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Abstract — This paper presents a model suited for the design 

of mechanically bistable beams used in Piezoelectric Energy 

Harvesters (PEHs). The proposed model accounts for the 

bending and compression of post-buckled beams used in the 

PEH. The effect of the beam’s geometry on the generated power 

and frequency bandwidth is evaluated with a performance 

criterion. It is concluded that a low beam compression stiffness 

can have a negative impact on the performance of the PEH and 

that the bending stiffness solely implies a prestress on the 

piezoelectric transducer. 

Keywords— Piezoelectric energy harvester, bistable, post-

buckled beams, lumped model, design  

I. INTRODUCTION  

Piezoelectric Energy Harvesters (PEHs) have received a lot 

of attention in recent years as they offer a promising cost-

effective, durable and autonomous alternative to chemical 

batteries for powering wireless sensor networks [1]. To 

improve the performance of a PEH subjected to ambient 

vibrations, a wider frequency bandwidth is preferred. For that 

matter, non-linear vibrating structures in PEHs have become 

a technology of interest in the past 2 decades [2].  

Bistability is one example of non-linearity used in these types 

of power generators that has been extensively studied [3]; it 

implies the existence of two stable equilibrium positions in 

the structure. Other than magnetic interaction based 

structures [4], bistability can be realized with post-buckled 

structures such as beams [5]. This type of mechanical non-

linearity implies considerable modelling complexity 

regarding the dynamic behavior of the beams.  

Consequently, the effect of the beams is omitted in the 

Duffing type equations used to describe bistable PEHs for 

some architectures [6].  

Nevertheless, the static behavior of thin beams post-buckling 

has been modelled extensively. In 1998, Vangbo et al. 

proposed a static Lagrangian approach to study post-buckled 

beams with a centered actuation [7] that has been used by 

many, including Camescasse et al. who investigated the effect 

of off-center actuation, amongst other elements, on the static 

behavior of post-buckled beams in 2013 [8].  

This modelling strategy was widely employed to develop 

lumped models for dynamic structures that use post-buckled 

beams. A dynamic lumped model for a tunable MEMS 

architecture was developed and verified experimentally by 

Saif in the year 2000 [9] who used this method, but only 

modelled the mechanical behavior of the post-buckled beams 

as the effect of the electrical part of the structure was omitted 

in his work.  

Regarding energy harvesting applications, a considerable 

contribution to the study of post-buckled beams for PEH’s 

was made by Cottone et al in 2012, who modelled the 

behavior of post-buckled membranes [10] and took both 

mechanical and electrical parts of the structure into 

consideration. The effect of post-buckled beams is however 

difficult to assess in the proposed model due to the  

 

 
Fig. 1 The bistable PEH studied by Huguet [6] 
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complexity and additional non-linearity of the terms 

involved. It can thus be costly and complicated to draw 

general conclusions regarding the geometry’s effect on the 

dynamic performance of the generator, especially for 

structures that use the piezoelectric element differently.  It is 

also worth citing Liu et al [11] who considered the bending 

stiffness of the beams in a dynamic lumped model for design 

purposes, proving that the latter had no effect on the 

generated power and frequency bandwidth obtained by the 

PEH for the architecture investigated. However, the effect of 

the compression stiffness of the post-buckled beams on the 

performance of the PEH remains undetermined.  

This paper proposes a modelling approach for this purpose, 

that combines static Finite Element Analysis (FEA) with a 

dynamic lumped model, allowing the study of the effect of 

the bending and compression stiffnesses of post-buckled 

beams with complex geometries on the performance of a 

bistable PEH. 

II. LUMPED MODEL FOR A MECHANICALLY BISTABLE PEH 

ARCHITECTURE 

A. Presentation  of the PEH architecture studied 

 

The PEH architecture studied in this paper is similar to 

Huguet‘s PEH prototype described in [6] and represented in 

Fig. 1. 

It includes an inertial mass, four bistable thin beams used to 

prevent in plan rotations of the inertial mass, and an 

Amplified Piezoelectric Actuator (or APA) used to generate 

power upon the inertial mass’s movement.   

The advantage of using this type of architecture is the 

exploitation of 3-3 electromechanical coupling modes in the 

piezoelectric element as opposed to the 3-1 

electromechanical coupling modes that are usually solicited 

in PEH architectures that use piezoelectric patches [10].  

