Explo-
sion occurring for stronger laser fields. Work is
thus in progress in our group to treat the complete
dynamics that can take place, from the ionization
of H2 to its Coulomb Explosion, based on a semi-
classical approach for the ionization and a fully
quantum description for the vibrational dynamics.

Supplementary information. Results of cal-
culations with varying pulse durations, as men-
tioned and discussed in section 3.1, are shown in
a separate Supplementary Information file.
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Supplementary Information

Effect of the pulse duration on the ionization probability

To illustrate the effect of pulse duration, we present here, for λ = 800 nm, the results of calculations made
for a pulse of 8 fs FWHM, corresponding to half the pulse duration considered in the main text, and of
32 fs FWHM, i.e. the double of the pulse duration in the main text. The results for the shorter pulse, 8 fs
FWHM (6 optical cycles), and those for the longer pulse, 32 fs FWHM (24 optical cycles) are given in
Fig. S8 for a linearly polarized field, and in Fig. S9 for a circularly polarized field.
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Fig. S8 Final ionization probability of H2 (in logarithmic scale) using a linearly polarized field of peak intensity I (in
logarithmic scale), as given by (a) MO-ADK (red and pink) and (b) MO-PPT (black and blue) methods, with wavelengths
of 800 nm over 6 optical cycles (8 fs FWHM; full red and black lines) and 24 optical cycles (32 fs FWHM; dashed pink and
blue lines).
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Fig. S9 Final ionization probability of H2 (in logarithmic scale) using a circularly polarized field of peak intensity I (in
logarithmic scale), as given by (a) MO-ADK (red and pink) and (b) MO-PPT (black and blue) methods, with wavelengths
of 800 nm over 6 optical cycles (8 fs FWHM; full red and black lines) and 24 optical cycles (32 fs FWHM; dashed pink and
blue lines).
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Compared with panel (c) of Fig. 4 of the main text, it is clearly seen that the ionization probability at
tf decreases (increases) globally with the pulse compression (stretching), and the saturation intensity
(where Pion(tf ) = 1) is shifted to higher (lower) values.

The effect of the pulse duration shortening or stretching on the second ionization follows the same trend,
causing a shift of the H+

2 (or H++
2 ) apparition curve(s) to a higher (lower) intensity, i.e. to the right (left)

of its value in Fig. 3 of the main text, in both the linear and circular polarization results. Fig. S10 shows
the results for the pulse compression case (6 optical cycles, 8 fs FWHM), using the same layout as Fig. 3
of the main text.
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Fig. S10 Final populations of H2 (PH2
(tf ); dashed blue line), H+

2 (P
H+

2
(tf ); full green line) and H+ + H+ (PCE(tf );

Coulomb Explosion, red dotted line), using a 800 nm (a) linearly and (b) circularly polarized field, and the MO-PPT
approach for a sin2 pulse envelope of total duration 16 fs corresponding to 6 optical cycles (8 fs FWHM). The vertical purple
line in panel (a) indicates the value of the intensity at which the Keldysh parameter is γ = 1.
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