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SHARP STABILITY FOR SOBOLEV AND LOG-SOBOLEV INEQUALITIES,
WITH OPTIMAL DIMENSIONAL DEPENDENCE

JEAN DOLBEAULT, MARIA J. ESTEBAN, ALESSIO FIGALLI, RUPERT L. FRANK, AND MICHAEL LOSS

ABSTRACT. We prove a sharp quantitative version for the stability of the Sobolev inequality with
explicit constants. Moreover, the constants have the correct behavior in the limit of large dimensions,
which allows us to deduce an optimal quantitative stability estimate for the Gaussian log-Sobolev
inequality with an explicit dimension-free constant. Our proofs rely on several ingredients such as
competing symmetries, a flow based on continuous Steiner symmetrization that interpolates contin-
uously between a function and its symmetric decreasing rearrangement, and refined estimates on the
Sobolev functional in the neighborhood of the optimal Aubin—Talenti functions.
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1. INTRODUCTION AND MAIN RESULTS
The classical Sobolev inequality on R?, d > 3, states that
IV FII2(gay = Sall FIIfer gay ¥ F € HHRY),

where 2* = % is the Sobolev exponent, Sy = 1 d(d — 2) |S?|>/¢ is the sharp Sobolev constant, and

|S?| denotes the d-dimensional volume of the unit sphere in 8% ¢ R4, Here H'(R?) is the closure
of C2°(RY) with respect to the seminorm HfHHl(Rd = ||V fl2, (RY)" In addition, equality holds if and

only if f belongs to the (d + 2)-dimensional manifold

M = {g@bvc : (a,b,¢) € (0, +00) x RY x R}

where gog () = ca(") and g(x) = (ﬁw)%. 1)

In [12] Brezis and Lieb asked the following question:
Do there exist constants k, o > 0 such that

VAR (gay

— 84 > rdist(f, M)*
”fHLQ* Rd

Sob

where dist(-, M) denotes some ‘natural distance’ from the set of optimizers?
In the modern terminology, dsob(f) is usually called the Sobolev deficit. In this kind of stability
questions, one can try to obtain ‘the best possible result’ by finding the strongest possible topology
to define the distance and the best possible constant x and exponent «. A beautiful answer to Brezis

and Lieb’s question has been given by Bianchi and Egnell in [6]: for any d > 3 there is a dimensional
constant 64 pg > 0 such that

03ob(f) > CaBE gien/\f/t IV f— Vg”imgd) (2)

for any f € H'(R?) such that || fllL2s may = 1. It is worth observing that this result is optimal both

in terms of the distance used (the H! norm) and in terms of the exponent 2. Its proof is based on
two principles:

(i) Local-to-global: it suffices to prove the inequality in a neighborhood of M;
(ii) Local analysis: (2) holds near M.

As shown in [6], these two steps are achieved as follows:

(i) By Lions’s concentration-compactness theorem, if dgop(f) is small, then f is close in H' to
M.
(ii) Given f close to M, one can assume that g € M is the closest point to f. Then, if one writes
f=g+epwith e :=||[Vf = Vg|[12ra) (so that [Vl 2ge = 1), a Taylor expansion gives
—_ 2 *
dsob (g + €9) > ¢ Qqlip] — o e,
where Qg[-] is a quadratic form depending on g (see Section 2.4 below for more details). In

addition, spectral analysis shows that Qg[p] > @ and this inequality is sharp, proving that

2 *
2~ 2
ZaraS T (3)

In particular, if € is sufficiently small then (2) follows.

0sob (g + €¢)

Although Bianchi and Egnell’s result gives a very satisfactory answer to the question raised by
Brezis and Lieb, their method gives no information about the constant €3 gg. More precisely:
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(i) Since the local-to-global argument is based on compactness, there is no information about
the size of ¢y g outside a small Hl—neighborhood of M.

(ii) Even if we restrict to functions close to M, the bound provided by Bianchi and Egnell is very
unsatisfactory for large dimensions. Indeed, (3) implies that dgop(g + €p) = 562 provided

~

2 < é, or equivalently € < d~%*_ In other words, for large dimensions, the neighborhood
of M where the Taylor expansion of Bianchi and Egnell provides a lower bound is super-

exponentially small with respect to d.

The goal of this paper is to provide a new proof of the Bianchi-Egnell estimate that leads to a
completely sharp result. More precisely, by a series of new ideas and techniques, we shall provide:
(i) a quantitative local-to-global principle, based on competing symmetries and continuous Stei-
ner symmetrization, that allows us to reduce the global estimate to a local estimate;
(ii) a refined local analysis that provides a bound on the form dgon(g + €p) > 9 € for € < e,
where ¢y and ¢y are independent of the dimension.

These techniques allow us to prove the following explicit stability constant estimate.

Theorem 1.1. There is an explicit constant > 0 such that, for all d > 3 and all f € Hl(]Rd),
B .
||Vf”i2(]1{d) — 54 HinZ*(Rd) > d 916an IV f— Vg”i?(]gd) .

To our knowledge, this is the first estimate where one obtains a complete dimensionally sharp
result for the deficit of a Sobolev inequality. If €; g denotes the sharp constant in (2), which we
shall assume from now on, then Theorem 1.1 can be succinctly written

p
., > =,
d.BE Z
To emphasize the robustness of our result we can prove, as a direct consequence of Theorem 1.1
when d — 0o, a new sharp stability result for the Gaussian log-Sobolev inequality. More precisely,

on RY with N > 1, we consider the Gaussian measure
dy(z) = e el gy

We abbreviate L2() = L2(R", dv) and denote by H' () the space of all u € L?(y) with distributional
gradient in L2(v).

Corollary 1.2. With 3 >0 as in Theorem 1.1, we have that, for all N € N and all u € H!(v),

2
/ \Vul® dy — 7T/ u?1n # dy > Br inf / (u _ Ceb-x)2 dy .
RN RN HUHL2(7) 2 beRN,ceR JRN

As we shall discuss later, also this corollary is optimal, both in terms of the power and in terms
of the norm that we control.

