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Abstract

For the parabolic and the transport equations whose coefficient of the first term, denoted by
b, can be in a negative Besov space, we provide a control of the solution in the Holder space C7,
v € (0,1), regardless of b and matching with the source functions regularity. We define some kind
of solutions which do not require b to be Lipschitz continuous.

For a “very weak” solution, called in the paper mild vanishing viscous, in C7, there is no regularity
constraint on b.

If b lies in a 4-Holder space, ¥ > 1 — v, we establish that there is a weak solution in a y-Holder
space.

If b is supposed to be divergence free, we obtain the same result for b having a negative regularity
in space, precisely in L* (B;foo) for 5 < 7.

Finally, if ¥ > ﬁ with a vanishing viscous condition, then the selected solution is unique. In this
case, there is somehow a regularisation by turbulence (corresponding to the Reynolds number going

to +00); the vanishing viscosity overwhelms the potential blowing up of the rough coefficients.

Importantly, as a by-product of our analysis, we are able to give a meaning of a product of
distributions. For b lying in a C7, we obtain the same condition as for the usual Bony’s para-
product; but in a weaker solution framework, the product is defined beyond the para-product
condition and even with no constraint at all in the mild vanishing viscous context. We also obtain
that the time averaging of the distributions product is y-Ho6lder continuous. These new results
happens because, in the considered product, one of the distribution is the gradient of a solution
of a Partial Differential Equation.

Thanks to our analysis, we also get a Holder control of a solution of the inviscid Burgers’
equation. Under some regularity and vanishing viscous constraint, the solution is a weak solution
and is unique in a certain sense. The vanishing viscous procedure allows to avoid the well-known
critical time of the solution built by characteristics.

Keywords: Regularisation by turbulence, Transport equations, Parabolic equations, Besov spaces, Prod-
uct of distributions, Para-product, Inviscid Burgers’ equation.
MSC: Primary: 35K40, 35J75; Secondary: 35Q35, 46E35
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1 Introduction

1.1 Statement of the problem

For a given d € N, we consider the following d-dimensional Cauchy problem:

(1.1)

Owu(t,z) + (b(t,z), Vu(t,z)) = f(t,z), (t,2) € Ry x RY,
u(0,z) = g(x), x € RY

For a finite 8 € R, we suppose that the transport coefficient, b(t,-), for any ¢t € R, lies in the
non-homogeneous Besov Hoélder space B;o’?) oo; When 8 > 0, this can be regarded as a Holder space
with negative regularity.

We first establish in this article that there is a solution u which is Holder continuous. To give
a meaning of the product (b(t,z), Vu(t, x)), we introduce a kind of vanishing viscosity solution. We
indeed consider the usual second order parabolic equations whose second order term v, called viscosity,
goes to 0,

{8tum’”(t,x) + (b (t, ), VU™ (t,x)) — vAU™ (t, ) = fm(t, 2), (t,2) € (0,T] x R?, (12)

u™?(0,2) = gm(z), x € R?,

the function b, is a mollified version of the distributional valued b, also g, and f,, stand respectively
for a mollified version of g and f. The uniform control in L*° is direct by a probabilistic representation
of the solution, see [Hon22|, or by maximum principle, this result can also be regarded as a by-product
of our analysis.

We write the solution as a perturbation of a PDE with constant components. These constants
correspond to the first order term b, taking at a freezing point throw the corresponding flow, as
done in [CDRHMI18]. However, to estimate the Holder norm, we have to distinguish two regimes, as
usual in a parabolic context, the diagonal and the off-diagonal ones. In each regime, the choice of
freezing points changes in order to get a negligible first order contribution when v — 0, or with a
time decomposition trick.

In our analysis, some singularities are overwhelmed by a small v, we call this phenomenon a
reqularisation by turbulence. As for the fluid mechanics, we are able define an associated Reynolds
number which goes to +o0o when v — 0, corresponding to a turbulence regime, see for instance
[EMRTO1].

One of the crucial consequences of our analysis is that, we obtain a first general meaning of a
classical product of distributions. Indeed, we succeed in giving a meaning of (b(¢, x), Vu(t, z)) where
b and Vu have negative regularity. This is written as a weak limit of a sub-sequence of a smooth
parabolic approximation. The price to pay in this representation is that we do not have usual unique-
ness of the limit in this rough case.

Thanks the techniques developed for the transport equation (l.1)), we succeed to extend our
analysis to parabolic equation

{atuw(t,x) + (b(t, z), VU™ (¢, 7)) — vAU™Y (t,2) = ful(t,z), (t,2) € (0,T] x RY, 13)

u™" (0, ) = gm(x), v € RY

where the condition on the vanishing viscosity is enhanced by a time cutting trick.



Importantly, this point of view allows us to establish uniqueness for the solution of transport
equation , this is somehow due to the reqularisation by turbulence.
Because the a priori estimates are independent on b, we are able to use a fixed-point argument
to handle with the inviscid Burgers’ equation
opu(t, x) +u(t,x)0uu(t,x) = f(t,z), (t,x) € (0,T] x R?, (1.4)
u(0,7) = g(x), * € RY, '

in dimension 1, see e.g. [BK21]. Importantly, again thanks by regularisation by turbulence, we deduce
some kind of uniqueness of the solution u of . Precisely, on the one hand there is uniqueness of
selection whatever the way to mollify, and on the other hand there is uniqueness whatever the choice
of vanishing viscosity; nevertheless we do not succeed to get both uniquenesses for the same solution
(which should imply usual uniqueness).

1.2 Existing results
1.2.1 On the transport equation

The Lipschitz framework is classical via the characteristic method. Indeed if b € L°°([0, T]; C*(R?, R?)),
considering the ODE X, = b(t, Xy), thanks to the Cauchy—Lipschitz theorem, there is a unique so-
lution u € L*°([0,T]; C}(R%,R)) of the transport equation (L.I). Out of this regular context, the
analysis has to be more involved.

For instance, a meaning of the equation , when the coefficients are in a suitable Sobolev
space, can be given by a renormalisation procedure developed by DiPerna and Lions [DPL&9]. If b €
LY[0,T); Wi (R4, R)) and div(b) € L'([0,T]; L(R% R)), they establish that the Cauchy problem
(1.1) is well-posed in L*°. When, b is only supposed to have bounded variations in space, Ambrosio
[Amb04] extends this result for b € L([0, T]; BVio(R% R)), div(b)_ € L'([0,T]; L(R%,R)).

For other references on transport equation in the non Lipschitz case, see for instance to [MSIS],
[Xial9].

If b is only Holder continuous then the Cauchy problem is not well-posed any-longer, see the
well-known counter-example

ba) = - ! —sign(z)(e| A R)", 7 € (0.1). (1.5)

With a multiplicative noise, Flandoli Gubinelli and Priola [FGP10], see also [FGP12] and [MO17],
establish that the following Stochastic Partial Differential Equation

diu + (b, Vu)dt + Vu o dWy = 0, (16)
u(0,-) = uo("), '
with b € L*([0,7],C}') and div(b) € LP is well-posed. Here, the symbol o corresponds to the
stochastic Stratonovich integral. This is a typical consequence of the regularisation by the noise, see
also [FE13], [AF11], [Catl6].
This stochastic approach seems to be hopeless to get uniqueness by zero limit noise selection,
indeed from [AFQ9] : if b is defined as in (1.5)), then the following equation

o +b-0u® = eVu® o dWy,
has a weak convergence of the corresponding probability P¢ towards %, when € — 0, where u
and uo are two different solutions of the associated transport equation. Other counter-examples are
stated in [Dep03].



In [CCS20], the authors show that there is b € LF . p € [1, 3], such that
o™ + by, - VU™ =0,

where b, is a regularisation of b, for d = 3, and s.t. there is no uniqueness of bounded distribu-
tional solutions when m — +oo. In [DLG22], the conclusion is the same for a compactly supported
divergence-free vector field b € L°°. To put it another way, there is no smooth selection principle by
regularisation.

Finally, let us mention [CCS22|], where the authors exhibit a first order coefficients b Holder
continuous such that the vanishing viscosity procedure from a parabolic approximation yields to
several different solutions, uniqueness fails to be true in L?. In spite of this counter-example, there is
no contradiction with our uniqueness result, stated in Theorem [3] as we only consider uniqueness in
a Holder space, defined further. The non-uniqueness seems to occur only in non-smooth functional
spaces. Then we are able to affirm that there is a selection principle by vanishing viscosity, which is
a positive answer to the question (Q3) in [CCS20].

We propose in this article a new approach to handle with the determinist transport equation
(1.1). We consider wvanishing viscous solution, see e.g. [Eva98|, which is different to the wviscous
solution introduced by Crandall and Lions |CL83] for the Hamilton-Jacobi equation. We do not
consider upper or lower solution, but a smooth well-posed parabolic equation and we take the limit,
up to sub-sequence selection, of the mollification parameter and of the viscosity.

For the best author’s knowledge, the notion of vanishing viscosity has been already used for several
classes of evolution PDEs, e.g. hyperbolic ones in [BB05], but it was not developed to establish the
regularity control of the solution of a general transport equation. Finally, with this method, we also
deduce existence and uniqueness of a Holder continuous solution of the inviscid Burgers’ equation.

1.2.2 On the parabolic equation

Historically, the first Schauder estimates associated with the parabolic equation with Holder
and bounded coefficients was proved by Friedman thanks to a parametriz approach, [Fri64]. Let us
mention also the major reference of the parabolic equation studies by Ladyzenskaja, Solonnikov and
Ural’ceva [LSU6§|. Some equivalent results can be found in a wide literature, see for instance Krylov

[Kry96] and Lieberman [Lie96].

The first article handle with unbounded coeflicient in is due to Krylov and Priola [KP10].
In parabolic and elliptic framework, they show the parabolic bootstrap through Schauder estimates.
Let us also mention [KKL75], for a first partial result in a unbounded context; when coefficients are
“merely” measurable in time is handled in [Lorl]].

In a degenerate framework, with some Hormander conditions, Lunardi establishes, in her work
[Lun97], Schauder estimates for a linear b. For a fully non-linear Holder continuous drift, b, Chaudru
de Raynal et al. [CDRHMIS8| get the corresponding controls, see also [Pri09]. To extend our result
to a degenerate chain, the principal points would be to control the regularity gain of the flow 6
associated with b through the chain which is not direct when the non-degenerate components of the
drift are distributional valued. This regularity control is crucial as the prozy density does depend on
this flow.

When b is a tempered distribution, in particular when b € Bo_o? 0o With 8 < % some controls of the
solution of are established in [DDI16] and |CC18], in order to build a “polymer measure”, an
important object to study some stochastic partial differential equations such as the Kardar-Parisi-
Zhang equation.



In [Dan07] and [BCD11], when b lies in a more general Besov space, B;g, P, q # +00, some a priori
estimates in Besov space is established for the solution of some parabolic equations. In particular,
these controls are crucial in some approach to handle with the Navier-Stokes equation.

Considering more general Besov or Triebel-Lizorkin spaces would allow us to deal with other usual
spaces in the analysis of PDEs. Let us recall some correspondences with some “common” functional
spaces: the Lebesgue space is identified by a Triebel-Lizorkin space LP = F;?,z’ 1 < p < +oo,
also we can write the functional space equality for the Sobolev space and Bessel potential space
Whp = LZ = FII)‘“’Q, 1 <p<+o00, k€N, and for the Morrey-Campanato space, see the theorem page
50 in [Tri83], it is known that Cp = Fi¥, 0 < p < 400, a > d(% — 1)4. These extensions require
to carefully introduce estimates of some new integrals, instead of point-wise controls furnished in our

analysis.

1.3 Some a priori attempts
1.3.1 Peano’s heuristic

The Peano counter-example yields a heuristic of the expected minimum regularity of b. The threshold
comes from a regularisation by noise argument, for other explanation see [Flall], and [CARM17] in
degenerate framework. Similarly to (1.5)), let us consider b(z) = sign(z)(Jz| A R)?,, v € R, and the

associated flow,

dX; . N
th = sign(X;)| X%, Xo=0. (1.7)

There are infinite solutions written, for any ¢* € [0, 7T}, by :
1
Xi = et — )= 1y (t). (1.8)
The associated stochastic problem is
dXt = 81gn()~(t)|)~(t\adt + Vth,

where (W})¢>0 is a Brownian motion. Parabolic equation is the determinist counterpart of this
SDE, where the solution is given by a stochastic representation, the Feynman-Kac formula.

There is critical time when the noise overwhelms the singular drift, see [DF14], after this time the
SDE solution fluctuates around a solution of the ODE (|1.7)).

. . . . . 1
As a consequence, we aim to compare the time scaling between the Brownian motion, i.e. t2 (the

1
variance being equal to t), with a solution of the ODE given in (1.8)), i.e. tT-a.
To take advantage of the regularisation by noise before the critical point, the condition is

which yields for a small time,

1 > L Sa>-—1
- a>—1.
l—a 2
In other words, for 8 = a = =1+ 74, 4 > 0, the expected minimum regularity of the drift is

b(t,-) € Badd = C1H7,

There are numerous articles dealing with SDE and the associated parabolic equation with very
rough drift, but in all of them there is a “macro” distance with the above Peano heuristic.

The case 4 > 1/3 is dealt in [DD16] in dimension 1 and [CC18] for the multidimensional version;
the authors thoroughly use rough path and para-control to build a polymer measure which allows to
consider a solution to the KPZ equation.

Another notion of solution of SDE, called virtual, is introduced in [FIR17], where the constraint is
4 > 1/2. Let us notice that under this constraint, 4 < 1/2, there is no hope to obtain strong solution
of the SDE, see for instance the counter-examples presented in [BC01], [Bar82).



1.3.2 On the limitation of the para-product

The last constraint, ¥ > %, appears naturally with a priori computations with usual tools. Indeed,
from Duhamel formula the solution of the parabolic equation (|1.3)) writes

N - t
W (t,3) = Pya(w) + Ghultn) + [ ds [ ot ) bul), Va5, ),

where

p(s,t,x = —1 ex — 7@ _ y!Q
Pleto29) = Am(t— )t " ( Av(t — s))’ (19)

stands for the the standard heat kernel, also

t
Y(t,z) € (0,T] x RY, Gfml(t,x) ::/0 /Rdﬁ(s,t,a:,y)fm(s,y) dy ds, (1.10)

is the corresponding Green operator, and

Pou(ta) = [ 50.t2.0)gm(0)d, (1.11)
the associated semi-group.

Let us suppose that Vu"™"(s,-) € C%, § > 0, therefore from the above Duhamel’s formula, we
should have:

T
T - V/ dS/ Bt s, 2,y) (bm(s,y), VU™ (s,y))dy € C°.
t Rd

However, from the para-product result, derived by Bony’s microlocal analysis [Bon81], see also
[GIP15], if Vu™"(s,-) € C% and by, (s,-) € C~P, such that §—f > 0 < 3 < 6 then (b, (-), Vu™"(s,-)) €
C~P. Hence, with some common computation of the heat kernel, we obtain that

T N 18
v [ s /R (15,29 (), Vu™ (5, )y = (T —1)'F
t

Also, thanks the typical equivalence of the space-time with a parabolic scaling in the analysis of the
parabolic bootstrap, see for instance [CDRHMIS], where (T — t)? ~ |z — /|, we deduce

T
vV / ds / B(t, 5,2, 9) (b (y), Va™ (s, y))dy € C'P.
t R4

Then we readily derive that 8 < 1—4, namely § < 1— 3. Combining with the para-product constraint
B < §yields 8 <1—f and so 8 < 1/2 which is exactly the same regularity constraint of [FTR17].

This heuristic shows up the difficulty to use the usual para-product in such a rough framework.
To handle with regularity 5 > 1/2, we then have to capitalise on other techniques. Specifically,
we thoroughly exploit the fact that «™" is solution of the parabolic equation , which allows to
consider cases out of the Bony’s para-product scope.

The paper is organised as following. The notations and the definitions used are gathered in Section
We bestow a User’s guide in Section [3] where we exhibit the highlights of the article. A first result
about the transport equation is stated in Section [4. We provide a discussion on the consequence in
term of distributions product in Section The complete analysis is detailed in Section Our
theorem on the parabolic equation and as well as the complete proof, are featured in Section [6] We
adapt this second result to the transport equation in Section [7} which is a substantial improvement of



the first result on the transport equation. We provide the statement and the proof of the regularity
of a solution to the inviscid Burgers’ equation in Section

We gather in Appendix some results about regularity controls on the solution of linear parabolic
of second order in Sections [A] [B] and [C} a control for the non-linear Burgers’ case is proved in Section
Also some property of the Besov spaces are developed in Sections Precisely, in Section [E] we
establish that the space C;° functions are dense in the space of multi-differentiated Holder continuous
functions. Some inequalities over the norm of Besov-Holder distributions with their derivative are
established in Section [F] Eventually, in Section [G we detail why the limit of regularised distribution
in Besov-Hélder space does not depend on the choice of mollification procedure.

2 Notations and Definitions

From now on, we denote by C' > 0 and ¢ > 1 generic constants that may change from line to line but
only depends on known parameters such as v, d. Importantly, these constants do not depend on S.
We also write, for €, > 0, the usual notation of asymptotic domination:

. L€
e E, if - — 0. (2.1)
5
2.1
We also write 0, the limit, up to some subsequence selection, under the condition ([2.1)).
£,8)—(0,0

2.1 Tensor and Differential notations

For any z € R?, we use the decomposition z = z1e; +. .. zgeq, where (e, ..., eq) is the canonical base
of R%.

We usually use the notation J; for the derivative in time ¢ € [0, 7] also 0., , k € N, is the derivative
in the variable z.

The gradient in space is denoted by V, in other words V = 0,,e1 + ... + 0. eq4.

The divergence write V- = div and is defined for any R-function f : R — R by V- f = Zzzl 0. f-

From now on, the symbol “” between two tensors is the usual tensor contraction. For example,
if M e RY@R4®R? and N € R? then M - N is a d x d matrix. If the two considered tensors are
vectors then “” matches with the scalar product which is also denoted by (-, -).

For any R? —+ R, we define the Hessian matrix D2?f = (9, 0z f)

operator Af = Zlgigd Ggif.
More generally, for any k € N, D¥f denotes the order k tensor (Dziy - Oz [(in,i)eraps- For

1<ij<d’ and the usual Laplacian

any multi-index o = (a1, ..., aq) € Nd, we write D2 f = Ogl ... 0%k f, in particular if, for i € [1,d],
a; = 0, there is no derivative in z; in the expression of DY f.
We also denote for any o = (a1, -+, aq,) € N™, the order of this multi-index by |o| = > a.

2.2 Associated Holder, Besov spaces

In this section, we provide some useful notations and functional spaces.

2.2.1 Holder spaces

For any, 8 € (0,1), || |lcsmm rey, m € {1,d}, £ € {1,d,d®d is the usual homogeneous Holder norm,
see e.g. Lunardi [Lun95] or Krylov [Kry96]. Precisely, for all 1) € C9(R™, RY), we set the semi-norm:

lolles = s = sup LB =YW

| (2.2)
(@wy)e®™)2ary 1T =Y

*we write R for R? @ R? the space of square matrices of size d.



the notation | - | is the Euclidean norm on the considered space. We denote by:
CRR™,RY) == {1 € CO(R™,R") : [|)]| poo (m ey < +00},

the associated subspace with bounded elements (non-homogeneous Hélder space). The corresponding
Hoélder norm is defined by:

||¢||cg(Rm,Rf) = 9]l co mm rey + 19| oo mm Re)- (2.3)
For the sake of notational simplicity, from now on we write:
9] oo = ”1/)|’L<>0(R4,RZ)’ [lles = ||¢||C<S(Rd,Rf)a ||1/’||c;§ = H%Z)Hcg(Rd,Rf)‘

For time dependent functions, ¢y € L>([0,T],Cg(R™,R)) and ¢o € L>([0,T],C°(R™,R")), we
define the norms:

o1l ooy == sup [lo1(t, )|l os@m ey

Lo=(CY) te0.T] Cyp (R™,R¥)

o2l ooy = sup [lp2(t,)llcs mm ey,
t€[0,T)]

[p2llree == sup |lpa(t, )| Lo mm re)-
te[0,T

The test functions for some weak formulations of different solutions will be in C§°(R%, R), which
corresponds to the space of smooth functions infinitely differentiable with bounded derivatives and
with a compact support.