B. Lumped model formulation for the studied PEH 

architecture 

 

 
Fig. 2 A representation of the classic bistable PEH's lumped 

model 

 

 
Fig. 3 A representation of the proposed bistable PEH's lumped 

model 

 

 

In Fig. 2, a schematic of the classic modelling approach for 

the studied architecture is shown. The bistable beams are 

usually considered to be Perfect Revolute Joints (PRJs) with 

infinitely rigid bars. 

In reality, the bistable beams are subject to mechanical strain 

during the inertial mass’s movement; mainly bending strain 

modes and extension/compression strain modes.  

Fig. 3 is a schematic of the modelling approach proposed in 

this paper for mechanically bistable PEHs, in which the 

elasticity of the bistable beams is considered by adding 

springs for their bending and compression stiffnesses 

respectively named 𝐾𝑓 and 𝐾𝑡.The bending stiffnesses of the 

four identical links act in parallel on the mass and oppose its 

displacement along the 𝑥 direction. They can thus be 

modelled with an equivalent stiffness 4𝐾𝑓. The compression 

stiffnesses oppose the mass’s movement along the 

𝑦 ⃗⃗⃗  direction. 

Along this axis the compression stiffnesses of the links add 

up on both sides of the mass, but are in series when 

considering both sides. The global equivalent compression 

stiffness 𝐾𝑡 is then equal to the compression stiffness of one 

beam. 

The inertial mass is considered moving along the 𝑥  direction 

only (which is true to the first order if the position of the mass 

𝑥 is very small compared to the length of the links 𝐿).   

To simplify the modelling process, the APA (𝐾, 𝛼) and the 

buckled links’ compression spring (𝐾𝑡) are modelled with an 

equivalent APA (𝐾𝑒𝑞,  𝛼𝑒𝑞).  

The expression of the force applied by the APA and the 

buckled link’s compression spring becomes:  

𝐾𝑒𝑞 =  
𝐾𝐴𝑃𝐴

𝐾𝑡 + 𝐾𝐴𝑃𝐴
 (1) 

𝛼𝑒𝑞 =  
𝛼

𝐾𝑡 + 𝐾𝐴𝑃𝐴
 (2) 

Dynamic equilibrium equations of the PEH represented in 

Fig. 3 can be deduced by formulating the Euler-Lagrange 

equations for the system.  

The displacement of the equivalent APA is expressed as 

follows:  

∆𝐿 =  2(𝐿(𝑥 ) − 𝐿) = (2𝐿 − 2√𝐿2 + 𝑥0
2 − 𝑥2) (3) 

 

The generalized coordinates considered are the position of the 

mass 𝑥  and a voltage related coordinate 𝜆  as �̇� = 𝑉 . The 

Euler-Lagrange system of equations is formulated as follows:  

{
 

 𝑀𝛾 =
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�
 ) − 

𝜕𝐿

𝜕𝑥
 

𝐼 =
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�
 ) − 

𝜕𝐿

𝜕𝜆

 (4) 

The Lagrangian function of the system is described by the 

equation below: 

𝐿 =  𝑇 − 𝑆4𝐾𝑓 − 𝑆𝐾𝑒𝑞 +𝑊𝑐 (5) 

With:  

𝑇 =
1

2
𝑀�̇�2  (6) 

𝑆𝐾𝑒𝑞 = 2 (
1

2
𝐾𝑒𝑞∆𝐿² ) (7) 

𝑆𝐾𝑓 =
1

2
 (4𝐾𝑓𝑥

2) (8) 
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𝑊𝑐 =
1

2
𝐶𝑝𝑣

2 + 𝛼𝑣∆𝐿 (9) 

The final equations that stem from the simplification of 

previous expressions are described in the equation system 

below:  

{
 
 
 
 

 
 
 
 𝑀𝛾 =  𝑀𝑥 ̈ + 2𝐾𝑒𝑞 (2𝐿 − 2√𝐿

2 + 𝑥0
2 − 𝑥2)

𝑥

√𝐿2 + 𝑥0
2 − 𝑥2

+ 4 𝐾𝑓 𝑥 + 𝐷�̇� +

2𝛼𝑒𝑞𝑣 𝑡𝑔(𝜃) +
2 𝛼𝑒𝑞  𝑣 𝑥

√𝐿2 + 𝑥0
2 − 𝑥²

𝐼 =  
2 𝛼𝛽𝐾𝑡𝑥�̇�

𝐿
− 𝐶𝑝�̇�

 (10) 

Consequently, the behavior of the PEH can be described by 

the following equation system, provided the displacements of 

the mass and buckling level are small with respect to 𝐿 (𝑥0  <
<  𝐿 𝑒𝑡 𝑥 <<  𝐿): 

