STABILITY FOR THE SOBOLEV INEQUALITY
WITH EXPLICIT CONSTANTS
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ABSTRACT. A quantitative version of the Bianchi-Egnell inequality concerning the stability
of the Sobolev inequality is proved with explicit constants. For the proof we study a flow that
interpolates continuously between a function and its symmetric decreasing rearrangement.

1. INTRODUCTION AND MAIN RESULT

In [9] Brezis and Lieb posed the question whether it is possible to bound the ‘Sobolev deficit’
IV 71122zt — Sall 1122+ oy

from below in terms of some natural distance from the manifold of optimizers. Here d > 3,
2* =2d/(d — 2) is the ‘Sobolev exponent’, and

Sq=1d(d—2)|s%¥?

T i
is the sharp Sobolev constant. The function f belongs to the homogeneous Sobolev space
HY(RY), that is, it is in L (R?), its distributional gradient is a square-summable function and

loc

it vanishes at infinity in the sense that [{z € R?: |f(z)| > €}| < oo for all € > 0. Here |A|
denotes the Lebesgue measure of a measurable set A. Throughout this paper we deal with
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real-valued functions. With minor additional effort our arguments can be extended to the
case of complex-valued functions.

Rodemich [39], Aubin [3] and Talenti [43] (see also [41]) proved that the Sobolev deficit
is non-negative. Moreover, it was shown by Lieb [35], Gidas, Ni and Nirenberg [34] and
Caffarelli, Gidas and Spruck [14] that the deficit vanishes if and only if the function f is of
the form s

fl@)y=cla+|z—0f) 7, (1)
where a € (0,00), b € R? and ¢ € C are constants. These functions are often called ‘Aubin—
Talenti functions’. Let M denote the (d+2)-dimensional manifold of functions of the form (1).

The question of Brezis and Lieb was answered by Bianchi and Egnell [4]: there is a strictly

positive constant cgg such that for any f € HY(R%) \ M

g(f) . ||Vf||i2(Rd) - Sd ”f”iz*(Rd)
‘ infger |Vf — Vg”?ﬁ(md)

2 CBE - (2)

We denote by cpg the optimal, that is, largest possible constant in (2).

Lions [37] has shown that, if the Sobolev deficit is small for some function f, then f has to
be close to the manifold M of Sobolev optimizers. The closeness is in the strongest possible
sense, namely with respect to the norm in H'(R%). The Bianchi-Egnell inequality (2) makes
the qualitative result of Lions quantitative. In particular, it shows that the distance to the
manifold vanishes at least like the square root of the Sobolev deficit. Such ‘stability’ estimates
have been established in other contexts as well, e.g., for the isoperimetric inequality or for
classical inequalities in real and harmonic analysis. In fact, stability has attracted a lot of
attention in recent years and we refer to [33, 21, 28, 22, 18, 16, 19, 27, 20, 42, 31, 32, 29, 7]
and the references within for a list of works in this direction. In several of them the strategy
of Bianchi and Egnell or its generalizations play an important role.

An interesting point about (2) and other inequalities obtained by this method is that nothing
seems to be known about the optimal value of the constant cggp except for the fact that it is
strictly positive. The proof in [4] proceeds by a spectral estimate combined with a compactness
argument and hence cannot give any information about cgg. Explicit quantitative estimates
are known only for a distance to M measured by a weaker norm than (2), functions of H!(R%)
satisfying additional constraints or superquadratic estimates of the distance which degenerate
in a neighbourhood of M and much more is known for subcritical interpolation inequalities
than for Sobolev-type inequalities: see [6, 26, 25, 24, 7, 30] for some references.

It is the aim of this article to address the question of proving (2) with an explicit lower
bound on cgg. To formulate the result, let us introduce the notations

v(0) = [ )

for any ¢ € (0,1) and, with ¢ = 2* the Sobolev exponent,

m(v) :zﬁ—%yq*z if d>6,
m(l/)::diﬂ—%(q—l)(q—Z)u—%uq_2 if d=4,5, (4)
mv):=2-2v -5, -2, - 1* it d=3.
With
Kq = sup dm(v(d)), (5)

0<<1
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here is our theorem.

Theorem 1. Let d > 3 and f € H'(RY) \ M. Then

E(f) = 5 Ka,
where m(v) and v(0) are defined by (4) and (3). If additionally f > 0, then we have
E(f) = %

Thus, the optimal constant in (2) satisfies
CBE > 3 Kd -

We refer to Appendix B for considerations on the numerical values of our estimates. Concern-
ing its behavior in high dimensions we will prove that

2d
e >
QRdNeQdH% as d— 400. (6)
Moreover, we have the upper bound
4
< — 7
PBE= 14 (7)

for any d > 3, see Proposition 20.

A question that remains open is what the optimal value of the constant cgg in (2) is
and whether it is attained for an extremal function. After a first version of this paper has
appeared on the arXiv we learned that T. Konig has shown that the inequality in (7) is strict
in any dimension d > 3. This is reminiscent of the planar isoperimetric inequality, where the
constant in the quanitative isoperimetric inequality with Frankel asymmetry is strictly smaller
than the constant in the corresponding spectral gap inequality. In that case one can prove the
existence of an optimizing function; see [5]. For further studies under an additional convexity
assumption, see [15, 2, 23].

Let us describe the strategy of the proof of Theorem 1. It consists of two parts. In a first
part we prove a lower bound on &(f) for non-negative functions f. In a second part we show
that this implies a lower bound for general functions f. The two parts are independent of
each other in the sense that the second part does not rely on the method by which in the first
part a lower bound was obtained.

Let us begin by describing the strategy of proving a bound for non-negative functions.
Superficially, the proof is analogous to that by Bianchi and Egnell [4], namely, one splits the
problem into two regions, one where f is close to the manifold of Sobolev optimizers and the
other where it is far away. These regions are defined in terms of the quantity infoepn |V f —
VgHL2 ray/ VS HL2 ray, specifically by requiring that this quantity is either less or equal than 4,
or (Strlctly) blgger than 0. Here § > 0 is a free parameter that we will optimize over at the
end. Note that, since inf,ep |V f — Vg||iQ(Rd < ”Vf”L?(Rd we may always assume that
60 <1andevend < 1.

In Section 3, for 0 € (0, 1) small enough, we estimate p(J) such that

E(f) > n(o) (8)
whenever

. 2 2
0< inf IIVf = Vglltage) < 01V e (9)
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and prove that p(d) is positive. The argument in this regime is similar to that of Bianchi and
Egnell and is based on a spectral gap inequality. We make the qualitative expansions of [4]
quantitative and obtain for all § € (0,1) a remainder bound smaller than an explicit, strictly
positive constant.