2.2.2 Thermic characterization of the Besov space

We define the Besov spaces thanks to a thermic characteristic, see Triebel [Tri83] Section 2.6.4. For
all « € R, q € (0, +0o0], p € (0, 0],

] 1d’U m—_ - 1
1135, == 1o(D) oy + 155, o with | Flgy = ( /0 SRy« 9 0) " (24)

where we define the heat kernel

1 z|?
hy(z) :== Wexp (—|21|)) , (2.5)

and o(D)f = (¢f)Y with ¢ € C°(RY) such that (0) # 0, f and (¢f)Y respectively denote the
Fourier transform of f and the inverse Fourier transform of ¢ f. Note that, when o > d(% -1 =

d max(0, % — 1) then in (2.4), it possible to replace [|o(D)f|l1rwa) by ||l Lrwa)-
When p = ¢ = 400, we naturally write:

[fllga = sup 0™ 2|07 by * [l oo (ma):
P ve[0,1]

and if o > d(% —-1)4,

IfllBg, = [[fllze + sup o™ 2][8, by * [l Lo (ra)-
ve[0,1]
We carefully point out that the homogeneous term || f|| 5. does not define a norm associated to a
p,q

Banach space. To consider the whole homogeneous Besov space we have to consider v € R, in the
definition (2.4), for a < 0, see e.g. Theorem 2.34 in [BCDI11]. Somehow, for the inhomogeneous



norm defined in , the contribution of the heat kernel convolution for v > 1 is “hidden” in the
inhomogeneous term [|o(D) || Lr(ra)-

For a > 0, the homogeneous and respectively inhomogeneous Holder spaces match with Besov
space, namely C* = ngo and Cff = B, ,, see [Tri83] for details.

Our analysis tackles with inhomogeneous Besov spaces, in order to extend our analysis to the
homogeneous ones some sophisticated changes should be performed as the homogeneous Besov spaces
are a priori not Banach spaces; and we should consider the realisation of the space of homogeneous
Besov spaces as a space of distributions defined quotiented by polynomials, see e.g. Proposition 3.8
in [LRO2] to make it a Banach space.

If & < 0 then it is known that ng C BY_, i.e. there is a constant C' > 0 such that, for any a < 0,

p,q’
C
I s, < =<1l (2.6)

We also introduce the distributions that can be approached by a mollification procedure. We put
a tilde in order to mean that we consider the closure of C}° in the considered spaceﬂ Namely, for
any (a,p,q) € R x (1,+00] x (1,400 we define:

By, = clpg (CFF), By, =y, (CFF). (2.7)

Remark 1. If there isv) € C7, v € (0,1), such thatb = D), o € N¢, sob € B;o{goo with = —|a|+7,

and in Appendiz Section|E, we show that b € BOO’OO.

The last constraint on b, being the derivative of a Holder function, is quiet natural when we
consider the structure theorem of the tempered distributions S', see Theorem 8.53.1 in [Fri98]. We
recall indeed that any b € S writes b = D*) where o € Ng and ¥ is a continuous function with
polynomial growth.

Out of the Besov-Holder space, namely if 1 < p,q < 400, then B}‘,"’q = By, and ng = Bﬁq,
see Theorem 4.1.3 in [AHIG], Proposition 2.27 and Proposition 2.7/ in [BCDI11]. For more Besov
properties, we also mention [Pee76] and [JawT7].

We might consider the non-homogeneous low-frequency cut-off in the Littlewood-Paley character-
isation instead of usual mollification by convolution, as performed in the current paper, and adapt

Lemma 2.73 in [BCD11| for the space B;O?OO.

2.2.3 Besov duality

In our analysis, we thoroughly use the Besov duality. The full proof of the duality of Besov spaces is
established for example in Proposition 3.6 in [LR02] thanks to a Littlewood-Paley decomposition.

Proposition 1. For all 1 < p,q < 400 and a € R, we have for all o, € S':

| [ 0] < Capaalieling, Il
Ra p'q

withlgp’,q/ﬁ—i—oosuchthat%—i—%:l and%—k%:l.

Sketch of the proof. Let us suppose that w.l.o.g. that 1 < p,q < +oo (the analysis is identical if
we suppose that 1 < p/,¢’ < +o0). It is known that BS (R% R) and B;Z,(Rd,R) are in duality
(Proposition 3.6 in [LR02]). Precisely, By, is the dual of the closure of the Schwartz class S in B
But § is dense in By, (see for instance 4.1.3. in [AH96]).

O

The homogeneous counterpart of this result requires additional assumptions on the considered
distributions, see for instance Proposition 2.29 in [BCD11].

TAs in Proposition 3.6 in [LR02] for the closure Schwartz space, but we do not need the mollified versions of the
considered distributions to be rapidly decreasing functions.
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2.2.4 Usual tools for the Gaussian function

One of the reason to use the thermic representation of the Besov space comes from a well-known and
important result about the Gaussian function: for any ¢ > 0, there is C5 = C5(d) > 1 such that:

Vo € RY, |z)fe " < O5e=Cs Il (2.8)

Furthermore, we often use the cancellation principle: for all f € C7, v € (0,1), z € R? and ¢ > 0

v, [ ey dy—/ Vo S [f(y) - f(@)ldy. (2.9)

R4

as the Gaussian function, up to a renormalisation by a multiplicative constant, is a probabilistic

. . . |z —y|?
distribution, hence V, fRd e 2 dy = 0. Hence, we obtain,

(27ra)g

2 xr—
e 0] < et [ ey
R4 R
_ T 2
< Cv<27“7)g[f]70721/ eicwl‘ % dy
R4

= Cw[f]w%l-

The penultimate identity comes from the absorbing property ([2.8)).

2.3 Different definitions of solution to the transport equation problem

As said in the introduction, we need to carefully defined the suitable notion of solution, no strong
solution can be in a negative Besov space or even in a Holder space implying a product of distributions
which is obviously not point-wisely defined.

Definition 1 (mild vanishing viscous). A function u is said to be a mild vanishing viscous solution
n LOO([O,T]; C;(Rd,R)) of equation (L)) if for a sequence (by)men in L>(]0, T); C2° (R4, R?)) such
that there is 8 € R,

Ve >0, lim |bn =0, (2.10)
m—+00

- b”Loo([o,T};Bgo?;E(Rd,Rd))

for any t € [0,T], there exists a sub-sequence of (u™"(t,-)) yer2 lying in Cy (R, R) converging

(m,v

in the space Cg*s(K, R), 0 < & < 7, for any compact subset K C R, when v — 0 and m — +00

towards u(t,-) € C} (K,R) and satisfying, for allm € N and v € Ry,

O™ (t, ) + (b (t, ), VU™ (t,x)) — vAU™ (t,x) = fm(t,z), (t,z) € (0,T] x RY, (2.11)
u™ (0, ) = gm(x), © € RY, '

where (f gm) —>_(f,9) in 120, T]; O (R4, R)).

We point out that such a sequence (by,)m>0 exists if b € L*([0, T7; Bo_f (R4, RY)); or in particular
if b is the derivative of a bounded Hoélder continuous function but in this former case the limit result
has to be in the homogeneous space L*([0,T; BJO?OO(Rd,Rd)), see Appendix Section and
identity is implied by .

Moreover, it is important to notice that the choice of sub-sequence may depend on the current
time t. We do not succeed in getting uniform continuity in time ¢ (only boundedness in L*°), thus the
impossibility to apply a suitable compact argument, we need to consider the problem at a fixed time.
Nevertheless, for the sake of simplicity we write for the sub-sequence u™"(t,-) instead of a notation
of the kind u™#¢(t,-).

11



Remark 2. We could consider another formulation of mild vanishing viscous solution, where the
considered function is

t
w™? (t, ) —/ u™ (s, z)ds. (2.12)
0

From estimates stated in Theorem [1] below, we have that (t,z) — w™" (¢, z) lies, uniformly in (m,v),
in CL([0,T; Cg(Rd, R)), by the Arzela-Ascoli theorem, we obtain a convergence in all compacts [0, T] x
K of [0,T] x R? towards a function w € C}([0,T); Cj (K, R)).

Let us define an alternative form of solution which is a mixed version between mild and weak
solution.

Definition 2 (mild-weak solution). A function u is a mild-weak solution in L>([0,T]; Cy (R4, R))
of equation (1.1)) if w is a mild vanishing viscous solution, i.e. there is a smooth function sequence
(bi)mer, € L([0,T); Cs° (R4, RY)) such that there is B € R,

Ve >0, lim |b =0, (2.13)
m——+00

m b”LOO([O,T};B;’?OZE(Rdde))

there exists a sub-sequence of (“m’y)(m,u)eRi in L>=([0,T]; CJ (R4, R)) strong solution of [2-11)) con-

verging, for any compact K C R, in L>(]0,T7; C’;fg(Rd, R)), 0 < € < v, towards the Hélder contin-
wous u € L>®([0,T]; Cj (R%,R)) and such that for any function ¢ € C§°([0,T] x R%,R), we have, up
to a sub-sequence selection, for any t € [0,T],

im [ {ta ) + [ = Ol () + (b5, T ) (s,0) s

m—o0,v—0

¢
=/ w(O,y)g(y)der/ / o(s,y)f(s,y)ds dy.
R R Jo
(2.14)
The distributional formulation allows to give a sense to the potential irregularities of b and of

Vu»™ when v — 0, m — +00, and to consider the whole space [0, 7] x R?, the cut-off of R? required
to use the Arzela-Ascoli theorem is included in the test function .

We define now the usual weak solution.

Definition 3 (weak solution). A function u is a weak solution in L>([0,T]; CJ (R%,R)) of equation
(T1) if u is @ mild vanishing viscous solution and for any function p € C§°([0,T] x R4, R):

/Rd {s@(t, yult,y) +/0t { = Owp(s, y)uls,y) + <b(s,y),Vu(s,y)%o(s,y)}dS}dy
= /Rd @(O,y)g(y)der/Rd /OtsO(s,y)f(s,y)dsdu (2.15)

Remark 3. We cannot hope to define classical solution in our irregular context. Indeed, even if
roughly speaking Oyu + (b, Vu) is supposed to lie in LOO(C;), we cannot a priori define point-wisely
the classic scalar product between b and Vu. If b has a blow up at a point o € R? then, as u is
solution of (2.11)), limy_4, fg(b(s,x), Vu(s, z))ds is necessary finite for any t € [0,T] but we cannot
give a meaning of (b(t,zo), Vu(t,xg)) in a point-wise sense. Roughly speaking, to handle distributional
drift we have to stay in a distributional formulation of the solution.
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3 User’s guide

3.1 A first approach for the transport equation
In Section 4, we introduce a linear prozy of parabolic equation (1.2)),

{&wm’”(t,x) + (bm(t,0:,7(8)), VO™ (t, 7)) — vAV™ (t,3) = fm(t, @), (t,2) € (0,T] x R, (3.16)

™ (0,2) = gm(z), v € RY,
where (1,¢) € [0,T] x R? are the freezing parameters, and 07" is the flow associated with by, namely,

07 (&) = —bm(t,07%()), O (&) = &

From these notations, we readily write the associated Duhamel formula,
VY (4 @) = PTE g (t, @) + GT8 i (t, ), (3.17)

where P™¢ and G™¢ stand respectively for the semi-group and the Green operator associated with
, the kernel being a perturbed heat kernel and detail in Section below.

Obviously, v does depend on the parameters (7,£); but this is not the case of the initial PDE
(1.2), where we use the above Duhamel identity, based on :

U™ (t,x) = PTGy (t, @) + GT fo(t, ) + G (DR[T, €] - Vu™) (L, ). (3.18)

The core of the first analysis for the transport equation is to make negligible the remainder term
G™¢ (bg” [1,&] - Vumv”)(t,x) thanks to the vanishing viscosity v. This aim is quiet easy for the L*°
norm, by choosing the parameters (7,&) = (¢, z); nevertheless for the Holder estimates the analysis is
much more involved. Indeed, to handles with «™"(t,z) — u™"(¢,2’), we need to consider two pairs
of parameters (7,&) and (7/,¢’), whose suitable choice depends on the current considered regime:
-diagonal when x and z’ are close w.r.t. the current time integra]ﬁ -off-diagonal when z and z’ are
fare from each other. Like for the cut locus trick (inspired in Riemannian manifold when there are
multiple minimizing geodesics) introduced in [CDRHMIS].

This regime separation implies to handle with extra contributions, see Sections and
which are treated in Sections and

At the end of the day, we derive a cumbersome upper-bound

[ (t, ) o
2

142 _~) 2y (1—v) 1,4—%
< Ul + gy + OBl sy PO (2) (v 7 £ 4 S

1+ _
m y(1—7) m,v
1 +,}/CV 4 HbHLoo(B;o/?oo)”u ||L°°(C’Y)

1-92 (=9)(247) 4

+

v 4 Rl —
n . m2+h8 7||f||L°°(CW)||b||Lo<>(Bgfoo) exp (m1+6||b||Loo(Bgo§oo)t)
1-42 (A=1)C4y) 4y
2l

4Tt 2

B0 ()bl e sy 5D (bl o= c1y0), (3.19)

with for any ¢ € (0,77,

On(t) = (Tl fmllze(cn) + lgmllon ) exp (Cm 4] e ) ).

see Lemma [2 further.

Again see Section further for the full details
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Thus the Hoélder control, uniformly in (3, m, ), as soon as v goes to 0 exponentially faster than
m — 400, and v < 1.

The drawback of this approach, only based on a regularisation by turbulence, is that this vanishing
viscosity constraint prevents us to get any balance with m, in order to deduce any uniqueness; also
there is no possibility to obtain Holder controls for the parabolic equation with non-negligible viscosity
v.

3.2 A new method for the parabolic equation

That is why we develop, in Section[6] an extension of this vanishing viscosity analysis. Indeed, instead
of taking advantage of the negligible contributions of v, we look at small time interval sizes whose
machinery is similar. To be more specific, we decompose the Cauchy problem in small time intervals
Ukefon—1][Tk> Th+1] = [0, 7], with 74 = KL neN.

For k € [0,n — 1], and for any [7%, 7k+1], we define ug11(t, ) = u(t,-), which satisfies the following
Cauchy problem.

Ifkell,n—1]
{atu’;;»q(t,x) (b VU ) (t,2) = v AU (8 @) + f(t, ), t € (Thy Thos]
up (T ) = w) " (T, @) (= ™Y (1, 1)),
ifk=0
Oul"" (t, ) + (b, Vu"")(t, ) = vAu"" (t,x) + fm(t,z), t € (0,71),
{UT’”(O, ) = gm(z)(=u™" (0, z)).
By mimicking the first computations done for the transport equation, we again obtain a heavy control

lui 1 (& )l

t
< Wl [ 17 lends
Tk
1— t
145 @t (LY 7
+Om P bl] o s (Om(D) + OO 7 () | as
148 12 (TS
+Cm P On @bl ez 7 (=) T (=70 exp (bl oeenyt) (3.20)

14 _ (=) t
4OV T P o) V] e sy 50 (0410l e sy 2) = 7) 541 [,
Tk
with
OP(t) := V2" (t, )| < Cm* ™ (tl| fll oo () + laly) eXP(CmHBtlleLoo(B;oém))a

see Lemma The upper-bound in above does not match with , because we have to
change the considered diagonal/off-diagonal regimes (due to the new paradigm of small time interval
size instead of small v).

Hence, iterating this inequality yields

[ (2, )l

t
lglle + /0 1£(s. )l omds

IA

+Om1 || (Om(t) + 02 (1)) T(T)T/tds
4o Lo (BL)\&m m \L))V n 0
]

148 (TS
+Cm PO Obll v 7 () T texp (bl onyt)

e R, WU B 148 T (1g7)+1 t
+Cv T | oo 1Bl e sy 5P (1 0] e 1) () /0 ds.
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Because, the solution ™" does not depend on the number of time decomposition, we are able to pass
to the limit n — 400, and the control meet the Holder estimates for transport equation of Theorem
below, without any vanishing viscosity.

With this time decomposition, we also derive the same control as for the upper-bound derive from
the probabilistic Feynman-Kac formula or from the classic maximum principle, see Section

3.3 A second approach for the transport equation

Thanks to this new time trick, we are able to enhance our first result on the transport equation,
i.e. we obtain the same controls without the exponential convergence constraint on v, see Theorem
stated in Section [/} This alleviation of assumption allows to handle with uniqueness, in a positive
regularity framework, see Section [7.2] The above time cutting trick combined with the phenomenon
of reqularisation by turbulence yields uniqueness.

3.4 Application to the inviscid Burgers’ equation

Eventually, by a fixed-point argument and by the previous analysis, we deduce existence and unique-
ness of a Holder continuous solution of the Burger’s equation in Theorem [d]in Section [§] We carefully
detail therein the proof of uniqueness, which is little bit more fussy than for the transport equation
because of the regularised first order term b, which matches with the regularised solution itself wum,",
is not a priori supposed to converge towards a unique limit .

4 A first result on the transport equation

Our first statement is based on a cut locus trick combined with vanishing viscous properties which
allows to get a first result about the transport equation . In order to get rid of this vanishing
viscous case, namely to consider a parabolic equation and to pass to the limit of the mollification
parameter m, we need an other refinement based on a time decomposition specified in Section [6.3
further.

4.1 Statement

When b lies in a Holder-Besov space, we succeed in obtaining the same regularity of the solution as
for f and g. The type of solution strongly depends on the regularity of b.

Theorem 1 (Existence of solution to rough transport equation). For v € (0,1), 5 € R* be given.
For all b € L®([0,T], Belho (R4, RY), f € L>([0,T]; CJ (R4, R)) and g € CJ (R4, R), there is a mild
vanishing viscosity solution u € L>([0,T]; CJ (R, R)) of (L)) satisfying

T|| fll oo ey + Lglvs
T fllzes + gl zee, (4.1)

if the conditions on the vanishing viscosity 0 < v < T, for a given constant C' > 0 depending only
on (v,d),

HUHLOO(CW)

<
lull= <

N e ) T
1—~2 ’

(1=7)(2+7)
v« (mErT 2

__4
HfHLOO(C’Y)HbHLOO(B;ffOO)) 1-7% exp ( -C

2-~2 4+

A=)
v < <Cm2+ﬁ\|b\Lm(B;¢w)T B (ml”(THfHLoo(anr[g]w))(lJrHmeo(m)))

1
8m JrBTHb”LOO(BJfOO)>
(1 —7) ’

are satisfied. Moreover, with additional conditions on b, we have:

xexp | — (4.2)
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i) Incompressibility. If 5 < v and V - b = 0 then the solution u is also a mild-weak and a weak
solution.

i1) Positive regularity. If 5 < —1+ v, namely if b € LOO([O,T];C;Y(Rd,Rd)), ¥ > 1—~, then the
solution u is also a mild-weak and a weak solution, moreover if

V[ V2gmllre +v2m! ™7 <« 1, (4.3)
then, for any t € (0,T], du(t,-) € Bxa (R%,R).

Remark 4. For the mild vanishing viscous solution there is no restriction on b, roughly speaking
there is an “infinite reqularisation by turbulence” over the coefficients.

While for the usual weak solution, there is mo more such infinite reqularisation effect. The In-
compressibility framework, i.e. V -b = 0, allows to still consider a negative reqularity of b. Such
divergence free condition for non-smooth distributions already exists for instance for Leray’s solution
of Navier-Stokes equation [Ler3]).

In the last case, i.e. Positive regularity, the considered drift b is supposed to be Holder continu-
ous in space, in particular lying in L>([0,T]; Cg‘(Rd, RY)), o > 1—~ which is the Bony’s para-product
assumption, see Section below for more details.

Importantly, the above controls do not depend on the drift b. This is crucial to consider
very rough coefficients as well as non-linear equation such as the inviscid Burgers’ equation studied
in Section [§ This seems to be paradozical with the usual gradient control of the transport equation
by characteristic method, we carefully explain the reasons in Section further.