{
  
 

  
 𝑀𝛾 = 𝑀�̈�  − (2𝐾𝛽𝐾𝑡

𝑥0
2

𝐿2
 − 4𝐾𝑓)𝑥

+
2𝐾𝛽𝐾𝑡𝑥

3

𝐿2
+ 𝐷�̇� +

2𝛼𝛽𝐾𝑡𝑥𝑣

𝐿

𝐼 =  
2 𝛼𝛽𝐾𝑡𝑥�̇�

𝐿
− 𝐶𝑝�̇�

  (11) 

With 𝛽𝐾𝑡 a correction factor that considers the effect of the 

compression stiffness and given by: 

𝛽𝐾𝑡 = (
1

1 +
𝐾
𝐾𝑡

 ) (12) 

When the buckled links’ elasticity is not considered, the 

assumption of PRJs with infinitely rigid bars is made. It 

implies a null bending stiffness 𝐾𝑓  and an infinite 

compression stiffness 𝐾𝑡  (and thus a correction factor 𝛽𝐾𝑡  

equal to one). In this case, it is worthwhile noting that the 

equations describing the dynamic behavior of the harvester 

demonstrated by Huguet in [6] are obtained (see equation  

system (13)). 

{
𝑀𝛾 = 𝑀�̈� − 2𝐾

𝑥0
2

𝐿2
𝑥 +

2𝐾

𝐿2
𝑥3 + 𝐷�̇� +

2𝛼

𝐿
𝑥𝑣

𝐼 =
2𝛼

𝐿
𝑥�̇� − 𝐶𝑃�̇�

 
(13) 

In an initial optimization based on the perfect revolute joint 

model, for a railway’s application, the generator parameters 

specified in Table 1 were set. The value of the load resistance 

is set to match the modulus of the output impedance of the 

harvester at the characteristic angular frequency 𝜔0: 

 

𝑅 =
1

𝐶𝑃𝜔0
    (15) 

 

𝜔0 being the resonance frequency of the bistable harvester for 

small oscillations around one of the two equilibrium 

positions.  

𝜔0 =
𝑥0

𝐿
√
4∗𝐾

𝑀
  (16) 

  
 

Table 1 The bistable PEH fixed parameters 

Parameter Symbol Value 

Mass frame distance L 35 mm 

Buckling level 𝑥0 0,85 mm 

Inertial mass 𝑀 5 g 

APA stiffness K 0,342 N/µm 

Damping coefficient 𝐷 0,026 N/m/s 

Piezoelectric force factor 𝛼 0,096 N/V 

Piezoelectric clamped 

capacitance 

𝐶𝑃 1,55 µF 

Load resistance R 2,37 kΩ 

 

Prior to determining the buckled beams’ optimal geometry 

with the dynamic lumped model suggested in equations (11) 

the model’s validity is tested by a comparison with a static 

finite element analysis. 

III. A STATIC FINITE ELEMENT ANALYSIS OF POST BUCKLED 

BEAMS 

The validity of the proposed lumped model is tested by 

comparing the elastic energy stored in the statically deformed 

buckled beams computed by Finite Element Analysis (FEA) 

𝐸𝑏𝐹𝐸𝐴 with  the elastic energy 𝐸𝑏𝐿𝑀 calculated using the 

proposed lumped model described by (10) (11). The latter is 

given by equation (14). 

𝐸𝑏𝐿𝑀 = 𝑆𝐾𝑓 + 𝑆𝐾𝑡 =
1

2
𝐾𝑓  𝑥2 +

𝐾

𝐾𝑡
 𝐸𝐴𝑃𝐴   

(14) 

With 𝐸𝐴𝑃𝐴  the elastic energy stored in the APA.  

In order to validate the theoretical approach, beam 

dimensions are fixed as specified in Table 2.  

 
Table 2 Simulated buckled beam characteristics 

Buckled beam characteristics Symbol Value 

 

Length 𝐿 35 mm 

Width 𝑏 5 mm 

Thickness  𝐸 0,2 mm 

Buckling level 𝑥0 0,85 mm 

 

For simple beam geometries, such as straight section beams 

with a constant moment of inertia 𝐽 , the bending and 

compression stiffnesses are known for a given material whose 

young modulus is 𝐸:  

(𝐾𝑓 , 𝐾𝑡) = (
96𝐸𝐽

(2𝐿)3
 ,
𝐸𝑏𝑒

𝐿
 ) (15) 

The elastic energies SKf , SKt and 𝐸𝑏𝐿𝑀 can then be calculated 

using equations (14)  and (15) as a function of 𝑥. The elastic 

energy 𝐸𝑏𝐹𝐸𝐴  is numerically computed using the software 

Abaqus. The elastic energy 𝐸𝑏𝐿𝑀    predicted by the lumped 

model and the FEA predictions 𝐸𝑏𝐹𝐸𝐴  are represented in Fig. 

