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SHARP STABILITY FOR SOBOLEV AND LOG-SOBOLEV
INEQUALITIES, WITH OPTIMAL DIMENSIONAL DEPENDENCE

JEAN DOLBEAULT, MARIA J. ESTEBAN, ALESSIO FIGALLI, RUPERT L. FRANK,
AND MICHAEL LOSS

ABSTRACT. We prove a quantitative version of the Sobolev inequality with explicit constants.
Moreover, the constants have the correct behavior in the limit of large dimensions, which al-
lows us to deduce an optimal quantitative stability estimate for the Gaussian log-Sobolev
inequality with an explicit dimension-free constant. Our proofs rely on several ingredients
such as, competing symmetries, a flow based on continuous Steiner symmetrization that in-
terpolates continuously between a function and its symmetric decreasing rearrangement and
refined estimates on the Sobolev-functional in the neighborhood of the optimal Aubin-Talenti
functions.
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1. INTRODUCTION AND MAIN RESULTS
On RY with d > 3, let us consider the Sobolev inequality
IV ety > Sall fl2er oy f € E'(RY)

where 2* = 2d/(d — 2) is the ‘Sobolev exponent’, Sy = 1 d (d — 2) [S?|?/¢ is the sharp Sobolev
constant, and S? denotes the d-dimensional unit ball. In [12] Brezis and Lieb posed the
question whether it is possible to bound the ‘Sobolev deficit’

IVAlE2 ey = Sa I FIIEer oy

on H'(R?) from below in terms of some natural distance from the set of optimizers. The
homogeneous Sobolev space H'(R?) is the space of the functions f € L. _(R?), whose dis-
tributional gradient is a square-summable function that vanish at infinity, in the sense that
H{z € RY: |f(z)] > €}| < oo for all € > 0. Here |A| denotes the Lebesgue measure of a
measurable set A. Throughout this paper we deal with real-valued functions. With minor
additional effort our arguments can be extended to the case of complex-valued functions.
Rodemich [58], Aubin [4] and Talenti [63] (see also [60]) proved that the Sobolev deficit is
nonnegative. Moreover, it was shown by Lieb [53], Gidas, Ni and Nirenberg [45] and Caffarelli,
Gidas and Spruck [18] that the deficit vanishes if and only if the function f is of the form

_d=2
fl@)y=cla+|z—0bf) 7, (1)
where a € (0,00), b € R and ¢ € R are constants. These functions are often called ‘Aubin—
Talenti functions’. Let M denote the (d+2)-dimensional manifold of functions of the form (1).
The question of Brezis and Lieb was answered by Bianchi and Egnell [6]: for any d > 3
there is a strictly positive constant cgg such that, for any f € HY(R?)\ M,

g(f) — ||Vf||L2(]Rd Sd ||f||L2* (Rd)

HlngM ||Vf Vg||L2(Rd)
We denote by cgg the optimal, that is, largest possible constant in (2).

Lions [55] has shown that if the Sobolev deficit is small for some function f, then f has to be
close to the set M of Sobolev optimizers. The closeness is measured in the strongest possible
sense, namely with respect to the norm in H}(R?). The Bianchi-Egnell inequality (2) makes
the qualitative result of Lions more quantitative. In particular, it shows that the distance
to the manifold vanishes at least like the square root of the Sobolev deficit. Such ‘stability’
estimates have been established in other contexts as well, e.g., for the isoperimetric inequality
or for classical inequalities in real and harmonic analysis. In fact, stability has attracted a lot of
attention in recent years and we refer to [44, 26, 39, 27, 23, 30, 21, 24, 38, 25, 61, 42, 43, 40, 10]
and the references within for a list of works in this direction. In several of them the strategy
of Bianchi and Egnell or its generalizations play an important role.

An interesting point about (2) and other inequalities obtained by this method is that nothing
seems to be known about the optimal value of the constant cgg except for the fact that it is
strictly positive. The proof in [6] proceeds by a spectral estimate combined with a compactness
argument and hence cannot give any information about cgg. Explicit quantitative estimates
are known only for a distance to M measured by a weaker norm than (2), functions of H! (R%)
satisfying additional constraints or superquadratic estimates of the distance which degenerate

> CBE - (2)
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in a neighbourhood of M, while much more is known for subcritical interpolation inequalities
than for Sobolev-type inequalities: see [9, 3, 31, 29, 10, 41, 13] for some references.

Stability results for the Sobolev inequality. It is the aim of this article to address the
question of proving (2) with an explicit lower bound on c¢gg. Not only will we obtain a
computable expression for the constant, we will also determine its asymptotic behavior as
d — 4o00. To explain the latter, we recall that

CBE < P (3)
This follows from the proof of [6, Lemma 1]; see also [23, Introduction]. The constant on the
right side comes from the spectral gap inequality mentioned before. Thus, cgg decays at least
like d~! as d — +o0o. Our main result shows that it does not decay faster than d='. More
precisely, we prove the following theorem.

Theorem 1. There is a constant 3 > 0 with an explicit lower estimate such that for all d > 3
and all f € HY(R?) \ M we have
B

5(f)>3

We refer to Identity (44) and Remark 32 for an explicit expression of  and some comments
on a simpler bound deduced from Proposition 7.

Stability results for the logarithmic Sobolev inequality. Consistently with the opti-
mal d~! behavior of the constant in Theorem 1 we obtain a quantitative version of the stability
for the sharp logarithmic Sobolev inequality, which we state next. On RY, N > 1, we consider
the Gaussian measure

dy(z) = e "1 da .
We abbreviate L2(y) = L?(RY,dv) and denote by H!(v) the space of all v € L?(v) with dis-
tributional gradient in L2(v). The logarithmic Sobolev inequality states that for all functions

u € H'(v) one has
2
/ |Vu|2d727r/ lu|® In i dvy.
RN [

The constant 7 is optimal and equality holds if and only if
u(z) = ce” (4)

for some a € RY and ¢ € R. The corresponding stability result for the logarithmic Sobolev
inequality goes as follows.

Theorem 2. There is an explicit constant k > 0 such that for all N € N and all u € H'(y),

2
/ |Vul? dv—w/ u? In i dvy >k inf / (u—ce*™)*dry.
RN || || a€RN, ceR RN

The logarithmic Sobolev inequality on a finite dimensional Euclidean space (with either
Gaussian or Lebesgue measures) can be seen as a large dimensional limit of the Sobolev
inequality, for instance by considering Sobolev’s inequality on a sphere of radius v/d applied
to a function depending only on NNV real variables as in [5, p. 4818]. The classical versions of the
logarithmic Sobolev inequality are usually attributed to Stam [62], Federbush [36], Gross [46],
and also Weissler [66] for a scale-invariant form. There is a huge literature on logarithmic



4 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS

Sobolev inequalities and we refer to [47] for a survey on many early results. Equality cases in
the logarithmic Sobolev inequality have been characterized by Carlen in [20, Theorem 5|, even
with a remainder term, see [20, Theorem 6]. Other remainder terms are given in [8, 35, 32]
and, using weaker notions of distances, in [8, 49, 35, 37, 48] while some obstructions to stability
results involving strong notions of distance are given in [50, 34]. However, as far as we know,
the Bianchi-Egnell strategy has so far not been applied to the logarithmic Sobolev inequality,
probably because u — |u|*In |u|? is not twice differentiable at the origin. Here we overcome
this issue. In fact, as will be clear from our proof, this non-twice-differentiability issue is
closely related to that of obtaining a d~! decay in the setting of Theorem 1.

We have stated the logarithmic Sobolev inequality in its version with respect to the normal-
ized Gaussian measure. It has an equivalent version with respect to the Euclidean measure.
We set u = e 1#I*/2y and obtain by a simple integration by parts from Theorem 2

v? . 2
/ |V“|2d95_7r/ In | s | de—N7 ||v][fo@n) > 5 inf / ‘v—ce‘5|$_b|2 dz .
RN RN HUHL2(]RN) beRN, ceR JpN

Writing v(z) = AN2w(\z) with a parameter A > 0, we obtain equivalently

2
X2 / [Vl dy — / whn | | dy = N'w (1+ I \)lfwl2a e,
RN RN HwHI}RN)

. 2
>k inf / ‘w—ceiﬁh’*b|2 dy .

beRN, ceR JrN
We bound the right side from below by extending the infimum over all A > 0 and then we

optimize the left side with respect to A > 0. In this way we obtain the following stability
version of the Euclidean logarithmic Sobolev inequality.

Corollary 3. With k > 0 as in Theorem 2 we have for all N € N and all w € HY(RY),

2 Vwl|?d 2 2
il n 2 de (TuRdr) 2 p L (wt )
Nre Hw||L2(RN) N Jgn ||wHL2(RN)
i 2
22—K inf / ‘w—ce_ﬁw_b|2 dy .

N T x>0,beRV, ceR Jpn

Ideas of the proof of Theorem 1. Let us describe the strategy of the proof of Theorem 1.
It consists of three independent parts, corresponding to Sections 3, 4 and 5, respectively. The
first and second parts concern nonnegative functions, while in the third part we deduce the
inequality for arbitrary functions from that for nonnegative functions. The latter argument
uses a certain concavity inherent in the problem. Potentially this argument comes with a loss
in the constant, but we show that it does not destroy the d~! behavior that we need to prove
Theorem 2.

We now discuss the first and the second parts in more detail. Superficially, the proof
is analogous to that by Bianchi and Egnell [6], namely, one splits the problem into two
regions, one where f is close to the set of Sobolev optimizers and the other where it is far
away. These regions are defined in terms of the quantity infyer |V f — Vgl[3, (R) JIVFlz. (Rd)»
specifically by requiring that this quantity is either less or equal than §, or bigger than ¢.
Here 6 > 0 is a free parameter that will be chosen appropriately at the end. Note that, since
infgepm [|Vf = Vg2, Rty < < ||V fli3. (ra), We may always assume that 6 <1 and even § < 1.
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The first part of the proof of Theorem 1 in Section 3 is concerned with a nonnegative
function f that is close to the set of optimizers. The basic strategy is to expand the quantity
| f ||Lq Ra) with the main term given by the quantity with f replaced by the closest optimizer g.
By thls choice there will be no linear term in this expansion, and for the quadratic term
one uses a spectral gap inequality. A first version of this argument appears in the proof of
Proposition 7. Such a naive expansion, however, is not good enough to reproduce the correct
d~! behavior of the constant cpg. Instead, a refined argument is needed where we cut the
function f/g in its range and treat the different parts by different arguments. The spectral
gap inequality is only used for an L*°-bounded part of the perturbation.

Parenthetically we point out that we actually prove something stronger. Namely, we assume
a decomposition f = g+ r with ¢ € M and a perturbation r satisfying certain orthogonality
conditions. These orthogonality conditions for r are guaranteed when g realizes the infimum
infyem |VF = Vd'l[7, (rey: Dut our argument does not make use of this minimality of g. This
observation turns out to be convenient when deducing the stability version of the logarithmic
Sobolev inequality in Theorem 2.