Remark 5. The exponential criterion in (4.2) relies on an a priori control by ||u™"| L=, see Section
[5.2.7 for more details. This condition prevents us to hope any balance between m and v required to
get usual uniqueness. Indeed, when we expand the computations, we see only polynomial dependency
on (m,v) in the upper-bounds. But the contribution on v goes in the wrong way, and cannot be
overwhelmed by polynomial converging terms in m, because at the best m ~ |In(v)| from .

FEven for b lying in a Hélder space, namely with a positive regularity, we cannot avoid an expo-
nential criterion like in by the current analysis, see again Section .

We fail to obtain a uniqueness of a viscous selection principle with this first analysis. Indeed in
the a priori controls of we have to suppose that v goes to 0 much faster than m towards +oo.
This constraint prevents us to take advantage of the convergence of b, towards b to balance the blow
up in the viscosity v occurring in the computation to get uniqueness.

4.2 On the product of distributions

The sense of some particular products of distributions is very challenging, and is related with many
long-standing problems. For instance, Hairer in [Hail4] introduce a regularity structure theory which
after some renormalisation allows to handle with products of distribution, and to give a meaning
of stochastic partial differential equation such as KPZ [Hail3]. However, such renormalisation leads
to blowing-up constants which is not the case in Theorem |1} the price that we have to pay is the
potential non-uniqueness of the limit.

From the different formulations above, we define different meanings of the product (b, Vu). First
of all, let us remark that by rough a priori controls, see Lemma, [2| below,
v - v 1- v
[Au™(t, )]y < 28V () || o VP () oo
< O (U] ey + laly) exp(Cm PHB] s ).

Hence, if v < Cm~ ) (¢l fll oo () + 94) 1exp(—CthBHI)HLC,O(B_;; ), implied by (4.2), then,

up to subsequence choice, vAu™"(t, -) — 0in C} (R4, R).
(m,v)—(+00,0)
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Also, for a given t € [0,T], we see from the definition of mild vanishing viscous solution, up to
subsequence choice according to the condition (4.2)), that

hm / (bm, Y (s,-))ds = g — ul(t / f(s,-)ds € CJ(K,R), (4.4)
(m,v)—(+00,0)
for any compact K C R?. We highly point out that b lies in any arbitrary negative regularity in space
L=([0, T); Bsloo (R4, RY), B € Ry, and Vu(s,-) € Bx'a (RY, RY).
In other words, thanks to the time averaging, we get a new para-product condition. Indeed, in

general from Bony’s microlocal analysis [Bon81], for all ¢ € B3} and ¢ € B2, we have

¢ € BENS? if o 4+ ap > 0. (4.5)

However, the uniqueness of the limit in seems to be false in general.

Also in the weak formulation, from Theorem (I} we obtain, if V -b = 0 and < v (regularity
condition weaker than (4.5))), a distributional meaning of (b(s, -), Vu(s,-)), but we still do not know
in this case if the limit is unique.

Finally, we point out that in the Positive regularity framework, we meet the Bony’s para-
product condition (4.5). Indeed, for any ¢ € [0,7], b(t,-) € B% o, @ = —f3, and Vu(t,) € B utl
with &« — 1+ > 0. We are able quantify the regularity, (b(t,-), Vu(t,-)) € Bo_o%;? by para—product
detailed further in Section Moreover, the time averaging version fg (b(s, ), Vu(s,-))ds in the
sense of is v-Holder. We remark, as a A (—1+7) = —1 + v then there is a +1 gain of regularity
comparing with the usual para-product result.

5 Proof of Theorem (1

5.1 Parabolic approximation procedure

Let us first smoothen the drift and the source functions of the parabolic approximation,

o™ (t, ) 4 (b, VU™ ) (t, ) — vAU™ (t,z) = fm(t, 2), (t,2) € (0,T] x R?, (5.1)
u™"(0,2) = gm(x), x € RY, ‘
where the mollified functions are defined by
bn(t, ) o= /Rd pm(x = y)b(t, y)dy,
fulta) = [ oule—u)(t i
an(t.) = [ pule =)y (52)

for p () := m?p(m-) where p is a non-negative smooth function py,, such that [p pm(z —y)dy = 1.
In particular, we choose p = hy, the heat kernel defined in In Appendix Sections [G] and [E] we
see that the limit of b,, does not depend on the choice of the mollification procedure, whereas the
limit of 4™" potentially does.

In our analysis, we use some point-wise controls of the mollified functions or distributions whose
blowing-up in the regularisation parameter m is stated below.

Lemma 1. For allm > 1, and f > 0, if b € LOO([O,T},BQO’?OO(Rd,Rd)), we have for any (t,x) €
[0, 7] x Re:
|bm (T, 7))

IN

CmBHbHLoo(Bgfoo)a

leJrﬁHbHLoo(Bo—offoo)a (53)

A
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where Vb, stands for the Jacobian matriz of b,,; also if B <0,

|bm (¢, )]

< [lbllzee
Vom(t,2)| < Cm ™ 2|b]| oo (o-5)-

Proof of Lemma[ll From the mollification definition (5.2)), we see, from (2.5), that p,, = h,,-2, and
from our scaling choice, we get for any m > 1

bt 2)| = | / B (2 — y)blt, y)dy|
Rd
<’ s @ [ s - b))
m=—2€[0,1], z€R4 R4

We readily get by the thermic definition of the Besov norm ([2.4)):
|bm(t,$)‘ < mBHbHLoo(BD—O/?OO) < mﬂHbHLoo(Bgol?oo)'
For the second inequality, it is known that for any ¢t € [0, 7], Vb(t,-) € B;{gf , see Theorem 9 of
Chapter 3 in [Pee76], in particular if 8 € (0, —1) see Corollary [6]in Appendix Section [F] Hence,

Vaobm(t,2)] < m'™P sup P / hi-2(% — y) Vyb(t, y)dy|
m—2€[0,1], z€R4 R4
_ 1+
= m PNVl s,
We deduce that there is a constant C'= C(d) > 0 such that:

9 bat,2)] < Cm bl s

see Corollary [6] in Appendix Section
The two last inequalities, i.e. for the case 8 < 0, are standard. O

5.1.1 L°° control

We have directly by the Feynman-Kac formulation the uniform control, see for example from the
analysis performed in [Hon22|, or from maximum principle for linear parabolic equation see e.g.
[Lie96].

[u™ || Loe < T[|f]lzo + llglloe- (5.4)
For the sake of completeness, we provide in Section a way to get exactly the same upper-bound
when v — 0.

5.1.2 Some a priori controls

It is well-known that the unique solution u™" of (/5.1) is smooth, see [Fri64]. Some a priori controls,
potentially blowing up with m and v, are required in our analysis.

Lemma 2. For u™" strong solution of (5.1), we have

IVt < (Tl fllzecn) + lgmllcr ) exp (Cm PHbl e s ) = Oml®),  (5.5)

and
V20 (&) < Om? =7 (E Lo cm) + [9h) exp(Cm Pl s ) = OD (B, (5:6)

also
I3 (8, ) oe < O~ (o ey + [9)a) xD(Cm P4 e s ) (5.7)

The proof is postponed in Appendix Section [A]
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5.1.3 Proxy choice

To derive the other estimates from Duhamel formulation, we approximate the Cauchy problem around
the flow associated to the smooth function b,,, which is unique by Cauchy-Lipschitz theorem. Namely,
let us consider the unique function defined for any freezing point (7,¢) € [0, T] x RY by,

o (€) =€+ / (5, 67(€))d5, s € [0.7). (5.8)
In other words, for any t € [0, 7],
007 (€) = —bm(t, 07(9)), 077(6) = €.
We again rewrite the system of linear parabolic PDEs (/5.2)),
O™ (t, ) + by (t, 015 (€)) - VU™ (¢, ) — vAu™" (t, x) = b [T, ] (¢, ) - VU™ (t, ) + fm(t, ), (5.9)

where we define
OA[T, €1t ) := b (2,077 (8)) — bin(t, ). (5.10)

For such a fixed freezing point (7,¢) € [0,7T] x R%, we use the corresponding Duhamel formula:
u™ (t, ) = PTGy (t, ) + G fin(t, ) + GTE(WR[T, €] - Va™") (¢, 2), (5.11)

where we define, for any f € CS’Q((O, T] x R% R), the Green operator associated with the perturbed
parabolic equation with constant coefficients (|5.9)),

W) € 011 xR Gt = [ [ 7SGtanfen dds, (612

and for any g € C2(R%, R), the associated semi-group

Prgn(ta) = [ 5740, 6 p)an(s) dy, (5.13)
where the perturbed heat kernel is
2
P (s, ,y) i= ————— exp < - > (5.14)
(4rv(t —s))2 Av(t —s)
We carefully point out that, from definition (5.8)), if (7,€&) = (¢, z),
m 2
~t.x 1 |05,t(w) _y‘
P(s tayy) = ——————gexp | — — r— ).
(4ru(t — s))2 v(t —s)
We have for each o € N? that there is a constant C, > 1 s.t.
lo] t ~ ~ 2
oot Culv(t—s)] 2 _ $+fs b (5,07.(£))d5s —y
D5, t.2,) L) g LA MG .
(Amv(t — s))2 v(t — s)
= C(t—9)" 255, a,y), (5.15)

and also, after the derivatives we can choose (7,&) = (¢,z), and v € [0, 1],

t
|Daﬁt,x(55t7xay)| X |y —l’—/ bm(gv Hg?T(g))d§|’y = |Daﬁt’m(8>tal‘ay)| X |y_ agft(gj)”y

lo|

Clu(t—s)] 2 T2p4%(s,t,z,y), (5.16)

IN
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from absorbing property (2.8). It also clear, for any 0 < s < ¢, that
Op™ (s, t, 2, y) = VAP (s, 8, 2,y) — (b (8, 075(€)), VI (5,8, 2, 1)), (5.17)
which naturally implies that the function ©™" defined in (5.11)) is indeed solution to (5.1]) and to (5.9)).

Finally, we will marginally use the “pure” heat kernel already defined in ([5.18]),

(s t,z,y) =p™° (s,t,x - /St bm (8,05, (£))ds5, y) wexp < — M)» (5.18)

recalling the corresponding Green operator
t
V(t,z) € (0,T] x RY, G f(t, x) ::/ / p(s,t,x,y) fm(s,y) dy ds, (5.19)
0 JRd

and the associated semi-group

Ponlta) = [ | 5(0.t2.0)90) do (5.20)

5.2 Control of Holder modulus

For any (t,z,2') € [0,T] x R? x R, we choose the associated freezing points (7,&) and (7/,¢'). Like
in [CDRHM18], we take 7 = 7/. The previous Duhamel formula (5.11)) yields

[u™ (t, ) — u™ (t, 2")]
< |GTE St @) — GTE fo(t, )| + | PTE g (t, ) — PTE g (t, 2)]|

t
pTe m — . m,v
+‘/ /de (s,t,2,y)[bm (s,@ST(g)) b (5,9)] - VU™ (s,y)dy ds

/ /R " (5,2, 9) (5, 67 () = b (5,)] - V™ (s, y)dy ds

= |G fo(t,2) — G fot, )| + [P g (t, @) — P g (t, )| + |RTSE (¢, 2, 27)]. (5.21)

However, our analysis need different choices of freezing point which yields extra contributions in the
above inequality, the final Duhamel like identity is stated in (5.62)) further.

By integration by parts, we are able to rewrite the remainder term by
RT7§7£I (t7 x’ x,)

= { / [ V075 1,2,9) o, 021(€)) = b, )™ (5,9) = u™ (s, 0, (€)ldy s
- /0 t VT (s, b2 y) - [bin(s, 07 (€)= b5, )] [u™" (s,y) — ™ (3,93(5))1@“}
/ /R (5,1, 2, Y)Y - b (5, 9) [u™ (5,y) — u™ (s, 07 (€)) | dy ds
L T b ) = 02 €y )

RTSS (¢, 2, 2') + RYSE (¢, 2, 2). (5.22)

Actually, this integration by parts is not essential, we could use a point-wise a priori control of Vu™"
performed in Section [6] However we aim to track as sharp as possible the required a priori controls in
the upper-bounds. To be more specific, we unsuccessfully tried to only upper-bound by ||u™"|| L(C))
instead of [[u™"| oc(c1y. This last value is finite but increases exponentially with m, see Lemma
This exponential blowing-up yields the limit criterion of (m,v), and prevents us to get any
balance between m and v to conclude with uniqueness of solution.
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5.2.1 Main terms

For the main contributions associated with f and g, we choose the freezing parameters to be 7 =t
and £ = ¢ = x, we choose the same parameters as in the diagonal regime specified further.

Semi-group
We readily derive by change of variables:

|P™€ g (t, ) — PTEgm (t, )]
T=tE=¢/=x

_ (/Rd[ﬁzs(o,t,x,y)—fm(o,t,xf,y)]gm(s,y)dy‘

T=t,{=¢'=x
= | [ 0.00.0) 005+ 9) — g’ + )|
[g]y |z — 2| (5.23)

IN

Green operator

We also get by change of variables:

G () = G ()|
T=t{=¢'=x

= [t = 5o ) sy s

_ ‘/ /Rd 0" (5,4,0,9)[fm (s, —y)—fm(s,x’—y)]dsdy‘
£l oo oyl — 't (5.24)

IN

5.2.2 Remainder term

To analyse the Holder modulus of the remainder term, the core of the a priori controls, we separate
the diagonal regime from the off-diagonal one, as performed in [CDRHMIS]. This strategy is natural
in view with the vanishing viscous solution selected by a parabolic approximation.

However, in the vanishing viscosity context, we have to carefully track the dependency on v which
yields, for our first approach, to consider a unusual criterion of diagonal / off-diagonal regime, unlike
for the standard parabolic scaling.

Specifically, for any x,z’ € R? and for given parameters (o, ) € R?, to be tailored further, we
call off-diagonal regime the case |[x — 2| > v*(t — )2 & s >ty with

_1 1
to:=t—v C¥2|1;—x,|0¢2’ (525)

called the cut locus time; on the contrary the diagonal regime holds when |z — 2| < V™ (t — §)*2 &
s < to.

The point ty can be regarded as a cut-locus point where we “catch” the shortest path from
u™"(t,x) to u™"(t,a’) if t € [0,tg] and we choose another way if ¢y < t. We carefully point out that
this procedure yields an extra contribution in , this is detailed in Sections

We specify in Section [5.3.3| below why it is possible to choose different freezing parameters for the
remainder term according to the current regime; meanwhile the semi-group and the Green operator
dealt in Section has somehow to stay in the diagonal regime.
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5.2.3 Diagonal regime

_x B
If|lz—2| <vM(t—s)2 < s<ty=t—v °2|z—a'|2, the points x and 2’ are supposed to be closed
from each other, then we pick £ = ¢’ = x, also 7 = ¢, then we define the associated space

Az, 2’ v, t)(s) == {|oz — 2| < v™(t — 5)*2}, (5.26)
with the indicator function

1 Lif |[o —2/| < v (t — s)*2,
Aty () 1= 0if | — 2| > v*(t — s)°2,

also the associated remainder terms
t
R71—f47€ (t,.ﬁlf, .’L'/) = /0 ]lA(x,x’,V,t) (S)
L (757t - (o B2) = o0 (0™ (5,0) = (5 632(6))

=V (5,1, y) - (b5, 05-(€) = bin(s,9)) (W™ (s,y) — u™ (SaGZ"T(é")))}dyds,

and,

t
Rgfdg (t7 x, fL'/) = /0 ]lA(x,:c’,V,t) (S) Ad |:ﬁ77€(37 ta €z, y)v : bm(S, y) (um»V(& y) —u™ (87 9;”.,.(5)))
—p7 o (5,8, 2", y)V - b (s, y) (u™ (s,y) — u™" (s, (9277(8)))} dy ds. (5.27)

Let us remark that, if ¢y > 0, we equivalently write the above terms by

RSE (1,2,2) / / [T 1) (o (5,6() = b, ) (4™ (5,9) = u™ (5, 67%.€))
€(s,t,2',y) ( (5, 025(€) = b, >)< “(s,y) =™ (5, 00(€)) | dy ds
= v-éav§0{< = ) (W™ = ™ (L 07H(9))) (1
v Gtot{ ) — by (™ —umw(-,e?j;(g')))}(t,x'), (5.28)
and by

R3S (¢ 2,2)

to

[ [ eV b @ (s, = (s, 02.0)

0 R4

=57 (5,50 )V - b (3,) (0 (3, ) = ™ (5,07 (€1))) | dy ds (5.29)

= GEE Vb (™ = (L 0(€) () = GRSV b (0 = W (L0 () (1, 2).

7676'(

Remainder term R} (t,z,2/)
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By change of variablesﬁ, we directly get
533 /)
RYSE (62,2 oy e
‘/ ]lA:cx Wyt) S VﬁT’f(s,t,O,y)

{ (b (5, 02(€) = bl 2+ 9)) (w0 (5,2 + ) — u™ (5,05, (€))

)
=t £=E'=z

—(b (8,05:(£)) — bin(s, x + y)) (um’”(s,az' +y) —u™" (s, 9;”7(5)))}dy ds‘

by parity of the Gaussian density, specifying that

2
. J5 b(5,652(€))d5 — y
p’ﬂs,t,O,y)zMexp(—‘ w(t—s) ‘ );

and expanding the terms above, gives us

|RT7£7£ (t T l’l)H s

\/ Laarw(9) Vﬁ“f<s,t,o,y>-{b (5,07-(6)) (u™" (5,2 + y) — u™(s,2" +y))
+ (b (5,2 +y) — b (s,x’+y>) u™" (s, 077, (€))

+bm (s, 2" + y)u™" (s, 2" +y) — b (s, 7 + y)u™" (s, x + y)}dy ds‘

)

T:t7£:§/:x

and putting together the corresponding contributions

7575,
|RI,A (t’ L, (L’/) ‘ ‘T:t@:f/:x

t
= ‘ /0 ]lA(a:,m’,V,t) (5) R Vﬁﬂﬁ(s’ t,0, y) ’ {b (87 03 T(é)) (um,y(57 T+ y) - um’V(S, r + y))

+(bm(s,$—|—y) —bm(S,iU,—i‘y)) my(s,eng(g))
+(bm(s,x’+y) —bm(s,x—i-y))u (s, 2" +y)

b (s, + ) (W™ (3,2 + y) — ™ (s,0” + ) fdy ds|

T=tE=¢'=x

We finally get
IRYSE (6w | e
‘// ]lez Vt Vp 7E(Stoy)
Rd
{(bn(5.02(€) = bun(5. 7+ ) (™ (5,0 + ) — " (s,2” + 1)) (5.30)

+ (b (s, 2" +y) = bn(s, 2+ y)) (W™ (s, 2" +y) — ™" (5,07.())) }dy ds‘

9

T=tg=¢'=x

$Specifically, we choose the new variable y' =y — z.
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hence by gradient control (5.15)),

RS (G )] e

IN

t
Cla —x/|!mele(01)Hum’”llLoo(CI)/0 L2t (5)

_1
x / ((t = ) 27 (s,1,0,9) x (107 (x) — @ — y| + 07 (x) — 2’ — y|)dy ds
Rd

Clz = &' |bm |l oo (ony [u™ | oo (1) (5.31)

IN

¢ _1
X /0 ]lA(:E,:E’,V,t)(S) /Rd (V(t - S)) sz,ﬁ(S’t’O’y)(|9g??T(x) —T— y| + |$/ - I‘Ddy ds

T=tE=€'=c
where we recall from ([5.15)) that

—T C f b S, S ,T ) dS Y
(a0 = —C e (= 5
(4rv(t — s))2 4V(t —3)
and by Lemma [2}
[ (¢, e < (Thfmllzeiery + lgmlier ) exp (mPtbll o s, ) = Om(®): (5:32)

For (1,&) = (t, z), recalling that f; b (3, 05,4())d5 = 07, (v) —z, and by absorption property (2.8,
we deduce

7&‘76’
|R‘1F»A (t’ Z, (L‘/) | ‘T:i,fzflzx

IN

t
_1
C’x_x/Hb||Loo(B;o/?’oo)m1+BOm(t)/0 ]lA(m,x’,V,t)(S)(1+[V(t_s)] 2|.T—:C/|)d8
< C e =7|1p 180, () [ (¢ — 5% (1 1 3 (t — s)voi(t — 5)°2)d
< Cla =@ P00l ey g POm (@) [ (6= )07 (L w72 = )30 (1 = )" ) ds,

because in the current diagonal regime, |z — 2/|*=7 < v (=7 (¢ — g)@2(1-7),

If (1—7)ag > —1 and (1 y)ag—%+a2>—1©a2>—2(271_7)>—11 > —1, the above time

1—y
integral is finite, and after integration,

IRTSE (1,2, 2)| (5.33)

T:t7£: =
< Ol = 2"|bll o gs_ym* P Om(t) (u“1<1—7)t1+(1‘7)“2 + u—%+a1<2—7)t%+“2’(2—”>.