4 as well as the relative error between the 𝐸𝑏𝐹𝐸𝐴 and 𝐸𝑏𝐿𝑀 . 

The results show that the difference between the FEA and 

lumped model predictions is less than 10%, which confirms 

the soundness of the proposed approach.  

It should be noted that for beams with more complex 

geometry than rectangular cross-section beams, 𝐾𝑓  and 𝐾𝑡 

can be computed by static FEA and then used in the lumped 

model for dynamic simulations. 

IV. THE EFFECT OF BISTABLE POST-BUCKLED STRUCTURES ON 

THE PERFORMANCE OF A PEH 

A. Preliminary conclusions 

Based on comparisons between the proposed dynamic 

lumped model (see equations (11)) and the classic lumped 

model based on the PRJ assumption with infinitely rigid bars 
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(see equations (13)), first conclusions on how the bending and 

compression stiffnesses of the links affect the PEH’s behavior 

can be made. 
The bending stiffness 𝐾𝑓  affects the buckling level of the 

structure. This can be shown by rewriting the linear term in 
the mechanical part of the equation system (11). 

(2𝐾𝛽𝐾𝑡
𝑥0
2

𝐿2
 − 4𝐾𝑓)𝑥 =

2𝐾𝛽𝐾𝑡
𝐿2

𝑥01
2 𝑥  (16) 

which leads to the expression of the new buckling level x01: 

 

𝑥01 = √(𝑥0
2 −

2𝐾𝑓𝐿
2

𝐾𝛽𝐾𝑡
 ) (17) 

 

The equation system (11) can then be rewritten as:  

 

{
 

 𝑀𝛾 = 𝑀�̈�  −
2𝐾𝛽𝐾𝑡
𝐿2

𝑥01
2 𝑥 +

2𝐾𝛽𝐾𝑡𝑥
3

𝐿2
+𝐷�̇� +

2𝛼𝛽𝐾𝑡𝑥𝑣

𝐿

𝐼 =  
2 𝛼𝛽𝐾𝑡𝑥�̇�

𝐿
− 𝐶𝑝�̇�

  (18) 

 

In reality, the same buckling level as the one set in the case 

of the perfect revolute joint assumption with infinitely and 

rigid bars (𝑥0 in equations (13)) can be established, provided 

that the force applied on the beams along the 𝑦 direction, and 

consequently on the APA, is higher.  

The bending stiffness 𝐾𝑓 can be a seen as an indicator of the 

force necessary for buckling a given structure. The bigger it 

becomes, the more challenging it is to buckle the structure 

and move the mass (see equation (17)), and thus the beams, 

for an acceptable stress level fixed by the materials used for 

the links or by the displacement limit of the used APA. 

Consequently, the maximal value of the stiffness Kf should 

be considered to fix the limit of the design optimization 

domain. Comparing equations (18) and (13) we can finally 

note that 𝐾𝑓 has no effect on the PEH’s dynamic, since, for a 

given buckling level, the only difference comes from the 

stiffness 𝐾𝑡 through the 𝛽𝐾𝑡 parameter. 

 

 
Fig. 4 Results for the FEA and lumped model for the elastic 

energy stored in a beam as a function of the mass displacement 

 

 
Fig. 5 Frequency responses for of the PEH for different beam 

thicknesses and for the PRJ with infinitely rigid bars  

 

B. Performance assessment of a bistable PEH  

Two physical values are usually considered to evaluate the 

performance of PEHs driven by sinusoidal vibrations: the 

generated power and the frequency bandwidth [3]. A unique 

metric can be used to assess both aspects for a given value of 

𝐾𝑡. It consists in integrating the mean harvested power 𝑃𝐾𝑡(𝑓) 

along the frequency domain for a sinusoidal driving vibration 

of constant acceleration amplitude (see equation (19) ). 