In the second part of the proof of Theorem 1, described in Section 4, we obtain a lower
bound on &(f) for nonnegative functions f satisfying inf e m||V f — Vg”i?(md >0 ||Vf||L2(1Rd
Bianchi and Egnell [6] handle this part by a compactness argument and this is the reason
why so far there does not exist a quantitative lower bound on cgg. One can replace this
argument by a constructive procedure using an idea taken from a paper by Michael Christ [25],
in which he establishes a quantitative error term for the Riesz rearrangement inequality.
To implement this idea in our context we construct, using competing symmetries [22] and
continuous rearrangement [14], a family of functions f,,0 < 7 < oo, such that fy = f,

/- o, T+ ||V f:||2 is non-increasing and infyep [V (fr — D)||3 — 0 as 7 — .
Clearly,
8(f) ”foL? (Re) Sd ”fHLQ* (Rd) g ||f||iZ*(Rd) > ||va||L2(Rd Sd HfTHiQ*(Rd)
> — 4
¥ s ¥ e IV 7 e

Starting with inf e ||V f — VgHLQ(]Rd >0 HVf||L2(Rd one would like to run the flow until at
a certain point 79 one has

nf IV (/fm — Doy = 011V fro I 2rey (5)
and one would conclude that
() > IV frollf2ay = Sall fro 2 gy s IV frollf2may = Sall froll 2 gy
N HVfToHL2 (R9) infgenm |V (fry — )HLQ(Rd)

We could then apply the first part of the proof to the function f,, and obtain the desired
bound. The details of this argument are more involved than presented here, mostly because
the function 7+ ||V f;|| 2re) need not be continuous, so the existence of a 7y as in (5) is not
guaranteed.

Continuous rearrangement flows in the setting of Steiner symmetrizations have been used
by Pélya—Szeg6 [56, Note B], Brock [14, 15] and others. In the setting of symmetric decreas-
ing rearrangements of sets it was used by Bucur-Henrot [16] and we will generalize this to
functions. Additional results on this flow, which might be useful in other contexts as well, are
given in Appendix 7 at the end of the paper.
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On the proof of Theorem 2. The proof of Theorem 2 is given in Section 7. The underlying
idea is that the logarithmic Sobolev inequality on RY can be obtained by taking an appropriate
limit in the Sobolev inequalities in dimension d, in the limiting regime as d — 400, and
that the same property should also be true for the stability inequality, except that for scaling
reasons, the H'(R?) distance gives rise only to a stability estimate in L2(RY) for the logarithmic
Sobolev inequality. At a formal level, this suggests that the constant x in Theorem 2 can be
explicitly estimated in terms of the constant § in Theorem 1, but to justify such a limit
further estimates on optimal Aubin-Talenti functions are needed. Instead of following this
path, we bypass these difficulties by reducing the problem to orthogonality conditions in a
neighbourhood of M, see Theorem 33.

Additional observations. Before ending this introduction, let us mention some further
progress on the optimal constant cgg that has been made since the first version of this paper
appeared on the arXiv. In that first version we had asked whether the upper bound (3) on
cpg is strict and whether there is a function f that minimizes £(f). Both questions have been
answered in an original way by T. Konig. In [51] he shows that the upper bound in (3) is
strict and in [52] that the infimum defining cpg is attained. This is reminiscent of the planar
isoperimetric inequality, where the constant in the quantitative isoperimetric inequality with
Frankel asymmetry is strictly smaller than the constant in the corresponding spectral gap
inequality and where one can prove the existence of an optimizing domain; see [7]. For further
studies under an additional convexity assumption, see [19, 2, 28].

In order to make notations lighter, we will write || - ||, = || - ||Lo(rey Whenever the space is R?

with Lebesgue measure.

2. THE SOBOLEV INEQUALITY ON THE SPHERE

It is well known that the Sobolev inequality on R? has an equivalent formulation on S¢, the
unit sphere in R, It will be convenient for us at several steps of our proof to carry out the
arguments in the setting of S?. In this brief preliminary section, let us give some details.

We denote by w = (wy,ws, ..., wss1) the coordinates in R4, Then the unit sphere S¢ C
R can be parametrized in terms of stereographic coordinates by
w; = , =1,....d, wig1=—1.
S TNFER T T (e
To a function f on R? we associate a function I on S? via
a—2
1+ |22\ =
F(w)-( 2' | ) f(z) VzeR: (6)

Then, since (2/(1 + |z|?))¢ is the Jacobian of the inverse stereographic projection x — w,

5 [ 1P@F dute) = [ 176@)

where p denotes the uniform probability measure on S?¢. Moreover, F' € H}(S%) if and only if
f € HY(R?), and in this case

5 [ (VPP +5d(@=2)|FP) du) = [ [97Pdo.

¥ dx,
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Therefore the sharp Sobolev inequality on R? is equivalent to the following sharp Sobolev
inequality on S

/ (IVFPP+Lid(d—2)|F]?)du>1d(d—2) (
S
with equality exactly for the functions

G(w) :c(a—l—b-w)_%,

and @ > 0, b € R? and ¢ € R are constants. We denote the corresponding set of functions
by .# . Then the above equivalence shows that

19413 = Sallf 13— IVFlan + 540 =2 1 Fllaey = Sal Pl oo
2 '
2 lnfGe///{HVF VG|F2ga) +1d(d—2) “F_GHLQ(S%}

2/2*
du) VF e HY(S du),

&(f) =

inf,e o |Vf—Vg

3. FUNCTIONS CLOSE TO THE MANIFOLD OF OPTIMIZERS

Our goal in this section is to prove a quantitative stability inequality for nonnegative func-
tions close to the manifold of optimizers. It is convenient to prove this result in the equivalent
setting of the sphere. We recall that ;o denotes the uniform probability measure on S¢. In
order to simplify the notation, we write in this section

2d 4 1
L D S S R
9 d—2’ 9 d—2’ 1
)

Theorem 4. There are explicit constants €y > 0 and b € (0,1) such that for all d > 3 and

for all —1 < r € HY(SY) satisfying
2/q
([pran) < )
Sd

/rdu—O—/wjrd,u, j=1,...,d+1, (8)
sd sd

d(d—2).

and

one has

(IVrP+A(1+r)*)du— A (14 7r)9du . >0e | (|Vr]*+ Ar®) du.
sd §d

Sd

The key feature of this theorem is that the constant 6 ¢, behaves like 4 ¢, d—! for large d.
This d~! behavior leads to a corresponding lower bound on the behavior of cgg, which in view
of (3) is optimal.

Remark 5. In fact, we show that for every 0 < €5 < % there is a & > 0 such that the assertion
in the theorem holds for all d > 6. The same argument also gives that for every 0 < ¢y < %
there is a D and a & > 0 such that the assertion of the theorem holds for all d > D. The

explicit expression for 6 > 0 can be found in the proofs of Theorem 4, Proposition 21 and in
(21).

The proof of Theorem 4 will take up the rest of this section.
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3.1. The spectral gap inequality. Of crucial importance in our analysis, just like in that
of Bianchi and Egnell [6], is the following spectral bound. It appears, for instance, in Rey’s
paper [57, Appendix D] slightly before the work of Bianchi and Egnell.

Lemma 6. Let d > 3 and assume that r € HY(S?) satisfies (8). Then

2 02 4 / 2 2
/Sd(|Vr] dr)du2d+4 Sd(|V7’| + Ar?)dp.

Proof. We recall that the Laplace-Beltrami operator on S is diagonal in the basis of spherical
harmonics and that its eigenvalue on spherical harmonics of degree ¢ is ¢ (¢ +d — 1).
Conditions (8) mean that r is orthogonal to spherical harmonics of degrees ¢ < 1. Diago-
nalizing the Laplace-Beltrami operator, the claimed inequality becomes
Cl+d—-1)—d> I
This is elementary to check. 0J

((l+d-1)+1d(d-2) forall ¢>2.

3.2. Warm-up: A bound with suboptimal dimension dependence. In this subsection
we prove a preliminary version of Theorem 4 where the constant 6¢, on the right side is
replaced by some d-dependent constant, which decreases much faster than d~! as d increases.

The motivation for proving this preliminary version is threefold. First, it explains the basic
strategy of the proof without the additional difficulty of tracking the dependence on d. The
latter will require some rather elaborate additional arguments. Second, this more involved
proof works nicely when the exponent ¢ = 2* is < 3, which means d > 6. (It is, however, not
difficult to adjust it to arbitrary d.) Therefore our chosen proof of Theorem 4 will combine
the inequality proved in this subsection for d = 3, 4, 5 with the inequality proved in the next
subsection for d > 6. Third, the simpler argument in this subsection gives simpler expressions
for the relevant constants, which might be preferable in certain applications where the values
of these constants play a role.

Proposition 7. For all 6 > 0 and for all —1 < r € H'(S%) satisfying (7) and (8) one has

/Sd (IVr?+A(1+r)?) du—A(/Sd (1+r)qdlu)2/q2 m<51/2)/8d (19r[2 + Ar2) dy

where du is the uniform probability measure, with

m(v) :zﬁ—%yq_2 if d>6,
m(l/)::diH—%(q—l)(q—Q)u—%uq_2 if d=4,5, (9)
m(y)::‘—;—%y—5y2—2y3—%u4 if d=3.

We note that for any d > 3 there is a vy such that m(v) > 0 for v < v4. Thus, for § < v
we obtain a stability inequality.

We begin the proof of Proposition 7 with some elementary inequalities.
Lemma 8. If g > 2, then, for all z > 0,
(1+ )1 < 1+ 2.
This is well known and we omit its simple proof.

Lemma 9. We have the following bounds.
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o [f2<q< 3, then, forallz > —1,
I+2) <l+qz+iq(g—1)a>+ai.
o [f3 < q< 4, then, for allx > —1,
(I+2)<l+qgr+iqlg—1)a*+5q(q—1)(q—2)2" + [z]".
Similar bounds can also be derived for real ¢ € (4,00). They become increasingly more
complicated as g passes an integer. The only bound for ¢ > 4 that we shall need corresponds

to the critical exponent ¢ = 6 when d = 3. In that case, we rely on the binomial expansion
(142)°=1+6x+152*+202 + 152* + 6 2° + 2°.

Proof. We begin with the case 2 < ¢ < 3 and set
fl@):=(+a)'—1—qz—3q(g—1)a* —a%.
For any z > — 1, we compute
fla)=a((ea) = 1= (g 1z —af"),
@) =qlg=1) (1 +2)7 = 1-217).
For —1 < x < 0 we clearly have (1 +2)92 —1—2%% = (1 — |2[)22 -1 < 0. For z > 0 we

have, by a well-known elementary inequality, (1+2)9 2 —1—297" = (14+2)9 2 -1 —292 < 0.
To summarize, f is concave on [—1,00). We conclude that, for all z > —1,

f(z) < f(0) = f(0) .
Since f(0) = f’(0) = 0, this is the claimed inequality.
We now turn to the case 3 < ¢ < 4 and set this time
fla)=(1+2)" —1-qo—3q(g—1)2" = §q(g—1) (¢ —2) 2" — |a|".
Again, we compute
fla)=q(1+2)™ =1—(¢— Do —35(¢—1)(¢—2)a" - [2|]"*x),
'@ =qq=1) (Q+2) = 1= (g =2z o).

Since again f(0) = f’(0) = 0, the claimed inequality will follow if we can show concavity of f
on [—1,00), that is, ¢ < 0 on [—1, 00) where
g(x) = (1+2)"7 = 1—(¢—2)z — |2]"*.
We compute
g@) =(¢-2)(1+2)7° =1 - 2" ),
g"() = (¢—-2) (= 3) (L +2)" —[z|").
We discuss ¢ separately on [—1,0] and on (0, 00).
o We begin with the second case. For x > 0 we have, by the same elementary inequality
as before, (1+)73—1—2973 < 0. Thus, ¢’ < 0 on (0,00). Since g(0) = 0, we deduce
g <0 on (0,00).
o Now let us consider the interval [—1,0]. We see that ¢” > 0 on (—1,—1/2) and ¢" < 0
on (—1/2,0). Therefore ¢’ is increasing on (—1,—1/2) and decreasing on (—1/2,0).
Since ¢’'(—1) = ¢’(0) = 0, we conclude that ¢ > 0 on (—1,0) and therefore g is
increasing on (—1,0). Since ¢g(0) = 0 we conclude that g < 0 on [—1,0), as claimed.
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This completes the proof of the lemma. 0
From these lemmas we easily obtain the following inequalities.