Historical background. The question of optimality in the Sobolev inequality has a long history.
Rodemich [62], Aubin [4] and Talenti [67] (see also [64]) proved that the Sobolev deficit is nonneg-
ative. Moreover, it was shown by Lieb [56], Gidas, Ni and Nirenberg [47] and Caffarelli, Gidas and
Spruck [19] that the deficit vanishes if and only if the function f is in the (d+2)-dimensional manifold
M of the ‘Aubin-Talenti functions’ of the form (1). Lions [58] has shown that if the Sobolev deficit is
small for some function f, then f has to be close to the set M of Sobolev optimizers. The closeness is
measured in the strongest possible sense, namely with respect to the norm in Hl(Rd). The Bianchi-
Egnell inequality (2) makes the qualitative result of Lions quantitative. In particular, it shows that
the distance to the manifold vanishes at least like the square root of the Sobolev deficit. Such ‘sta-
bility’ estimates have been established in other contexts as well, e.g., for the isoperimetric inequality
or for classical inequalities in real and harmonic analysis. In fact, stability has attracted a lot of



4 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS

attention in recent years and we refer to [46, 28, 41, 29, 25, 32, 22, 26, 40, 27, 65, 44, 45, 42, 10, 43]
and the references within for a list of works in this direction. In several of them the strategy of
Bianchi and Egnell or its generalizations play an important role.

An interesting point about (2) and other inequalities obtained by this method is that nothing seems
to be known about the value of the constant ¢; gg except for the fact that it is strictly positive and
bounded from above by A

CaBE < PR (4)
as a consequence of the sharpness of the leading order term in (3) (see also the proof of [6, Lemma
1] or [25, Introduction]). As mentioned before, the proof of (2) in [6] proceeds by a spectral estimate
combined with a compactness argument and hence cannot give any information about ¢, gg. In [55]
Konig shows that the upper bound in (4) is strict and in [54] that the infimum defining €, pr
is attained!. This is reminiscent of the planar isoperimetric inequality, where the constant in the
quantitative isoperimetric inequality with Frankel asymmetry is strictly smaller than the constant
in the corresponding spectral gap inequality and where one can prove the existence of an optimizing
domain; see [7]. For further studies under an additional convexity assumption, see [20, 2, 30]. Explicit
lower estimates are known only for distances to M measured by weaker norms than in (2) and for
functions satisfying additional constraints, while much more is known for subcritical interpolation
inequalities than for Sobolev-type inequalities: see [9, 3, 33, 31, 10, 43, 24, 13| for some references.

The logarithmic Sobolev inequality on a finite dimensional Euclidean space (with either Gaussian
or Lebesgue measures) can be seen as a large dimensional limit of the Sobolev inequality, for instance
by considering Sobolev’s inequality on a sphere of radius v/d applied to a function depending only
on N real variables as in [5, p. 4818] and [59]. Also see [69, Remark 4, p. 254] for some historical
comments. The classical versions of the logarithmic Sobolev inequality are usually attributed to
Stam [66], Federbush [38], Gross [48], and also Weissler [71] for a scale-invariant form. There is a
huge literature on logarithmic Sobolev inequalities and we refer to [49] for a survey on many early
results. Equality cases in the logarithmic Sobolev inequality have been characterized by Carlen
in [21, Theorem 5], even with a remainder term, see [21, Theorem 6]. Other remainder terms are
given in [8, 37, 34, 14, 50] and, using weaker notions of distances, in [8, 52, 37, 39, 51] while some
obstructions to stability results involving strong notions of distance are given in [53, 36]. However, as
far as we know, the Bianchi—Egnell strategy has so far not been applied to the logarithmic Sobolev
inequality, probably because u + |u|? In|u|? is not twice differentiable at the origin. Here we
overcome this issue as a consequence of the optimal d~! decay of 64,BE-

Strategy of the proofs and outline. Let us start with Theorem 1.1. It consists of three main
parts. The first and second parts deal with nonnegative functions, while in the third part we deduce
the inequality for arbitrary functions from that for nonnegative functions. The latter argument uses
a concavity property of the problem. Potentially this argument comes with a loss in the constant,
but we show that it does not destroy the d~! behavior that we need to prove Corollary 1.2.

We now discuss the first and the second parts in more detail. These two parts correspond to the
two ingredients mentioned at the beginning of the introduction, namely to the local analysis (ii) and
the local-to-global principle (i), respectively. The region where the local analysis applies is where the
quantity infgep |V f — Vg||iQ(Rd)/HVf||iQ(Rd) < ¢, while the remaining region will be treated using
the local-to-global principle. Here § € (0, 1) is a free parameter that will be chosen appropriately at
the end. The crucial point is that § can be chosen independently of the dimension d.

The first part of the proof (see Theorem 2.1 in Section 2.2) is concerned with a nonnegative
function f that is close to the set of optimizers. The basic strategy is to expand the quantity
I f||iq (RY) with the main term given by this quantity when f is replaced by the closest optimizer g.

n fact, the results of Konig in [55, 54] provide affirmative answers to questions that we had asked in a first version
of this paper.
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By this choice there will be no linear term in the expansion, and for the quadratic term one uses
a spectral gap inequality (Section 2.3). A first version of this argument appears in the proof of
Proposition 2.4 in Section 2.4. Such a naive expansion, however, is not good enough to reproduce
the correct d~! behavior of the constant €, pg. Instead, a refined argument (Sections 2.5 and 2.6)
is needed where we cut the function f/g in various parts of its range and treat the different parts
by ad hoc arguments. Three different ranges of the function are treated and, while each of these
arguments individually is not sufficient, by carefully combining them we obtain the final result. We
mention that the spectral gap inequality is only used for an L°°-bounded part of the perturbation.

Parenthetically we point out that we actually prove something stronger. Namely, we assume a
decomposition f = g+r with g € M and a perturbation r satisfying certain orthogonality conditions.
These orthogonality conditions for r are guaranteed when g realizes the infimum infycp |V f —
A\ Hi2 (RY)’ but our argument does not make use of this minimality of g.