In Section 2, we obtain a lower bound on &(f) in case inf e p ||V f =V g2, (Rd) > O HVinQ(Rd)
for an arbitrary non-negative function f. To handle this regime we use an idea taken from
a paper by Christ [20] in which he establishes a quantitative error term for the Riesz re-
arrangement inequality. The idea, in a rough outline, is to construct a continuous family of
rearrangements fr, 0 < 7 < oo, such that fy = f, HfTHL2*(Rd) = || fllL2r @ay, 7 = |V frllL2ma
is non-increasing and infgep [|V(fr — )HL2 ray — 0 as 7 — o0o. Clearly

||Vf||12_,2(]Rd Sd ||f||L2* (Rd) g ||f||iQ*(Rd) > ||va||iQ(Rd) - Sd ||f7‘||i2*(Rd)
— Pd
IV F ey N IV 7 e e

Starting with inf e ||V f — VgHLQ(Rd >0 HVf||L2(Rd one would like to run the flow until at
a certain point 79 one has

E(f) =

gien/\f/l IV (fr — 9)”%2(]1@) =90 vaTOHiQ(]Rd) (10)
and, using (8), one would conclude that
E(f) > ||vf7'OHL2 R%) Sd HfToHL2* (RY) _ ||vf7'0Hi2(Rd) - Sd ||f70||i2*(Rd) > 5u(5>
N ||vao||L2(Rd) infge./\/l ||V(f7-0 - g)“%ﬂ([@d) N

The details of this argument are more involved than presented here, mostly because the
function 7 + ||V f-|[r2re) need not be continuous, so the existence of a 7y as in (10) is not
guaranteed.

Collecting the results of Sections 2 and 3 provides us with bounds on E(f) for non-negative
functions f: see Proposition 19. This concludes the first part of the proof.

In the second part of the proof, in Section 4, we prove a lower bound on &(f) for sign-
changing functions f. The proof exploits a concavity property inherent in the problem and
shows that only one of the positive and negative parts is really relevant for the problem at
hand. More precisely, if, say || f- HLQ*(Rd) < | fell3s (ra)s then HVf,HiQ(Rd) is bounded by a
constant times the Sobolev deficit. This allows one to essentially reduce the problem to the
non-negative function f,.

Additional results on the symmetric decreasing rearrangement and the numerical values of
our estimates are given in two appendices, A and B, at the end of the paper.

In order to make notations lighter, we will write || - [|; = || - || (rey Whenever the space is R4
with Lebesgue measure.

2. COMPETING SYMMETRIES, THE SEQUENCE AND THE FLOW

In a first step one uses ‘competing symmetries’ to move a non-negative initial function f
close, but not exactly to the desired location (9). This is done by building a sequence (f,,)nen
and considering in Lemma 5 two alternatives, (a) and (b). In case (a), the whole sequence
stays outside the neighbourhood (9) as well as its limit. In case (b), in a further step one uses
a continuous rearrangement (flow) to achieve (10) or, actually, a substitute for it.



STABILITY FOR THE SOBOLEV INEQUALITY WITH EXPLICIT CONSTANTS 5

2.1. Competing symmetries. The functional £(f) is conformally invariant in the sense
that if C': R?U {oo} — R? U {o0} is a conformal map, the function

fe(x) = |det DC(2)['* f(C(x))
satisfies
E(fe)=¢€(f).
In order to verify this, we recall that any conformal map is a composition of scalings, trans-
lations, rotations and inversions. For scalings, translations and rotations in R? the claimed
invariance is easy to see. The additional map to consider is the inversion I(z) = ﬁ and a
straightforward change of variables shows that

IV =1V, Ifl =112

PEEE

The equality
: f o 2 — f - 2
glenM IV(fr =9l glen/vt IVf— Vgl

follows from

: o 2:- - 2:- - 2
inf [V (fr = g)l§ = inf [V(/ — gn)l§ = inf 7/ - Vgl

since I? = I and g — g; maps the set M to itself in a one-to-one and onto fashion.

Another and perhaps easier way to see the conformal invariance is to pull the problem
up to the sphere via the stereographic projection. We denote by s = (s1, S2,...,84+1) the
coordinates in R%*!. Then the unit sphere S C R%! can be parametrized in terms of
stereographic coordinates by

1—|z)?
14 [z2”

237]‘
§j =
IS T P

F@=<5%fyfﬂw (1)

and find by a straightforward computation that
IV F112 = Sqllf]I3 IVF|R2a) + 14 (d = 2) | FlIF20) = SallFII} o+ sa)
infae.y {HVF VG| ga + 1 (d—2)||F — G\|L2(Sd)}

S8

jzlv"'a y  Sd+1 =

We set

5(f) - infge/// ||Vf — Vg % B

where G is a function of the form

G(s)=c(a+b-s) *,

and a > 0, b € R? and ¢ € C are constants, and .# is the corresponding set of func-
tions. On the sphere the inversion [ takes the form of the reflection (sq,...,s4,S4+1) —
(S1y. -y Sdy —Sds1)-

A second ingredient for the construction of the flow is the technique of ‘competing symme-
tries’, invented in [17]. Consider any non-negative function f € H'(RY) and its counterpart
F € HY(S?) given by (11). Set

(UF)(s) = F(s1,82,.,8d+1, —8d) ,
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which corresponds to a rotation by 7/2 that maps the ‘north pole’ axis (0,0,...,1) to
(0,...,1,0). Reversing (11) the function that corresponds to UF on R? is given by

2 5 T Ti_1 |z —1
U = — 12
wnw=(2n) (i ). (12)
where eq = (0,...,0,1) € RY. It follows that
EUS)=¢&(f)-

The operation U is obviously linear, invertible and an isometry on L2 (R?).
We also consider the symmetric decreasing rearrangement
Rf(x) = f(x).
The most important properties are that f and f* are equimeasurable and that |V f*[|s <
|V fll2. For elementary properties of rearrangements the reader may consult [36]. Being
equimeasurable, this map is also an isometry on L2 (R?). It is when using the decreasing
rearrangement that we use the fact that f is a non-negative function. For functions that
change sign one conventionally defines their rearrangement as the rearrangement of their
absolute value. Passing from a function to its absolute value does not alter the numerator of

E(f) but may decrease the denominator so that other arguments are needed.
On RY, let

d—2
d-2 2 k2
L(z) =[S = : 13
nta) = 1875 (1) (13
Note that ||g.|[o+ = 1 because it is obtained as the stereographic projection of the constant
function on S% with 2*-norm equal to 1. The following theorem was proved in [17].

Theorem 2. Let f € L2 (RY) be a non-negative function. Consider the sequence (fn)nen of
functions

fo=(RU)"f VneN. (14)
Then
lim ||fn — hf 2% = O
n—oo
where hy = || f|las g« € M. Moreover, if f € HY(R?), then (||V foll3)nen is a non-increasing
sequence.

It does not seem clear whether the functional £(f) decreases or increases under rearrange-
ment. The next lemma helps to explain this point. Define M; to be the set of the elements
in M with 2*-norm equal to 1.