Proposition 10. Let (X, du) be a measure space and u, r € LU(X,du) for some q > 2 with
u>0 and u+r > 0. Assume also that [, u?'rdu = 0.

o [f2<q<3, then
2
et ]2 < Jlal? + a2 (<q— 0 / 22y 2 / " du) |
X qJx
o [f3<q<4, then

lu+rg < llullg

i (0= [t a0 =2 0 a2 [ o).
X X X
o I[f q =06, then

a2 < ull? + 2 (5 [ ans 2 [ wsisay

+5/ uq_47‘4du+2/ uq_5r5d,u+%/ rﬁd,u>.
X X X

Proof of Proposition 10. For 2 < g < 3 we have, by Lemma 9, almost everywhere on X,
(u+r)? <ul4qu'r+3q(g—1)ut?r* +r.

Integrating this and using the assumed orthogonality condition, we obtain

/(u—i—r)qdug/uqdu—i-%q(q—l)/ uq_2r2du+/rid,u.
X X X X

Applying Lemma 8, we obtain

(/X(uer)qdu)gg (/Xuqd,u)ng(/Xuqdu)Qqq((Q—l)/Xuq2r2du+§/xridu>.

This is the claimed inequality for 2 < ¢ < 3. The proof for 3 < ¢ < 4 is similar and the
inequality for ¢ = 6 follows from expanding the polynomial. U

Proof of Proposition 7. Let r be as in Theorem 4. Because of the mean-zero condition we can
apply Proposition 10 with v = 1 on X = S? and du the uniform probability measure. We
simplify the resulting term using Holder and Sobolev, which imply for 2 < ¢ < ¢,

t/q
/Sd Ir|" dp < </sd |r|qdu> < 6=D/2 g1 /Sd (IVr]? + Ar?) dp.

In this way, we obtain

2/q -
(/ (1+r)qdu) §1+(q—1>/”duﬂ(é”?)A_l/ (Ivr* +Ar?) du,
sd 5

Sd
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where
n(v) =212 if d>6,

2

q
n(v) =1 q—l)(q—2)l/+§l/q’2 it d=4,5,
n(v) =2v+5"+2°+ 17 if d=3.
Using A (¢ — 2) = d, we deduce that

/Sd (IVr + A +7)7) d — A (/Sd (1477 d,u) .

2/ (IVr[? = dr?) du—n(Sl/Q)/ (IVr|* + Ar?) du.
sd Sd

Using the spectral gap inequality in Lemma 6 and noting that m(v) = ﬁ — n(v), we obtain

the claimed inequality. 0

Remark 11. The estimates of Proposition 7 are good enough for proving Theorem / for d
finite, but fail for proving that the stability constant is of the order of 0 €y in the large d limit,
for some positive €y independent of d and 0 = q — 2 = 4/(d — 2). Indeed, if we write that
m(v) > 6 €, we obtain
2 4 4 q 4 4d 4
s (d+4 <q_2)€0> S0dFd -+ Sd—2
d—2 _ .

which means v < (%)_T < \/g for d large enough, for any given 6 > 0. Theorem 4 cannot
be deduced from Proposition 7 as d — 400 and this is why we need better estimates.

3.3. Cutting r into pieces. We turn now to the proof of Theorem 4 with the optimal
dependence of the constant on the dimension. Thus, until the end of Section 3 we will assume
that r satisfies the assumptions of Theorem 4. The following proposition gives an upper bound
on
(1+7r)?—=1—gqr
for real numbers r in terms of three numbers
ry = min{r,v}, ro:=min{(r —v);,M —~} and r3:=(r—M); (10)

where v and M are parameters such that 0 < v < M. We will later apply this when r is a
function. Our goal is to obtain a bound in terms of
2d
0:=q—2 wh =2"=—. 11
q where ¢ T (11)

We have in mind to let d — 400 so that 6 — 0.

Proposition 12. Given M € (0,+00) and M € [\/e, +00), there are two positive constants
Cy and Cy, 37 depending respectively only on M and {M, M} such that, for any v € (0, M],
q€1[2,3] andr € [—1,00), we have

(14+7)?=1-¢qr< %Q(q—1)(T1+T2)2+2(T1+T2)7‘3+ <1+C'M9M711nﬁ> rd

+ (01 + Coymr 073) Lpaary + Coymg O M? Lisnry (12)
with ry, r2, T3 and 0 given by (10) and (11).



12 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS

For the proof of Proposition 12, we need two elementary lemmas.
Lemma 13. [f2 < ¢ < 3, then for all r € [—1,00),
(14+r)<1l+qr+3q(@—1r"+(¢—2)r}.
Proof. The inequality for —1 < r < 0 follows from Lemma 9. Let now r > 0. Then

(1+r)"—1—qr—%q(q—l)rzzq(q—l)(q—Q)/or/os/0t<1+u)q3dudtds-

Since ¢ < 3 we have (1 + u)q_3 < 1 and therefore

q(g—1) q—2/// (14+u)" 3 dudtds < q(qg—1)( q—2///dudtds

:%qT q_2 T <(q_2) 37

as claimed. 0
Lemma 14. For all ¢ > 2 and all v > M > Ve we have
1+2InM M
qvq_1—2v§+Tn(q—2)vq and %q(q—l)vq_Q—lg%(q—Q)vq.
Proof. Let
1) ._ 1\ 753 2) ._ (.1 \73
oM = (2 qT) 2 and v® = (qil) 2,

! — 2077 is increasing on (0, vil)] and

Then an elementary computation shows that v — qv~
decreasing on [U,El), oo). Similarly v — %q (¢ — 1)v™? — v™? is increasing on (O,Uiz)] and
decreasing on [vig),oo). Thus,

g —20< (¢M =20 7)o" forall vz M=ol

and
1q(g—1)v% - (%q(q—l)H_Q—M_q>+ v? forall v>M>0v®.
One has vil) >1> u(k ) and, using Int <t —1 for all t > 0 we find
Ino® < é < % that is, oV < /e.

Thus, the above inequality hold, in particular, for v > M > \/e.
Moreover, using 1 — ¢! <Int for ¢ > 1 we can bound

g M =2 = (- 2) M 42 <M‘1 - Ml‘q) <(g-2M ' (1+2WM)
and
Ylg-)M -M "= (ql¢-1)-1) M 2+<M 2 M q) (q—2) 7 2 (42 + 7).

This proves the assertion. 0
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Proof of Proposition 12. We now turn to the proof of (12). Assume first that » < M. We
apply Lemma 13 and obtain
(I1+r)?—=1—-¢qr< %q(q— 1) (r1+7’2)2+9(r1+r2)i

If r <, then ry, = 0 and (12) follows from (r)3 < ~r? < 347 If v <7 < M, we have,
since r; =y and 3ryry < —rl + 2 r%, we have

(ri4r)t =vri+3yrire+3yrs+15 < 2yri+ (Bv+ M)}

Since v < M this proves (12) with Cy, 57 > & M.

From here on, let us consider the case r > M. Using r = M + r3 we can write

L+r)'=1—gqr=0+r)=1+r)+1+M)* —1—-qM—(q—2)r3+7r5+2Mrs.
We use

(I4+MP?=1-=qgM—1q(g—-1)M*=-1(q—-2)M 2+ (¢+1)M) <0
as well as — (¢ — 2) r3 <0, to get
(1+r)7—1—qr<liq(g— )M2+2Mr3+7‘3+(1+r)q—(1—|—T)2. (13)

Note that the terms 2 M 3 = 2 (r1+7r3) r3 and 1 ¢ (g—1) M? = § ¢ (¢—1) (7“1—1-7"2)2 are already of
the form required in (12). In the following we bound the remaining terms 73+ (147)7—(1+7)*.
We do this separately in the cases M < r < M + M and r > M + M, where M > 0 is an

additional parameter.
Ift M <r <M+ M, we have

(14+7)7—(147)*< C](\;?HH and 73 —7rd < (J%e.
Inserting this into (13), we have for M <r < M + M
(14+r)?—1—qr<2Mrs+ri+ (%q(q— 1)‘|'CM,M9) M?,
provided
_ -2 [ ~(1) (1)
Copr = M2 (€ + )
This is a bound of the form (12), since 71 +ry = M forr > M.
Next, we consider the case r > M + M, that is r3 =r — M > M. By Lemma 13 we have

(1+7r)7= (1+M+T3)q:r§(1+%)q
< +qriTt A+ M) +iq(@—Dri?(1+ M)+ 00870 (1+ M)
<P g (M) +Lq(q—1D) 21+ M2 +0M" 7 (1+ M)
=r§+qr§ L (L+ M)+ 3q(g—1)r§ > (1+ M)+ Co 6.
In the last inequality, we used ¢ < 3 and r3 > M. This, together with
(L+r)?=00+M+r3)>=r;+2rs(1+ M)+ (1+ M),
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gives
%q(q— 1)M2+2M7’3—|—r§+(1+7“)q— (147)?
<2Mrg+ri+ (grit —2m) (1+ M)
+(3alg—1)rP 1) 1+ M+ 0+ 1q(q—1) M.
We now assume that M > /e. Then, by Lemma 14,

1+2InM

24+ InM
ng_l—zngTerg and %q(q—l)rg_2—1§+—n

-2

M

Ori.
Thus,
Yq(g—1)M+2Mrs+ri+ (1 +7r)"—(1+7r)
<2Mr;+ <1+%9) 4+ OG0+ alg—1) M?
where C'y; is a constant satisfying

1+2InM 2+InM

In M
— (1+M)+T2(1+M)2§CM—H
M M

M
Combining this with (13) we obtain a bound of the form (12), provided the constant C), 37
there satisfies

for all M > \/e.

2 (2
. : _ 1 1 2
This concludes the proof with C', 37 = M~ max {Cz(w?ﬁ + C(ﬁ), Oz(w?ﬁ}' O
Corollary 15. Given e > 0, M > 0, and v € (0, M/2), there is a constant C . > 0 with
the following property: if 2 < q <3, r € [=1,00), then
(I4+r)—1—qr<(3qlg—1)+2790)ri+ (3q(g—1)+Cycnb)r3
+2ri 19+ 2(r+ o) 3+ (1 +€0)rd (14)
with 1, r9, T3 and 0 given by (10) and (11).
Proof. Since
q(g—1D)rirg=2rro+B3+8)0rire <2rirg+460r;ry <2179 + %«97“% + %97“5

and
Crar M? Lonry < 4Cy i (M =) Loy < 4Cy 773,
we deduce from (12) that

(I4+r)—1—qr<(3qlg—1)+270)r{ + (%q(q—1)+%0+50M7ﬁ9)r§
+2ryro+2(r + o) T3+ <1+CM0M71111M> rd.

Given any M > 2+, we choose M such that M > /e and CMM_IIHM < €. Then (14)
follows with C, ¢ ar = % +5Cy 737 l
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We will apply Corollary 15 for ¢ close to 2 and the main point is how the constants depend
on ¢g. Apart from the ‘natural’ terms 3¢ (¢ — 1)7}, $q(q¢ — 1)73, 27179 and 2 (rq + 72) 13,
all other terms are multiplied by #, which is small in our application. Moreover, we have the
freedom to choose 7 and € as small as we please (independent of ¢) and so the prefactors of the
terms r? and 74 are almost the natural ones. The price to be paid is a rather large constant
in front of the error term involving r2. In order to have better estimates as d — +oo, more
work is needed.