In the second part of the proof of Theorem 1.1, described in Section 3.1, we obtain a lower bound
on

_ HVinQ(Rd) — Sq ||f”i2*(Rd)

. V f e HY(RY) \ M 5
et [V~ Voloe, 0 ) )

for nonnegative functions f satisfying infg e ||V f — Vg||iQ(Rd > HVfHL2 (Ra)} S€e Theorem 3.1 for a

detailed statement. Bianchi and Egnell [6] handle this part by a compactness argument and this is the
reason why up to now there did not exist a quantitative lower bound on 4; gg. One can replace this
argument by a constructive procedure using an idea taken from a paper by Christ [27], in which he
establishes a quantitative error term for the Riesz rearrangement inequality. To implement this idea
in our context we construct, using competing symmetries [23] and continuous rearrangement [15], a

family of functions f,,0 < 7 < oo, such that fo = f, ||f-|l2x = ||fll2*, 7 = [|[V f-||2 is non-increasing
and infgep [|[V(fr — g)l|2 = 0 as 7 — oo. Clearly,

N e = Sulf ey _ o Wy 19 Rmy Sl

- I o, VIR NZA A

Starting with infyep [|[Vf — Vg2, (RY) > J va”L?(]Rd)’ one would like to run the flow until at a
certain point 7y one has

0 19 = 9l = 1V e (6)
so that
HVfToHL?(]Rd —Sq ”f7'0”L2* (Rd) vaTOHLQ (R4) — Sd ||f7‘0||L2* (R4)
B ||VfT0||L2(Rd) Infge IV (fr — )HLZ(Rd)

This would allow us to apply the first part of the proof to the function f,, and obtain the desired
bound. The details of this argument are more involved than presented here, mostly because the
function 7 — ||V fr || 2(re) need not be continuous, so the existence of a 7 as in (6) is not guaranteed.
Continuous rearrangement flows in the setting of Steiner symmetrizations have been used by Pdlya—
Szeg6 [60, Note B, Brock [15, 16] and others. In the setting of symmetric decreasing rearrangements
of sets they were used by Bucur—Henrot [17] and we will generalize them to functions. Additional
results on this flow, which might be useful in other contexts as well, are given in Appendix A.

The proof of Corollary 1.2 is given in Section 4. The underlying idea is that the logarithmic
Sobolev inequality on RY can be obtained by taking an appropriate limit in the Sobolev inequalities
in dimension d, in the limiting regime as d — +oo, and that the same property should also be true
for the stability inequality. However, for scaling reasons, the Hl(Rd) distance gives rise only to a
stability estimate in L2(RY) for the logarithmic Sobolev inequality. This is actually natural, since a
stability result in H'(R%) would be false [50]. In addition, within the L? spaces, L2(RN) is the best
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space where such a stability estimate can hold [53]. In other words, also our stability result for the
logarithmic Sobolev inequality is completely sharp.

Throughout this paper we deal with real-valued functions. With minor additional effort our
arguments can be extended to the case of complex-valued functions. In order to make notations
lighter, we will write || - |l; = || - |l o(re) Whenever the space is R? with Lebesgue measure.

2. LOCAL STABILITY FOR NONNECGATIVE FUNCTIONS

Our goal in this section is to prove a quantitative stability inequality for nonnegative functions
close to the manifold of optimizers. In order to simplify the notation, we write in this section

g=2"=2d/(d—2), O=q-2=4/(d-2)

and
A:id(d—2). (7)

2.1. The Sobolev inequality on the sphere. It is well known that the Sobolev inequality on R¢
has an equivalent formulation on S¢, the unit sphere in R%!. It will be convenient for us at several
steps of our proof to carry out the arguments in the setting of S?. Let us give some details.

We denote by w = (w1,ws,...,wqr1) the coordinates in R4+, Then the unit sphere S¢ ¢ R4*!
can be parametrized in terms of stereographic coordinates by

2$j . 1-— ‘$’2
= ) =1,...,d, = .
w] 1 + ’x‘Q .] Wd+1 1 + |$’2
To a function f on RY we associate a function F on S? via
1 2\ 7
+ |z 2
F(w) = <2|> flxz) VYzeR?. (8)

Then, since (2/(1 + \:c|2))d is the Jacobian of the inverse stereographic projection x — w,

d 2* _ T 2% T
5 [ IF@F dute) = [ 1@ do.

where 11 denotes the uniform probability measure on S?. Moreover, F € H'(S%) if and only if
f € HY(R?), and in this case

d 2 A 2 d — 2 )
5 [ (VPP + AIFR) duw) = [ (942 da

Therefore, with A given by (7), the sharp Sobolev inequality on R? is equivalent to the following
sharp Sobolev inequality on S¢,

2/2*
/Sd(]VFlerA\F]z) dM2A</Sd |F|? du> VE e HY(SY, dy),

with equality exactly for the functions

da—2

Gw)=cla+b-w) 2,

where @ > 0, b € R? and ¢ € R are constants wtih |b| < a. We denote the corresponding set of
functions by .#Z. Then the above equivalence shows that

ooy = IV = Sl _ ITF I+ ANF Iz = Sal Pl o
- 2~ .
2 infoes {IVF = VG2 + AIF = GlZaign |

inngM ”Vf - VQ
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2.2. A stability result for functions close to the manifold of optimizers.

Theorem 2.1. Let ¢ = 2* = 2d/(d —2) and § = q — 2 = 4/(d — 2). There are explicit constants
€0 >0 and § € (0,1) such that for all d >3 and for all —1 < r € HY(SY) satisfying

([ 1riran) BPY )

/rdu:():/wjrdu, j=1,...,d+1, (10)
Sd Sd

and

one has

2/q
/ (]Vr|2 +A(1+ 7“)2) dp — A </ (L+7r)? d,u) > 960/ (|V7‘\2 + Ar2) du .
Sd Sd Sd

The key feature of this theorem is that the constant 0 ey behaves like 4egd~! for large d. This
d~! behavior leads to a corresponding lower bound on the behavior of 4,88, which in view of (4) is
optimal.