Lemma 3. For any f € H'(R?), we have

inf |[Vf—Vgl2=|VFI?-S e
glngl F=vls=1V£l3 dgse%pl(fg )

Here (-, -) is the L2(IR?) inner product or, more precisely, the duality pairing between L?" (R¢)
and L)' (RY).

Proof. Let g be any Aubin—Talenti function with ||g||2- = 1. The function g is an optimizer of

the Sobolev inequality, i.e., ||[Vgl||3 = Su||g]|3- = Sa and is a solution of the Sobolev equation
21

—Ag =S4y = Sag

lgll3-~2

2*—1
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Hence for any non-negative constant ¢ we find
IV(f = ez =IVFIE —2c(VVg) + Vgl = VfI3 —2¢Sa (f.g° ") + Sac®

and minimizing with respect to ¢ we find the lower bound ||V f||3— 54 (/, 92*71)2’ which proves
the lemma. 0

Under the decreasing rearrangement, the term ||V f||3 does not increase whereas the term
SUPge g, ( 1, 92*_1)2 increases. To see this, note that the supremum is attained at some Aubin—
Talenti function of the form (1) that is a strictly symmetric function about the point b € R9.
Replacing f by its symmetric decreasing rearrangement about that point increases ( f, g2*_1)2,
in fact strictly unless f is already symmetric decreasing about the point b. Thus, while the
numerator in £(f) decreases under rearrangements so does the denominator and there are no
direct conclusions to be drawn from this. The next lemma summarizes what we have shown.

Lemma 4. For the sequence (fn)nen in Theorem 2 we have that n — sup e, (j’n,g?*l)2 15

strictly increasing, n v+ infyen ||V fo — Vgl|3. is strictly decreasing and

lim inf [V fy = Vgl; = lm [[Vfall; = Sallgle = lim [V £all = Sallf
n—oo n—oo

n—oo ge

Proof. From

2
2k -

inf ||V f, — V|2 = |Vl =S gt Y
o IV fn = Volls = IV fullz = S sup (fa,677)

we see that the first term converges since (||V f,||3)nen is @ non-increasing sequence. For the
second term, which is strictly increasing, we have by Holder’s inequality

sup (fur 0> D) < full2 = IIf

geEM,

2
2*

and since g, as defined in (13) is in M; we have

liminf sup (fn,gy_l)2 > liminf (fn, g.)° = || f
n—oo

n—oo g€M1

by Theorem 2. 0

Lemma 5. Assume that 0 < f € H'(R?)\ M satisfies
- _ 2 5 2
glellj\f;l||vf Vollz = 0 IVSIz

2
2*

and let (fn)nen be the sequence defined by (14). Then one of the following alternatives holds:
(a) for allm=0,1,2... we have

. - 2 > 2
jnf IV fo = Vg3 >8IV fall3

(b) there is a natural number ny such that
Jnf IV fay = Vgllz = 011V fo

and

Jnf IV fagsr = Valls < IV fagrllz-

Proof. Assume that alternative (a) does not hold. Then there is a largest value ng > 0 such
that infgep [V fog = Vg5 = 0 [V fno 13- =



8 J. DOLBEAULT, M.J. ESTEBAN, A. FIGALLI, R.L. FRANK, AND M. LOSS
Lemma 6. Assume that 0 < f € H'(R?) \ M satisfies

inf [|[Vf—Vg|3>0|Vf|3

inf 197 - Vol > 81973

and suppose that in Lemma 5 alternative (a) holds for the sequence (f,)nen defined by (14).
Then

E(f)=0.
Proof. We have

2
2%

_ IVAE = Sall£I5- o IVAIE = Sallfll3- o IV £allz = Sallf
infger |V —Vygl5 — IV£3 N IV full3 ’

where the second inequality is a consequence of ||V f,[|3 < ||V f]|3 for all n = 0, 1, 2,.. . proved
in Theorem 2. By the assumption that alternative (a) holds and by Lemma 4, we learn that

E(f) (15)

1 1
. 2 < - . . o 2 I ( . 2 _ 2*) .
Jim [[Vfallz < 5 lim - inf [V £, = Vgl = 5 ( lim [V fallz = Sall /12
Since

lim ||V f,[3 — Sallf
n—00

we can take the limit as n — oo on the right side of (15) and compute the limit of the quotient
as the quotient of the limits. This proves the lemma. O

520 lim [|V£,][3> 65 lim ||f,
n—o0 n—oo

2.2. Continuous rearrangement. Next, we analyze the case where the alternative (b) in
Lemma 5 holds. Let us introduce

)=t {E(f) 0. < 7 € HRY\ M. inf |97 - Vol <5IVFRY. (10)

Lemma 7. For any 0 € (0,1], we have pu(5) < 1.

Proof. By Lemma 3, we have

inf [|[Vf—Vgl2=|VfI?-S g2’
Jnf [V = Vgl =IV/I dgiliﬂﬁ(fg )

and it follows from Holder’s inequality that

sup (f,9% ) < |If
geEM1

2
2*.

Thus, the denominator in £(f) that enters the definition of ©(J) is at least as large as the
numerator, so the quotient is at most 1. 0

Our goal in this subsection is to prove the following lower bound.
Lemma 8. Assume that 0 < f € H'(R?) \ M satisfies
inf VS~ Vgl > 6V
for some ¢ € (0,1) and suppose that in Lemma 5 alternative (b) holds for the sequence ( f,)nen
of Theorem 2 defined by (14). Then, with p(5) defined by (16), we have
E(f) =6 u(d).
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For the proof of this lemma we introduce a continuous rearrangement flow, which interpo-
lates between a function and its symmetric decreasing rearrangement. The basic ingredient
for this flow is similar to a flow that Brock introduced [10, 11] and which interpolates be-
tween a function and its Steiner symmetrization with respect to a given hyperplane. Brock’s
construction, in turn, is based on ideas of Rogers [40] and Brascamp-Lieb-Luttinger [8]. Our
flow is obtained by glueing together infinitely many copies of Brock’s flows with respect to a
sequence of judiciously chosen hyperplanes. A similar construction was performed by Bucur
and Henrot [12]; see also [20].

More specifically, for a given hyperplane H, Brock’s flow interpolates between a given
function f and f*, the Steiner symmetrized function with respect to H. The family that
interpolates between f and f*# is denoted by f 7 € [0, 00|, and we have

fo=1f, fo=r".
Further, for any 7, f and f are equimeasurable, i.e.,
{z cRY: fH(x) >t} =|{z cR?: f(2) >t} Vt>0.

Moreover, if f € LP(R?) for some 1 < p < oo, then 7 f is continuous in L*(R?).