3.4. A detailed estimate of the deficit. We assume that —1 < r € H!(S?) satisfies the
orthogonality conditions (8) as well as the smallness condition (7) with some &, and we show
that, if this ¢ is small enough, given ¢, € (0, %), we obtain the claimed inequality.

Given two parameters €1, €5 > 0 we apply Corollary 15 with

v=¢€/2, e=¢6 and C,y =Cq,,. (15)

In terms of these parameters, we decompose r = r1 + 9 + r3. We obtain

/|V7’\2du:/ ]Vr1|2du+/ \Vrg\zdu—l—/ |Vrs|? du
5 s s 5

and, since r has mean zero,
/ (1+7)du= 1+/ rdu.
sd sd
Moreover,

/r2d,u:/deu—i—/rgd,qu/rgd,u—I—Q/ rlrgd,u—l—Q/ (r14+m)rsdu.
sd s¢ sd sd sd sd

According to Corollary 15 and using again the fact that r has mean zero, we have

/Sd(1+r)qdu§1+(%q(q—1)+610)/8drfd,u+(%q(q—1)+061,620)/gdr§du

+2/ rlrgdu+2/ (r1+r2)r3du+(1+629)/ radu.
s¢ sé s¢

Using (1 +2)7 <1+ %x, we obtain
2/q
(/ (1+r)qcm) §1+(q—1+§ele)/r%dﬂ+(q—1+§cel,629)/r§dﬂ
Sd Sd sd

—1—‘—1/ rlrgd,u+4/ (T1+7‘2)7’3du+2(1+620)/ rd du
q sd q sd q 5d

§1+(q—1+619)/

ridu+ (q — 14 Ce e 9)/ 2 du
Sd

Sd

+2/ r1r2d,u+2/ (r1+r2)r3du+§(1+629)/ radu.
sd sd Sd
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In the last inequality we used % < 1. For the final term, however, it is vital that we keep %.
We thus have, for any 0 < ¢y < 671,

/Sd (IVrP+ A1 +7r)?)du— A (/Sd<1+r)qdu>2/q
2060/Sd (|VT\2+A7’2)du
—l—(l—@eo)/Sd (\Vﬁ\Q—i-Arf)d,u—A(q—1+€19)/Sdrfdu
+(1—060)/Sd (|V7“2|2+Ar§)du—A(q—1+0617629)/gdr§d,u

—l—(l—@eo)/ (‘VT’3‘2+A7’§)d,u—§A<1+€29)/ radu.
sd sd

With another parameter oy > 0 we define

I - (1_950)/ (\wlmmf)dﬂ—A(q—1+619)/
Sd

ridu+ Aoed [ (r3+73)dp,
5 s

I = (1—960)/ (|V7~2|2+Ar§) du—A(q—1+(00+C’q@)0)/ rgd,u,
sd sd

[3::(1—960)/ (‘VT:’,‘Q‘FAT:%)CZ:“_2A(1+€29)/rng_AUOG/ rsdp.
sd 1 Sd Sd

We recall that A = 1 d(d — 2). For later purposes, we note that A§ = A (g —2) =d and

11:(1—960)/ ]Vﬁ]Qd,u—d(l—l—eo—irel)/ rfdu—l—doo/ (r3 +73) du,
sd 54 sd

12:(1—960)/ |V7“2|2d,u—d(1—I—eo—i—ao—l—C’elm)/ 3 dp .
sd s¢

To summarize, we have

2/q 3
/ (|VT|2+A(1+7“)2)d,u—A(/ (1+7‘)qd,u) 2060/ (|Vr|2+Ar2)d,u+ZIk.
sd sd sd

k=1
In the following we will show that I, I3 and I, are nonnegative, in this order.

3.5. Bound on ;. The intuition here is the same as in the proof of the spectral gap inequality
in Lemma 6. Namely, the lowest L2-eigenvalue of de |Vu|? du on functions orthogonal to
spherical harmonics of degree less or equal than 1 is 2(d 4 1), while the term that we are
subtracting corresponds to a component that is multiplied by a number only slightly larger
than d. Therefore, there is space to accomodate the errors coming from €, and ¢;. Another
source of an error comes from the fact that, while r is orthogonal to spherical harmonics of
degree less or equal than 1, r; need not be. However, as we will see, it nearly is. To control
the corresponding error from orthogonality we need the positive terms involving .

Proposition 16. For any 0 < ¢y < %, there is a constant (7, €o, 5) > 0 depending explicitly
on v, €y and 0 such that for all d > 6 and all r € HY(SY) such that r > —1 and satisfying (7)
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and (8) as in Theorem 4, with 6 given by (11),
€1 = % (1 — 360) (16>

and oo > 7o(7, €0,9), one has
I, >0.

Notice that § = ¢ — 2 < 1 with ¢ = 2d/(d — 2) means d > 6. An expression of 7 is given
below in (20).

Proof. We split the proof in three simple steps.

Step 1. Let 71 be the orthogonal projection of r; onto the space of spherical harmonics of
degree > 2, that is,

flzrl—/ rldu—(d—l—l)w-/ W'ry (W) du(w')
sd sd

as v/d + 1w; is L2-normalized with respect to the uniform probability measure on the sphere
forany j=1,2,..., N+ 1. Then

[1:(1—960)/ ‘Vfl‘Zd,U—d(l—l—Eo‘i‘El)/ f%du‘FdO'o/ (T’g‘i‘?”g)du
Sd Sd

Sd
/ wrydu
Sda

> (2(d+1)(1—960)—d(1+eo—|—61))/ f%d,u%—dao/d(r%jtrg)du

Sd S
2
—d(1+€0+61)(/ Tldﬂ) —d(d+1)<(1+9)60+61) /Ct)?“ldﬂ
Sd sd

In the equality, we used the fact that the w;’s are eigenfunctions of the Laplace-Beltrami
operator with eigenvalue d. In the inequality, we used the fact that the operator is bounded
from below by 2 (d + 1) on the orthogonal complement of spherical harmonics of degree less
or equal than 1.

2

—d(1+e€ +€) (/Sdrldp)Q—d(d—i—l) (1+6)e +€r)

2

Step 2. With €; given by (16), it is easy to see that for any € < 3, using § < 1, we have
2(d+ 1) (1—960) —d(1+€0+€1) > %(1—360)+2(1—60) > d61 > 0. (17)

2
/ffd,uz/rfdu—(/ 7‘1d,u> —(d+1) /wrld,u
sd sd sd sd

Using
2




18 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS
and 0 < 1, we obtain

1
—_71261/ f%d,u—i—ao/ (r3 +73) du
d Sd sd

2

— (I4+e +e) (/Sdrldu)z—(d+1) (1+0)e+e)

261/ r%d,u—i—ao/ (r3 +73) du
sd sd

2
_(1+eo)(/ rldu) —2(d+1)e¢ /wrldlz
sd sd

Step 3. Let us take care of the rank one terms coming from the orthogonality conditions. We
will show that I; > 0 for an appropriately chosen oy as a consequence of

2 2
<1+60)</ rld,u> +2(d+1)¢ /wrld,u gel/rfd,u—i—ao/ (r3 +r3)dp. (18)
s¢ sd sd sé

Let Y be one of the functions 1 and a - w, a € R*!. Then, since Joa Y rdp=0by (8),

2 2
1/2
</dYT1 dﬁ‘) = (/dY(T2 +T3)dﬂ> <Y 1 sy w({ra+rs > 0}) " Iy + 73 f2 g0 -
S S

Since {ry +r3 > 0} C {r1 > v}, we have

/ wrydpu
Sd

2

1 1 2
p({ra+rs > 0}) < p({r 2 7}) < ?/Sd ridp = 5 Irallies) -

Thus we have

2 25 1/2
([yman) < Wi 22 It ([, (5407 ) (19)

. < 1/2
using ||re + r3|]iz(Sd) < V26 (Jou (13 +73) dp) ”? because ||lre + r3||iQ(Sd) < 2 [ (r3 +73) dp
and
Ira + rallaen, < s, < rllaen < V3.
If Y =1, then clearly [|Y[| 4.y =1 and (19) gives

2 /25 1/2
(/ T du) < — HT1HL2(S‘1) (/ (7‘% + 7“32,) d,u) :
S ’Y Sd

If Y =a-w, then a quick computation gives
foﬂ cos* @ sin?~1 9 do af* 3 |al* <
al® =
Jo sin™ 6 db (d+3)(d+1) —

From (19) applied with a = [y, wr; dy, we obtain

2 2 /o= 1/2
d+1 20
/dwrl du| = T (/ Y r d,u> < \/gT 171/l 2sa) </d (r3 +73) d,u) :
S S

3 a|*
(d+1)*"

4
||YHL4(Sd) -

(d+1)
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2
€1 ||r1||iz(gd)+oo/ (r3+73) du— (1 + €) (/ rldu) —2(d+1) e /wldﬂ
Sd Sd Sd

V26 . 12
171 |2 se) (/Sd (r3 +73) d”)

and the right-hand side is nonnegative under a nonpositive discriminant condition which is

satisfied by o¢ > 7¢(7, €9, ) with

Summing up, we have

2

> e [rilfagn oo [ (3 4+1) du-(142VE+D) )
Sd

To(7, €0,0) := 2L€1 (1—|—(2\/§—|— 1)60)2%. (20)

This choice establishes (18) and allows us to conclude that I; > 0. UJ
Let us define )

5y = la&n . (21)

g(1+2V3+1)e)
The condition gy > @o(7, €o, 5) of Proposition 16 can be inverted as follows.
Corollary 17. For any 0 < ¢y < 3 and o > 0, for all d > 6 and all v € H'(S?) such that

r > —1 and satisfying (7) and (8) as in Theorem 4, with 0, €1, €3 and &1 respectively given
by (11), (16), (15) and (21), if

[

0o

0<d<4

Y

€2

[\

then one has I; > 0.

Remark 18. The assumption €y < % is used in (16) to guarantee that €, takes positive values.
A less restrictive condition can be obtained by requesting that the left-hand side in (17) is
actually 0. We see that if ey < 1, then a similar bound as in (17), namely with 3 (1 — €) on
the right side, holds for all sufficiently large d, depending on €.

3.6. Bound on /3. The idea for bounding this term is to use the Sobolev inequality. The
extra coefficient % < 1 gives us enough room to accomodate all error terms.

Proposition 19. Assume that 6 € (0,1) and 0 < ¢y < % With

1
€2 = 7 (1 -3¢) (22)
and og = %62, for all d > 6, all 6 <1 and all r as in Theorem 4, one has
I3>0.

Proof. Taking into account the choice for oj, we have

I3 =(1- 960)/ (|Vrs|* + Ar3) du — %A <(1 +620)/ ridu+ e r%d,u)
sd sd sd
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2
We have |73l yga) < I73llasey because [[rsllpagey < [7llpagey < 1 and [|7sllpzgsa) < [|73llpogse)
by Holder’s inequality. Thus, we obtain

2/q
_960)/ (IVrs]* + Ars) du — A2(1 + 2, 6) (/ rgdu)
Sd Sd

(1—gqeo —462)/ (IVrs|* + Ar3) du >0,
Sda

using 6 = ¢ — 2 < 1 and Sobolev’s inequality: ||V7‘3||ig(gd) + A HrgHig(Sd) > A ||r3||iq(gd). O

Remark 20. The restriction €y < % can be relazed to ey < % at the expense of having the
inequality valid only in sufficiently high dimensions d, depending on €y. Indeed, ignoring the
influence of € and og for the moment, the inequality at the end of the previous proof requires
1 —2ey > 0 and this is possible in all sufficiently high dimensions if and only if ey < % Since

this inequality is strict, the errors from €5 and g can then be accomodated as well.