Remark 2.2. In fact, we show that for every 0 < ¢y < % there is a & > 0 such that the assertion
in the theorem holds for all d > 6. The same argument also gives that for every 0 < ey < % there is

aD and a 6 > 0 such that the assertion of the theorem holds for all d > D. The explicit expression
for 6 >0 can be found in the proofs of Theorem 2.1, Proposition 2.18 and in (23) below.

The proof of Theorem 2.1 will take up the rest of this section.

2.3. The spectral gap inequality. Of crucial importance in our analysis, just like in that of
Bianchi and Egnell [6], is the following spectral bound. It appears, for instance, in Rey’s paper [61,
Appendix D] slightly before the work of Bianchi and Egnell.

Lemma 2.3. Let d > 3 and assume that r € H'(S?) satisfies (10). Then
4
2 2 2 2
Vr|* —dr®) du > V Ar®)du.
/Sd( 7| T)M_d+4 Sd(| r|® +Ar?) dp

Proof. We recall that the Laplace Beltrami operator on S is diagonal in the basis of spherical
harmonics and that its eigenvalue on spherical harmonics of degree ¢ is ¢ (¢ +d — 1).

Conditions (10) mean that r is orthogonal to spherical harmonics of degrees ¢ < 1. Diagonalizing
the Laplace—Beltrami operator, the claimed inequality becomes

4
((d=1)=d> - (((+d=1)+A) forall £>2.

This is elementary to check. O

2.4. Warm-up: A bound with suboptimal dimension dependence. In this subsection we
prove a preliminary version of Theorem 2.1 where the constant 6 ¢y on the right side is replaced by
some d-dependent constant, which decreases much faster than d~! as d increases.

The motivation for proving this preliminary version is threefold. First, it explains the basic strategy
of the proof without the additional difficulty of tracking the dependence on d. The latter will require
some rather elaborate additional arguments. Second, this more involved proof works nicely when the
exponent ¢ = 2* is < 3, which means d > 6. (It is, however, not difficult to adjust it to arbitrary d.)
Therefore our chosen proof of Theorem 2.1 will combine the inequality proved in this subsection for
d = 3, 4, 5 with the inequality proved in the next subsection for d > 6. Third, the simpler argument
in this subsection gives simpler expressions for the relevant constants, which might be preferable in
certain applications in low dimensions where the values of these constants play a role.
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Proposition 2.4. For all 6 > 0 and for all —1 < r € HY(S%) satisfying (9) and (10) one has

/Sd (IVr* + A(L+7)?) du — A </Sd (1 +T)qdu>2/q . m(gl/Q)/d (1972 + Ar2) dps

S
where dy is the uniform probability measure, with

m(v) 2:ﬁ—§l/q72 if d>6,
m) =g -5@-1)(g-2)v-2v72 if d=4,5, (11)
m(v) :%—%V—5y2—21/3—%y4 if d=3.

We note that for any d > 3 there is a vy such that m(v) > 0 for v < vg. Thus, for § < v2 we
obtain a stability inequality.

We begin the proof of Proposition 2.4 with some elementary inequalities.
Lemma 2.5. If ¢ > 2, then, for allt > 0,
(1+14)7 < 1+2¢.
This is well known and we omit its simple proof.

Lemma 2.6. We have the following bounds.
o [f2<q<3, then, for allt > —1,
(1+t)"<1+qt+35q(g— 1)t +tL.
o [f3<q<4, then, forallt > —1,
(L+t)1<1+qt+3qg—1)t*+3q(g—1)(q—2)t> +|t).

Similar bounds can also be derived for real ¢ € (4, 00). They become increasingly more complicated
each time ¢ passes an integer. The only bound for ¢ > 4 that we shall need corresponds to the
critical exponent ¢ = 6 when d = 3. In that case, we rely on the binomial expansion (1 + ¢)% =
146t+15¢%+20t% + 151 + 65 +¢O.

Proof. We begin with the case 2 < ¢ < 3 and set
pt) =1 +t)1—1—qt—1Lqg—1)* -,
For any t > — 1, we compute
dH=q(+87 =1 (g-Dt—14"),
&'t =alg—1) (1L+H72 - 1-117).

For —1 <t <0 we clearly have (1 +¢)772 —1— ti_z = (1—t[)772 -1 <0. For t > 0 we have, by a
well-known elementary inequality, (14 ¢)972 —1 — tz__Q =(1+t)72-1-172<0. To summarize,
¢ is concave on [—1,00). We conclude that, for all t > —1,

o(t) < ¢(0) —¢'(0) .
Since ¢(0) = ¢'(0) = 0, this is the claimed inequality.
We now turn to the case 3 < ¢ < 4 and set this time

¢(t) =1+ =1—qt—g5q(a— Dt —galg—1)(¢—2)t>—Jt|.
Again, we compute

S0 =a (L0 —1— (g =1t =3 a—1) (=27~ [11),
() =alg— 1) ((L+077 ~1-(g-2)t - }"?).
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Since again ¢(0) = ¢/(0) = 0, the claimed inequality will follow if we can show concavity of ¢ on
[—1,00), that is, » < 0 on [—1,00) where

() =1+ =1 (g—2)t — [¢]2.
We compute

V() =(q=2) (L+)T° =117 "),

W'(t) = (a—2) (¢ —3) (L + )T = [t]777).
We discuss 1 separately on [—1,0] and on (0, c0).

o We begin with the second case. For ¢ > 0 we have, by the same elementary inequality as
before, (1 +1)73 —1 — 473 < 0. Thus, ¥ < 0 on (0,00). Since ¥(0) = 0, we deduce 1 < 0
on (0, 00).

o Now let us consider the interval [—1,0]. We see that /" > 0 on (—1,—1/2) and 9" < 0
on (—1/2,0). Therefore ¢’ is increasing on (—1,—1/2) and decreasing on (—1/2,0). Since
Y'(—=1) = ¢/(0) = 0, we conclude that ¢’ > 0 on (—1,0) and therefore ¢ is increasing on
(—1,0). Since ¥(0) = 0 we conclude that ) < 0 on [—1,0), as claimed.