By choosing a sequence of hyperplanes we construct another flow 7 — f, that has the
same properties but interpolates between f and f*, the symmetric decreasing rearrangement.
In Appendix A we explain this in more detail and prove the following properties that are
important for our proof, assuming f € H'(RY). From the L? (R?) continuity of the flow we
will deduce that

lim sup (fr,9)* = sup (fr,9) . (17)
70 geMy geEM;

Concerning the gradient we prove the monotonicity
IVl < IV allz, 011 <m <00,
and the right continuity
lim+ IVl =11V allz, 0< 7 <oo. (18)

T2—Ty

Proof of Lemma 8. We begin by motivating and explaining the strategy of the proof. As
before, we bound

£(f) = IVAIE = SallFl3 o VSIS = Sall£13- o IV fuoll3 = Sl fuo
infger [|V.f = Vg3 — IV 113 - IV foo I3
We could bound the right side further from below by replacing f,, by fn,+1. This bound,
however, might be too crude for our purposes and we proceed differently. The move from f,,,
to fn,+1 consists of two steps, namely first applying a conformal rotation and second applying
symmetric decreasing rearrangement. The first step leaves all terms on the right side invariant
and we do carry out this step. The second step leaves the 2*-norm invariant, while the gradient
term does not go up. In fact, the gradient term might go down too far. Therefore, we replace
the application of the rearrangement by a continuous rearrangement flow. In order to make
the notation less cumbersome we shall denote U f,, by f, where U denotes the conformal

rotation (12). We denote by f,, 0 < 7 < 0o, the continuous rearrangement starting at fo and
let

2
2*

(19)

foo = fn0+1 . (20)
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Ideally, we would like to find 7y € [0, 00) such that
glen./a ||Vf7'o - Vg”; =0 ||Vf7'o||g :

Then the right side of (19) is equal to

6B | Il _ 5 [Vl = Sullful?:

IV oI5 IVEL 113 infoend [VEr, = Vg3

which can be bounded from below by 6 p(6), since f,, is admissible in the infimum (16). This
would prove the desired bound.

The problem with this argument is that the existence of such a 7y € [0, 00) is in general not
clear, since neither of the terms inf,cpq ||V, — Vg||3 and ||Vf,||3 needs to be continuous in 7.
Nevertheless, we will be able to adapt the above argument to yield the same conclusion.

We now turn to the details of the argument. Recalling that

. . 2 2
glenj\f/[ Vo = Vgll3 > 6 [|[Vfoll3,

1 -5y

we define

To := inf {T >0: inf |Vf, — Vg|l5<§ HVfTHg}
geM

with the convention that inf() = co. If 7 < 79 € (0, 00|, similarly as before, the right side
of (19) is equal to

IVfollz = Sallfollz- _ _g, Mo 2 o IVES — S

IVoll3 IVfoll5

where the last inequality arises from inf e v ||V, —Vygl|3 > § | VF,||3 for any 7 € [0, 7). Taking
the limit inferior as 7 — 7, , we obtain

IVfoll3 — Sallfoll3 lim, (V][5 — Sa [[fr I3

2% ’T—}TO 2%

IV6l3 = liminf,,_ infyen [VF — Vol

7o %* > HVfTHg _SdHfTo %*27

||Vf7||g ~ infgem |VE. — Vgll5

(21)

Note that the denominator appearing here does not vanish. Indeed, we have

inf [V, = Vgll3 = 6 [VEI = 0 Sl =6 Sull I3 >0 V7 e [0,m)
g

and, as a consequence,

lim inf mf IV, — Vg5 > 8Sq4| f]l5 > 0.

The same inequality (21) remains valid if 79 = 0 and if we interpret lim _ S and liminf__ -
as evaluating at 75 = 0.
At this point we find it convenient to apply Lemma 3 and use the representation

inf ||V, — Vg2 = |V |2 - S £, g% )
nf | gllz = IVE-I3 dgseli%( g )

Using (17), that is, the continuity of 7 — supye, (fr, gQ*_1)2, we see that

lim inf mf |VE, — Vg5 = lim ||Vf,|5 — Sy Sup (fTO’gg*q)Q.

T—)’TO ’7'—>TO gE



STABILITY FOR THE SOBOLEV INEQUALITY WITH EXPLICIT CONSTANTS 11

Thus, the relevant quotient is equal to
lim, V63 = Su lf

. * __ 2 :
lim__, - |VE-]13 — Sa supge g, (fry, 9771

2
2%

(22)

Our goal in the remainder of this proof is to show that this quotient is larger or equal than
w1(0). We will use the fact that

3 (23)

f N2
Sup (fT0792 1) S ||f7'0
geEM;,

which follows from Holder’s inequality. We also note that equality holds here if and only if

f, € M.

Let us first handle the case where f,, € M. Then by (2.2) and because of equality in (23),
the quotient (22) is equal to 1, which by Lemma 7 can be further bounded from below by 1(d),
leading to the claimed bound. This completes the proof in the case f,, € M and in what follows
we assume

f @ M.
As a consequence of this assumption and (23), we have
s_1n\2
1963 > SallflZ > Sa sup (f097 )7 (24)
geEM1

Next, we observe that for & > § the function z — (¢ — «)/(z — ) is monotone increasing
on the interval (f,00). This, together with the strict inequality in (24), implies that the
quotient (22) can be bounded from below by

lim__, — [[VE]13 = Sallf 13- - IVF,, 112 = Sa [[fr 12 (25)
tin, o [V — i subyent, (07 0~ [VFlB — Su sbyeng, (Fror g7 1)
We now claim that
Jnf [IVfr, = Vall; < 5 [[Vinl;- (26)

Once this is proved, we can bound the right side of (25) from below by p(d). This inequality
is the claimed inequality after taking into account (21).

To prove (26), we first note that it is verified if 70 = oco. Indeed, foo = fr,+1 by (20) and
therefore, by assumption of alternative (b), infyer ||V — Vg3 < 0 ||[Visll3.

Now let 79 < co. We argue by contradiction and assume that

glen/\f/lHme —Vg||§ > 6||Vf7'0|‘§ (27>

Because of this strict inequality and the definition of 7y there are o € (79, 00) for any k € N
with limy_,oo 0% = 79 such that inf e ||VF,, — Vg3 < 8|V, ||3, that is,

IV, 12— Sa sup (fr, 0% ) < 8[|V, |2 VEkEN.
geEM,

Letting k — oo and using (17) as well as the right continuity of ||Vf,||3, see (18), we deduce
that
V613 = Sa sup (F, 6% )" < 5[ VE 3.
geEMy
This is the same as inf e ||V, — V|3 < §||VF, |3 and contradicts (27). This proves (26)

and completes the proof of the lemma. O
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Remark 9. The above argument would be simpler if T — ||Vf.||3 were continuous for an
appropriate choice of hyperplanes (see Appendix A) in the definition of the flow. Since the flow
is weakly continuous in Hl(Rd), continuity of the norm is equivalent to (strong) continuity of
the flow in Hl(Rd). Thus, for continuity of the norm for an appropriate choice of hyperplanes,
it is necessary that there is such a choice for which the Steiner symmetrizations approximate
f* in HY(R?). According to a theorem of Burchard [13] this holds if and only if f is co-area
reqular, 1.e, if and only if the distribution function

his {z € RY: f(a) > h, Vf(z) = 0}]

has no absolutely continuous component. As shown by Almgren and Lieb [1], both co-area
reqular and co-area irreqular functions are dense for d > 2.