𝐼(𝐾𝑡) = ∫ 𝑃𝐾𝑡(𝑓)𝑑𝑓
𝑓𝑚𝑎𝑥

𝑓𝑚𝑖𝑛

 
(19) 

The performance criterion considered for the optimization of 

the flexible joints geometries is calculated as indicated in 

equation (20) as the previous metric (19) normalized by its 

value in the case of perfect revolute joints with infinitely rigid 

bars (𝐾𝑡 → +∞). 

  𝑃𝑐(𝐾𝑡) =  
𝐼(𝑃𝐾𝑡)

𝐼(𝑃𝐾𝑡= ∞)
  (20) 

C. Optimization example: Optimal thickness of beams for a 

bistable PEH 

As an example, the performance criterion described by 

equation (18) is calculated for the beam described in Table 2 

for different values of the beam thickness, and thus for 

different values of 𝐾𝑡 ( see equation (15) ) for an ascending 

frequency sweep from 20 Hz to 200 Hz with an amplitude of 

2g. The frequency varies linearly and its variation velocity is 

slow enough to consider quasi-static sinusoidal operation.  

 

 
Fig. 6 Performance and feasibility assessments for different 

beam thicknesses 
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The frequency range and vibration level correspond to the 

targeted ambient vibration’s spectrum in railways 

applications. To further understand the performance’s 

evolution for different values of 𝐾𝑡 ,normalized measures of 

power and bandwidth are calculated as follows: 

 𝑃𝑛(𝐾𝑡) =
𝑚𝑎𝑥(𝑃𝐾𝑡(𝑓))

𝑚𝑎𝑥(𝑃𝐾𝑡=∞(𝑓))
 (21) 

𝐵𝑛(𝐾𝑡) =

∆𝑓 (𝑃𝐾𝑡 =
𝑚𝑎𝑥 (𝑃𝐾𝑡(𝑓))

2
) 

𝑓𝑐
 

(22) 

 

Furthermore, the ratio of the compression of the APA to its 

limit 𝑅𝐴𝑃𝐴(𝑥0) is evaluated for the fixed buckling level  
𝑥0 as a measure of feasibility. The APA used for energy 

generation is Cedrat Technologies’ APA120S that has a  

displacement limit of 100 µm, and the lumped model 

parameters used for the dynamic numerical simulation are the 

ones specified in Table 1.  

The frequency response of the PEH for different beam 

thicknesses and for the PRJs with infinitely rigid bars shown 

in Fig. 5. The evolution of the bistable PEH’s normalized 

power 𝑃𝑛(𝐾𝑡) , normalized bandwidth 𝐵𝑛(𝐾𝑡) and 

performance criterion 𝑃𝑐(𝐾𝑡) are shown in Fig. 6 as functions 

of the beam’s thickness. The evolution of the optimization 

criterion shows that the higher the thickness, and thus the 

compression stiffness Kt, the more the optimization criterion 

converges to 1. 

It is worthy to note that the normalized power and bandwidth 

increase and decrease respectively with Kt, until reaching a 

constant level. The results agree with the evolution of the 

parameters of the model: the correction factor 𝛽𝐾𝑡  approaches 

1 as 𝐾𝑡 increases, and consequently, the force factor of the 

APA approaches its optimal value as the compression elastic 

energy stored in the beams becomes negligible compared to 

that of the APA. 

In addition, feasibility assessment results show that the 

normalized APA displacement exceeds one for a thickness 

larger than 360 µm, meaning that the generator is no longer 

feasible in the domain highlighted in red in Fig. 6. It is 

deduced that the compression stiffness offering the best 

performance can be attained starting a beam thickness of 200 

µm, which corresponds to the optimal design. 

V. CONCLUSION 

In a nutshell, this paper proposes a modelling approach for 

the design of post-buckled beams in mechanically bistable 

PEH architectures.  

The modelling approach is at first validated with a static FEA 

simulation, and then exploited for the evaluation of a 

performance criterion that accounts for the power output and 

frequency bandwidth.  

As demonstrated in this work, the beam’s bending stiffness 

has no effect on the performance of the PEH for this type of 

architecture, but is crucial to determine feasibility. 

Additionally, the beam’s compression stiffness is shown to 

deter the performance of the generator when its value 

becomes too small compared to the piezoelectric element’s 

stiffness.   

Therefore, a compromise between a rigid beam, for 

performance purposes, and a bendable beam, for feasibility 

purposes, should be found.  

This approach can easily be applied to more complex post-

buckled beams using static FEA simulations to determine the 

stiffnesses that correspond to bending and compression. 

Experimental validations of the accuracy of the lumped 

model will soon be realized for simple and more complex 

beam geometries.  
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