This completes the proof of the lemma. O
From Lemmas 2.5 and 2.6 we easily obtain the following inequalities.

Proposition 2.7. Let (X,du) be a measure space and u, v € L4(X,du) for some ¢ > 2 with u > 0
and u+r > 0. Assume also that [ i rdp=0.

o [f2<q<3, then

2
||U+7“||§ < ||U||3 + ||U||2_q <(q - 1)/ w2 r? dp + / rd du) .
X qJ)x
o [f3<q<4, then
||U+7"||3 < ||UH2
T ufz (<q D[ ?dpr -0 [ wttdue IT!"dM)-
X X 1 )x
o If q =06, then

Hu—i—ng < Hqu + Hqu*q (5/)( w2 r? dp + 23?/)( w33 du

—|—5/ uq_4r4du—|—2/ uq_5r5du+é/ rﬁdu>.
X X X

Proof. For 2 < q < 3 we have, by Lemma 2.6, almost everywhere on X
(u+r)?<ul+quitr+lqlg—1Du2r?+rl.

Integrating this and using the assumed orthogonality condition, we obtain

/(qu?")qduS/uqdquéq(q—l)/ uqzrzdwr/ridu-
X X X X

Applying Lemma 2.5, we obtain

q

(/qudﬂf . (/Xuqdﬂ)i (/Xuqdu)“ (=0 [ wrtrtaust [ rta)

This is the claimed inequality for 2 < ¢ < 3. The proof for 3 < g < 4 is similar and the inequality
for ¢ = 6 follows from expanding the polynomial. O
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Proof of Proposition 2.4. Let r be as in Theorem 2.1. Because of the mean-zero condition we can
apply Proposition 2.7 with u = 1 on X = S and du the uniform probability measure. We simplify
the resulting term using Holder and Sobolev, which imply for 2 < t < g,

tle
/Sd Ir|tdp < (/Sd |T|qdu) <57 Al /Sd (IVr)* + Ar?) dpu.

In this way, we obtain
2/q _
(/ (1 +r)qdu> <1+(qg— 1)/ rdu + n(51/2)A1/ (IVr> + Ar?) du,
sd Sd sd

where
n(v) ::%1/"7_2 it d>6,
1
3

(-1 (g=2v+2v72% if d=4,5,
n(y)::%—oy+5u2+2y3+%l/4 if d=
Using A (¢ — 2) = d, we deduce that

n(v) :=

/Sd (V> + A(L+7)?) dp — A </Sd(1+r)qdu>2/q

> / (|Vr|? — dr?) du — n(51/2)/ (IVr)* + Ar?) du.
Sd Sd

Using the spectral gap inequality in Lemma 2.3 and noting that m(v) = ﬁ —n(v), we obtain the

claimed inequality. O

Remark 2.8. The estimates of Proposition 2.4 are good enough for proving Theorem 2.1 for d finite,
but fail for proving that the stability constant is of the order of 8¢y in the large d limit, for some
positive €y independent of d and § = q —2 = 4/(d — 2). Indeed, if we write that m(v) > ey, we
obtain
—2 _ 4 4 q 4 4d 4
sy <d+4_(q_2)60> S0dtd  [d-2d+d Sd-2
d—2 _ .

which means v < (%)7T < \/S for d large enough, for any given § > 0. Theorem 2.1 cannot be
deduced from Proposition 2.4 as d — 400 and this is why we need better estimates.

2.5. Cutting r into pieces. We turn now to the proof of Theorem 2.1 with the optimal dependence
of the constant on the dimension. Thus, until the end of Section 2.2 we will assume that r satisfies
the assumptions of Theorem 2.1. The following proposition gives an upper bound on

(14+r)?—1—gqr
for real numbers 7 in terms of three numbers
ry:=min{r,v}, ro:=min{(r —~v);,M —~} and r3:=(r—M); (12)

where v and M are parameters such that 0 < v < M. We will later apply this when r is a function.
Our goal is to obtain a bound in terms of

2d
=q—2 h =2"=——. 1
0:=q where ¢ 735 (13)

We have in mind to let d — 400 so that § — 0.
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Proposition 2.9. Given M € (0,+00) and M € [\/e,+00), there are two positive constants Cyy
and Cy, 57 depending respectively only on M and {M,M} such that, for any v € (0,M], q € [2,3]
and r € [—1,00), we have

(14+r)?—1—gqr< %Q(Q* D) (ri4+7r9)2+2(r + 1) 3 + (1+CM9M711HM) i
+ (% Y017 + CM,MGT%> Laary + Cprir 0 M2 1pongy  (14)
with 11, T2, T3 and 6 given by (12) and (13).
For the proof of Proposition 2.9, we need two elementary lemmas.
Lemma 2.10. If2 < q < 3, then for all r € [—1,0),
(Q+r)<l4gr+iqlg—1)r*+(q-2)r}.
Proof. The inequality for —1 < r < 0 follows from Lemma 2.6. Let now r > 0. Then

(1+?”)q—1—q7“—éQ(Q—l)’rQ:q(q—l)(q—2)/or/os/o (1+u)?3dudtds.

Since ¢ < 3 we have (1 + )73 < 1 and therefore

q(g—1) q—2/// 1+uq3dudtds<q(q—1 q—2///dudtds
q—

%qT 2)7“3§(q—2>7“3,
as claimed. O
Lemma 2.11. For all ¢ > 2 and allv > M > Ve we have
1+2InM 244+ M
qvi~t —20v < +fn(q—2)vq and 3 q(q— Dvi2-1< 2 (qg—2)v7.
M M
Proof. Let
1
- (2 qql)q 2 and vg) = (q%) =2

Then an elementary computation shows that v — gv~! — 2v'7? is increasing on (0 v( ) ] and de-
creasing on [vi ), ) Similarly v % q(q—1)v=2 —v 79 is increasing on (0, vg)] and decreasing on

[vg), oo) . Thus,

1

qvqfl—Qvg(qM_ —2M1_q>vq for all v > M > oV

and

+
Onehasvi1 >1> i) and, using Int <t —1 for all t > 0, Weﬁnd

lnvi)g Sl, that is, ’U* S\/E.