2.3. Summary. Let us summarize the result of this section.
Corollary 10. Take § € (0,1) and assume that 0 < f € H'(R?Y) \ M satisfies
: _ 2 S 2
inf V7~ Vol > 5 V/]3
Then, with p(5) defined by (16), we have
E(f) > (o).

Proof. By Lemma 5 either alternative (a) or (b) holds. In the first case, we apply Lemmas 6
and 7, and in the second case, we apply Lemma 8. 0

3. ANALYSIS CLOSE TO THE MANIFOLD OF OPTIMIZERS

In this section we analyze the case of § > 0 small and bound () from below by an explicit
function of 4.

3.1. Expansions with remainder terms. Our goal in this subsection is to prove the fol-
lowing proposition.

Proposition 11. Let X be a measure space and u,r € LI(X) for some ¢ > 2 with u > 0 and
u—+r>0. Assume also that fX ultrde =0.

o If2<q<3, then

2
e 2 < ol + flufl2 (<q ) / 2y o 4 2 / " d:z:) |
X q.J)x

o If3<q<4, then

w472 < lull2
2 ((q—l)/ W2 de + 1 (g — 1) (q—2)/ uq—3r3dx+2/ |7“|qu).
X X d X
o I[fq=0, then

lw 47 ll2 < flullf + [lufl;™ (5/X ul?r? dx + %/X u? 3 dx

+5/ uq_4r4dx+2/ uq_5r5dx+%/ rﬁdx).
X X X
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Similar bounds can also be derived for ¢ € (4,00) \ {6}. They become increasingly more
complicated as ¢ passes an integer. We restrict ourselves to the case ¢ = 6, which is the only
case in (4,00) that we need, as it corresponds to the Sobolev exponent in dimension d = 3.
For the proof of the proposition, we need two lemmas, which we discuss next.

Lemma 12. We have the upper bounds following expansions.
o [f2<q< 3, then, forallz > —1,
(I+z) ' <l+qr+35q(q—1)a*+a%.
o [f3 < q <4, then, for allx > —1,
(I+2)<l+qgr+iqlg—1)a2"+1q(g—1)(g—2)2" + [z]".
e [fq=06, then, for all x > —1,
1+2)°=14+6x+1522 +202% + 152* + 62° + 2.
(
Proof. We begin with the case 2 < ¢ < 3 and set
fl@)=1+2)—1—qgz—1q(g—1)2*—a%.
For any x > — 1, we compute
fl@)=q((1+2)"" =1 (g—Dz—af"),
@) =qlg—1) ((1+2)7 —1-217).
For —1 < 2 < 0 we clearly have (1 +2)92—1—2%7%= (1 —|z|)92—=1<0. For z > 0 we

have, by a well-known elementary inequality, (14+2)7 2 —1 -2 = (1+2)9 2 —1— 272 <0.
To summarize, f is concave on [—1,00). We conclude that, for all z > —1,

f(z) < f(0) = f(0) .
Since f(0) = f’(0) = 0, this is the claimed inequality.
We now turn to the case 3 < ¢ < 4 and set this time
fl@)=(1+2)" —1-qo—3q(g-1)2" = §qlg—1) (¢ —2) 2" — |z|".
Again, we compute
fllo)=q(Q+2)"™" —1—(¢- Do —5(q—1)(¢—-2)2* — [2]" ),
f@) =ala=1) (1 +2)2 = 1= (g-2)a—[2"2).
Since again f(0) = f’(0) = 0, the claimed inequality will follow if we can show concavity of f
on [—1,00), that is, ¢ < 0 on [—1, 00) where
g(a) =1 +2)" =1~ (¢ -2z — |2[*7.
We compute
J(x)=(q-2) (L+2)° =1~ [2|""z),
g"(x) = (¢-2) (¢ = 3) (L +2)"" —[z"7").
We discuss g separately on [—1,0] and on (0, c0).
o We begin with the second case. For x > 0 we have, by the same elementary inequality

as before, (1+2)72—1—29"3 < 0. Thus, ¢’ < 0 on (0,00). Since g(0) = 0, we deduce
g < 0on (0,00).
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o Now let us consider the interval [—1,0]. We see that g” > 0 on (—1,—1/2) and ¢" < 0
on (—1/2,0). Therefore ¢’ is increasing on (—1,—1/2) and decreasing on (—1/2,0).
Since ¢’'(—1) = ¢’(0) = 0, we conclude that ¢ > 0 on (—1,0) and therefore g is
increasing on (—1,0). Since ¢g(0) = 0 we conclude that g < 0 on [—1,0), as claimed.

If ¢ = 6 we simply expand (1 + x). This completes the proof of the lemma. O

We will also use the following elementary lemma.
Lemma 13. If ¢ > 2, then, for all x > 0,
(1+ )1 < 1+ 2.
Proof of Proposition 11. We only give the proof in the case 2 < ¢ < 3. We have, by Lemma 12,

almost everywhere on X,
(u+r)? <uw+qui'r+3q(g—1)u?r* +rl.

Integrating this and using the assumed orthogonality condition, we obtain

/(u—i—?")qug/uqda:—l—%q(q—l)/ uq_2r2dm—|—/rid1’.
X X X X

Applying Lemma 13, we obtain

(/me)z (/Xuqu)a(/xuqdw)*(@_U/Xuq-arzmg/xm).

This is the claimed inequality for 2 < ¢ < 3. The proof in the remaining cases proceeds
similarly. 0

3.2. Application to the Sobolev functional. Throughout this subsection, we assume that

d > 3 and we set
. 2d

:2 :—.
4 d—2

We recall that we denote by Sy the optimal constant in the Sobolev inequality |V |5 > Sq || f]I7
and by M the set of all optimizers in this inequality.

Proposition 14. Let ¢ =2*, 0 < f € H'(R?Y) and u € M be such that
- — inf [V = Vgls.
IVf = Vula = inf [Vf— Vgl

Setr:=f—u and o = ||r|,/||ully
o Ifd> 6, we have

V1= Sallf12 2 [ (197 = Sala = 1)l 7urr) do = 2| Vrl o2,
e [fd=4,5, we have
IV £z = Sall£115
= / (IV712 = Sa (g = 1)l w2 r%) do — | 9r)3 (g = 1) (g = 2) o + 2072).
o [fd =3, we have
VA1 = SallfI2 2 [ (90 =58 Jull* u'r2) do = |Vl ($ 0+ 50° + 20 + L o).