3.7. Bound on I,. At this point in the proof, for given 0 < ¢ < %, we have fixed the

parameters € and e, and we have found a ds Suc~h that I, I3 > 0 under the assumption
0 < 3. Here we show that, by further decreasing ¢, if necessary, we can ensure that I3 > 0.
The idea to achieve this is to use that ry satisfies an improved spectral gap inequality.

Proposition 21. For any 0 < ¢y < %, let o9 = %62. Then there is a 9y € (0,1) such that, for
all d > 6, all 6 < 0y and all v as in Theorem 4, one has

I, >0.

Proof. We first claim that for any L2-normalized spherical harmonic Y of degree k € N, we

have
/ Y rodu
Sd

Indeed, according to [33, Theorem 1], for any such spherical harmonic and any p € [2, 00) we
have

kE
2

< 3297108 |Iralpaes) - (23)

k
2

Y lleesey < (0= 1)
Thus, we can bound

[ ¥ ] <1l e > 0)
S

Meanwhile,

W=
=

k
Irallizsay < 32 p({ra > 0}1)* [Iralpzgse) -

1 5a/2
p({r2 > 0}) = u({r > 1) < — Irlifysn < —

f}/q fyq ’
This leads to the claimed bound (23).
If 7 ry denotes the projection of 7o onto spherical harmonics of degree k, from (23) to
Y =mra/ |7 7224, it follows that
E _q =z
T 72l oy < 3277585 |7l 2 g0 -

Next, for any K € N, if llgry := Zk<K 7, T2 denotes the projection of ry onto spherical
harmonics of degree less than K, then

1/2 g ~q K _q =g
(v 7”2||L2(sd) = <Zk<K |7k 7"2||i2(§d)> <7 105 ||7“2||L2(sd) V¥iexdh <32y 108 ||7”2||L2(Sd) :
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From this we conclude that
[ vntnz [ V0 -0 ds
Sd Sd

>K(K+d—1) Sd|(1—HK)r2|2dﬂ
= K (K +d = 1) (Il g0 — 1Tk 72l o)
> K (K +d=1) (1-3%5786) [Iralfaee)
Consequently,
I > ((1 ) K (K +d—1) (1 3K S%) —d (14 e+ 00+ 061,62)) Ir2lf2 g, -
We choose K € N and d5 > 0 such that

1+€0 +O'0 +O€1’€2
1—60

2
} and dg := ] (24)

T 4K
where [z] denotes the integer part of x € R and d; is given by (22). From the definition of dy,
if 0 < 8y, we have 1 — 3% 7_% 0% > % and conclude that I, > 0 because K +d —1 > d. O

3.8. Proof of Theorem 4. We assume that d > 6 and fix some ¢ € (0,1/3). With the
choice

K:zl—i—{Q

2

’}/262:261:%(1—360) and g — — €3
q

according to (15), (16), and (22) on the one hand so that the assumptions of Corollary 17,
Proposition 19 and Proposition 21 are fulfilled, and an arbitrary choice of

M>2y, M>\ec and e=7
which determines C¢, ., = C, . p according to (15) on the other hand, the condition
S = min {51, 52}

with §; and dy given by (21) and (24), we claim that [}, I, and I3 are nonnegative, which
completes the proof of Theorem 4 for ¢ < 3, that is d > 6. The assertion for d = 3, 4, 5
follows from the result proved in Subsection 3.2. U

4. FUNCTIONS AWAY FROM THE MANIFOLD OF OPTIMIZERS

Our goal in this section is to prove a stability inequality for nonnegative functions that are,
in a certain sense, ‘far’ away from the manifold of optimizers. Let us introduce

(6 =it {E() 0 f € HURY\ M, int I - Vol <SIVIBS. (@9)
g
Theorem 22. Let § € (0,1) and assume that 0 < f € HY(R?) \ M satisfies
i —~ Vg3 > 5.
inf 97— Vgl > 0V

Then, with 7 (8) defined by (25), we have
E(f) = 0.7(3).
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We will prove this theorem by symmetrization. First, we will use a discrete symmetriza-
tion procedure to get somewhat close to the manifold, then we will use a further continuous
symmetrization procedure to fine tune the distance to the manifold.

4.1. Competing symmetries. The functional £(f) is conformally invariant in the sense
that if C': R U {oo} — R? U {oo} is a conformal map, the function

fe(x) = |det DC()|"/* f(C(x))

satisfies

E(fe)=¢E(f).
In order to verify this, we recall that any conformal map is a composition of scalings, trans-
lations, rotations and inversions. For scalings, translations and rotations in R? the claimed

invariance is easy to see. The additional map to consider is the inversion [(z) = ﬁ and a

straightforward change of variables shows that

IV =1V If 2.

> = |f

The equality
. . 2 _ s . 2
inf IV (/i - 9)li = inf V£ Vgl

follows from

: o 2 _ - 2 _ o 2
inf [V (fr = 9)l§ = inf [V(f ~ gn)l = inf 7/ - Vgl

since I? = I and g — g; maps the set M to itself in a one-to-one and onto fashion.

Another and perhaps easier way to see the conformal invariance is to pull the problem
up to the sphere via the stereographic projection, as discussed in Section 2. On the sphere
the inversion I takes the form of the reflection (si,...,Sq4, Sa+1) = (S1,- -+, Sd, —Sda+1), which
clearly leaves the functional on the sphere unchanged.

A second ingredient for the construction of the discrete symmetrization flow is the technique
of ‘competing symmetries’; invented in [22]. Consider any nonnegative function f € Hl(Rd)
and its counterpart F' € H'(S) given by (6). Set

(UF)(('U) = F(w17w27 s 7wd+17_wd)7

which corresponds to a rotation by 7/2 that maps the ‘north pole’ axis (0,0,...,1) to
(0,...,1,0). Reversing (6) the function on R that corresponds to UF is given by

<Uf><x>=(L)d2_2f( R '“”“"2‘1), (26)

|z — eq]? |z —eq2” |z —eq)? |z — eql?

where eg = (0,...,0,1) € R% Tt follows that
EWUS)=¢E(f).

The operation U is obviously linear, invertible and an isometry on L2 (R?).
We also consider the symmetric decreasing rearrangement

Rf(z) = f"(z).
The most important properties are that f and f* are equimeasurable and that |V f*[|s <
|V fll2. For elementary properties of rearrangements the reader may consult [54]. Being
equimeasurable, this map is also an isometry on L2 (R?). It is when using the decreasing

rearrangement that we use the fact that f is a nonnegative function. For functions that
change sign one conventionally defines their rearrangement as the rearrangement of their
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absolute value. Passing from a function to its absolute value does not alter the numerator of
E(f) but may decrease the denominator so that other arguments are needed.
On RY, let

d—2
- 9 =
L(z) =[S~ . 27
.(0) = | I 1)
Note that ||g.|[o+ = 1 because it is obtained as the stereographic projection of the constant
function on S? with 2*-norm equal to 1. The following theorem was proved in [22].

Theorem 23. Let f € L? (R?) be a nonnegative function. Consider the sequence (fn)nen of
functions

fo=RU)"f ¥neN. (28)
Then
255 I = gl =0
where hy = || fl2- g« € M. Moreover, if f € H'(R), then (||Vfull2)nen is a nonincreasing
sequence.

It does not seem clear whether the functional £(f) decreases or increases under rearrange-
ment. The next lemma helps to explain this point. Define M; to be the set of the elements
in M with 2*-norm equal to 1.

Lemma 24. For any f e ['ll(Rd), we have
inf [|[Vf—Vgl3=|IVfl5— Ss su ,2*12.
geEM H QHQ H HQ d gG.AEl)l (f g )

Here (-, -) is the L?(R?) inner product or, more precisely, the duality pairing between L2" (R%)
and L)' (RY).

Proof. Let g be any Aubin-Talenti function with ||g||2« = 1. The function g is an optimizer of
the Sobolev inequality, i.e., ||[Vgl||3 = Sy ||g]|3 = Sa and is a solution of the Sobolev equation
2% -1

_Ag:Sdg_ =549

272
lg/2+
Hence for any nonnegative constant ¢ we find

IV(f =)l = IVFI3 = 2c(Vf,Vg) + Vgl = IV fII5 = 2¢Sa (f,6"7") + Sac?

and minimizing with respect to ¢ we find the lower bound ||V f||3— S (f, g2*_1)2, which proves
the lemma. O

2*—1

Under the decreasing rearrangement, the term ||V f]|3 does not increase whereas the term

SUPge v, (f, g2**1)2 increases. To see this, note that the supremum is attained at some Aubin—
Talenti function of the form (1), which is a strictly symmetric decreasing function about
some point b € R?. Replacing f by its symmetric decreasing rearrangement about that point
increases ( f, 92*’1)2, in fact strictly unless f is already symmetric decreasing about the point b.
Thus, while the numerator in £(f) decreases under rearrangements so does the denominator
and there are no direct conclusions to be drawn from this. The next lemma summarizes what
we have shown.
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Lemma 25. For the sequence (fn)nen in Theorem 23 we have that n v+ sup e, (fn,gT*l)z
is strictly increasing, n — infen ||V [ — Vyll3- is strictly decreasing and

lim inf [V £, ~ Vgll3 = Tim [[V1al}3 — Sa i3 = lim [V £ul3 = Salf

n—o00 geM

Proof. From

2
2*.

f Vn_v 2: VnQ_S . 2% _1\2
nf [|VFa = Vgl =V /ull dgseljl\ljl(f g ")

we see that the first term converges since (|V f,.||3)nen is @ nonincreasing sequence. For the
second term, which is strictly increasing, we have by Holder’s inequality

*_ 1\ 2
sup (for g 1) < |\ fulls- = |If
geEM,

2
2*

and since g, as defined in (27) is in M; we have

liminf sup (fn,QQ*_l)Q > liminf (f,,¢.)° = ||f
n— o0

n—o0 g€M1

by Theorem 23. U

Lemma 26. Assume that 0 < f € H'(R?) \ M satisfies
inf 97 Vgl > 0V

2
2*

and let (fn)nen be the sequence defined by (28). Then one of the following alternatives holds:
(a) for allm=0,1,2... we have

: IR 2
glen/\fxt Vi =Vygls =V Ll

(b) there is a natural number ng such that
inf 1V fu, — Volld 2 519 fu 3

and
inf ||V fuos1 — Vg5 <6V fuprll3 -
geM

Proof. Assume that alternative (a) does not hold. Then there is a largest value ng > 0 such
that infgend [V fu = Vall3 = 01V fi, 13- [

Lemma 27. Assume that 0 < f € H'(R?) \ M satisfies
- B 25 2
inf V]~ Vgl3 > V13
and suppose that in Lemma 26 alternative (a) holds for the sequence (f)nen defined by (28).

Then
E(f)>0.