To consider vanishing viscous, it is necessary to have ay(1 —7) > 0 and -3 + a1(2—7) > 0 &
a1>ﬁ>0f0rfy<l.

To sum up, we consider the constraints

oy > ——— (5.34)

agvél(

Remainder term R}%* (¢, z,2)
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Also by change of variables and by similar computations as for the first remainder term RI:E{E/ (t,z,2):
RESE (2| oy ey
= | [ Stwrar®) [ 780,007 b+ ) (07 s +) = 5,0 00) oy s
[ i 6) [ 57 5t0.007 ) (7 9) =™, ) |
= | [ St [ 576800 {F bl ) 0) " 5 44)

+(V - bm(s,z+y) =V -bm(s, 2" +y)) (™ (s,2 4+ y) —u™" (s, 00 (x )))}dy ds

t
< C!fﬂ—l"l(HmellLoo+HmeIILoo(CI))Hum’”llLoo(CI)/0 LAz, 0,1 (5)ds.

Next, we obtain from and (| -,

R3S (1.2, x'>||T:t,§:£,:x

t
< C|ZC - x/|||bHL°°(B;o?OO) (mH_ﬁ + m2+ﬁ)0m(t) A ILA(ac,ac’,u,t) (8)(1 + [ (t - S)])st
By assumption of the diagonal regime, we get

|RYSE (t2,2')]|

T=tt=¢'=x
t
< Clo=a v ] sy (' +m? ) O (1) / (t — )20 (1L + [p(t — 5)])2ds
0
< Oz — /Py ngltaz(= Hb”mB 5y (m"7 +m* )0 (), (5.35)

for vt < vT < 1. The above inequality satisfies the vanishing viscosity analysis if ozl > 0 and if
og > ﬁ which is already required for the first remainder (because 0] > 0 and 227 7) > 1= V)

5.2.4 Off-diagonal regime
_a 1
If |z —2| >v*(t—s)*2 & s>t —v 22|z —12'|*2, we recall the corresponding cut locus time
_o 1
to=t—v 2|z —a'|w.

In this case, we choose as freezing parameters £ = x and £ = /. In the off-diagonal regime, the
associated space is
A(z, 2 v, t)(s) == {|z — 2!| > v (t — 5)*?}, (5.36)

the indicator function

Lif | — 2| > v (t — s)*2,

14 'y s)=1—-1 'y S) =
Ac(za!, 7t)( ) A(z,x!, ,t)( ) {0 if |l‘—.%‘/| Sl/al(t—S)OQ,

and the associated remainder terms are

= RI’E’g (t,z,2') — Rfffl (t,z,2")

= [ (@) [ [V 200 - (5,02 €)) = bra5,0) (47 5,9) = 0™ (5, 67()
0 R
V5 (s, ,2',9) - (b (5,02 (€)= b)) (u™ (5.) = ™ (5,022 (€1))) dy s,
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and

R;’if (t,z :1:) = R;,g,g (t,asja:') - R;:éA’g (tjx,x/)

t

— [ @) [ [t 5) T b 0) (57 59) = 0 (5, 074(9)
0 R4

_ﬁT/7£/(37 t, [Bla y)v : bm(37 y) (um,u<s7 y) —u™ (3’ egn‘r(é-/)))} dy ds.

Like in the diagonal regime, we also rewrite the above remainder terms

RTSE (t,2,2")

VT (5,8, y) - (bin(s,67.(€1)) — bm(svy)) (um”’(s, y) —u™" (s, 0; T(é-,)))]dy ds
= VG (om0 — b (w — um jib.r

£)))
V- G (b 075 (E) — i) (™ — (0 (5)))}( 2,

/t Rd VﬁT’f(s,t,w»y) (b (s,00(6)) — bn(s,9)) (u™ (s,) — u™"(s,07(€)))

(5.37)
and
RySE (t,a,a)
/t: /Rd [ﬁﬂf(s,t,x,y)v (5 ) (4™ (5, 17) — u™ (5,67 (€)))
=7 (2 YV bl y) (W (s, ) — ™ (s, 92@(5’)))} dy ds (5.38)

= GV b (0™ = ™ (L 07(9)) () = GRSV b (™ (07 (€) it ).

Remainder term R}’ if (t,x, )

By triangular inequality

7&‘7&’
|R71—:Ac (t’ z 1’/) ‘ }T:t,fzx,f/—az

1
< 20 |b | o) 167 || ey SUP / / ot — ) P (s, 1)y — 07 () dy ds.
wGRd to R4

Next, by absorbing property of the exponential (2.8)) we get

[RTSE (82, 2))|

2

t
1+ﬁ )
T=tf=1,¢'=a' < Cm ||bHLoo(Bgoffoo)||umVHL‘”(CV) /to (V(t_s)) ds

mith

1 ol
< 3 _ my| i y1+2
= 9 +,YCV2 HbHLoo(Booffoo)Hu oo (o) (t —t0) 2

Eventually, by definition of the cut locus time (5.25)):

755 / mlJrﬁ m,v +
BESE aaeee € g OVR Bl sy ™ ey (0 = 75)
m1+6 1-cal2t) m,v 2
i L P L P e ke

(5.39)
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Hence, we have a second constraint to be satisfied:

2+
2042 ’
2
0 < Y_u+7)
2 20[2
In particular, the parameter ao is then determined by ag = 2;—77

Remainder term Rg’%l (t,x, )
We also derive by triangular inequality,

|RYSE (8, @,2')]|

T:t7£:x7§/:xl

(5.40)

t
< ’ /0 ]]-Ac(a:,m’,l/,t) (‘9) /Rd pt,w(s’ t 07 y)v ’ bm(sa x+ y) (um,I/(S’ T+ y) - umﬂl(s’ 9?&(1’)))6&/ dS)

t
-1—‘ / ]lAC(x,g;',y,t)(S)/ P (5,1,0,9)V - by (s, 2"+ y)(um’”(s,x/+ y) —u™" (s, Ggflt(a:/)))dy ds‘
0 Rd

t
< 20|V bl 0™ i) [ A = 9]
to

by similar absorbing arguments previously performed; and finally

1+B v a1 (2+

/ m ) 24y
IR 0wy mmgrmar < Ty OV Wl 0™ el =o',

which yields the same constraints as (5.40)).

5.2.5 Sum up on the constraints on a1, as

Recalling from ({5.40))

2+
Qg =
2y
v o oai(2+7)
0 < 222l
2 2042 ’
and from (5.34]), that we recall
S 1
a1 _—
2(2—-1)
S 1
a9 -
2(2-19)

the second inequality above is satisfied by the choice agy = 2;—;’ >0> —2(271_7).

Next, combining ((5.42) with (5.43):

.
— < < —.
22—7) -T2

This is possible if
1<2—7 & v<1,

which means that there is no possibility, with our strategy to obtain any Lipschitz control.

Furthermore, we also need to suppose that
1

o < —.
13
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5.2.6 Choice of o3

Finally, we calibrate o such that the “worst” contribution of v in the diagonal regime in ([5.33)
matches with the off-diagonal one in (5.39)), namely

1 7 a2+7)
_- 2 =2 ="V
9 +Oél( 7) 9 20&2 ’
as 1 — %‘;"Y) = 7 — a7, we deduce
1
o = 44-7_ (5.46)

We point out that the constraint (5.45|) is indeed satisfied.

Let us detail that, with the choice (5.46]), the conditions in (5.44)) are satisfied, namely that
y(1+v)
5oy < T a
first inequality, we equivalently need to have I'(y) := (2 —v)(1 4+ ) > 2. Differentiating this function

readily gives I'(y) = =1 — 7+ 2 — v =1 — 2y, hence inf ¢ 1) ['(7) = minyego13 I'(7) = 2.

< 3, the second inequality is direct as HT'Y < 1 for any v < 1. In order to prove the

1 24y
Remark 6. The condition to get a diagonal regime is then |x — x'| < V#(t —5) 277, which differs

from the usual parabolic scale where (o, ag) is replaced by (%, %), but recalling that ay = % s not

allowed in (5.45)). We do not seek for any parabolic bootstrap of regularity, unlike [CDRHMIS], our
goal is above all to control as sharp as possible the dependency on v.

5.2.7 Comments on the necessity of using the norm |u™"

| Loo ()

At this stage of the proof, we can justify why we upper-bound by the blowing-up term ||u""|| Lo (c1)
in the diagonal regime, which is overwhelmed by the viscosity v but prevents to get uniqueness, see
Remark [5) instead of the well-controlled ||u™"|| oo (-

Let us rewrite one of the term of R;’i’g (t,z,2') in r.hs. in (5.30),

t
’ / Vﬁﬂg(&tvoa y) : (bm(‘g?x, + y) - bm(S,LL‘ + y))
0 JRd

(™ (s,2" + ) = ™ (s, 0, (€)))dy ds|

T=t,£={'=x
t
1
< Clo=allbulmen [ 105 )ler [ vl = 14575, 8.0.5) x 102:6) = o' = yPdyds
/ ! m,v =1 -1 "y
< Clo = 2'|llbmll (e /O ™ (s, Ve (It = )% + [v(t = )] F|e = 2/|")ds
t
< Ol PUm ] eyt [ ™ (s, s
00,00 0
w(t — g) ez ([u(t — )T 4 vt — 8)] B (¢ — s)aﬂ)ds
1+8

= Clo =2 |bll poe pzrym
t

X / [u™" (s, )llcn ((t _ g)Ammast gt (-t | pa—g S>W%)ds'
0

Then the required, assumption on parameters is for this control (from the second additive term above)

> !
—. « R
27 2 27

which combined with the constraint on the off-diagonal regime ([5.40)) is absurd.

o] >
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We could consider the case oy = %, but this case yields no viscosity contribution and makes
the previous upper-bounds blowing up with m (except for the usual framework, i.e. for b Lipschitz
continuous); there is no possibility to obtain a regularisation by turbulence for such a choice.

If we suppose that b is y-Holder in space, in order to avoid any blowing-up in m, from , we
are able to write

75’6’
[RYZ (el s

t

< Clo=a b= | 1G5l

—i_7 m
L St = )57 8.0, % 02 a) ' = gy s
/'y t m,V ol _1 /1y

< Cla =2/ [bll= (e /0 L sy (&) [0 (s, e (It = )T + [v(t = )] 3o = o/|")ds
t

< Clo=ablumcr) [ Va5,

([y(t — s)]WT_1 + l/_%(t — s)_%uo‘”(t - 3)0‘27> ds,

which goes to +0o when v — 0, except if v = 1. In other words, we need to consider the norms
[bm | oo (1) and [[u"™"[[ oo (1) on the one hand to smoothen the blowing-up in v and to get a suitable
control by |z — 2’| which allows to overwhelm v in the diagonal regime.

Again, we could rewrite the analysis performed before this current section without doing an
integration by parts in (5.22)), and by upper-bounding with [[Vu™"|| . We choose to keep this
separation of the remainder term defined in in order to track precisely where the regime helps
us to overuse the suitable a priori regularity of u™" in L>°([0,T]; C} (R%,R)).

5.3 On the discontinuous choice of freezing parameters

Let us carefully point out that even if the solution u™" does not depend on the corresponding
freezing parameter &, the choice of £ in this section does depend on the current time variable of
integration s.

Therefore, like for the approach developed in [CDRHM18], the cut locus time yields an additional
contribution.

5.3.1 Consequence for u™"(t,z’)

Previously, in the Holder norm controls, we considered two points (z,2') € R? x R?. Let us specify
how to write the solution u"™" (¢, 2") with the different choices of freezing parameter ¢ depending on
the time variable of integration s. To do so, we first rewrite the theoretical representation of the
solution where the initial time is r € [0, 7], and the initial function is replaced by u™"(r, 2’),

u™ (t,2') = PPV (r ) + G f(t, ), (5.47)

where Pﬁ’” and G:?t’l’ stand respectively for the semi-group and the Green operator associated with
the Cauchy problem

O™ (t, ) + (b (t, ), VU™ (t,x)) — vAU™ (t,z) = fm(t,2), (t,2) € (r,T] x RY, (5.48)
u™(r,x) = u"™(r,x), T € R<. '
We also write
u™ (t, ) = PTEU™ (1)) (8 @) + GT8 fin(t, o) + GTE (WR[T, €] - Va™ ) (¢, z), (5.49)
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where the operators are defined by

t
W(t.o) € O.T) % B GFf(tn) = [ [ 57 Gsuta) (s p)dyds, (5.50)
r JRd
and
P,T’ggm(t,x) = /Rd ﬁT’g(r,t,x,y)gm(y)dy. (5.51)

Let us recall the definition of the transition time
a1 2+
to:=t—v a2[w—x!°‘2*t—u 2(2+7)\m—x|2+7 (5.52)

e 1
Iftg <0t <v °2|z—a'|2, the off-diagonal regime is in force, then we pick &’ = 2’ and there
is no intricate choice of the freezing parameter.

_a1 ER
However, if tg > 0 <t > v 2 |z—2'|*2, we need to be more subtle to handle with the dependency
on s for the value choice of ¢ € R%. From now on, we suppose that ¢ty > 0.

We next differentiate W.r.t. r
0= 0, (PTSu™" (r,)) (t,2") + 0,GI% fn(t,2") + 0, GTE (BR[r, €] - Vu™) (¢, ). (5.53)
We integrate the variable r between [to,t] with the prozy parameter & € R?,
0 =u™(t,a) — [P w™ (to, )](t,2') = G fn(t, ') — G (BR[7, €] - Vu™) (¢, 2),
which yields for ¢ € [to, T
U™ (ta) = [PEE U™ (t, )|t 2) + GRS fnt,2') + GLE (DR [7, €] - Vu™) (¢, 2). (5.54)

Next, we integrate in time between [0, o] with a different freezing parameter ¢ e R,

0 = [Br€um(to, )](t,2) — BT g (@) + T fun(t,2') — GTE fint, )
+G7 (bR, €V m”)w) Gos (BR[7, & - Vu™) (¢, 2).
Hence,
W™ (tal) = [PIS W™ (to, )|t 2) + GRF f(t,2) + @ZE(K‘[ L€ Vu™) (¢, 2)
— [T (0, () + BT g(@’) — GEE fn(t,2) + G fn(t, 7))
—GTE (WRI7, €] - Vu™) (¢, 7)) + GFE (R [T, €] - Vu™) (¢, 7).
Defining
tl
Wt ) € (0.0 < RY CTf fltin) = [ [ 57t sy s, (5.55)
r R4
we write
Wty = [PESu™ (t, )] (E @) — [PRE W (to, ) (¢, ) + G“ﬁ’fma )
+GT’5’ (bR[7, €] - Vu™ ) (t,2) + BT g (') + Gt €y (1)
+Go5 o (bg” [, &) - Vu™) (t,2'). (5.56)

There is an extra contribution [Ptg’ﬁlum’” (to, )] (t,2") — [p;’slum’”(to, I)](t, 2") due to the discontinuous
freezing choice, the other terms match with the ones appearing in the above computations.
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5.3.2 Extra contribution [Ptg’glum”’(to, Nt z") — [Pto’g ™Y (to, )](t, 2)
Thanks to a change of variables, we readily obtain
[P ™ (b0, )¢, ) — [P u™ (0, )] (8, 2')

= [ ot oy = [ 57 ot ) o, )y

= /de"(to,t’;g”y) {um,V(to,qu/tb (3,08 (6/))d§)dyum7”(to,y+/t bm (8, 05 (f )ds))]dy7

to to

recalling that p(tg,t,2’,y) stands for the usual heat kernel defined in (5.18). Therefore,

)[Ptf u™ (1o, )] (1 x’)—[P;’f’umv%to,‘)](t,x/)

IN

™| ooy / b5, 67 ()) — b (5,67 (€)]ds

IN

[ || Loe () 1bml| oo (o) /t 07 (€') — 02, (&) d3.
0

Additionally, we get the a priori control for the flow.

Lemma 3. For all (z,2') € R xR and 0 < s <7 <T:

sup (07 (2) — 07 ()] < | — 2] exp ([bml| Ly 7)-

The proof is postponed in Appendix Section [B]

We then deduce for (7,&',€") = (¢, 2/, z) that

[P (1o, )], 2') = [P ™ (1o, )] (1,2

(T’g/ 75/):(t7x/ 7w)

IN

t
|um’”llLoo(cl)HbmllLoo(cl)/t |2 = '] exp (|[bm | Lo (o) d5
0

IN

[u™ | Lo (1) [1bm| oo (c1y l2 = 2 [(E = to) exp ([[bml| Lo (c1)t) d3.

Recalling that, see Lemma

IVt e < (Tl fmllzecn) + lgmllcr) exp (Cm b e s ) = Om().

Therefore,

[P (b0, )]t 2) = [P w™ (t0, (1, 2')|

(T)gl’él):(t7ml’x)
< m1+ﬁ0m(t)||b||Loo(Bgfoo)‘x — x/|(t —tp) exp (HbmHLoo(Cl)t).

Because |z — 2| = v (t — ty)**, we get

[P um™ (to, (k) = [P ™ (1o, )] (¢, )|

(r€'&)=(t, )

< o= 2 PO OBl s P — 1) e ([ e o).
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As we have supposed that ty > 0, it follows that

1P Gt (k') = [P ™ (to, (8,2

(1. ,&)=(ta x)
< t(l_y)aﬁ_l‘l‘—x/|’ym1+’30m(t)HbHLw(37B )U(l Mot exp (mHBHbHLoo(B*B )t). (5.59)

Taking, the choice ([5.40|) and (5.46)),

(01, 9) = 14+~ 247
1,&2) — 4 ) 2’7 )

we finally derive,

(PR (to, ) (8,2') — (B (0, )]t )

(r€ &)= (t,' x)
142 (- v)(2+7)+1

< vt [ = &/ PO (O] e =y 5D (bl o (c1))
1-42 (1= W)(2+’Y)
= y it “!w—x’\'ym”’BOm(?t)W’HLoo(B;o{*oo)- (5.60)

From definition of O,,(t) in , we obtain the vanishing condition

1+8
A=Nty) g 4 m bl oo p=p 1
2 +1) 1-72 exp ( -C L% (Bes.o0) ) (5.61)

1+58—
v (m T T

5.3.3 Justification of the freezing point change
For any (t,z,2') € [0,T] x R x R? and (7,&,£,€') € [0,T] x R, we write from (5.56),
Wt w) = u (G a) = [Pt ) = P g (t,a!)] + [GTS fn(t @) = GTS it )]
+ G35 mlts) = GER ft )]
+ [Gto ORI €] Vum () — GRS DR 7, €] - V™ (t,x’)}
+[GS’§O [bR[r,€] - Vum™](t,2) — Gy, [V [r, €] - Vum™] (t,x’)]
P um (to, ) (8 ') — [BRE u™ (to, )] (¢, 2.