STABILITY FOR THE SOBOLEV INEQUALITY WITH EXPLICIT CONSTANTS 15

Proof. This follows directly from Proposition 11 in the previous section. We note that the
orthogonality conditions

(Vr,Vu) = (Vf —Vu,Vu) =0 and (r,u?™") =(f—u,u?’") =0 (28)

are satisfied because of the choice of u. Indeed, since M is closed under multiplication by a
scalar, we find that

0= %HVf — onqu =2(Vf,Vu)—2 HVUH% =2(Vr,Vu) =2¢, (r, uq’l),

‘a:l

where, in the last equality, we used the equation —Au = ¢, u?" with ¢, := ||Vul|3/[|ul|Z.
Finally, we use the Sobolev inequality Sq ||7[|2 < ||V7||3 for the term multiplying the quantity
involving o. U

Let us recall a spectral gap inequality which appears, for instance, in Rey’s paper [38,
Appendix D] slightly before the work of Bianchi and Egnell [4].

Lemma 15. Let d > 3, ¢ = 2*, f € H'(RY) and u € M be such that |[Vf — Vul, =
inf e [|Vf —Vgllo. Then r:= f — u satisfies

4
/ (19 = Sulq— 1)l [l 2 2) de > ——— [ |VrPde.
Rd "‘4 Rd

Proof. By translation and dilation invariance, we may assume that u(z) = ¢ (1 + |:zc|2)7(d*2)/2
for some constant ¢ > 0. Then, by inverse stereographic projection and the discussion in

Subsection 2.1, the question becomes to prove the inequality

4
| (vrE - dinp)do= 2 [ (VAP +1a@-2)|RE) do (29)
Sd d+4 Sd

for all R that are orthogonal to spherical harmonics of degrees ¢ < 1. Diagonalizing the
Laplace—Beltrami operator, the inequality becomes
4
(l+d—1)—d> I (((l+d—1)+1d(d—2)) foralll>2.
This is elementary to check. U

Remark 16. If we look at the quadratic form r— [o. (V> — Sq (¢ — 1) [|ul| 27 |u|*72 r?) dz,
one may wonder why no essential spectrum should be taken into account. This is indeed an
issue (see for instance [7, Proposition 1.16]) if the form is defined on L%(R?), but not anymore
if we consider the operator —u*"9A — Sy(q — 1) [ul27¢ on L*(R?, u?*dx) as the image
of HL(S?) through the stereographic projection is compactly embedded in L2(R%, ud=2dz), so
that only discrete spectrum has to be taken into account. With r € H'(RY) — L?"(R?) —
L2(R?, w2 dx), the spectral gap computation in the proof of Lemma 15 is justified as already
noted in [4, Appendix].

Now we insert the spectral gap inequality in the expansion and obtain the following.

Corollary 17. Let ¢ = 2* and 0 < f € HY(R?). Set D(f) := inf,er( |[Vf — Vyllo and
7:=D(f)/(IVfI3 = D(f)*)"/.
o Ifd > 6, we have

IVFI13 = Sall 12 > (745 — 2797%) D(f)*.

q
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e [fd=4,5, we have
IVFIE = SallfIlf = (752 — 5 (@ = 1) (¢ = 2) 7 = 2797%) D(f)*.
o Ifd =3, we have
IVFIE = Sallfll = (5 = F7—57° =27 —57%) D(f)*.

Proof. Let uw € M be such that r = f — u satisfies ||Vr| = D(f). Set o := ||r||,/|lu|;- Then,
by combining Proposition 14 and Lemma 15, we obtain the following bounds.

olIfd>6,
IVFIz = Sallfll; > (77 — 20772) D(f)*.
olfd=4,5,
IVAIE = Sall FI7 2 (7 — 5@ =D (@—2)0 = 2077%) D(f)*.
olfd=3,

IVAE = SallflIg = (7 - F o —50" —20° — 30%) D(f)".

3

We slightly weaken these inequalities, but convert them into a more explicit form. Set
=D(NH/IVS2-
We recall that (V f, Vu) = ||[Vu|? was shown in (28). This implies
PV =D =IVf = Vul3 = VI3 = [IVul3,
that is, ||Vulls = /1 — p? ||V f]l2. As a consequence,
o= |If —ullg/lully < IV f = Vull2/[[Vullz
=(1—=p) IV = Vullo/ [V flla= 1= ") p=1.
Thus we can replace o by 7 in the above bounds and obtain the assertion of the corollary. [

Recall that, according to (16),

IV = SallfI2

With the notation v(J) and m(v) introduced in (3) and (4) we reformulate Corollary 17 as
follows.

0< fe R\ M, D) < 5\|Vf||§}.

Corollary 18. With the above notations, we have (5) > m(v(d)).

Proof. The result follows from Corollary 17 if we note that

()/IIVfII "
~Vourvi

O

Since lim,_,o, m(v) = 4/(d +4) > 0 for any d > 3, it is clear that x4 defined by (5) is a
finite, positive real number that depends only on d.
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4. PROOF OF THE MAIN RESULT

We recall that cgg denotes the optimal constant in (2). Similarly, we denote by chp the
optimal constant in (2) when restricted to non-negative functions f. Thus, cgp > cgg. We do
not know whether these two constants coincide or not. The main result in thls section will be
to prove a lower bound on cgg in terms of chp.

Before doing this, however, we collect the results of Sections 2 and 3 in an explicit stability
result for non-negative functions that goes as follows.

Proposition 19. Let d > 3. Then

Ch > Kd s
where kq is gwen by (5) with m(v) defined in (4) and v(3) defined in (3). FExplicitly, if
f e H(RY) \ M is a non-negative function, then E(f) in (2) is bounded below by ry.

Proof. The proof of Proposition 19 is a consequence of Corollaries 10 and 18. O
A standard consequence of the spectral analysis of Lemma 15 is an upper estimate.

Proposition 20. For any d > 3, we have the upper bound

4
CBE<CPS<—

PE = d+4
Proof. This bound is derived using the fact that the constant 4/(d + 4) in inequality (29) is
optimal and attained if and only if R is a spherical harmonic of degree two. U

Now we turn our attention to the proof of Theorem 1 and consider sign-changing functions.
Proposition 21. For any d > 3,
CBE > min{1 A, 1 — 2_%} )

Proof of Proposition 21. To simplify the notation, given a function v € Hl(Rd), we define the
deficit

D(v) = ||VU||12}(]Rd) — 5S4 ||U|’iQ*(Rd) :
Also,wesetad::%:1—2<1,
h(m) :==m® + (1 —m)®™ — 1, and hg:=h()=2""% —1=23i 1.