Proof. We have
E(f) =

2
2*

IVfI3 = Sallf
infge/\/l ||Vf - Vg

o IV = SallfI5- o IV fall = Sallf
3~ IV £1I3 B IV /all3 ’

(29)
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where the second inequality is a consequence of |V f,,||3 < ||V f]|5 for all n = 0, 1, 2,.. . proved
in Theorem 23. By the assumption that alternative (a) holds and by Lemma 25, we learn that

1 1
. 2 T . i 2 _ = . 2 2

Jim [Vfally < 5 lim - inf [[Vfo = Vgl = 5 (r}ggollvanz Sallf 2*) :

5. >0,

Since

Tim ||V £ull3 = Sl f 2 =054

we can take the limit as n — oo on the right side of (29) and compute the limit of the quotient
as the quotient of the limits. This proves the lemma. O

50> 0 lim [|Vfu5 > 65y lim ||f,
n—oo n—oo

4.2. Continuous rearrangement. Next, we analyze the case where the alternative (b) in
Lemma 26 holds. We recall that .#(0) was defined in (25).

Lemma 28. For any ¢ € (0,1], we have Z(J) < 1.
Proof. By Lemma 24, we have

inf |Vf—Vg|2=|VF|Z-S g2’
nf [Vf =Vl = V] dgi‘ii(fg )

and it follows from Holder’s inequality that

*_ 1\ 2
sup (f,9% )" < I fII5--
geEM,
Thus, the denominator in £(f) that enters the definition of .#(4) is at least as large as the
numerator, so the quotient is at most 1. 0

Our goal in this subsection is to prove the following lower bound on £(f).
Lemma 29. Assume that 0 < f € H'(R?) \ M satisfies
inf —Vgll3>9 3
nf [Vf = Vgl 2 0Vl

for some § € (0,1) and suppose that in Lemma 26 alternative (b) holds for the sequence
(fu)nen of Theorem 23 defined by (28). Then, with Z(0) defined by (25), we have

E(f)206.7(0).

For the proof of this lemma we introduce a continuous rearrangement flow that interpolates
between a function and its symmetric decreasing rearrangement. The basic ingredient for
this flow is similar to a flow that Brock introduced [14, 15] and that interpolates between
a function and its Steiner symmetrization with respect to a given hyperplane. Brock’s con-
struction, in turn, is based on ideas of Rogers [59] and Brascamp-Lieb—Luttinger [11]. Our
flow is obtained by glueing together infinitely many copies of Brock’s flows with respect to a
sequence of judiciously chosen hyperplanes. A similar construction was performed by Bucur
and Henrot [16]; see also [25].

More specifically, for a given hyperplane H, Brock’s flow interpolates between a given
function f and f*¥, the Steiner symmetrized function with respect to H. The family that
interpolates between f and f*¥ is denoted by fZ,7 € [0, 00|, and we have

fo=1, fE=r".
Further, for any 7, f and f are equimeasurable, i.e.,
{z eRY: fH(z) >t} =|{z eR: f(x) > t}| Vt>0.
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Moreover, if f € LP(R?) for some 1 < p < oo, then 7+ fH is continuous in LP(R?).

By choosing a sequence of hyperplanes we construct another flow 7 — f, that has the
same properties but interpolates between f and f*, the symmetric decreasing rearrangement.
In Appendix 7 we explain this in more detail and prove the following properties that are
important for our proof, assuming f € H'(R?). From the L2 (R%) continuity of the flow we
will deduce that

lim sup (fT,g)2 = sup (fm,g)2 ) (30)

70 geMy geEMy
Concerning the gradient we prove the monotonicity

IVfnlle < IVfnlle, 07 <m <00,
and the right continuity
i [V fnlls = IVfnllz, 0<7 < oo, (31)

T2—Ty

Proof of Lemma 29. We begin by motivating and explaining the strategy of the proof. As

before, we bound

£(f) = IVAIE = SallFI3- o IVFIE = SallflI3 o IV fuolls = Sallfn

infger [V = Vgl — IV f1I2 B IV froll3

We could bound the right side further from below by replacing f,, by fn,+1. This bound,
however, might be too crude for our purposes and we proceed differently. The move from f,,,
to fn,+1 consists of two steps, namely first applying a conformal rotation and second applying
symmetric decreasing rearrangement. The first step leaves all terms on the right side invariant
and we do carry out this step. The second step leaves the 2*-norm invariant, while the gradient
term does not go up. In fact, the gradient term might go down too far. Therefore, we replace
the application of the rearrangement by a continuous rearrangement flow. In order to make
the notation less cumbersome we shall denote Uf,, by f, where U denotes the conformal
rotation (26). We denote by f,, 0 < 7 < 0o, the continuous rearrangement starting at f, and
let

2
2%

(32)

foo = frot1- (33)
Ideally, we would like to find 7 € [0, 00) such that

jnf |[VF, - Voll3 =6 IVE, 3.

Then the right side of (32) is equal to

Wollz- g I 5 IV 1[5 — S llfr,
IVoll3 IV infgen [V, — Vgl

which can be bounded from below by 0 .# (), since f,, is admissible in the infimum (25). This
would prove the desired bound.

The problem with this argument is that the existence of such a 7y € [0, 00) is in general not
clear, since neither of the terms inf e ||V, — V|3 and ||Vf,||3 needs to be continuous in 7.
Nevertheless, we will be able to adapt the above argument to yield the same conclusion.

We now turn to the details of the argument. Recalling that

. B 2 2
glelfl/\f/[ Vo — Vgll3 = & [[Viollz,

2 2
2% 2%

1— 5y S =0
2

2
2
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we define
7o := inf {T >0: inf ||Vf, —Vgl3 <9 HVfTHg}
geM
with the convention that inf() = co. If 7 < 79 € (0, 00|, similarly as before, the right side
of (32) is equal to
[ Vfoll3 —5d2||fo > _ 4 s, [Ifo 3*2 > [VE:][3 _Sd2||fTo > 5 _||Vf7||§ — Sa||fr,
IVfol[3 IVfol[3 V|13 infgen [|VE — Vg

where the last inequality arises from inf e v ||V, —Vygl|3 > § | VF,||3 for any 7 € [0, 7). Taking
the limit inferior as 7 — 7", we obtain

IVEolI2 = Sa|lfo lim,, - [V I3 — Sa [[fr I3
VFol[3 — lim infTHTO_ infyem [[VE = Vg3
Note that the denominator appearing here does not vanish. Indeed, we have
inf IVE, = Vgl > 6V 2 684 I3 = 85l 713 >0 V7€ [0,)

2
A
2
2

2
2*

2
2%

(34)

and, as a consequence,

.. . . 2 >
lim inf 1€n/\f/l |Vf. — Vygl|l3 >0 Sq|| f

T—)TO

2
5+ > 0.

The same inequality (34) remains valid if 7y = 0 and if we interpret lim__,
as evaluating at 75 = 0.
At this point we find it convenient to apply Lemma 24 and use the representation

inf |V, — Vg2 = |VF|2— S £ 12
Jnf | gllz = VL3 dgseliﬁ)l( g

" and liminf _ S

Using (30), that is, the continuity of 7 — supyec, (fT, 92*_1)2, we see that
liminf inf |[VF, - Vgll3 = lim [V[5—Sq sup (97 )"

T—Ty T—T, geEM,

Thus, the relevant quotient is equal to

lim,_,— [V [3 — Sa I,

hmﬂ'%‘ro_ HVfTH% — 54 SUDger, (fToagQ*il)

2
2%

;. (35)
Our goal in the remainder of this proof is to show that this quotient is larger or equal than
F(6). We will use the fact that

*_ 1\ 2
sup (fry, 9% 1) < (I fll3- (36)

geEM;,

which follows from Holder’s inequality. We also note that equality holds here if and only if
f, € M.

Let us first handle the case where f,, € M. Then by (4.2) and because of equality in (36),
the quotient (35) is equal to 1, which by Lemma 28 can be further bounded from below
by .#(0), leading to the claimed bound. This completes the proof in the case f,, € M and in
what follows we assume

o & M.
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As a consequence of this assumption and (36), we have

*_1\ 2
”Vf‘ro“g > Sd ||f7'o g* > Sd Seljél) (fTO’gQ 1) . (37)
g 1

Next, we observe that for @ > § the function z — (¢ — «)/(z — ) is monotone increasing
on the interval (f,00). This, together with the strict inequality in (37), implies that the
quotient (35) can be bounded from below by

lim, - (V][5 — Sa [Ifr 13- - [V [12 — Sa [[fr |12 38)
hmT—Wo_ IVE1IZ — Sa SUPgem, (f70’92*71)2 —IVERE = S SUPgem, (‘croagz*fl)2 .
We now claim that
nf [IVfr, - Vyllz <61V, II5 . (39)

Once this is proved, we can bound the right side of (38) from below by .#(9). This inequality
is the claimed inequality after taking into account (34).

To prove (39), we first note that it is verified if 70 = oco. Indeed, foo = fr 41 by (33) and
therefore, by assumption of alternative (b), infyen || Vi — Vg3 < 8[| Vix|l3.

Now let 19 < 0o. We argue by contradiction and assume that

inf [[VF, = Vgl > 61V, 3. (40)

Because of this strict inequality and the definition of 7y there are o € (79, 00) for any k € N
with limy_,0o 0% = 79 such that infyep || VF,, — Vg3 < 8|V, |3, that is,
fL1\2
Vs ll3 = Sa sup (fo. 6% ") < 0|V ]I} VkeN.
geEM;,
Letting & — oo and using (30) as well as the right continuity of ||Vf, |3, see (31), we deduce
that

*_1\ 2
IV llz = Sa sup (fry, 0% )" < 0 [|VEr 3.
geEM,

This is the same as infyen ||V, — Vg3 < §||VF, |3 and contradicts (40). This proves (39)
and completes the proof of the lemma. O

Remark 30. The above argument would be simpler if T — ||Vf.||3 were continuous for an
appropriate choice of hyperplanes (see Appendix 7) in the definition of the flow. Since the flow
18 weakly continuous in Hl(Rd), continuity of the norm is equivalent to (strong) continuity of
the flow in Hl(Rd). Thus, for continuity of the norm for an appropriate choice of hyperplanes,
it 18 necessary that there is such a choice for which the Steiner symmetrizations approximate
f* in HY(RY). According to a theorem of Burchard [17] this holds if and only if f is co-area
reqular, i.e, if and only if the distribution function

his [{z € RY: f(a) > h, Vf(z) = 0}]

has no absolutely continuous component. As shown by Almgren and Lieb [1], both co-area
reqular and co-area irreqular functions are dense for d > 2.
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4.3. Proof of Theorem 22. It is now easy to prove the main result of this section, Theo-
rem 22. Let § € (0,1) and assume that 0 < f € HY(RY) \ M satisfies
inf |[Vf—Vygl3>0[Vf.
inf V5~ Vgl 2 5V/]3

By Lemma 26 either alternative (a) or (b) holds. In the first case, we apply Lemmas 27
and 28, and in the second case, we apply Lemma 29. This completes the proof. [l

5. FROM NONNEGATIVE FUNCTIONS TO ARBITRARY FUNCTIONS

We recall that cgg denotes the optimal constant in (2). Similarly, we denote by ¢ the
optimal constant in (2) when restricted to nonnegative functions f. Thus, ¢t > cge. We do

not know whether these two constants coincide or not. The main result in this section will be

to prove the following lower bound on cgg in terms of cB%.

Proposition 31. For any d > 3,
CBg > min {%c%%s,l — 2_%} :
Proof. To simplify the notation, given a function v € Hl(Rd), we define the deficit

2 2
D(v) = HVUHLz(Rd) — 5S4 HU”L2*(Rd) :

2 _
5 =

h(p) =p™ + (1 —p)* —1, and hg:=h(})=2"%-1=2i 1.