Because the Lh.s. of the first equality does not depend on (&,&’), we can get the infimum over these
freezing points, namely

u™? (t, ) —u™Y(t, )

=t [P gn(0) — P gt )]+ [T It ) — G )]
£¢,¢€R

G ) = G 1)
GRS PRI &) Tum],2) = GRS R € Vur] )
+ ]G5, BRI €] - V] (@) - 63 PR €] Va8, 2]

+WTWHmﬂmw—mfwwmnmw}
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However, we aim to control the source functions term only in the diagonal regime, see Section [5.3.5]
below for details. We rewrite,

(G (@) = GLS fm(t2)] + | GRS fn(t2) = G fn(,2')|
=[Gt 2) = G ()] + [GEF Sl 0) = GT fnlt )],
and,
u™ (t, ) —u™" (t, )

= inf [P g(ta) = P gu(t,a)| + [GTE fult w) = 67 fu(t,a!)]
57&-/75/6R

+ |G fn(t,7) = GF it )]
GRS DRI €] V] (@) - G5 R [ €] V] (¢, 21|

+[GE, DRI €] - V] (k) - GFf DR, €] Tu (1,2

+[Pt7(-)£ i y(to’ )](tv :LJ) - [ptg’g/um’y(th ')Kta $/)}’ (5.62)

because, from definitions ([5.28)), (5.29)), (5.37) and (5.38]), we have GT’glfm(t,a:’) = Otofm(t x') +
CTE fult, o). N

Hence, taking (7,£,¢,¢) = (t,w,x/Z x) yields the previous terms already controlled plus a new
extra contribution [égf; fm(t,2") — Ggf; Tm(t, x’)} :

5.3.4 Control of the new extra contribution [Ggf(;fm(t,:c’) — Gg:f;fm(t,:c’)]

This last extra term is tackled similarly as the first one, see Section [5.3.2

[GEf fnlt,a') = G35 fnlt,2)]

/Ofo /Rd (s, t,z',y) [fm(s,y +/$ m(3,00°(€))d3) — fi(s,y + /Stb (3,07 (f/)d§))}dy ds.
We readily obtain,
GE fn(t ') = GTF, fn(t, )
il [ | [ om0 — bn(5, 02 @] s

to _
< iz ol ey /0 / 67 (€) — O (€)|d ds.
S

IN

A

Again, we use, for any (z,2') € R? x RY, the control of the flow,

sup (07 (2) — 07 (a)] < |o — 2| exp ([bml| L (cy7), (5.63)

see Lemma [3
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We then deduce for (7,&, &) = (t, 2/, x) that

G (1,2 = G5, fnlt, )|

(r€&)=(t,2 @)

to
Hfm||Loo(Cl)Hbm||Loo(CI)/0 / |z — 2’| exp ([[bm|| oo (c1yt) d5 dis

1 -
iml ’yHfHLOO(C’Y)mH_ﬁHbHLoo(B;O[foo)’x - x/‘tz exp (ml+ﬂ”b"Loo(B;O{*oo)t)' (564)

From the definition of tg in (5.25)), |z — 2| = v (t — t9)**, we get

IN

IN

G5 fm(t,a') = G5 fn(t,2)

(r€'&)=(t, @)

(1=v)a14(1=y)az+2
v t _
m? e 7HfHLDO(m)Hb”L‘”(Bo‘cfi,Q) xp (mHBHb”Lm(B;‘foo)t)

2

1-+2 (1*"/2) 2+) 4 9

< |z =2

v _
= |J,‘ _‘75/|7 ) m2+5 ’ny”LOO(C’Y)||b||L°°(B;o’?oo) exp (mlJrﬁHbHLoo(Bo—ol?oo)t)‘
(5.65)
Hence, the vanishing constraint is
1+8p 5 . T
_ A=7)2+7) | o __4 m H HL""(BOOBOO)
v < (2P TEE f l s )) T e o). (6:66)

5.3.5 Comments on the choice of freezing point for the source functions terms

It is crucial to fix the same freezing point for the terms associated with source functions. In our con-
text, it may be unavoidable. To fully explain this choice, let us develop the computations associated
with these terms for the same choice of ¢ and &' as for A, the off-diagonal regime, i.e. £ = x and
gl — x/'

To deal with the semi-group, we consider an analysis of the type (or equivalent controls),

1P g (t,3) — P7¢ gy (t, o)

=t = £'=x'

- ‘ /Rd 760, t, 2, y) — 575 (0,2, y)]gm (5, y)dy

T:t’£:$,§/=x’
< gy 165" (x) — 057 ()]

Similarly, for the Green operator,

’éﬂgfm(ta T) — éT’glfm(ta x/)]

=t £=¢/=x

- ‘/ /Rd 75 S £,z y) 75 (s,t, a! y)]fm(s y)dyds’

=t E=1,6' =2/

_ \// (51,0, ) o (5, 674(2) + 4) — Fon(5, 63 (a") + 9)]dy s

IN

1l (o) / 167, () — 67 (2! [ds.

In other words, we see in the both controls above that we only upper-bound by the flow associated
with by, which is a priori not controlled uniformly on m in a suitable spatial Holder space, see ([5.63]).
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5.3.6 Final Holder control

We have from the final Duhamel formula (5.56)) combined with the estimates of each contribution
stated in (5.33)), (5.35), (5.39)), (5.41)), (5.60)), (5.65):

Humﬂj(t: ')HC’Y
<t fllpeeqeny + gly + C||bHLOO(B_,3 )m1+ﬁ0m(t) (ya1(1*7)t1+(1*7)042 + 1/7%+a1(2*’7)t%+a2(27’7))
+Cya1(l—'y)tl+a2(l—’7)HbHLOO(B_B )(m1+ﬂ + m2+6)0m(t)

145 a1 (2+47)

22 HbHLoo(Bgof[:}oo)HumJ/HLOO(C'Y)

+ e
1+~

et 1480, (1) ||b||L°°(B;o{ioo)V(17’Y)al exp (mHB HbHLOO(B;o{ioo)t)

(=71 (1=7)az+2

5 mQJDB?WHfHL"O(C'V)HbHLoo(B;Ol?oo) €xp (ml+ﬂHbHLoo(Bgfoo)t)' (567)
In the above inequality, taking
1+~ 2+
(Oél,ag) = < 4 77 2’77> ) (568)

and gathering some contributions, give
2

™ (¢, e
142 —~) 2y y(1—v) 1, 4-97
<t ey + [9ly + ClBl ez ym* P Om20) (v 5O )

1+8

y(A—v)
O™ T bl e sy 107 e )

+m
1+
1772 A=) (2+v) 1

T 0 OBl e s @D (bl e eryt)

it G
n ; M2 £ oo ) ||b||Loo(Bgfoo) exp (m1+6||b||Lw(Bgo@w)t), (5.69)

where we recall that

O (t)

(t oy + lgmllcn ) exo (m el s ) )

Ct = (U | ooy + L9l exp (m O] e s ).

IN

Then, for v < T and because # > W, we obtain

[u™"(t,-)llc
<t fllpeen + gly
y(1—v) —~) 2y
F OV T P bl ey (8O 0201+ o) + 0™ oo )
For a “small” k € (0, 1), we choose
S 2 D)
Y < KT (1 + O b s )) , (5.70)

which yields by circular argument

™ (t, N er < (1—f<o)’1(tHfHLoo(m)HQ]7

y(A=v)

)2ty
+Ov T m2+5||b||Lw(Bgo§m)t1+(l "% Om(2t)(1+||f||Loo<m>))-
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Finally, we also impose a given “small” % € (0,1),

a4 ) ~50=9
v < RO (cm2+ﬁ||bum(3;¢w):r1+<1 i ziom(2T)(1+||f||Loo(m))) e

4

~ 4 248 2-7% 4~ 1— Ty
= R Cm= bl poe gz )T 2 (M (WU fll oo (omy + l9]y)) (X A+ [ fll 2w ()
Sm! AT ||| —5
L°°(Boo,oo))
xexp | — , 5.71
71 —=7) (571)
which obviously implies condition ([5.70)) for x = k.
Under assumptions (5.70) and (5.71]), we deduce for any (k, &) € (0,1)?

™| oo oy < (1= &) TN fll ooy + [gly + R), (5.72)

the required Holder control is then established when x, k" — 0 and (m,v) — (+00,0) according
to conditions , up to a convergence argument developed in Section below.

Let also notice the limit, up to selection of sub-sequence, can permute with the considered Holder
norm by a Fatou property like, see for instance Theorem 2.25 in [BCD11].

5.3.7 Why the computations are compatible with the usual method of characteristics?

In this section, we explain some links between the upper-bounds in (4.1)) stated in Theorem (1| with
the ones obtained by method of characteristics for the transport equation.

If b is constant, then the solution of the transport equation writes

t
u(t, ) = up(x — bt) + / f(s,x —b(t — s))ds,
0
which obviously satisfies inequalities (4.1)).

If b is linear, namely replacing b by bx for a constant b € R, we obtain that the associated flow,

introduced in (5.8)), is
0rl&) =€+ [ 0516005 (5.73)

which is solved by
95,7(5) = ge(Tis)b-

Nonetheless, in this case the estimate is not available any-more; the a priori controls of the
gradient stated in Lemma [1| do not work any-longer. That is to say that in a smooth framework, the
coefficient b has to be bounded, that is why we consider inhomogeneous Besov norm which is L™
bounded for positive regularity.

If b is bounded and smooth, the solution of the transport equation is

ult, ) = uo (O (x /fs,ﬁ?t

The control in L*> meet with (4.1]). But it is clear that

t
IVullzee = [[VO5 ]l o< [|Vuo]| 2= +/0 VOl Loo [[V fll Lo s,
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also from the definition of the flow (j5.8]), and Grénwall’s lemma yields

VOl < exp (/ Vb (8, -)|| o d5).

Therefore,
t t
IVl < exp ([ Vb lmds) (Wl + [ 19 i),

which does not match with the Holder control for the case v = 1 or Hélder control by interpo-
lation.

This odd mismatch comes from the gap between the v < 1 and the Lipschitz control which
can be seen in . Indeed, therein, if v = 1 then there is no more negligible contribution of
exp ( fot Vb (3, -)|| <dS), and the analysis fall into the usual estimates by the method of character-
istics.

5.4 Another control of uniform norm

In this section, we provide another way to get uniform control without stochastic representation or
usual maximum principle; these computations lead some dependency on m overwhelmed by v and
might be useful in other contexts.

For the L, control we choose the freezing point as for the diagonal regime, ie. (7,&) = (t,z).
The terms associated with the source functions are dealt easily:

P gt a)l| < lgllies (Gt )| | <t fli

= = =t,£=

)

The remainder terms are controlled in a very similar way as previously in Section

t
[t ) (s, 02€0) = b, - V™ (s, )y
0 JRd

(1:6)=(t,2)

t
< 20l Ve s [ [ sl — 02 (€ Pdy ds
t

d
z€R T=t.{=x

w2

< O e 9 i [ (0= 9)

by (2.8)), and we conclude by (5.32) that

t
[t ) (5,02 €0) = b, - V™ (s, )dy
0 JRd

(1.6)=(t,2)
m1+5t1+% 5 )
_— 2 _

2+’y v H ”LOO(Boo{jOO).

IN

COm(1)

5.5 Compactness arguments
5.5.1 Mild vanishing viscous

In order to pass to the limit m — +o00, v — 0, according to the vanishing condition , we consider
a subsequence given by the usual Arzela-Ascoli theorem. However, this former result is available
for uniform continuous function in a compact space. From the lack of smoothness, uniformly on
v, in space of u™"(t,-) (only y-Holder continuous, v < 1), we are stuck at a convergence in a
compact subset of R?. For instance, the analysis performed in [Hon22] to get rid of the compactness
convergence criterion for quasi-linear equations does not work here as there is no hope to obtain any
strong formulation of the PDE (|1.1)).
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We do not succeed to obtain any positive regularity on ¢, which would imply dependency on b like
in the linear case ; and so we cannot exploit uniform continuity in time to get a convergence of
a sub-sequence of u™" in [0,T] x R%. Thus the convergence at any given time in all compacts set of
the mild vanishing viscous solution in Theorem

Nevertheless, we are still able to include a truncation procedure into a weak formulation in order
to obtain a convergence in a distributional meaning and not a point-wise one as for the mild vanishing
viscous solution.

5.5.2 Truncation procedure

The method is highly inspired by the one in [Hon22], we also consider a smooth cut-off ¥, p € D
supported in a ball By(y, R) = {z € R% |z — y| < R}, y € R? and defined by

Dy.r(@) = 0y (). (5.74)

where 9, : R — [0, 1]¢ is function lying in C§°(R% RY) s.t
z, if |z —yl <1,
Oy (x) = .
0, if j[x —y|>2.
The corresponding truncated function is, for any (¢, ) € [0,7T] x R,
u;'?};'(t,:n) = u""(t,Yy,r(2)). (5.75)

We highlight the particular case
Uy 1 (8, ) = u™" (t, ). (5.76)

The above truncation solution (5.75)) naturally appears when we write a weak formulation of the
parabolic equation (2.11)).
5.5.3 Weak solution of the parabolic approximating equation

For any smooth function ¢p supported on B;(0, R), a d-ball of radius R > 0 and center (0,...,0) €
R?. We consider a weak formulation of the parabolic solution u™", for any (t,z) € [0,7] x R%:

| [ A= ot ) + ot u)bs.9), 90 (s.) + vipns, )™ (s.0) ey ds

t
= [ en0ngnis= [ entpymeaar+ [ [ ontsn)fuls s

where in Lh.s. the limit of the first order term, (b,,(s,y), Vu™"(s,y)), has a priori no point-wise
limit neither in term of the usual distributional meaning of Schwartz. Indeed, as already enunciated
in Section the usual distribution theory does not provide any interpretation of a product of
distributions, to get any limit result we have to thoroughly use the PDE.

By the cut-off definition, we equivalently have

[ om0 + on(s.9) 65,0, T8 500 + vty 5,00 e ds

= [ enOantis [ entsngi s+ [ [ ontssats. iy
(5.77)

Now, from compact argument developed in Section we have that uo 5 (s:°) converges in CW(K R%),
K = B,4(0, R), towards a function ug g(s,-) when (m, 1/) (400, 0) and the condition is satis-
fied. In other words, ug r(s,-) is a mild vanishing viscous solution of (L.1)).
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5.5.4 Mild-weak solution of the transport equation

To get a mild-weak solution we have to pass to the limit in the weak formulation of the mollified
parabolic equation . In equation , up to a sub-sequence selection, except for the first order
term g (s, y)(b(s,y), Vug 5 (s,y)), each contribution obviously has the good converge property by the
Arzela-Ascoli theorem. In particular, from , we have

(-2)

0. 5.78
(m,v)—(4+00,0) ( )

t
v [ Aents.oii s,y s
0 JRd
To deal with the drift part, we write by integration by parts
/Rd (Om(t,y), Vug g (6, y))pr(t, y)dy

= [ Verlta) bt )y + /R nlt )V b )l (1) dy

=: DBj+ Bs. (5.79)
By the Besov duality property, see Proposition [1, we write

and
Control of HV(pRug?gHLoo(Bfl)

Let us prove that [|[Vogrug'y || Loo(BP ) 18 controlled uniformly in (m,v). By the thermic represen-
) 1,1
tation of the Besov norms ([2.4]), we have

||V‘PRU67}%/”L00(B{3’1)
= IVorugy o + IVerugy e i )

1 1 175
i+ [ —ve
o v R

The first contribution in the r.h.s. above is obviously bounded uniformly in (m,v) by

= [[Verugx

» Ouho(z = y)ug 7 (¢, y)Ver(t, y)dy’dz dv.

IVerug i I < IVerlrllugy e < CIIVerlc (TN fllze + llgllze),

by uniform estimate (5.4]).
For the second one, we need to deeply use the already known regularity of ugll’_%’. By cancellation

and by triangular inequality, we obtain
m,v ! 1 17ﬁ m,v m,v
HV(AORUORHLoo(Bﬁ ) < —v 2 8vhv<z _y) ’ {[uOR(tvy) - uOR(tv Z)]V‘PR(ta y)
’ 1,1 o VU R4 R4 ’ ’

+ugy i (8, 2)[Ve(t,y) — Vet z)]}dy’dz dv
avhv(z - y) : {[Ug%(ta y) - Ug?}é/(ta Z)]V@R(ta y)

11
B
ZotTa
o v Re ! JRd

1
FH - 2) [ DPen(tz 4y - 2)dubdydz do,
0
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by Taylor expansion. Next, with the exponential absorbing property (2.8)),
HVQOU(T)?]’;HLoo(Efl)
1
m,v 1 —ﬁ ¥
< Cllug gllpeecry | —v72 he—1,(z = y)ly — 2| [Ver(t,y)|dy dz dv
’ o v Re JRY

- 1 s !
wCllilie [0t [ [ heoG -l = ol [ Dotz + aly — 2))|dudy dz do
o v R4 JRRE 0

1 1
1 +-5 1 1-8
< Cllug?}gy\lLoo(cv)\V@RHLI/o ~v? dU+CHU8?}%'||L°°||D290R||L1/O ~v 7 dv,

which is finite if 8 < 7.
m,v
Control of ||pruy » HLOO(Blljﬂ)
The analysis is similar as before, replacing 8 by 1+ 8 and Vg by ¢g:
looma o ety = Iiomug  + lomeig o sy

We readily get

m,v

lorug it < lerllollugz e < llerlo (T~ + llgllz<),
and

51 i 11 s
2 dv+ CHUOJ’{ ||Loo||v<pRHL1 ;U 2 dv,
0

m,v =

1
lorugi ety < Clugillimnlionls [ o
K s K 0 U

this is finite if 1 + f < v <= [ < —1 + . Let us carefully notice that if there is the incompressible
assumption V - b = 0, then By = 0 and this former constraint disappears. Thus the different cases
considered in Theorem [l

The Bolzano-Weierstrass theorem then yields the result.

5.5.5 Weak solution

The difficulty for the usual weak solution, here, is to prove that, up to a subsequence extraction,

T T
i [ [ttt Vet a = [ [ o), Vorttaentt. oy i

m—r0o0

T
— /0 /Rd<b(t,y),Vu(t,y))sOR(t,y)dydt,
(5.82)

where b € L*>([0,T7; Bgf o (R%, R?)) is the drift of the initial Cauchy problem and coincides with
the limit of by, in L=([0,T]; Bxlat (R4, RY)), for any 0 < & when m — oo; also u(s,-) € C} (K, R),
K = By(0,R), is the limit of u"™"(s,-), up to a subsequence selection possibly depending on the
current time s, in C;_E(Rd, R) for any 0 < € < =, see Section

Let us recall that Bo_oé oo is the closure space of Cp° in Bo_ooo, from Appendix Section a, we still
can take the regular sequence (b, )m>1 defined in to approximate b in L*°([0,T7; B&?&E(Rd, R9)),
for any 0 < e; whereas the considered solution u(s,-) may depend on the choice of mollification. In
other words, we have:

o lom = 0l oo ey T MV b = V- bll e 150y = 0. (5-83)
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For all m > 0, ¢t € [0, T], we write by integration by parts that
’/Rd@m(t,y),wg%(t, y)>501?,(1t,y)dy—/]R (b(t,y), Vuo,r(t, y)>soR(t,y)dy‘
< ’/Rd bl(t, y)u™" (t,y) - V@Rtydy‘Jr(/ (t y)[u —u™"](t,y) - chRtydy‘
| [ b=t tentt ] + | [ Vb9l =0 e) patt.n)d]

=: Bl + BQ + Bg + B4. (5.84)

To deal with the first contribution, we aim to use ([5.83). We have by the Besov duality result of
Proposition )
By < ||bm — bHLOO(B;{a;E)Hum”’VgoRHLoo(Bﬁe), (5.85)

it then remains to control [[u™" Vgl . (BOTe)- Similar computations as in Section [5.5.4] yields that
1,1

[|u™ ”chRHLOO(BB+E) is finite if 8 < v —e.
Also for the third term, which is null if V - b = 0, we have that

B3 < ||v by, — V- bHLoo(B;o/?;E)Hum’V‘PRHLoo(Bf‘lFS)a (586)

is finite if B < —1 4y —¢.
Hence, from (5.83]), we obtain

= (4-2)

B 0, and B 82

0. (5.87)
(m,v)—(+00,0) (m,v)—(+00,0)

Now, let us handle with the second term in (5.84]). We aim here to use the convergence of u™" (s, -)
towards u(s, -) in the ball By(0, R).
Again by the Besov duality result of Proposition [, we have:

<

By = | [ btwlu—wm)t0) - Ven(t. )y
HbHLoo(Bo—Oﬁ?OO)H(UmW _U)VQOR”Loo(BlBl)‘ (588)
By Arzela-Ascoli theorem, we have

(4.2)
(m,v)—(4+00,0)

IVer(u™" —u)|[Le < [IVerlpee (™ = u)] e 0.