Let us consider a function u € H'(R?). With no loss of generality we can assume that
|y 2+ way = 1. Let uy denote the positive and negative parts, set
L2* (R4) &

o*

m = |lu- L2*(Rd) )
and assume (without loss of generality) that
m e [0,1/2]. (30)
Note that ||u+\|ig*(Rd) =1—m and ||Vu||iQ(Rd) = HVu_HiQ(Rd) + \|Vu+||iQ(Rd). Hence, we have
D(u) = ||Vullfaga, — Sa = D(us) +D(u-) + Sgh(m). (31)

Since the function m +— h(m) is monotone increasing and concave on [0, 1/2], it holds
2hgm < h(m). (32)
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Also, if we set £; := 2(1 — 27%), the function f(m) := (1 — m)* — 1 4+ £;m is such that
f(0) = f(1/2) = 0 and f"(m) <0, so that f(m) > 0 for all m € [0,1/2]. Hence, by (30), we
have

(1=m)™=>1—&m,
which, by the definition of h(m), yields

h(m) > m% —&m.

Combining this bound with (32), this gives

§a )
1+=—)h > mc.
(1+5 hg) M) = m
Therefore, recalling (31) and noticing that D(u_) + Sgm® = ||Vu_|]iz(Rd), we get
2 hd 2 hd 2
D >D D(u— Sy ————m™? D P E—— _ .
(v) =2 D(uy) + D(u-) + thd+§dm > D(uy) + Y hy + &, IVu_ |12 gay

By definition, we have
D(uy) > by inf [Vuy — vQHiz(Rd)‘
g

As a consequence, if g, € M is optimal for u,, we obtain

08 2 th 2
D(u) > g IVuy — Vgilliaga + Shit & [Vu_ [tz g
> min {0 V([ V0s = Vg P + IV [Eagas)
= ) 2h _'_5 L2(R%) L2(R%)
r . os 2hq 2
> = m{chE,%—} IV = Vg [ -
Noticing that 2 hg + &4 = 2% — 242 — 2= = 27 we get
—hd =27 (28 -1) =1-27%,
2hq+&a
which concludes the proof. 0

Corollary 22. For any d > 3 we have
CBE > 3 Kd
with kq given by (5).
Theorem 1 is now a straightforward consequence of Proposition 19 and Corollary 22.

Proof. In dimensions d < 6 one can verify that -+ + 1 < 1- 2-2/4 By Proposition 20, this

implies 1 cfy < 1— 2724, so Proposition 21 gives cgg > 3 cB5.
In general dimension d > 3, we use u(é) > V4§ and m(v ) < 7 % V772 to get
Sm(v(6) < 70— 26% = £,(6). (33)

Maximizing § — f4(9) shows that

e 2d+1
v 1 (7)) = e =
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For any d > 4, we have d + 4 > 2% while for d = 3, we notice that /3087 = d (d + 4)¥/? >
234/2 = \/512. Hence d (d + 4)¥? > 2342 and

cigmo 2o
K/d_EK/d - d(d+4)d/2 =
for any d > 3. The last (strict) inequality in (34) follows from the case x = 2/d in the
elementary inequality

<1-27d (34)

1
2

hiz) =242V <1 Vae(0,1).

To prove the latter, one can for instance notice that lim,_,o, h(z) = k(1) = 1, lim,_o, #'(z) =
— log2 < 0 and that the equality /() = 0 means that 27%/% = 22277 so that, for this value
of z, h(z) = (14 2%)27® < 1 (to see that, note that the function z — (1 + z?)27" has
value 1 at « € {0,1} and its second derivative is nonnegative is positive in [0, 1]). If for some
x € (0,1), h would take values larger or equal than 1, then we would achieve a contradiction
at the maximum point. This proves the last inequality in (34).

By combining (34) with Propositions 19 and 21 we obtain the claimed lower bound in the
corollary. 0

Let us investigate the limit as d — +oo. From inequality (33) it follows that the value
of § > 0 that realizes the maximum of § — 6 m(v(8)) is less than the first positive root of
d — fqa(9) as defined in (33), i.e.,

4d -1 542 ;-4 1
5§(m)2 ~ 2 d z2e as d— 400,

and therefore becomes small as d — +00. As a consequence, v(J) ~ V6, and asymptoti-
cally (33) is saturated to leading order. By the maximization of f; as in the proof of Corol-
lary 22 we infer that

9d+1
Rq ~ K NeQd—”g as d — 4o00. (35)
Inequality (6) now follows from Corollary 22. O

APPENDIX A. SOME REMARKS ABOUT CONTINUOUS REARRANGEMENT

In this appendix we review the continuous rearrangement of Brock and of Bucur—Henrot
and prove some of its properties.

Brock’s continuous rearrangement is based on the following operation for functions of one
real variable that are finite union of disjoint characteristic functions Z]kvz1 X(—ag,ax) (T — br).

Replace this function by Z,ivzl X (—ag,az) (1’ —et bk) where t varies from 0 to co. As t increases,
the intervals start moving closer and as soon as any two intervals touch one stops the process
and redefines the set of intervals by joining the two that touched. Then one restarts the
process and keeps repeating it until all of them are joined into one. The movement stops once
this interval is centered at the origin. By the outer regularity of Lebesgue measure the level
sets of a measurable function can be approximated by open sets and, since in one dimension
this is a countable union of open intervals, one can further approximate the level set by a finite
number of open disjoint intervals for which one uses the sliding argument explained above.
As mentioned before, this procedure can be generalized to higher dimensions by consider-
ing Steiner symmetrization with respect to a hyperplane. One considers any hyperplane H
through the origin and then rearranges the function symmetrically about the hyperplane along
each line perpendicular to H, resulting in a function denoted by f*#. For more information
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see [36]. In this fashion one obtains a continuous rearrangement f — f 7 € [0, 00|, which
was studied in detail by Brock [10, 11]. We shall refer to the statements in those papers.

To pass from Steiner symmetrization to the symmetric decreasing rearrangement we con-
sider a sequence of continuous Steiner symmetrizations and chain them with a new continous
parameter a la Bucur-Henrot. Inspired by [12, 20], we proceed as follows. Given a function
f € LP(R?) for some 1 < p < oo there is a sequence (H,,),en of hyperplanes such that, defining
recursively with fo = f,

foi=fn n=12,...,
we have
fo— f* imLP(RY) as n — oo.
In fact, it is shown in [45, Theorem 4.3| that this holds for ‘almost every’ (in an appropriate
sense) choice of hyperplanes. It is also of interest that this sequence can actually be chosen
in a universal fashion (that is, independent of f and p); see [44, Theorem 5.2].
Given f and the sequence (f,),en as above, we set for any n =0,1,2,. ..

Pn(T) :=emtir —1, 7€ n,n+1],
and define
fT = fn7¢n(7) s (36)
where the right side denotes Brock’s continuous Steiner symmetrization with respect to the
hyperplane H,, with parameter ¢, (7) applied to f,. As 7 runs from n to n + 1, ¢,(7) runs
from 0 to oo, so f, is well defined even for 7 € Nj.