Also, we set ag := 1— % <1,

Let us consider a function v € H'(R?). By homogeneity we can assume that |ullpes ey = 1-
Let u4 denote the positive and negative parts of u, set

2*
m = |lu_ L2* (Rd) »
and assume (without loss of generality) that
m € 1[0,1/2]. (41)
Note that ||u+||iy(Rd) =1—m and ||Vu||iQ(Rd) = ||Vu_||iQ(Rd) + ||Vu+||iQ(Rd). Hence, we have
D(u) = [ Velaa — S = D(us) + D(u) + Sy h(m). (12)

Since the function p — h(p) is monotone increasing and concave on [0,1/2], we have
2hap < h(p). (43)

Also, if we set £; := 2(1 — 27%), the function f(p) := (1 — p)* — 1 4 &, p satisfies f(0) =
f(1/2) =0 and f"(p) <0, so that f(p) > 0 for all m € [0,1/2]. Hence, by (41), we have

(1=p)*™=1-C&p,
which, by the definition of h(p), yields
h(p) = p™ — &p.
Combining this bound with (43), this gives

(1 + ;—Z() h(p) > p™.
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Therefore, recalling (42) and noticing that D(u_) + Sqgm®d = ||Vu_||iQ(Rd), we get
2hg 2hg

D(w) 2 Dluy) +Dlu-) + S g 2ha+ &

m® > D(uy) + IV Itz gay -

By definition, we have
D(uy) > chp glenf |IVuy — Vg||iz(Rd).
As a consequence, if g, € M is optimal for u, we obtain
2 hg
2hg+ &
2hg

. 2 2
Z 1111 {Cg?;, m} ( ||VU+ - Vg+||L2(Rd) + ||VU—||L2(R:1) >

0s 2 2
D(u) = cgg [[Vus — Voilfage + IVu_|[i2ay

r . 0s 2hd 2
> g min {5, g7 Ve = Voo o, -
Since 2hy + &g = 2.21 —242— 2" =27 we get
hd 2
4 _ 973 (23_1> =1-274,
2hg+ &
which concludes the proof. 0

6. STABILITY OF THE SOBOLEV INEQUALITY: PROOF OF THEOREM 1

We now combine the results from the previous three sections and deduce in this way the
main result of this paper.

Proof. We recall that the constant cpp was defined in the previous subsection and that .#(0)
was defined in (25). Then, as a consequence of Theorem 22, we have
chpp > sup 0.7(0).
0<s<1

(Indeed, for any 6 € (0,1), if f satisfies |V f — Vgl|3 > ||V f]|?, then E(f) > 6 #(§), while if
IVf—=Vgl2 <§||IVf|? then E(f) > F(5) > & #().) Thus, it remains to bound .#(§) for a
suitable § € (0,1). )

We let €,0 > 0 be as in Theorem 4. We will bound .#(6) with § = %. Thus, let
0 < f € H(R?) with

inf Vg~ VI3 < 55 V13-

It is easy to see that the infimum on the left side is attained. After a translation, a dilation and
multiplication by a constant, we may assume that it is attained at g = (2/(1+]z[?))4=2/2. We
now pass to the sphere using the stereographic projection as in Section 2. Let 0 < u € H(S9)
be the function associated to f. The function 1 is associated to g and we set r :=u — 1. The
fact that the distance is attained at 1 implies that r satisfies the orthogonality conditions (8).
Moreover, we have

/s (|Vr]?+ Ar?)dp < 2= 1+5 (|Vu|2 + Au®) dp = 1+5 <A+/ (IVr]> + Ar?) d,u) :
S0

/ (|Vr]? + Ar?) du < OA.
Sd
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By the Sobolev inequality, this implies

2/qa
(/ rd du) <9,
Sd

and therefore we are in the situation of Theorem 4. We deduce that

2/q
/ (|Vul> + Au?) d,u—A(/ uqdp) 2060/ (IVr]> + Ar?) du
sd sd sd

Translating this result back to R?, we have shown that

8 — 4e
’j(1+8) Oco =755,
and therefore )
pos ) 4 €g

BE = 745 d 2
where we recall that 0 < ¢y < % is fixed and & depends on ¢, but not on d. This constant has
the claimed d~! behavior.
We turn now to the case of general, not necessarily nonnegative functions. By Proposition 31

cpE > rnin{1 A, 1— 2_7}

Using 1 — 277 > (2 In2)/d together with the result for b2 we obtain also in the general case
the claimed d~! behavior. As constant in Theorem 4 we get

: €0
ﬁ:mln{if6,2ln2} (44)
which is computable, since 5 depends in a complicated, yet explicit way on ¢. 0

Remark 32. The constant given by (44) is a lower estimate of d cgg, which is of the same
order as the strict upper estimate obtained from (3). If we apply Proposition 7 instead of
Theorem /4 in the above argument, we obtain
Cpp = sup 0.%(J) > sup %S m(6Y/?) = sup dm ((%6)1/2>
0<6<1 §5>0 0<o<1
with m given by (9). As explained in Remark 11, this lower bound is not very good for
larges dimensions. In the above expression, it corresponds to a right-hand side of the order of

274~ 2/2 g5 d — +o0, but ford =3, 4, 5, 6 it gives decent numerical lower bounds on chp.

7. STABILITY OF THE LOGARITHMIC SOBOLEV INEQUALITY: PROOF OF THEOREM 2

Just like the quantitative version of the sharp Sobolev inequality, we prove the quantitative
version of the sharp logarithmic Sobolev inequality in two steps, one close and one far from
the set of optimizers. Let us start with the result that replaces Theorem 4.

Theorem 33. There are explicit constants n > 0 and 6 > 0 such that for all N € N and for
all =1 < r € HY(y) satisfying

r2dy <6 (45)
RN

/rd’y:O:/ zjrdy, j=1...,N, (46)
RN RN

and
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1 2
/ ]Vr|2d'y—7r/ (1+7)%In % d’yzn/ r2dy.
RN RN 1 +7“HL2(7) RN

Remark 34. The constant & coincides with the corresponding constant in Theorem 4 and
n=2mey. Indeed, Remark 5 together with the proof below implies that one can fix n € (0, )
and then the bound holds with some & depending on n.

one has

Proof. Notice that z is in L?(y) so that orthogonality constraints raise no integration issues.

We denote ¥4 := {z € R¥! : |z| = pg} with pg :== \/d/(27). (The factor of 1/(27) in
the definition of py is necessary to get the 7 in the exponent of the Gaussian density.) We
integrate on ¥; with respect to the uniform probability measure, which we denote by dug. By
rescaling our result in Theorem 4 we find that

/ \VRPdud—ﬂ%((/ (1—|—R)d2d2dud) —/ (1+R)2d,ud>
Xa PP g

zzm/ (1 2 \VRP + R?) dua. (47)
2a

™

(Note that rescaling results in a factor p;* in front of all terms except the term |V R|2.) This
inequality is valid for all R € H'(X,) such that

d—2

2 Td ~
( / R dud) <3 (48)
pIF

/Rd,ud=O:/ zjRdpg, j=1,...,d+1. (49)
Xaq Xd

Given a function r € H!() and a d > N, we apply this inequality to the function

and

N
Ry(x) == r(xl,...,xN)—/ rdud—Qﬂd%dlen/ Yn (Y1, yn) dpa(y)
Xa n=1 X

for x € ¥, This function satisfies the orthogonality conditions (49). Note here that the

functions V27 /(d + 1)/d x; are L*normalized on X,.
We now use the well-known fact that, as d — 400, the marginal of du, corresponding to
the first N coordinates converges to dv. Thus,

lim / |Vr|2d,ud:/ Vr|*dy, lim / r2d,ud:/ rdy,

lim rdﬂdz/ rdy=0, lim ynr(yl,---,y]v)dud(y)z/ Ynrdy=0.
Yd RN

From this we conclude easily that

lim IV Ry|* dpg = / IVridy, lim R%dpg = / r2dy.
RN d=+oo Jx, RN

d—>+00 Ed

With some modest amount of effort one also finds that

2d_
lim R$?dug = / r?dy.
5, RN

d—~+o00
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In particular, since we assume that the right side is less than 5, the same is true for the left
side when d is sufficiently large, and consequently the smallness condition (48) holds when d
is sufficiently large. Thus, inequality (47) is valid for all sufficiently large d.

We drop the gradient term on the right side. Passing to the limit d — +o00, we infer that

d—2

T
/ [Vr[* dy—m limsup 432 ((/ (1 +Rd)"’2d2dﬂd> —/ (14 Ry)? dﬂd) > 2#60/ r?dy .
RN d—+o00 oy RN

Finally, we verify that

d—2

. d—2 2d_ S 2
lim sup (1+Rg)a2dpq | — | (14 Rg)”dpag
d—+00 2 P Ya

:/ (14+7)*In —(1+r2)2 dy .
RN Hl‘i‘r”m(w

In fact, if the orthogonality conditions were not present and the marginals would already be
equal to their limit, this would follow from the fact that

1 1 h
lim —— h? d — hd = hl —)d
ot p— 1 </RN 7) /RN 7 /RN n(fRthv) i

valid on any measure space for any nonnegative function h that satisfies h € L! N LPo(vy)
for some py > 1. Proving the latter fact is simple, as well as including the effect of the
orthogonality conditions and the convergence of the marginals and we shall omit it. These
remarks complete the proof Theorem 33. 0

We emphasize that in the previous proof we did not use Theorem 1, but rather Theorem 4.
In this way we avoid having to control the distance to the set of optimizers in the high-
dimensional limit, which seems harder than verifying the orthogonality conditions.

Proof of Theorem 2. As in the proof of Theorem 1, we first prove the result for nonnegative
functions and then extend it to sign changing solutions. Let us denote by xP° the stability
constant in the stability inequality restricted to nonnegative functions.

Step 1. Let n and & be as in Theorem 33. For 0 < u € H'(v) we distinguish two cases.
e The first case is where

0
inf / (u—ce®™)dy < —— u? dry .
a€RN, ceR JpN 1+90 Jrry
The infimum on the left-hand side is attaine2d at some a € RY and ¢ € R as can be checked
by optimizing [,y |v — celal®/@m=mle=a/m*/2)% 43 where v(z) = u(x) e "1*/2. Let

- _ ya_la? a

a(y) =e Y u(y + 2.

Then, by a simple computation involving an integration by parts and a change of variables,

/ |Vﬂ|2d7—7f/ @’ In % dWZ/ |Vu|2d7—7r/ u?In uT dy.
RN RN HUHLz(y) RN RN HU”L2(7)

Therefore, the deficit of % coincides with that of u, while the infimum for # among all functions
of the form (4) is attained at the constant ¢ elal’/@™)  Finally, by multiplying @ with a constant,
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we may assume that this constant is equal to one. To summarize, we may assume without
loss of generality that the infimum in the theorem is attained at a = 0 and ¢ = 1.

Let us set » := uw — 1. Then the minimality implies that r satisfies the orthogonality
conditions (46). Moreover, we have

5 )
r2dy < —— | u?d :—~<1+/ er),
/RN 7_1-1—5 RN ! 146 RN 7

/ r2d7§5.
RN

Thus, the smallness condition (45) is satisfied and we can apply Theorem 33. This yields the
inequality in the theorem with a stability constant 7.

SO

e Next, we consider the case where
: T-a)\2 S 2
inf (u—ce® ) dy > — u”dy.
a€RVN, ceR JpN 1+ Jry

We argue similarly as we did in Section 4 concerning the Sobolev inequality, but there are
some simplifications in this case.