For the homogenous part of the Besov norm, we also mimic the analysis in the previous section
replacing u™" by (u™" — u), for any € € (0,7):

™ — ) Von] o e

IN

)
o "1 e
O™ — )| gy [ o hom1(z — )y — 275 [Vor(t.y)|dy dz dv
o ¥ Rd JRd
1 1 8 1
O™ — ) e / L4 / ho(z — )y — 7 / D?pn(t, = + uly — 2))|dudy dz dv
o ¥ Re JRd 0

m,v 2 ! 1 1-8
@™ = u)=|D°¢rllpr | —v7E dv,
0

1
1 y—e-—5
< O™ =)l Fenln [ 10

which is finite as soon as 8 < v —¢ < 0, also by Arzela-Ascoli theorem, we have the converging result
@2

0. Therefore, we even get
(m,v)—(400,0)

[ (u™" — )| Loo (072

~ @2)
0

By (5.89)
(m,v)—(4+00,0)
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The last contribution By, null if V - b = 0, is similar replacing Vg by ¢r and 8 by 8 + 1. Namely,
we have

Bi = VBl oo [ = worll oo 14)
= VOl oo ey N@™ = w)rll L + (0™ = w)@Rl oo 1455 (5.90)
with
[(w™" —werllpr < [[u™ —ulle|lerllL,
and

(™~ u) ol o

11 | _14s
= -V 2
o v Rd
L R -8

1
1 -8
< O™ —ulmerlenl | 3o T o+ Cl —ulm | Denlys [ Lo F o

Ohy(z = y) (™" —u)(t, y)pr(t, y)dy|dz dv

Rd

which is finite if 3 < —1 + v — € and by Arzela-Ascoli theorem, we deduce
_34 (4.2) 0
(m,v)—(4+00,0)

Hence, from (5.84)), (5.87)), (5.89) and (5.91]) we deduce ([5.82]).

(5.91)

5.6 Control of [|Qyu(t, )| g1~

If b € L>([0,T]; C7(R%,RY)), 0 < 1 — v < 7, we derive an upper-bound of [|8yu(t,")|| z-14++ by the
equation ([I.1)) and by para-product result. But first of all, let us precise why we have, point-wisely,
with the viscous condition (4.2)),

lim vAu"™"(t,-) = 0. 5.92
(m,v)—(+00,0) ( ) ( )

Recalling that Lemma

920 (1, Yoo < (127 (bl e ey Ha )+ Com? T g, Om(®)) expltm! b, )
(5.93)
Hence, for

v < (m2 Tl + lghy) + CTm? T |bll e, Om(®) exp(=Tm bl e ),

we deduce (5.92)).
We are able to take the limit of equation (2.11]), up to sub-sequence selection defined in the
Arzela-Ascoli theorem, for any ¢ € (0,7,

lim Ou™"(t, ) = lim bin(t,-), VU™ (t,-)) + f(t,-). 5.94

But from para-product (4.5), we know that (b,,(¢t,-), Vu™"(t,-)) € B&%;?(Rd,R), Vu™"(t,-) being
: 1+~
in Boooso', the result then follows.

6 Analysis of the parabolic equation

The previous analysis strongly relies on the vanishing result but seems to be incompatible with
the parabolic equation. We developed, here, a new technique based on a time decomposition trick,
detailed in Section below.
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6.1 The types of solution to the Cauchy problem
6.1.1 Parabolic equation

For 0 < v < 1, and for a given viscosity v > 0, we define some solutions of the parabolic equation.

Definition 4 (mild solution). We say that u is a mild solution in LOO([O, T7; C’;(Rd, R)) of equation
(1.1) if there is a sequencﬂ (bm)mer, in L>=([0,T); C2(RE,RY)) such that there is 8 € R,

Ve >0, lim |b =0, (6.1)
m——+00

m b”LOO([O,T};B;{};E(Rdde))

for any t € [0,T], there exists a sub-sequence of u™" (t,-)mer, lying in C’g(Rd,R) converging, for any
compact subset K C R, when m — +o0, towards u(t,-) € CJ(K,R) and satisfying, for any m € Ry,

{atum,u(t, (L‘) + <bm(t, (L‘), Vum’y(t, .CC)) — VAUm’V(t, CC) = fm(ta x)v (t7 l‘) € (07 T] X Rd’ (6.2)

u™?(0,2) = gm(z), = € R4,

where (fsgm) — (f.9) in L%(0,T]: CJ (RY, R)).

m——+00

Let us now, recall the notion of usual weak solution.

Definition 5 (weak solution). A function u is a weak solution in L>([0,T]; Cj (R%,R)) of equation
(T1) if w is @ mild solution such that for any function ¢ € C$°([0,T] x R4, R):

/Rd {so(t,y)U(t,y) +/0 { = Op(s,y)uls,y) + (b(s, y), Vuls, y))p(s,y) + Vu(s,y)Acp(s,y)}dS}dy

—/Rd w(O,y)g(y)der/Rd/o o(s,y)f(s,y)ds dy.
(6.3)

Again, this formulation allows us to give a usual distributional meaning of the product (b, Vu).

6.2 Main results on the parabolic equation

When b lies in Holder-Besov space, we succeed in obtaining the same regularity of the solution as for
f and g. The type of solution strongly depends on the regularity of b.

Theorem 2 (Rough parabolic equation in Holder spaces). For f € R* and 0 < v < 1, be given.
For all b € L®([0,T), Bl (RLRY), f € Lo([0,T); C (RLR)) and g € C) (R4 R), there is a mild
solution u € L*°([0,T]; C} (R4, R)) of (L)) satisfying

T\ fll ooy + llgllcmys
Tl fllze + llgllzee- (6.4)

llull poo (o)

<
ul[Le <

Moreover, if 5 <~ and V -b =0 then the solution u is also a weak solution.

We do not consider the positive regular case, i.e. 8 < 0, whose control is well-known, the Schauder
estimates are even in force, see [Fri64].

Remark 7. The control (6.4) exactly matches with the Hélder estimates of the solution of the heat
equation, independently of the dimension, and above all of b. As consequence, the mild solution has
no condition on 3, there is to say we define a solution beyond the Peano condition, 8 > —1, developed

in Section [1.3.1].
IWe have such a sequence (bp)m>o, if b € L([0,T]; B& s (R%,R)).
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In the incompressible case, V -b, the condition B < v < 1 corresponds to the Peano’s heuristi(m n
Section|1.3.1. However, we fail to obtain uniqueness of the solution out of the usual Hélder continuous
case (i.e. B <0) handled in [Fri6)], for more information see Remark[ further.

The case f = 0 can be considered, replacing the condition b € LOO([O,T],BQO’OO(Rd,Rd)) by b €
L>([0,T], L>°(R%,R?)). Considering the Besov space By, ., would yield some refinements involving
some logarithm corrections.

Again, the case 8 < 0 is the usual framework, see for instance [Fri64], [Kry96].

An interesting extension to this result would be to adapt our work for f = b corresponding to
the Zvonking transform which is crucial to deal with stochastic differential equations. The difficulty
is that the consider Gaussian kernel proxy, in our analysis, does depend on b and the parameter of
mollification, so the control of the source function become unclear in a rough framework.

6.3 Proof of Theorem [2

The beginning of the analysis for the parabolic case is similar as for the transport equation performed
in Section ] except that the goal of the regularisation is different. We aim here to raise the time
contribution instead of the viscosity one. This allows us to conclude, thanks to a time cutting trick,

without any vanishing viscosity.
Let us recall the Duhamel formula (5.21)),

™" (t, @) —u™" (t, )]

‘GT’sfm(t7 r) — GT’slfm(ta l‘,)| + ‘pT’g.gm(tv T) — Pva/gm(t’ $/)|

t
[ 55 2l (5.62©) ~ bl )] - Tu" s )y ds
0 JRd

IN

t
_ /0 /R T 1, 9)o (5,625 (E) — b5, )] V(5,9 s
= |G St x) — GTE o (t, )| + |PTEgm(t, 2) — PTE g (t, 2")| 4 |RTSE (¢, 2, 2. (6.5)

Here, we again want to calibrate properly the parameters (o, a2) € R? in the off-diagonal regime,
|z — 2| > v*(t — )2 < s >ty where we recall that the cut locus time is defined by

_o L
to=t—v 2|z —a'|; (6.6)

also the diagonal regime happens if |z — 2/| < v (t — 5)*2 & s < ty.
We specify that the parameters (a1, ag) will be different as the ones tailored in Section

6.3.1 Diagonal regime
Let us define the remainder term without integration by parts, unlike in identity ,
Rf”ﬁl(t, x, )
= [t (6,026 — ] Vs
=57 (5. 4,0/ ) b (5,02 () = b5 )] - V™ (s,) | dy ds (6.7)
= G5 - 07()) = b) - Va1t @) = GTE L (b, 07(€1) = b) - T } (8, 2.

Unlike in Section we do not proceed with an integration by parts which seems to useless as
detailed therein.

I'The true condition is 8 < 1, but this is the case, here, as v which can be arbitrarily close to 1.
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A simple change of variable gives

IRES (o a)| ey

‘ /Oto /Rd ﬁ77£(8’t’ O’y){(b (3’ 95 T(‘S)) - bm(S;J? + y)) : Vum’y(s,q; + y)

— (b, 07 (€))) = b (5,2 + 1)) - V™ (s,2 + y)}dy ds‘

)

T=t,£=¢'=x
also
[REES (w2 )| e,
to
’ /0 /Rd ﬁf’g(s,t,o,y){b (5,04 (z)) - (Vum”’(s,:c +y) — Vu"™" (s, 2" + y))
+bm(s, 2" +y) - VU™ (8,2 +y) — by (s, 2 +y) - VU™ (s, 2 + y)}dy ds‘ ,
T=t,{=¢'=x
and finally

|RT»£7£ (t x, :E/ HT tetis

’/to /Rd T4 (s,t,0,y {b (5,07 (2)) - (V™ (5,2 + ) — V™ (s,2' + )

+ (b (s, 2" +y) — b(s,z +y)) - VU™ (s,2" +y)

—bm(s,z+y) - (Vum’”(s, r+y) — Vu"™ (s, 2" + y)) }dy ds‘

T=t¢=¢'=x

Hence, we readily derive that
e N
7,8, ! / NZ
R (0, _yemrmy < Ol =Nl 90 iy [ s (6.8)

Recalling that we have to use the a priori controls of the gradient and the Hessian in Lemma [2]

l (e )ller < (T fmllzeien + lgmller ) exp (m*Pebll o o, ) = Om(®),
IV2am (8 e < Cm 7 (tfll ooy + laly) exp(Cm bl o)) = OR (1), (6.9)

IN

From the definition of the diagonal regime, |z — 2| < |z — /|7 0= (¢t — 5)(1=72 we deduce
3 /
B (42, e

to
< Cla =Bl e s _ym' TP (Om(t) + O (1) / vor=9 (¢ — ) I=Mo2gs (6.10)
00,00 0

As annunciated, we aim to get positive time contribution inside the time integral, namely from the
previous control, we suppose that

(I1—=7v)as >0<vy<1and ag > 0. (6.11)

We again see the impossibility to consider the Lipschitz case, v = 1.
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6.3.2 Off-diagonal regime

In this case, x and 2’ are supposed to be “far away” from each other, then we pick £ = x and ¢’ = 2’.
The associated remainder terms is defined by

R,Télé’g ( ) >$/)
= R (4, 2)) — RTg ¢ (t,z,2")
- [ / 57 (5, 2,9) (b (5, 07 (€)) — bin(5,)) - V™ (5,)
to JRA
—7 (s, 6,2, y) (b (5, 0575 (€)) = bn(5,)) 'Vum’”(say)}dy ds (6.12)
= GT (nl,072(€) = bm) - VU b (@) = G (b, 07(€) = bm) - ™ } (2, 2.
The analysis is direct by triangular inequality

?56 /
|R (t, T, T )| ‘T:tﬁ:a’"ﬁ/im,

< 2l e s [ [ 5oty — 05wy s,
zER Jtg JRE

the absorbing property of the exponential (2.8)) gives

7&75/
‘R:‘C (t7 L CC/) | |T:t,£:$:£/:x/

t 1
< cm1+ﬁ||b|m3m?m)om(t)/t (v(t — 5)) P ds
0
t ate e
< O bl s On(®) [ VA=) F e o s, (6.13)
0

for a given 0 < € < 1, and because the off-diagonal regime is in force, |z — 2’| > v*1(t — 5)*2.
The solution u"" is supposed to be y-Holder then

v = £ = €= 2ayv > 0.
209

Also, we have to suppose that € < 1 (for positive time contribution purpose) which implies

1
— .14
Qg < 2 (6.14)

Let us consider equality between the two regimes from ((6.10)) and (6.13)), i.e.

1-2 1
(1—7)a2:ﬂ & ay =< —

1
= 1
5 2 <3y (6.15)

which is exactly the parabolic scale, and also

£=1.

This is another way to see the difficulty to get a Lipschitz control, in our framework, because ¢ has
to be strictly lower than 1.
We then conclude

‘RT,E,ﬁ (t,x, 33/)’}7:1?,5:5/::“

t —
< Om Y] o pop_y 2 = /[ (Om(t) + O (1) / (v (1= 4 3=yt — 5)' 3 ds.
00,00 0
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Let us also consider the equality of the exponent of v,

1 1
al(l—'y):§—a1'y e a=g

We retrieve the usual parabolic scale for a; and as. We deduce,

’ t 1— 1—
[RTEE (2, 2)| Ly emprmy < OBl e oy = 217 (Om(t) + o§3>(t))/0 V7 (t—s) 2 ds.
(6.16)
6.4 Adapting the controls of the extra contributions
We have to change the parameters (a, az) into (5.59) and (5.65)), which gives
L a0, )] (8, 2") — [P u™ (20, )] (¢ 2)|
(T’glvél):(tvx/r'E)
1—y (1—v)
< o= @m0 OBl e s T~ 10) T e (IBllim o), (6.07)
and
Gty fmlt.a) = GE fult.a)]| (6.18)
(T’glugl):(tfml,r)
_ to t I/l_Tv t —to (1;” -
< o — 2| Tm2tP 7||f||Loo(Cv)||b||L<><>(Bg<f*oo)eXP (m1+6||b||Loo(Bgo€*oo)t) /0 /S ( B ) ds ds.

6.4.1 Gathering the controls

To put in a nutshell, gathering all the previous estimates (5.23)), (5.24)), (6.16)), (6.17)), (6.18) into
(15.62))

[w™"(t, ) lov
<t fllpeeieny + l9ly

1—v

t p—
O ] s )(om(t)+o§,%>(t))/ VT (= s) ' ds
00,00 0

A=)

1—
+Cm1+50m(t)||b||L°o(B;o’?oo)VTy(t —19) 2z tlexp (HbmHLoo(Cl)t) (6.19)

t t 1—v (1*'Y>
_ vz (t—ty) 2z _
| e ] ey 50 (Pl e ) [ [ S0 s s,
S

with

On(®) = (tlfmllz=icn) + lgmllcr) exp (M2l s )

< C(m i + b)) exp (e ).

A

Now, the idea is to make negligible the terms involving positive time contribution in the time integral.

6.5 The right control the Holder modulus: the time cutting trick

We cut the Cauchy problem in small intervals of [0,77], and we see, from computations below, that
the first order term 0¥ - Vu™" and the extra terms are negligible when the size of the time intervals
goes to 0.
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Let n € N, and for each k € [0,n],

we also denote, for all z € R?, k € [0,n — 1] and ¢ € (74, k11,
u’,;”:l(t, x) =u™(t,x),
ul"(0,z) = gm(z).
The associated Cauchy problems write
Ifkel,n—1]
Aeup 1 (t, @) + (b, V) (8, 2) = vAw (8 2) + fin(t,2), t € (Thy Thy1]
m,v m,v
uk+1(7-k‘>$) = U (Tk,l’),

if k=0
{8tu71n”’(t,x) + (b, VUt 2) = vAUT (8, 3) + f(t, 3), t € (0,71),
(

ul""(0,2) = gm(x).

Using the Duhamel formulation ([5.11)) around the consider heat like equation, we get for any ¢ €
(T, Tkw 1), if k€ [1,n — 1],

uph (@) = PREu™ (8, @) + GIE fn(t, ) + GTE (R [, €], V™)) (¢, @), (6.20)
and if k = 0,
" () = By gt @) + G funlt, ) + G ((OR [, €, V™) ) (8, 2).

Next, we use the corresponding Holder control (6.19), including the extra contributions coming from
the cut locus argument,

w1 (& )l

/ 1£(5, Y lcnds + [ (1, )

IN

1—

t —
+Cm P [B]] o s )(om(t)+o§,%>(t))/ v (t—s) 7 ds
» 00 Tk;

1—y [ ked)
+CmHPO0 ()b o s v = (E=t0) "7 L exp (bl 01)t) (6.21)

—)
t—t()) 2 .
+m2th- ’YHfHLOO o HbHLOO(B 8 )eXp( 1+f3HbHLoo(B s / / ) dsds.

Let us carefully point out that we can suppose that (¢t —ty) < (¢t — 71), otherwise there is no off-
diagonal regime and so no need to use the cut locus technique with the extra terms. Hence, recalling
that 741 — 7 = Z’

lug 1 (E e

/ 1£(5. Y lcvds + ™ (i )y

IN

1 2 1 (TN [
FCm ] oy Om(8) + OR W (=) [ ds
00,00 n T
N
2
+ OO ()] ey 2 (7) (t = 7%) exp (||bm | L (c1)t) (6.22)

n

t
1—v _ (1—)
+Cv = m**h ’YHfHLOO(C’Y)Hb”LOO(BO_OBOO) exp (m1+IBHb||LOO(BO_OBOO)t)(t_Tk) P H/ ds.
: : -
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For any ¢ € [0,T], let k,(t) = %] € [0,n], such that 7, ) <t < 7 ()41, and iterating the above
inequality,

[u™" (2, -)llcn
t
< lgller+ [ 17t lends
tﬁn(w
1—v t
1+ @ (L) T
FOm bl s (Om(t) + OR (1) () /t s

rn(t)
1—
1—v =

1 (TN
+Cm P O () [Bl] oo 2oy 2 (E) © (= o) 0 ([bmll e (ent)

t
Ll - =y
+Cv 2 m**? 7||f||L°°(C’7)||bHLo<>(Bc?<foo)eXp (m1+ﬁ||bHLoo(Bgfoo)t)(t_tﬂn(t)) : +1/ ds
Tk

K(t)—1

+ 3 L sl

k

_ 1—y Tk+1
O bl ey On) + ODN'F (1) 7 [ s
0,00 n Tk
1— (T !
=1 2
+Cm1+ﬁOm(t)||b||Loo(Bo—o/foo)V 2 (E) (Tk-l-l - Tk) eXp (HbmHLOO(Cl)t)

1y _ (1-v) Th+1
+Cv 2 m2+ﬂ ’YHfHLOO(CW)HbHLoo(Bo—oﬁoo) €xp (mlJrﬁHbHLoo(Bo—oﬁoo)t) (TkJrl - Tk) 7t / dS}
; ; -

By Chasles equality and by telescopic sum,
[u™" (2, )l
¢
< gl + [ 175 )lends
0
146 o ()T [
O bl ey Om() + 0D )T (1) T [ as
00,00 0
1— (T e
= 2
+Cm P OnObll v ™ () © texp (bl onyt)
1y 3 T (1—v) +1 t
+Cv T m P oo 1Bl e sy 5 (17 b o s ) () /0 ds.
The L.h.s. does not depend on n, then we are able to pass to the limit n — 400,

t
[u™"(t,)ller < llgller +/O 1£(s,)llcvds. (6.23)

6.6 Another control of uniform norm

By a similar way as for the Holder control performed in the previous section, by Duhamel formula

(6.20)), after choosing (7,&) = (t,x), we get
m,v m,v t m,v t 1
o216 e < I Ol + 5w+ Cllll o 96 e [ (0= )%
k k

Iterating this inequality,

3

T =4
14 T2 v
[u™" | Loe < |lgl[ Lo +/0 1£ (s, )lLeeds + C— [bml| oo (c) [ VU™ || oo
n2
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We obviously deduce when n — +00, the following estimate,

T
[ zoe < lglzoe +/0 [1£ (8, )| zoodls. (6.24)

In fine, the time cutting trick allows to retrieve the powerful uniform estimate given by Feynman-Kac
formula or usual maximum principle method.