Yalg-1)v 2 =12 (Ja(a- DM =M ") o' forall v=M =0
)

Thus, the above inequality hold, in partlcular, for v > M > \/e.
Moreover, using 1 — ¢! < Int for ¢t > 1 we can bound
1

gM oM = (q—2) M 42 (H’l _M“q) <(q—2)M " (1+2 W)
and
Lalq—0)M > = "= (3q (q—l)—l)M_2+<M_2—M_q)g(g—2)M‘2<lg—q+lnM).

This proves the assertion. ]
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Proof of Proposition 2.9. We now turn to the proof of (14). Assume first that » < M. We apply
Lemma 2.10 and obtain

(1+71) = 1=qr<3q(g—1)(ri +72)° +0(r1 + 7).

If 7 < v, then 7o = 0 and (14) follows from (r1)% < yr} < 3yr?. If v < r < M, we have, since
1

ry =~ and 3ryry < 5T%+%T%,we have
(r1+72)3 =yrf +3yrirg +3yrs +73 < %’YT%‘F(%’Y‘FM)T%-
Since v < M this proves (14) with Cy 37 > 177M
From here on, let us consider the case r > M. Using r = M + r3 we can write
A+ =1—qr=0+r) "= A+ +0+M?-1—qM—(q—2)r3+7r5+2Mr3.
We use
(1+M?P2-1-qgM—-3q(g—-1)M*=-L(q-2)M (24 (¢+1)M) <0
as well as — (¢ — 2)r3 <0, to get
(I+7r)?—=1—qr< %q(q—1)M2+2Mr3—1—7"§+(1+7")q—(1—1—7")2. (15)

Note that the terms 2 M r3 = 2 (r1 + r2) r3 and %q (q—1)M? = %q (g — 1) (r1 + r9)? are already of
the form required in (14). In the following we bound the remaining terms 73 + (1 + )7 — (1 + 7).

We do this separately in the cases M < r < M + M and r > M + M, where M > 0 is an additional
parameter. o
IfM<r <M+ M, we have

(1+7r)9—(147r)?2< C’](\}?MH and 73 —rf < C’(ﬁl)ﬁ.
Inserting this into (15), we have for M <r < M + M
(14r9—1—qgr<2Mrs+ri+ (%q(q—1)+CMM0> M?,
provided

Cogr 2 M2 (O + )

This is a bound of the form (14), since ry +r2 = M for r > M.
Next, we consider the case r > M + M, that is r3 =r — M > M. By Lemma 2.10 we have

(1+7‘)q=(1+M+r3)q:r§(1+—1j;”)q
<rd+qri A+ M)+ Lq(g—1)rd 21+ M2+ 0087 (1+ M)
Srg—i—qrg_l(l—i—M)—i—%q(q—1)r§_2(1+M)2+9Mq_3(1+M)3
-1 -2 2
=r§+qr§ 1+ M)+ §a(g— 1§ (14 M)+ O 0.
In the last inequality, we used ¢ < 3 and 73 > M. This, together with
A+ =0+M+r3)*=ri+2r3(1+M)+ 1+ M),
gives
fq(g—1)M?* +2Mrs+ri+ (1+7)7— (1+7)?
SQMT‘g—i-Tg—l—<q7‘§_1—2r3)(1+M)

+(%q(q—1)rg*2_1) (1+M)?+CP 0+ Fa(q—1)M>.
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We now assume that M > y/e. Then, by Lemma 2.11,

1+2InM

_ _ 2+InM
qrgl—nggiﬂ 97“(31 and %q(q—l)r§2—1§7+n

q
— Or;.

Thus,

Sa(g—1)M*+2Mrs+ri+ (1+7r)7—(1+7)?
CyInM N ¢ 2 4.1 2

where C)s is a constant satisfying

1+2InM 2+InM

In M
1+ M)+ < Gy In M

(1+M)?< for all M > +/e.

Combining this with (15) we obtain a bound of the form (14), provided the constant C,,5; satisfies
-2 ~(2)
Cyar 2 M7 C) 5

This concludes the proof with C' M= M~2 max {Cl(\zﬁ + C(Ml), C](\j?ﬂ}. O

Corollary 2.12. Given € > 0, M > 0, and v € (0,M/2), there is a constant Cy .y > 0 with the
following property: if 2 < q<3,r € [-1,00), then
(1+7)0-1—qr<(3qlg—1)+2v0)ri+ (3q(@— 1)+ Cyen )73
+2rirg+2(r1+7r2)rs+ (1+€0)rd (16)
with 11, T2, T3 and 6 given by (12) and (13).
Proof. Since
qlg—1)rire=2r1ro+34+0)0r1ro < 2711719 +40r17r9 < 27’17‘2—}—%97"%—}— %Gr%
and
Corar M2 Loy <4Cy 57 (M =) Lponry <40y 5773,
we deduce from (14) that

(L+m)?=1—-qr<(zqlg—1)+270)rf+ (%Q(q—1)+%6+5CM’M0>r§
+2rimy +2(ry 72 rg + (14 Cag 0D M) v

Given any M > 2+, we choose M such that M > Ve and Cyy M_l In M < e. Then (16) follows with
C =845C,, O
PY:QM ’y M,M'

We will apply Corollary 2.12 for ¢ close to 2 and the main point is how the constants depend on q.
Apart from the ‘natural’ terms % q(g—1)rf, % q(qg—1)73, 2r1r2 and 2 (11 +72) 3, all other terms are
multiplied by 6, which is small in our application. Moreover, we have the freedom to choose v and €
as small as we please (independent of ¢) and so the prefactors of the terms 'r% and 7] are almost the
natural ones. The price to be paid is a rather large constant in front of the error term involving r% .
In order to have better estimates as d — +o00, more work is needed.
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2.6. A detailed estimate of the deficit. We assume that — 1 < r € H'(S?) satisfies the orthogo-
nality conditions (10) as well as the smallness condition (9) with some 8, and we show that, if this &
is small enough, given ¢y € (0, %), we obtain the claimed inequality.