From the properties of Brock’s flow, see, in particular, [11, Lemma 4.1], we obtain the
following properties for our flow.

Proposition 23. Letd > 1,1 < p < oo and let 0 < f € LP(RY). Then, for any 7 € [0, o0l
the function f, defined by (36) is in LP(RY) and ||f;||, = ||fll,- Moreover, for any 7 € [0, o]
and any sequence (Tp)neny with lim, o 7, = T,

lim ||f,, —f/],=0.
n—oo
The following fact is important for us.
Lemma 24. Let d >3 and 0 < f € L2 (RY). The function

T > sup (1‘T,u2*’1)2
ueEMy

with f, defined by (36) is continuous.

Proof. We use the fact, shown in Proposition 23, that
2 =0

TP_Q}Q Hle - sz

Fix ¢ > 0. There exists u; € M, such that sup,c,, ‘(fﬁ,u?k_l)‘ < ‘(fﬁ,u%**l” + ¢ and
hence

sup [(Fu )| = sup [ ()] <[ ()] e | ()

S ‘ (fﬁau%*il) - (f7'27 u%*il)l + €,
which by Holder’s inequality is bounded above by

fr, —fr, u%anq +e=f, —f,

2% 2 + €
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2%

with ¢ = 57— . Hence
I; f 2% —1 . f 2*—1 <e.
mp (s [(50 )| = st (7)) <2
There exists us € M, such that sup,c, | (fro, u? ™1)| < |(fr,u3 ~")| + € and hence
sup | (Fry, u? )| = sup [ (f, 0 )| 2 [(F g )] = [(Fr g )| -6
ueEM;, uEM;y

which is greater or equal to

— |(fﬁ,u§*_1) - (fTQ,ug*_l)‘ —e> =t —folles — €.
Hence
L 21\| _ 25—1 _
it s [(6200 ) = sp [ (o)) 2 2
This proves the claimed continuity. 0

We now consider the behavior of the gradient under the rearrangement flow. The following
proposition is closely related to [11, Theorems 3.2 and 4.1], but there inhomogeneous Sobolev
spaces are considered, which leads to some minor changes. For the sake of simplicity we
provide the details.

Proposition 25. Let 0 < f € HY(R?). Then f, defined by (36) is in HY(R?) and 7 — | Vf, ||
1S a non-increasing, right-continuous function.

Proof. By construction, it suffices to prove these properties for Brock’s flow. Since the latter
has the semigroup property (f,), = f,., for all o, 7 > 0, it suffices to prove monotonicity and
right-continuity at 7 = 0.

We begin with the proof of monotonicity, which we first prove under the additional assump-
tion that f € L*(R). This is shown in [11, Theorem 3.2], but we give an alternative proof.
We proceed as in the proof of [36, Lemma 1.17]. Extending [10, Corollary 2| to the sequence
of Steiner symmetrizations we find for three non-negative functions f, g, h that

I t@ee-phwady = ||ty ht) dedy.
R x R4 R xR4

If we choose g(x — y) to be the standard heat kernel, i.e., g(z — y) = 2
g-(x —y) = g(x — y) and hence

L s@ee-ntmasdyz [[ ety pw)deay.

Since [|f;||2 = || f]|2 by the equimeasurability of rearrangement,

1 1
(13 = (fr e £)) < = (IF15 = (£,¢71))

and letting ¢ — 0 yields the first claim under the additional assumption f € L2(RY).
For general 0 < f € HY(RY) we apply the above argument to the functions (f —€), € > 0.
They belong to L?(R?) since f vanishes at infinity and belongs to L2 (RY). We obtain

IV((f = 1) |, S IV = el < IV Sll2 (37)

We claim that f, € H'(R?) and V((f — €)y). — Vi in L*(R?) as e — 0F. Once this is shown,
the claimed inequality follows from (37) by the weak lower semicontinuity of the L? norm.

r — y), then
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To prove the claimed weak convergence, note that by (37), V((f — e)+)T is bounded in
L2(R%) as € — 0% and therefore has a weak limit point. Let F' € L2(RY) be any such limit
point. Since (f —¢), — f in L¥' (R?), the nonexpansivity of the rearrangement [10, Lemma 3]
implies that ((f —€);)_ — f; in L¥ (R?). Thus, for any ® € C}(R),

/Rd(VJI))de:ce/Rd(V-@) ((f—e)+)7d:c:—/qu)~V((f—e)+)de—>— - Fdx

Rd
as € — 0T. This proves that f. is weakly differentiable with Vf, = F. In particular,
f. € HY(R?) (note that f. vanishes at infinity since f does and since these functions are
equimeasurable) and the limit point F' is unique. This concludes the proof of the first part of
the proposition.

Let us now show the right-continuity at 7 = 0. It follows from Proposition 23 that f, — f in
L2 (RY) as 7 — 0F. This implies that Vf, — Vf in L*(R%) as 7 — 0". (Indeed, the argument
is similar to the one used in the first part of the proof. The family V¥, is bounded in L*(R?)
as 7 — 07 and, if I’ denotes any weak limit point in L2(R%), then the convergence in 12" (R?)
and the definition of weak derivatives implies that F' = V f.) By weak lower semicontinuity,
we deduce that

IVfllz < liminf [V,
T—0t

This, together with the reverse inequality, which was established in the first part of the proof,
proves the claimed right continuity. U

We note that the proposition remains valid for 0 < f € Wl’p(Rd) with 1 < p < d. If
p # 2, the monotonicity for the gradient for f € W1P(R?) is proved in [11, Theorem 3.2]. The
remaining arguments above carry over to p # 2.

APPENDIX B. NUMERICAL VALUES

Although rather small and not algebraically computable, the estimate k, in Proposition 19
and Corollary 22 has a finite value for any d > 3. Numerically, the value is found by invert-
ing (3) and optimizing v — v* (14 v2)"* m(v) on (0, +o0). This function takes the value 0
at v = 0, is increasing on a neighbourhood of ¥ = 0%, and has a unique positive maximum
point. For our values, see Figure 1 and Table 1.

0.020
0.015¢
0.010¢

0.005

4 6 8 10 12 14

FIGURE 1. Plot of d — k4(d) for d =3, 4, ..., 15.
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d 3 4 5 6 7 8 15
kq | 5.7142 x 10~% | 41779 x 10~3 | 6.4259 x 103 | 1.8507 x 10~ 2 | 7.6876 x 10~3 | 2.9776 x 103 | 1.1213 x 10~
KT 0.28797 0.125 0.052675 2.1333 x 10~2 | 8.2845 x 10~3 | 3.0864 x 10~3 | 1.1213 x 106

TABLE 1. Numerical values of the constant kg in Proposition 19 and Corol-
lary 22 and of its upper bound x3°, for some values of d. See (5) and (4) for the
definitions of k4 and K.
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