7 Second result for the transport equation

From the previous analysis based on a time cutting trick, we are able to derive uniqueness of selection
principle for the transport equation, defined below.

Definition 6 (Uniqueness). There is a unique solution of (1.1) if for two solutions u™" and a™" of

O™ (t,2) + (b(t,7), V™ (1,2)) — AW (1) = fn(t, ), (1) € (0,T] x B,
u™(0,2) = g (), z € RY,

and respectively

Q™ (t, ) + (b (t, ), V@™ (t, 2)) — PAT™ (t, ) = fm(t,x), (t,2) € (0,T] x R,
@™ (0,2) = gm(z), = €RY,

forv,v >0, with

ve >0, i Wom =0l e oyt gy + 0 Won = Ol e o 1y pir sy =0 (TD)

converging, up to sub-sequence selection, towards two Holder continuous solutions u, u, when (m,v,v) —
(+00,0,0), then u = a.

7.1 Statement for the transport equation

Theorem 3 (Rough transport equation in Hélder spaces). For f € R* and 0 < v < 1 be given.
For all b € LOO([O,T],B(;O?OO(Rd,Rd)), f € L>([0,T];C) (R4, R)) and g € CJ (R%,R), there is a mild
vanishing viscosity solution u € L>([0,T]; Cy (R4, R)) of (L)) satisfying

T fllzee vy + llgll ey
TN\ fllze + llgllzoe- (7.2)

||U”L<>o(cv)

<
[ullLe <

i) Incompressibility. If 5 < v and V - b = 0 then the solution u is also a weak and a mild-weak
solution.

i1) Positive regularity. If § < —1 4+, namely if b € L>°([0,T]; Cg(]Rd,]Rd)), ¥=—-08>—-1+r, the
solution u is also a weak solution and if we also suppose that

V| V2gm e +v3m! ™7 <« 1, (7.3)

then Ouu(t,-) € Bold (RLR), for any t € (0,T].
iii) Greater regularity. If ¥ = —f > ﬁ, and if

X
2

V|| V2gml L + m T s < 1, (7.4)

the solution is uniqud™)]

**Namely the limit solution does not depend on the choice of sequence (m,v) and on the way to mollify b.
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Remark 8. There is still no constraint on b for the mild vanishing viscous solution, we observe an
“infinite reqularisation”. The two other types of solutions requires more constraints on b.

We even obtain uniqueness for the Greater regularity case, we use a kind of regularisation by
turbulence which makes negligible the second order term. The condition on g means that the initial
function has to be smooth enough such that v||V2gy,| L is negligible, obvious if g € C?(R%, R). Again,
this a positive answer to the question (Q3) in [CCS20], but we fail to consider uniqueness in a rough
(negative regularity) case, see Remark@ further.

In this Hélder case, the product (b, Vu) falls into the usual case of the para-product by the Bony’s
mircolocal analysis [Bon81]. In the negative regularity case, we again obtain a challenging result on
the distribution product.

Except for the control of the time derivative and for uniqueness, there is no condition on the
vanishing viscosity unlike in Theorem [I} This is due to the possibility to use the time decomposition
trick which allows to get estimates independent on b.

7.2 Uniqueness for transport equation

Let us insist that uniqueness of vanishing viscous solution does not mean uniqueness of usual solution.
Indeed, this question arises for the uniqueness of the limits of any sub-sequence of (u™");, ,>0 and for
the non-dependency of the limit on the regularisation procedure; also the smooth selection principle
established here does not depend on the choice of the vanishing sequence (v).

To get any point-wise uniqueness, we naturally suppose that 5 < 0 which means that b is 4-Hoélder
continuous in space, ¥ = —f.

Let us suppose that there are two vanishing viscous solutions u and @ of satisfying estimates
(7.2]). We then consider the associated mollified version (u™"),;,>¢ and (@"™"),,>0 solutions, for any
z € R4, to

{&tum’”(t,x) + (b (t, 2), VU™ (8, 2)) — DAU™ (¢, 2) = fim(t,2), t € [0,T), 75)

um7y(0> $> = gm(x)7

where b, is a mollified version of b as in ([5.2)) by a convolution with the Gaussian mollifier p,,, and

(7.6)

{&ﬂmv”(t, 2) + (b (t, 2), VA™ (£, 2)) — DAG™ (¢, 2) = fim(t,2), t € [0,T),
an(O, x) = gm(x)7

where by, is a mollified version of b which is potentially defined differently as in (5.2)), and such that

Vo <e< 1, nggloo Hl_)m - bHLm([O,T];C*ﬁff(Rd,Rd)) = 0. (77)
From the linearity of the equations, we then derive that U,, := u™" — @™" solves the following

Cauchy problem for any (¢,z) € [0,T) x R%:

O U (t, 1) + (b, VUL (¢, 1) — DAUp(t,2) = (v — D) Au"™Y (t,7) — {[by — by, VU™V ) (t, x),
Un(0,2) =0.

(7.8)
By uniform control (5.4]), we directly derive that
t t
WUt Ve < /0 1lbm — Bl V™) (s, | = + /0 (v — 2)[| Au™ (s, )| o ds
< Tlby, — Em”LOOHVUm’VHLoo + Tv — v|[|Au™" || oo (7.9)

It is clear that if b is 4-Hélder continuous then |[b;, — binllzee < Cm™. To take advantage of the
convergence of ||by, — by, || towards 0, we need to use other a priori controls.
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Lemma 4. If u™ is solution of (7.5), then, for any (t,z) € [0,T] x R, we get the gradient estimate

=1 ~y+1

Vum (t,2)| < m 7 (U le(eny + lglle ) + Cllomll (e (Elfmll i + lgmllen )v ™= €5,
and he Hessian estimate

V2 (4, 7))
< (VAR flleien) + IV2gmllis ) + Cllomllen) (Elfmll i + lgmllen )v3 143,

The proof is deferred in Appendix Section [C]

Hence,

[Un (£, )|l oo
y—1 ~+1

< T (ml-mufumm) + llgllen) + Cm bl ooy (Ell fmll e (cm) + gmllcm )™= 5
— 1,2 2 J_1,%
+T N = 5| ((CV3 TR | fl| (o) + IV gmlli) + Cllbml et e cmy + gl w3143,

From this estimate, to prove uniqueness, we need to consider

W

- _ - 1 _
m T 4 || Vinlie +m T ! < 1, (7.10)

the first and the third term are indeed negligible if 4 > max(1 — 7, 5).
We also write for the two last terms,

- 2(=1429) | ¥ Y(=1427)
mT < < (m T )2 =m 1
Hence, we have to suppose that
- -1+ 27
|5 7( 7).
1—v

This is equivalent to
L= =y +7y <v(-1+2%),
and
L<yy+7=7(1+7),

thus the condition 74 > ﬁ > max(1 — ~, %) of Theorem

Remark 9. We fail to get uniqueness for negative Besov reqularity of b. Indeed, from the analysis
performed in Section[6.5, and because we do not differentiate Uy, in order to take unsuccessfully take
advantage of Gronwall’s lemma, we need to consider the term by Besov duality

1
ot — _B
va(svt7x7 )Um(s’)HBfl = /0 v 1’01 2 /Rd

1
Cl[Unm(s, )| 1 / oo Fu(t — )],
0

Ooho(z — y)Vp(s,t, 2,y)Un(s,y)dy|dz dv
Rd

IN

which is finite if only B < —1, that means that b has to be Lipschitz continuous.
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7.3 Control of [|Giu(t, )| g1+~
Like in Section [5.6], we need to get

lim vAu™"(t,-) = 0.
(m,v)—(+00,0)

Because, now, we do not have to suppose any exponential convergence of v unlike in (4.3)) in Theorem
we use the a priori estimates of Lemma [d]

V2 (8, )
21,2 J_1,2
< (VAR fllpeiom + 192 0mlli ) + Cllbmll e on) (H fmll o + lgmllon 3713
In other words, for
5 X
V||[V2gmllLe +mt e < 1,

and by para-product like in Section (b (t,-), V™ (t,-)) € B (R% R), we deduce du™"(t,-) €
Bx\% (RLR).

8 Inviscid Burgers’ equation

The controls of the vanishing viscous solution of the PDE being independent on the first
order term b, we can expect to obtain some fixed-point argument to consider that b being the solution
u itself in dimension 1]

Such a Cauchy problem thus defined is called the inviscid Burgers’ equation,

(8.1)

{atu(t,a?) +u(t,x)0zu(t,x) = f(t,z), (t,z) € Ry xR,
u(0,z) = g(z), = € R.

For more information about the Burgers’ equation and the corresponding turbulence phenomenon,
we refer to the recent book [BK21].

8.1 Statement about the Inviscid Burgers’ equation

We obtain a different notion of uniqueness for this equation because the convergence of the mollified
first order term, being the solution itself, is more intricate comparing with the transport equation
case.

Definition 7 (Turbulent uniqueness). There is a turbulent unique solution if there are two solutions
u™" and u™V of

8tum’y(t7 x) + um’y(t, x)axum,l/(t’ x) - Va:%xumy(ta (L‘) = fm(t7 l‘), (tv x) S (07 T] xR,
(8.2)
W™ (0,2) = gn(3), € R,
and respectively
8tum”7(t, 33') + U%’D(t, x)@mum”j(t, l’) — D@%Ium’p(@ l‘) = fm(ta .Z‘), (tv .TC) € (07 T] X R, (8 3)
Wm0, 5) = g(2), T € R, |

m,v

for v,v > 0, and for any (t,x) € [0,T] x R, where um” and up” stand respectively for a mollified
version of u™" and u™", such that, for any (t,z) € [0,T] x R,

Ve >0, nllf_{loo [Jun” = Um’l/HLoo([o,T};C;’a) - ngrfoo lup” — um’D”Loo([o,T};C;’E) =0,

It is possible to adapt the analysis for a more general dimension d > 1 by a reformulation of the product
(u(t, z), Vu(t, z)).
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and,
gy (t,2) — (1, 2)] < (0, 2) — ™ 1, ), (5.4

converging, up to sub-sequence selection, towards two Hélder continuous solutions u, @, when (m,v,v) —
(400,0,0) then u = u.

The last condition (8.4) simply means that the mollification procedure behaves like a convolution
with a smooth kernel (like performed in (5.2))).

Let us insist that the difference with the uniqueness introduced in Definition [6]is that the consid-
ered regularisation procedure for the first order terms ™" and u™" is the same in equations
and ; this explains the definition .

In particular, uniqueness introduced in Definition |§| (for the transport equation) yields turbulent
uniqueness. We detail in Remark why we have to handle with such a turbulent uniqueness or
the viscous uniqueness, defined below, instead of the classical uniquenesﬂ for the inviscid Burgers’
equation.

Definition 8 (Viscous uniqueness). There is a viscous unique solution if there are two solutions u™"
and u™" of

8tum’”(t, 33‘) + Umﬂj(t, x)@xum’”(t, 1’) - I/agxum’”(@ :U) = fm(ta $)7 (tv .%') € (07 T] X Ra (8 5)

u™"(0,x) = gm(x), x € R, ’
and respectively

Q™Y (t, ) + Uy (t, 1) Opu™" (t, x) — vO2, 0™ (t,x) = fm(t, ), (t,z) € (0,T] x R, (8.6)

a™v(0,z) = gm(x), x € R, ’

for v >0, with

Ve >0, lim [[u —au™" —ey = lim ||@™" —a@™Y i =0

>0, lim flun I o rycq) =l Il 2= o105 = 0
converging, up to sub-sequence selection, towards two Holder continuous solutions u, u, when (m,v,v) —
(400,0,0) then u = u.

Importantly, the above equations have the same viscosity v > 0, but the mollification procedure of
the first order coefficient may be different. This uniqueness definition is, somehow, the complementary
of the turbulent uniqueness in the usual uniqueness introduced in Definition [6]

Replacing b by u in the different definitions of solution in Section we establish the last result
of this paper.

Theorem 4 (Existence and uniqueness of Holder solution of the inviscid Burgers’ equation). For
v € (0,1) be given. For all f € L*([0,T);CY(R,R)) and g € C/(R,R), there is a mild vanishing
viscosity solution u € L*°([0,T]; C) (R, R)) of (8.1) satisfying

T fll oo (cmy + 9l
T fllzee + gl zoe- (8.7)

HUHLOO(C’Y)

<
Jul[Le <

i) Good regularity. If~y > % then the considered mild vanishing viscosity solution is also a mild-weak

and a weak solution, and if
.
V2 g llioe + vl < 1, (8.8)

then duu(t,-) € Bod (R4, R), Vt € (0,T].

HDefinition @
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i1) Fast vanishing viscosity. If, for a constant C > 0 big enough,

exp (CTT il Hlamlon) exp (Cont (T = +lglioe) ) ) (b= 0 gl ) <1
(8.9)

then the solution is turbulent unique.

i11) Slow vanishing viscosity. If |0, f||L~ + ||0z9||Le < +00 and, for a constant C' > 0 big enough,

exp (CT(TH&CfHLoo + HagEgHLoo) exp (CTV‘I(THfHLoo + ngmy))m—7 <1, (8.10)

then the solution is viscous unique.

Let us remark that the condition ii) in Theorem |3|is satisfied if the considered a priori regularity
of the solution is strong enough (a priori not the condition i) in Theorem as u is not incompressible,
except if u is also solution of the Euler equation), as we have —y < =1+ <= v > %

Remark 10. Without considering the regularity condition ~v > % to get a weak solution, we may have
pathologic situation. Specifically, let us consider the steady-state non-linear problem

1
u(z)u'(z) = isgn(:c), (8.11)
whose x +— +/|x| is solutio which is as expected %—H()'lder continuous. In other words, if v = %,
we can explicitly find a v-Hélder steady-state solution of the inviscid Burgers’ equation with source
function being in Bgo,oo(]R,]R) but Cp° almost everywhere and being the limit of a Cp° function, e.g.
tanh.

Remark 11. With our current approach, we fail to provide any Lipschitz control of a solution of the
inviscid Burgers’ equation (8.1) for the same reason as for the transport equation (1.1). This is not
surprising by the well-known blowing-up of the gradient of a solution of the inviscid Burgers’ equation

B1).

Remark 12. The conditions and are not compatible, that is to say there is no uniqueness
in the sense of Definition [6, being the combination of turbulent and viscous uniqueness. Condition
to get turbulent uniqueness means that v goes to 0 exponentially faster than m goes to +oo;
whereas condition to get viscous uniqueness implies that m goes to +oco exponentially faster
than v goes to 0.

We insist that turbulent uniqueness or viscous uniqueness of a such smooth solution of the inviscid
Burgers’ equation is not a contradiction with the usual counter-example built thanks to a character-
istics, because we only consider solution selected by a vanishing viscosity approximation for a given
mollification procedure. Somehow, this selection principle allows to avoid the blow-up time appearing
in the characteristic building for a given vanishing viscous path.

Actually, from the mild vanishing viscous solution, we see that for any t € [0,T], the solution
u(t,-) given by the limit of a sub-sequence of u™"(t,-) depends on the mollification choice, moreover
the sub-sequence choice also depends on the current time t. In other words, u(t,-) seems to avoid the
time of blowing-up thanks to a different choice of sub-sequence at each current time.

8.2 Proof of Theorem [4]

To establish this result, we consider the mollified version of Burgers’ equation, for all m € Ry and
v >0,

{atum,u(t’ $> + u%’y(ta $)6xum7y(tv m) - Va%mum’y(ta 'T) = fm(ta x)’ (t’ l‘) € [07 T) X R, (8 12)

Um(0,2) = gm(x), x € R,

$$ Also the function z — —4/ ||, but this non-uniqueness should be related with some ergodic properties.
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where uy,” stands for a mollified version of ©™", such that

: my _, my _
Ve > O, nEI-Poo ||un u HLOO([O,T];C;_E) = 0,
It is direct from Theorem 3 in [Hon22|] that there is a smooth solution of (8.12]).

We then perform the same computations as for the transport equation, where —8 = v and we
change in the viscous condition Hb”LOO(B—ﬁ ) by an upper-bound of ||ul| e, namely by T'|| f|| o (o) +
lg]y given by Feynman-Kac formula or from the time decomposition trick, see Section Finally,

we are able to take the limit, thanks to a compact argument, of a suitable sub-sequence yields the
result, all the computations readily derives from the analysis of Theorems and
8.2.1 Turbulent uniqueness

To establish uniqueness, let us consider a regularised Burgers’ equation with another viscosity o,

{Gtum’”(t, )+ upy” (t, 2)0u™ (t, ) — P02 0 (8, x) = fin(t,x), (t,2) € [0,T) X R, 813
u™?(0,2) = gm(x), x € R.
We highlight that uj” is also a regularisation version of ujn” such that is in force and,
Ve > 0, ngrfoo ||aY — ﬂm’”\|Lm([07T];C}?—s) =0,
Like for ™", we suppose that there is a constant C' > 0 such that for any (m,v) € Ri,
[u™ | oo oy < C(TNfll ooy + [9)y),
under some specific asymptotic conditions on (m, 7). We still write U,, := u™" — «™" which is

solution of

O U (t, 2) +ul™” (t, 2)0pUp (t, ©) — VAU (t, ) = —[ul” —u™"](t, 2)0pu™" (t, ) + (v — D) Au"™" (t, x),
(8.14)
with Uy, (0, 2) = 0.
Adapting inequality yields

t
1Un(t,)[Le < / ™ = ™ 1(85 ) Oxu ™ (55 ) [ Loods + t — V|| Au™" || oo
0

We then get by triangular inequality and by (8.4), we can suppose w.l.o.g. that 7 < v (if not we
switch roles of v and v),

t
1Um ()l < C/O 1Um (s, )| oo | Oz ug, ™

|poods + tv||Au™"

Recalling the Hessian estimate of Lemma

IV2u™ (t, )|
< (VAR e iom) + 92 0mlli ) + Cllugs oo ey (Bl fml e om) + llgmllcn w3143
< (CrE TR f e ony + 192 gmll )

+Cm Y ||lu™
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The a priori control of ||u™"|| () obtained in (6.23)) yields

VA (a) < (CvETR | flliee o + 1920
+Cm' (TN e + lgby ) (H1Fllzeem) + llgllon 313,

Hence,

t
[Un(t, N[z < C /0 |Um<s,~>||Loouaxum’”||mds+TV(CV¥—1t3||f|mm)+||v29mum

+Cm' = (T fll ooy + [9ln ) (1l cm) + \g\m)u%lt%).
By Gronwall’s inequality, we derive
[Unm (t, Mz < 6(’WT”B“”“W”L“T(CvgtgIIfHLoo(cv) + [V gl o
+Cm' = (T fll oo + gl ) (1 e ey + rrgum)v%’t%).
Recalling the gradient estimate from Lemma

IVu™?(t, )] o=

IN

(Tl ey + lgaller ) exp (Cmtlu™ 1= )

< (TUfmllz=cn +llgmller ) exp (Cmt (Tl flle + lgllie) ).

N

Hence, we get
U (¢, )|l Lo (8.15)

< Texp (CT<T||meLm(Cl) +llgmllen) exp (Comt (T £l + ||§/||L°°)>>
X, 2 1—v X,
CvAt3 | fll (o) + VIV gl + Ot (T fllpseicmy + loby ) (8l fllzeomy + ligllen )wie? ).

which goes to 0 if

_ X
exp (CT(THfmHLoo(C1)+HgmH01)exp (Cmt(T||f||Loo+]gHLoo)>> <(1+m1 7)y2+yuv2gm”Lm> < 1.
Turbulent uniqueness of vanishing viscous solution is then established.