Given two parameters €1, €5 > 0 we apply Corollary 2.12 with

€1
v = 5 , €=¢€2 and O’y,e,M = C161762 : (17)

In terms of these parameters, we decompose r = r1 + ro + 3. We obtain

/]Vr\zd,u:/ \lezdu+/ ]Ver]Qdu—i-/ V3|2 du
sd sd sd s¢

and, since r has mean zero,
/ (1+7)du = 1+/ rdu.
sd sd

Moreover,

/ﬂd,u:/ r%du%—/ r%d,LH—/ r%d,u+2/ rlrzdu+2/ (r1+7r2)r3du.
sd Sd Sd Sd s Sd

According to Corollary 2.12 and using again the fact that r has mean zero, we have

/Sd(1+7")qdu<1+(§q(q—1)+619)/8dr%du+(éq(q—l)—l—Cﬂ,e?@)/Sdr%d,u
—i—2/ rlrgd,u—i—Q/ (rl—{—rz)ng,u—{—(l—i—eg@)/ ridu.
Sd Sd Sd

Using (14 2)%/9 <1+ %x, we obtain

2/q

(14+r)?du <1+(q—14+260) | P#du+(q—1+2C,,0) | ridu

sd e sd 1 sd
+4/ r1r2d,u+4/ (T1+7‘2)T3d,u+2(1+€29)/ rddp

¢ Jea 4 Jea q S

§1+(q—1+619)/ r%du—i—(q—l—FCq,eQH)/ r2dp

sd sd

+2/ rlrgd,u—i—Q/ (r1+r2)r3du+2(1+629)/ rddu.

sd sd sd

In the last inequality we used % < 1. For the final term, however, it is vital that we keep %. We thus

have, for any 0 < g < 671,

/Sd (VT + A(L+7)?) dpu — A (/Sd a —I—r)qdu>2/q

2060/ (|VT|2—|—A7’2)d,u
Sd

+(1—960)/ (|VT1’2+AT%)d/,L—A(q—1+619)/ r2dp
Sd Sd

+(1—960)/ (’vTQ2+Arg)d,u_A(q_]‘+CEl7€29)/ ng,u
sd Sd

—|—(1—«960)/ (|V7”32+Ar§)d,u—gA(1—|—629)/ ridu.
Sd Sd
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With another parameter oy > 0 we define
L:=(1 —960)/ (\Vm\z—i—Ar%) du—A(q— 1—1—619)/ r%du+A009/ (r2 +r3) dpu,
Sd Sd Sd

L= (1—060)/ (\Vr2|2—|—Ar%) du—A(q—l—l—(Uo—l—Cq,Q)@) /dr%d,u,
Sd S

q

Is:=(1-0¢) (\VT3|2—I-AT§)dM—2A(1+626’)/ rgdu—AUOG/ r3du.
Sd Sd Sd

We recall that A = %d (d — 2). For later purposes, we note that A0 = A (¢ —2) = d and

II:(I—HG())/ ‘V?“1|2du—d(1+60—|—61)/ T’%d,u,—i-ddo/ (7‘%—}—7‘%)61/1,,
sd sd sd
12:(1_060)/ |Vr2|2du—d(1+eo+00—|—061,62)/ r2du.

sd sd

To summarize, we have

2/q 3
/ (Vr|2+A(1+1“)2)d,u—A</ (1+r)qdp> 2960/ (|Vr|2+Ar2)d,u—|—ZIk.
Sd Sd Sd

k=1

In the following we will show that I;, I3 and I> are nonnegative, in this order.

2.6.1. Bound on I;. The intuition here is the same as in the proof of the spectral gap inequality in
Lemma 2.3. Namely, the lowest L?-eigenvalue of de |Vu|? dp on functions orthogonal to spherical
harmonics of degree less or equal than 1 is 2 (d+1), while the term that we are subtracting corresponds
to a component that is multiplied by a number only slightly larger than d. Therefore, there is space
to accomodate the errors coming from ey and €;. Another source of an error comes from the fact
that, while r is orthogonal to spherical harmonics of degree less or equal than 1, r; need not be.
However, as we will see, it nearly is. To control the corresponding error from orthogonality we need
the positive terms involving oyg.

Proposition 2.13. For any 0 < ¢y < %, there is a constant ao(7y, €, 5) > 0 depending explicitly on v,

€0 and & such that for all d > 6 and all r € H'(SY) such that r > —1 and satisfying (9) and (10) as
in Theorem 2.1, with 0 given by (13),

€ = % (1 -3¢p) (18)

and og > 7¢(7, €0,0), one has

I >0.

Notice that § = ¢ —2 < 1 with ¢ = 2d/(d — 2) means d > 6. An expression of 7y is given below
in (22).

Proof. We split the proof in three simple steps.

Step 1. Let 71 be the orthogonal projection of r; onto the space of spherical harmonics of degree
> 2, that is,

flzrl—/ Tld,u—(d—i-l)w-/ W (W) du(w)
Sd

Sd
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as vVd+ lw;is L2-normalized with respect to the uniform probability measure on the sphere for any
j=1,2,...,N+1. Then

11:(1—960)/ |Vf1|2du—d(1+eo+61)/ f%d,u—l—dao/ (r3 4+ r3) du
Sd Sd s¢

/ wrydy
Sd

> (2(d+1)(1—960)—d(1+eo+el))/df%du+dao/d(r§+r§)du

S s
2
—d(1+€ +er) </dr1d,u> —d(d+1)((1+0)e+er1) /dwrldu
S S

In the equality, we used the fact that the w;’s are eigenfunctions of the Laplace-Beltrami operator
with eigenvalue d. In the inequality, we used the fact that the operator is bounded from below by
2(d+ 1) on the orthogonal complement of spherical harmonics of degree less or equal than 1.