For f € L%(y) we denote by U f its Gaussian rearrangement, that is, the function on RY
whose superlevel sets have the form {z € RN : x; < u} for some y € R and have the same
~v-measure as the corresponding superlevel sets of f. Moreover, we denote

Vf:= ex 11’ R (e‘g‘l’|2 f) ,

where R is, as before, the Euclidean rearrangement. Then, as shown in [22, Theorem 4.1], for
any 0 < f € L?(v) one has

fo=WVU)"f = |fllee in L*(v).
Moreover, || fallL2¢y) = || fll2¢) and

2
nr—>/ |an|2d7—7r/ filn | —2— | dy
RN RN an”]ﬁ@)
is nonincreasing.

We apply this procedure to our function u and obtain a sequence of functions w, with
constant L?(+)-norm. Moreover, since

inf [|u — €™ 2y < JJtm = [l | o) =0
there is an ny € N such that
0
: )2 2 : |2
1cnaf [tng — € [L2(y) = 143 lullfay) > 1cnaf [tng+1 — €| L2y -
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We have

fRN |VU‘ d’Y_ﬂ'fRNU ln <|I ||L2( )) d7 - fRN |vu| dry_ﬂ-fRNu ln (” ”L2( )) d7

inf., |lu— cea'fﬂ”L2

|
E

2
Jan [Vun, P dy — 7 [on u2 In —— | dy
Tiralar

>
Tl

We now use a continuous rearrangement flow to connect u,, to u,,+1. More precisely, we a
consider a family of functions u,, 7 € [0, 00], where uy := Uu,, and uy := t,,11. We define
u, as e™”*/2 times the continuous (Euclidean) rearrangement of e~ Tl Up,- In the same
way as in Lemma 36 one sees that

Foint o, — ce"?

is continuous, and therefore there is a 75 € [0, 00) such that

)
. a-x||2 _ 2
ch,laf ||U7-0 —ce ||L2(’7) = m ||u||L2('y)
It follows that
2
2 g 2 _Ung
Je [Vting[* dy = [ 0, In (unonLQ( )) il
[ull?2
IJ2
. fRN |vu7'0|2df>/ - TrfRN U72_0 ln (”UTOL2( )) d7
= JullF2,),
2
2 _ 0
(5 fRN |VUT0| d’7 ﬂ-fRN uno n (||Ufo||L2('v)) d7
146 infeq [Jur, — ceam||L2(’Y)

According to the first case, the right side is larger or equal than xP*® := %S 1. This concludes
the proof in the case of nonnegative functions.

Step 2. Finally, we prove the theorem in the general case. This is a variation of the argument
in Proposition 31.
We shall use the notation

2
D(v) ::/ Vol dy — 7r/ v?In UT dy forve H'(y).
RN RN ||U||L2(7)

Let u € H'(y). By homogeneity we can assume [|ul|12(,y = 1. Replacing u by —u if necessary,
we can also assume that

m = ||U—||i2(7) € [0, 3]
Then
D(u) = D(uy) + D(u_) + mh(m)
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with
h(p) == —(plnp+ (1 —p)In(1 —p)).
Since the function p — h(p) is monotone increasing and concave on [0, £], it holds that

'3
h(p) > (2In2)p forall pel0,3].
Thus, with kP denoting the constant from Step 1,

D(u) > D(uy) + (27 In2)m > kP*inf ||uy — ce‘”Higm + (27 In2) Hu,“izm
> 1 min {x"*, 27 In2} glcf |lu — cea’mHiQ(w :

This proves the inequality in the general case, with kK = % min {/{pos, 27 In 2}. ([l

APPENDIX. SOME REMARKS ABOUT CONTINUOUS REARRANGEMENT

In this appendix we discuss some aspects of the continuous rearrangement and prove some
of its properties.

Brock’s continuous Steiner rearrangement is based on the following operation for functions of
one real variable that are finite union of disjoint characteristic functions Zivzl X (—ap,az) (T — D).

Replace this function by Z,]::l X(=apax) (a: —e ! bk) where ¢ varies from 0 to co. As t increases,
the intervals start moving closer and as soon as any two intervals touch one stops the process
and redefines the set of intervals by joining the two that touched. Then one restarts the
process and keeps repeating it until all of them are joined into one. The movement stops once
this interval is centered at the origin. By the outer regularity of Lebesgue measure the level
sets of a measurable function can be approximated by open sets and, since in one dimension
this is a countable union of open intervals, one can further approximate the level set by a finite
number of open disjoint intervals for which one uses the sliding argument explained above.

As mentioned before, this procedure can be generalized to higher dimensions by consider-
ing Steiner symmetrization with respect to a hyperplane. One considers any hyperplane H
through the origin and then rearranges the function symmetrically about the hyperplane along
each line perpendicular to H, resulting in a function denoted by f*#. For more information
see [54]. In this fashion one obtains a continuous rearrangement f — f 7 € [0, 00|, which
was studied in detail by Brock [14, 15]. We shall refer to the statements in those papers.

To pass from Steiner symmetrization to the symmetric decreasing rearrangement we con-
sider a sequence of continuous Steiner symmetrizations and chain them with a new continous
parameter a la Bucur—Henrot. Inspired by [16, 25], we proceed as follows. Given a function
f € LP(R?) for some 1 < p < oo there is a sequence (H,),en of hyperplanes such that, defining
recursively with fy = f,

foi=f 0 n=12,...,
we have
fo— f* inLP(RY) as n— oo.
In fact, it is shown in [65, Theorem 4.3] that this holds for ‘almost every’ (in an appropriate
sense) choice of hyperplanes. It is also of interest that this sequence can actually be chosen
in a universal fashion (that is, independent of f and p); see [64, Theorem 5.2].
Given f and the sequence (f,)nen as above, we set for any n =0,1,2,...

On(T) :=emiis —1, 7€nn+1],
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and define
fT = n7¢n(7), (50)
where the right side denotes Brock’s continuous Steiner symmetrization with respect to the
hyperplane H,, with parameter ¢, (7) applied to f,. As 7 runs from n to n + 1, ¢, (7) runs
from 0 to oo, so f, is well defined even for 7 € Nj.
From the properties of Brock’s flow, see, in particular, [15, Lemma 4.1], we obtain the
following properties for our flow.

Proposition 35. Let d > 1,1 < p < 0o and let 0 < f € LP(R?). Then, for any T € [0, 00],
the function f, defined by (50) is in LP(RY) and ||f.||, = ||f|l,. Moreover, for any 7 € [0, oc]
and any sequence (Tp)neny with lim, o 7, = T,

nll_{go Ifr, —fll, =0.
The following fact is important for us.
Lemma 36. Let d >3 and 0 < f € L2 (RY). The function

T > sup (fT,uQ*’l)2
ueEM;y

with f, defined by (50) is continuous.

Proof. We use the fact, shown in Proposition 35, that
2% = O

hm It — fry
T1—>

Fix ¢ > 0. There exists u; € M such that sup,eny, |(fry, u® )| < [(fr,ui )| + € and
hence

sup | nauz*il)‘ — Sup }(‘rzauT 1)’ <’ f7'17u1 )|+8_ ’(fﬁ:uQ* 1)|
ueEM;i ueEM;y

< ‘(fﬁ,uf*_l) (fmu2 _1 | + €,
which by Holder’s inequality is bounded above by

lfry = Frallo- [l Ml + € = lIfry — froll2e +¢
with ¢ = . Hence
limsup(sup ‘(mu2*—1)| — sup | TQ, u? - 1 )
To—T1 uEM1 uEM;1

There exists up € M, such that sup,cp, |(Fr, v® )| < [ (Fryp 0l

)
s ()] = s [ (0 )] 2 ()] = [0 ) -

‘ + ¢ and hence

which is greater or equal to

- |<f7'1au’2*_1) <f7'27u'2 ’ —e2 _Hf‘l' - - <.

Hence
o 2¢—1
iint (s (52007 = s |5 >|)2-f-
This proves the claimed continuity. 0
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We now consider the behavior of the gradient under the rearrangement flow. The following
proposition is closely related to [15, Theorems 3.2 and 4.1], but there inhomogeneous Sobolev
spaces are considered, which leads to some minor changes. For the sake of simplicity we
provide the details.

Proposition 37. Let 0 < f € HY(R?). Then f, defined by (50) is in HY(R?) and 7 — || VF, ||
18 a nonincreasing, right-continuous function.

Proof. By construction, it suffices to prove these properties for Brock’s flow. Since the latter
has the semigroup property (f,), = f,o, for all o, 7 > 0, it suffices to prove monotonicity and
right-continuity at 7 = 0.

We begin with the proof of monotonicity, which we first prove under the additional assump-
tion that f € L%(R?). This is shown in [15, Theorem 3.2], but we give an alternative proof.
We proceed as in the proof of [54, Lemma 1.17]. Extending [14, Corollary 2| to the sequence
of Steiner symmetrizations we find for three nonnegative functions f, g, h that

//RR f-(x) g-(x — y) h(y) dx dy > //RR f(@) g(z —y) h(y) dz dy .

If we choose g(x — y) to be the standard heat kernel, i.e., g(x — y) = e®(z — y), then
g-(x —y) = g(z — y) and hence

//Rded fo(@) e (@ —y) fr(y) drdy 2 //Rded fl@)e®(z—y) fly)dudy.

Since ||f;||2 = || f]]2 by the equimeasurability of rearrangement,

L6 — (e 6)) <2 (1118 - (1. e)

and letting ¢ — 0 yields the first claim under the addltlonal assumption f € L*(RY).
For general 0 < f € HY(RY) we apply the above argument to the functions (f —€), € > 0.
They belong to L?(R?) since f vanishes at infinity and belongs to L2 (RY). We obtain

IV((f =€) I, S IV = )sllz < IV S]2 (51)

We claim that f, € H(R?) and V((f —€)4). — Vi in LQ(]Rd) as € = 07. Once this is shown,

the claimed inequality follows from (51) by the weak lower semicontinuity of the L? norm.
To prove the claimed weak convergence, note that by (51), V((f — €)4)_is bounded in

L2(RY) as ¢ — 07 and therefore has a weak limit point. Let F € L?*(R?) be any such limit

point. Since (f —¢€), — f in L¥ (R%), the nonexpansivity of the rearrangement [14, Lemma 3]
implies that ((f —€);)_ — f; in L (R?). Thus, for any ® € C}(RY),

/Rd(v-@)ﬂdxe/w(v-@) ((f—e)+)7d:v:—/RdCI>~V((f—e)+)de—>— O Fdx

Rd

as € — 0. This proves that f. is weakly differentiable with Vf, = F. In particular,
f. € HY(R?) (note that f. vanishes at infinity since f does and since these functions are
equimeasurable) and the limit point F' is unique. This concludes the proof of the first part of
the proposition.

Let us now show the right-continuity at 7 = 0. It follows from Proposition 35 that f, — f in
L?"(RY) as 7 — 0". This implies that Vf, — Vf in L*(R%) as 7 — 0". (Indeed, the argument
is similar to the one used in the first part of the proof. The family Vf, is bounded in L%(R¢)
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as 7 — 07 and, if F' denotes any weak limit point in L2(R?), then the convergence in 12" (R?)
and the definition of weak derivatives implies that F' = V f.) By weak lower semicontinuity,
we deduce that

IV £l < lim o [V, .
T—0t

This, together with the reverse inequality, which was established in the first part of the proof,
proves the claimed right continuity. 0

We note that the proposition remains valid for 0 < f € WY(R?) with 1 < p < d. If
p # 2, the monotonicity for the gradient for f € WHP(R?) is proved in [15, Theorem 3.2]. The
remaining arguments above carry over to p # 2.
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