8.2.2 Viscous uniqueness

Let us consider another regularised Burgers’ equation with different mollification procedure but with
the same viscosity v > 0,

{atawt,x) R ()0, 1) — VO T (1,2) = f(t,2), (12) €0.T) xR

a™v(0,z) = gm(z), = € R,

with v > 0, and where 2y, is a regularisation of @™" (not necessarily a defined by a convolution)
such that

sup |[u"™Y || oo (o) < Tl fllzoo(emy + [9ly < +00,
(m,v)eR
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and for any 0 < € < 1,

m,v

—Uu oo — v g™ —ey — U, .
il @ e = Tim @ = 8 ey = 0 (8.17)

We still write U, := u™" — @™" which is solution of

OUp (t, ) + up” (8, )0, Upn (t, ) — VAU, (8, 2) = —[um’” — "] (¢, ) 0pu™" (t, x), (8.18)
Um(0,2) = 0. '
We again adapt inequality ([7.9)) yields
1t Yo < / I — a0, (s, ) | e ds.
Let us denotes
@it i= [ pule = a6 y)dy, (8.19)
such that
U m — U oo < CmTY[|[U™" || oo (o
and

m,v

[uim™ = Ul ee < [J™" = @™ || oo = [[Un(t, )| oo

We then get by triangular inequality,

t
It i < [ (I = ) sl + N = ) ) e 0, 1

IN

t
¢ [ (Cm Ia umion + U e 0w
< 0 [ (Om (Ul + 61 + (o, o) 10 e

Also by Grénwall’s inequality, we derive

Ut Wz < ST TCm= (T f|] oo (o) + gl 1 Oatiny

From exponential absorbing property,

U (t, pee < eCTI0Em Mo TOm=Y (T f[| poo oy + [g)y) 100 || poo
< CTIOTR Lo 1y = (T || £ oo oy + [9]1)- (8.20)

We need a new estimate of the gradient to avoid any blowing up terms in m which cannot be balanced
by the m™" in front of the exponential; the singularity has to be in v.

Lemma 5. For u™" solution to (8.12), we have

||Ozu™

< 2(TN0s fmll e + 19egmllzoe ) exp (C 7 (T f 1o + lglloe)T).

The proof is postponed in Appendix Section
We deduce from ({8.20)),

|Um(t, Yl < exp (C’T2 (T19% Fnllz + 19sgmll < ) exp (C2v (T £l + HgHLm)zT))
m= V(T fll oo ey + [9]);

which goes to 0 under condition (8.10)).
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A Proof of Lemma 2|

A.1 Gradient estimates

Let us precise the control previously used:
IV (4, oo < (Tl fllzeien) + lgmller ) exp (CmI ] e s ) = Om(®). (A1)
We directly have from Duhamel formula :
[Vu™" (¢, z)l
< (HIVfmlle + [ Vomll o)

t
] [ 5t ) (5, 025€) = b, )] - V™ (s, )y |
0 JRd

(7,6)=(t,x)
< (U9 mllee + 1V gmllz= )

t
_1_7- m m,v
Clbllieny [ [ =) 7E57 s b IO =l [P0 s, ey s

(T.6)=(t,x)
By absorbing property (2.8]), we derive

V() < (HV il + [Vgnli)

t
+Cm1+5|!b||Loo(B;’?oo)/o /Rd P (st y)[Vu™ (s, )| e dy d‘s‘

(T.8)=(t,x)

t
< (U9 Fmllee + 1¥gmlls ) + Cm P bl o s /0 IV (s, ) oeds.
(A.2)

N

Finally, Gronwall’s lemma yields the result.
This useful a priori control allows to avoid any blow-up when v — 0. However, to be able to
prove uniqueness, we also need another estimate stated in Lemma [4] and proved in Section [C]

A.2 Hessian estimates

We perform a similar argument, but for the second derivatives we have to put a second derivatives on
[bm(5,0:(£)) — b (s,9)] - Vu(s, y). Indeed, if we twice differentiate p™(s,t, x,y) there is no possibility
to smoothen the blowing up the contribution of v by Holder control (or even Lipschitz).

We obtain by Leibniz rules

V2 (1, )
t
< (t”VQfm”LOO"‘HVZQm”Lm)+‘/0 RdVﬁT’g(s,t,x,y)W(s,y)'VU(sjy)dde)
E=x
t
+\ / [ 95 st )b (5. 0259) (s, )] TP, )y |
E=x

< m* V() fllpoe (e + L9ln)

e / [ = 135t (6) — IV © V™ (s, e oy ds
Rd
FOlbmlieicny [ [ ot = 5ot )0 ©) — ol P2 o) oy s
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Next, with Leibniz rules and absorbing property (2.8)),

V2 (1)

< WU oy + L)+ Om bl e s / L7 st IV (s, )y s
+Cm1+ﬁHbHLw(Bm’?oo)/o IV2u™" (s, ) || poodis

<

m? Y (t1f ooy + [9)y) + Ctm* Pl oo pop IV U™ ||
t
+Om b Lo gt /0 IV2u™" (s, )| Lo ds. (A.3)

We finally get by Gronwall’s lemma and by identity
V20 (1, ) o (A4)
< (M (W (e + loba) + Ctm* P [bl e s, Om (D)) exp(tm P bl e ms )
We also write by exponential absorbing property:
92 (¢, ) | < Om> = (U] oe(cm + la) exp(Cm P s ) =2 OD(0). (A5)
We insist on the fact that the above inequality does not depend on v.

A.3 Third derivatives estimates

In this section, we detail how to control the third derivatives of v™". We use the same method as
for the Hessian, the additional derivative is also put on [by, (s, 0:(§)) — bm(s,y)] - Vu(s,y).

]V?’um”’(t, x)|

IN

t
(1" Sl + 190l + | [ ] V370 t)P2b(s.) - Vs, )y

E=x

t
| [ 95t ) V) - V(s )y |

E=x

| [T st )b (5. 025(0) = b, Tl |
R4

E=x

IN

Cm> ™ (t) fllzoo (o) + )
+c/ [ vl = o) b st 07 (6)
Rd
X (V2 - V™" (5, )| oo ) + Vb - V2™ (s, )| oo (o1 ) dy dis

FClmlen [ [ 0= 917070t O ) — TP, s

Cm 7 (8] fll ooy + laly) + Ctm™ P ([bl] oo s VU™ | o0

IN

t
FO Bl s IV (e + O Pl s /0 |73 (s, )| e ds.

60



Eventually, by Gronwall’s lemma, identities and (A.4)) imply

V2™ (8, )| s (A.6)
< C(mP (Wl oo + laby) + Pl o sy (MOm(t) + mOD (1)) )

X exp(C’thBHbHLw(BngO))
< CmP Tt (e + lob) exp(Cm b s ), (A7)

by exponential absorbing property.

B Proof of Lemma [3

This section is devoted to the regularity of the flow

0 a) = [ (5,07 ()5

By definition, we have

1657 () — 077 ()]

IN

|.CC—$’+‘/ S, sr b (57057( I))ds

o= /| + lbml o / 62 (@) — 62 (215

IN

which is not the suitable inequality to apply directly Gronwall’s lemma. To do so, we use a sup
formulation, namely for any r < 7, we write similarly to above

sup |07 (z) — 057 ()] < Iw—ﬂcH/ |bm (3, 057 () — b (s, 05 (a7)) | ds

s€[0,r]

< o=/ + ol o) /0 67, (x) — 07" (2)|d5

< !93—90/\+||bmHLoo(01)/ sup |07 (x) — 05 (2)|ds.
0 3€[0,3]

We are now in position to use Gronwall’s lemma, for r = 7

sup I07(2) = 05N < o=/l exp (Jbmllie(ony)
se|0,7

C Proof of Lemma (4

C.1 Gradient estimates
By integration by parts
|Vu™"(t, x)|
< IV mllee + IVgmllzee

] [ Tt )b (5.2 €)) = b ™ (5, ) = ™ (5,02 (€) Ny s
0 JRd

(T,ﬁ):(t,x)

)

t
# [ 5t ) Vb g) 0™ (5, 9) = ™ 5,02y s
0 JR4 (1,£)=(t,z)
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and by exponential absorbing property,
[Vu™ (¢, z)| <tV fml[Lee + [[Vgml L~
t
=1 _
+cubm|ym(ol)Humvvumm)/ / w(t — 8)) T 57(s, 1, 2, y)dy ds
0 JR4 -
(T.6)=(t,z)
yol ol

< ' (#) fllzwemy + lgllen ) + Cllbmlzogen 6™ | z(enyy T 3.

(C.8)
The last identity comes from the Holder estimates stated in Theorem
C.2 Hessian estimates
Like in Section we integrate by parts
V2 (ta)| < (CvETHE | flle o + Vgl )
t
A [t )b (5. 025(9) = ()
(W™ (s,y) — " (5,00 (€)))dy ds|
(r.6)=(t,z)
t
# [ ] Tt ) Tl )™ (5, ) = ™ (5,02 (€) Ny s ,
0 JR4
(T,f):(t,x)
and by exponential absorbing property after choosing the freezing parameters,
|V2u™ (t, )|
< (CvEUE | fl ey + IV gl )
t
+Clmlon ™ ey [ [ e = 3575, g)dy |
0 JRd _
(r.6)=(t,x)
< (VAR |l ien) + IV%gmllis ) + Cllbmll ey (Elfmll i + lgmllen ) w3143,
(C.9)

D Proof of Lemma [5
From the usual Duhamel formula around the heat equation,
oo () < (110 ullie + sl ) + | [ t [ st s )™ (s )y s
< (thorfmllze + 10egm o)
w0l e [ [ ot = 9 2ptos b0 . ey ds.

By the well known L* control, see Section we obtain
0™ (t, )] (D.1)

1 t 1
< (t00n Sl +110agmllzee ) + CTIS|loe + lgllzoe ) / (t = )72 o™ (5, ) | oeds.

Here, it is not possible to directly use Gronwall’s lemma due to the “t” is in the integral. We have to
consider Gronwall-Henry’s lemma, cf. [Hen81|] chapter 7 Lemma 7.1.1. .
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Lemma 6 (Lemma of Gronwall-Henry). Let T' > 0, a positive a constant K > 0 and a non-negative
function o such that the function ¢ : [0,T] — Ry satisfying for any 0 <t < T's

t

o(t) <a(t)+ K ; (t — 5) " Pp(s)ds, (D.2)
then .
o(t) <a(t)+6 ; E5(0(t — s))a(s)ds, (D.3)
with for any r € [0,T],
0 = (KT(B))?,
+oo ynB
Bp(r) = 7;) T(nB+1)’
+0oo ,rnﬂ 1

Ej(r) = 0:Bg(r)=) np

n=0

L(nf+1)’
and if « is a non-decreasing function, then, for any 0 <t < T,
p(t) < aft)Eg(0t). (D.4)
The last inequality is readily derived from .

The only needed case, here, is § = %, for the sake of completeness, we detail the useful proof of
exercise 1 in [Hen&1J.

Lemma 7. For anyt > 0,
€t S El/g(t) S 26t.

Proof of Lemma[7 Let us recall that F(%) = /7, then we get, for any r > 0, by differentiating,

OrEy)a(r) = T_IZ*ni
)

This differential equation also writes
1
Or(€7"Eyya(r)) = —e "Eyjo(r) + € "0 By jo(r) = e ()" 2,
and by integrating, for any ¢ > 0,
t
Ey(t) = el +elrz / ro2e " dr,
0

The lower bound of the lemma is direct, the upper-bound comes from

1

+o0 1
Eipp(t) < e +elnz / rie"dr = e + etw_%f’(i) = 2¢. (D.5)
0
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Coming back to inequality (D.1), we identify the notations in Lemma @ 8 = %, and 6 =
C?v='7(T|| f] e + ||g]|£)?, then from Lemmas [f| and

0at™ (1, lnoe < 2(E10 frallzoe + 1Dagmllis ) exp (C2m (Tl flioe + lgllie)?t).

E Convergence of the mollified distribution

Proposition 2. For any 1 € C7(R4R), v € (0, 1],' we have for all ¥ € Nd and 0 € Ny s.t. [9] =0,
that h,,—2 « D1 € Cy° converges towards D% in BZY . as m — 400. More precisely, we have:

00,00

=2 % D% — D]l o < Clp]ym ™, (E.1)

and D% € Bgo_’go In particular, if |9] =0, h,,—2x1 € CJ° converges towards 1 in L™ as m — 400,
and:

[Pz x ¢ =l Loe < Cliplym™7. (E.2)

Remark 13. Actually, v ¢ {0,1} is not a restrictive condition as changing ¥ into Je Ng such that
|0] = [9| + 1 yields the same result.

In particular, Proposition is available for the Dirac distribution 0 € Bgofloo regarded as the
distributional derivative of the sign function (also regarded as the derivative of the absolute value),
and for any derivative of the Dirac distribution by the same argument.

Proof of Proposition[d Let us write ¢ = D%, with ¢ € C7

[P x o =@llgor = 1D [y * =Pl gz
= sup M || Oy * Dﬂ[hm—‘z * 1) — ]| oo
v€R+
_ 1-=2 9
= sup v 2 [|[0,D"hy * [hy—2 * ) — ]| L,
’UE]R+

by integration by parts in convolutions. Next, we can explicitly write,
Vo %0 = ll e

S| [ 0D e = sty = )0e) — )l dy
Rd

_ =9
= sup v 2

vER,, z€RY Rd
< Clyly, sup /(/f%%@—ymmxy—mm—ymm@
veERy, z€Rd JRE JRE

< clm sw [ b by - a)dody
Rd JRY

veER,, z€RY
by exponential absorbing property . Integrating in space finally yields
Vo % — @l o < Clilym™.
Inequality is direct with similar arguments. O

Corollary 5. For any ¢ € BL (R4 R), v € (0,1] we have, for all 9 € N¢ and 6 € Ny s.t. |9 =6,
that h,,—2 x D) € C°(RYL,R) converges towards D% in B;o(?;?_e(ﬂ%d,R), for any € € (0,1) s.t.
0—~v+¢e>0, as m — +oo. More precisely, we have:

V2 % D% = DYl 045 < Clbym ™. (E-3)
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Proof of Corollary[3. We still use the thermic representation, and by convolution property we have:

12 % o = ol g4

0+'y ]

= sup v~ 100l % D [y 2 % ) — ]| oo ()

U€R+

—0+ 5

= sup v 2 [|8uD hy o [z * ) — Y] oo e

’L)GR+

_79+ —£

T / 0, D"y (= — y)ho2(y — 2)[(x) — b(y)]de dy|.

vER4, zER R4 JRRA

For a given v € (0, +00), we compare the regular contribution v with the mollification contribution.
In other words, we consider two possibilities.

o If m™2 < v, then:

—0+ 5
VT |0phy * DV By %0 — || oo (ra
_ —O0+y—¢
= sup o EEE] [ 0Dz )haly — 2)le) — ) dy
zeR
< Ol 7 Sup/ / e10(2 = Yhp—2(y — 2)|[z — y|"dr dy
zERd R4 JRA
< Cluly w7 sup [ / (2 — Phon-aly — 2)dz dy
zERd ]Rd ]Rd
< C[plym™= (E.4)
o If m™2 > v, then:
—0+ £
VT2 |[0phy * DBy %0 — ]| oo (ra
_ —O0+~y—¢
= sup o [ Ouale =)D oty = )0 (@) — vl dy
z€R
< C[d}]ﬂymwe 7 sup/ he—1y(z = Y)he-1—1(y — x)|z — y| dx dy
zeRd JR4

R4

9— O—~+e

< Clym”Tv 2 sup he-1y(z — Y)hp—2(y — x)dx dy
ZE]Rd Rd JRd

< Cllym=. (E5)
The result follows from (E.4) and (E.5]). O

Proposition [2] and Corollary [5| are more precise forms of the well known convergence in the
distributional sense.

Proposition 3. For any 1 € Bl oo(R%R), v € (0,1] we have for any 9 € N that h,,—» x DY) €
Cfo(Rd,R) converges towards DV in distributional sense as m — +00. More precisely, we have for
any n € C° (R4, R):

sup

p | [ 0te = )lhsx D0ty) = D) dy| < Cltm . (E)

Remark 14. We precise that n is not supposed to be a Gaussian kernel, as in Proposition |3
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Proof. We directly write by convolution property:

sup | [ (o= )2 5 D'0ly) - D70l
zeRd ' JR

= sup D"n(x = y) [hn—2 > (y) — w(y)]dy‘
z€R2 ' JR4

< Cm[yly sup
z€R4

S Cm_’y[qb]’w

/Rd |Dn(z — y)\dy’

the penultimate inequality is consequence of inequality (E.2)). O

F Properties of derivatives of Besov distributions

Proposition 4. For any ¢ € S'(RY) such that Vo € Bxd (RY), v € (0,1), there is a constant
C > 1 such that:
196l < Clielln

Proof of Proposition[f} We first write by the thermic representation of the Besov norm and by inte-
gration by parts,
1— —14y

IVellgoi = sup 0773
’ vER,, z€R4

/ Dphiy (2 — y)VsO(y)dy‘
Rd

- sup vz V- Oyhy (2 = y)le(y) — 90<2)]dy‘,

vER,, z€RC

by absorbing property (2.8]) we derive

R4

3= _3
IVelsae < Cleby swp 0% [ o dhoo(e—g)ly - 2ldy
’ vERy, zERC R4
< Clyly sup he-1,(2 — y)dy
vER4, zERI JRE
< Cloly.

We also derive the corresponding inequality for the inhomogeneous case.
Corollary 6. For any ¢ € S'(R%) such that Vi € Bo'd (RY), v € (0,1), there is a constant ¢ > 1
such that:
1Vl porr < elleling .

Proof of Corollary[6l From inequality (2.6), we have ||Vl -1+ < %HV@HBAH. Moreover, it is
direct that ’ ’

_ _a
el gy = sup o 2|0k x gl < l@llzy  +supv 2|0, hy x @l 1
: vERL ’ v>1

IN

Il . + Il
= lellpy ..

In other words, we deduce by Proposition [

C
IVellpoo = T IVellson < el . < Clivlle .
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Remark 15. In all generality, the reverse inequality of the above results are not true. For example,
any constant function lies in B;’om but its derivative is 0, hence the Bgofy norm 1s null, and the
corresponding Besov norm equivalence obviously fails to be true.

For an equivalence version of this result, we need to consider extra Besov norms, see for instance
[KMMO7)] identity (3.54) for a Triebel-Lizorkin spaces version.

G On the freedom of the mollification choice

In this section, we detail why if there is a sequence of smooth function converging toward a Bgf 00
distribution then the mollification procedure (5.2]) converges also toward the distribution. In other
words, if there is a sequence (b, ),>1 lying in L°°([0 T); C2° (R4, RY)) such that

Jimn 1bn = Bll oo zstey = 0, (G.1)
for any 0 < ¢, then
n’%gnoo Hbm - bHLOO(B;O[?;f) =0, (GQ)

where by, is defined in (5.2)) by:
bin(t, ) = b(t, ) * pm (),

1 |\2

d se~ 2 . Indeed, we readily write by triangular
2

with for any z € R?, p,,(2) := m9p(zm) for p(z) =

inequality:
10m = bl e ey < M0m = P bull e ooy - llom *bn = Bull e ey + 10n = bll e ey (G-3)

The firs term in the r.h.s. above write:

[bm — pm *BnHLoo(Bgoﬁ;;E) = [|pm * (b — l_)n)HLoo(B;f;f)'
Hence, we obtain
Hb ,Om*b HLoo B »3 =) _vz%pl]v 2 Hpm*h *(b b )HLOO < Hb _bHLoo B li;i)a (G4)

by triangular inequality.
Also, for the second term in (G.3|), let us deal with the corresponding homogeneous norm,

lpm * bn = ball o p=p—e) = ll9(D)(pm * b = bn) | Loe + llom * br = bl oo ey
It is direct that
(D) (pm * b = i)l Loe < Cllpm * by = bullzee < Cm™ || Dby v (G.5)
Next,

— sup ‘/ / pm(y — ) [bn(t, ) — by (t, y)]dx dy‘
vel0,1], te[0,T], zeRd R4 JRE

T ﬁ+s
< Dbl sup / / he-10(z = 4)pmly — )| — yld dy|
ve[0,1], te[0,T7, zeRd Rd JRd
T _ B+e
< O Dbyl sup / / 1z~ Ypc-t(y — o)de dyf
vel0,1], te[0,T], zeR4 Rd JRE
= O Dby||p=m™. (G.6)

Let us choose m > || Dby|| e which yields that lim, ;oo ||pm * by, — BnHLm(B_g—E) =0.
Finally, gathering identities (G.1)), (G.3)), (G.4), (G.5) and (G.6]) yields the limit property (1G.2)).
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