2

2
—drata) ([ ) @D (@40 ata)

2

Step 2. With €; given by (18), it is easy to see that for any ¢y < %, using # < 1, we have
2(d+ 1)(1 —960) —d(1+60+61) > %(1 —360)+2(1 —60) >dep > 0. (19)

2
/f%du:/ T%du—(/ 7”1d,u> —(d+1) /wrld,u
Sd Sd Sd Sd

and 0 < 1, we obtain

1
11261/ f%d,u—i—ao/ (T§+T§)du
d Sd Sd

Using
2

2

2
—(14+e+e) </Sdr1du> —(d+1)(1+06)e+er)

/ wrydp
Sd

> [ Rduson [ 3+ rd)du
Sd Sd
2

— (14«) (/Sdrldu>2—2(d+1)60

/ wrydy
Sd

Step 3. Let us take care of the rank one terms coming from the orthogonality conditions. We will
show that I; > 0 for an appropriately chosen oy as a consequence of

2 2
(1+€p) </ rld,u> +2(d+1)e / wrydp §61/ r%d,u—i—ao/ (r2 +7r2)dp. (20)
Sd Sd Sd Sd

Let Y be one of the functions 1 and a - w, a € R, Then, since de Y rdu =0 by (10),

2 2
< » Y r d,u) = </gd Y(’I“Q + 7‘3) d,u> < ”Y||i4(sd) M({TQ +r3 > 0}) 12 ||T2 + 7"3”%2(5(1) :

Since {ry + 13 > 0} C {r1 > v}, we have

1 1
l{ra+ra > 0) < (s 2 M) < 5 [ =5 Il

Thus we have

’ V23 1/2
(/Sd Yr du) < HYH%A(Sd) 5 7111280y </Sd (r3 +13) d,u> (21)
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using ||rg + T‘3Hi2(§d) < V26 (fgu (r3 +73) dp) /? because ||lre + Tg”ig(Sd) <2 feq (r3 +73) dp and

Iz + 73ll2gse) < Irlliegse < lrlliase < V3.

If Y =1, then clearly ||Y || 4ge) =1 and (21) gives

2 /25 1/2
</ 1 d#) < — lIrllree </ (r3 +73) d”) :
sd Y S

If Y =a-w, then a quick computation gives

o cost 6 sin®"1 9 do af? 3al* 3alt

p— < .
Jo sin®"todo (d+3)(d+1) = (d+1)2

1Y lItasa) =

From (21) applied with a = [q, w1 du, we obtain

/ wrydy
Sda

Summing up, we have

2 d+1

J.y e
— 2 2
=T < g Yr du) <V3 5 ||7"1”L2(Sd) (/Sd (7“2 + 7“3) du) .

(d+1)

2 2
€1 HT’lHiQ(Sd) + oo / (r3+73) du— (1+€o) (/ r1 d,u) —2(d+1)e¢ / wrydp
Sd Sd Sd

V26 s 1/2
171/l sy y (r3 +73) du

and the r.h.s. is nonnegative under a nonpositive discriminant condition which is satisfied by o¢ >

a0(7, €0,0) with

> 1 [l + o0 [ (348 du— (14 2V3+ Do)
S

1 0
Fo(7,€0,8) = =— (1+ (2V3+ 1))’ = . (22)
2¢ v
This choice establishes (20) and allows us to conclude that I; > 0. O
Let us define
4 2
5y = ey . (23)

q(1+(2\/§—|—1)60)2
The condition o9 > 7¢(7, €o, 5) of Proposition 2.13 can be inverted as follows.

Corollary 2.14. For any 0 < ¢ < % and o9 > 0, for all d > 6 and all r € H'(S?) such that
r > —1 and satisfying (9) and (10) as in Theorem 2.1, with 0, €1, €2 and 01 respectively given
by (13), (18), (17) and (23), if
0< 8 < 51 gizg
2€9
then one has I; > 0.

Remark 2.15. The assumption ey < % is used in (18) to guarantee that €, takes positive values. A
less restrictive condition can be obtained by requesting that the l.h.s. in (19) is actually 0. We see
that if o < 1, then a similar bound as in (19), namely with 3 (1 — €y) on the r.h.s., holds for all
sufficiently large d, depending on eq.



18 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS

2.6.2. Bound on Is. The idea for bounding this term is to use the Sobolev inequality. The extra
coefficient % < 1 gives us enough room to accomodate all error terms.

Proposition 2.16. Assume that 6 € (0,1) and 0 < ey < +. With

L1356 (24)

€ 1=

W |

and oy = %62, for alld>6, all 6 <1 and all r as in Theorem 2.1, one has
13>0.

Proof. Taking into account the choice for o(, we have
I3 =(1— 060)/ (IVrs|? + Arg) dp — %A ((1 +€20)/ r%d;ﬁ—@@/ r%du)
Sd Sd Sd

2
We have ||rs|[f, gy < IIrsllfasey because [Irsllpagay < [IrllLagey < 1 and [Irsllis(ge) < [I7sllLegsa) by
Hoélder’s inequality. Thus, we obtain

2/q
132(1—960)/ (IVrs> + Ar3) dp — A2(1+2€0) (/ rgdu>
Sd Sd
0
Zq(l—qeo—4eg)/ (IVrs]* +Ar3)du >0,
Sd

using 6 = ¢ — 2 <1 and Sobolev’s inequality: HVTgHiz(Sd) +A ||'I"3||iz(§d) >A HT‘gHiq(Sd). O

Remark 2.17. The restriction eg < % can be relaxed to eg < % at the expense of having the inequality
valid only in sufficiently high dimensions d, depending on €y. Indeed, ignoring the influence of e
and oy for the moment, the inequality at the end of the previous proof requires 1 — % €0 > 0 and this
is possible in all sufficiently high dimensions if and only if eg < % Since this inequality is strict, the
errors from ea and oy can then be accomodated as well.

2.6.3. Bound on Iy. At this point in the proof, for given 0 < ¢y < %, we have fixed the parameters
€1 and € and we have found a d3 such that I;, I3 > 0 under the assumption 5 < 03. Here we show
that, by further decreasing 6 if necessary, we can ensure that I3 > 0. The idea to achieve this is to
use that 7o satisfies an improved spectral gap inequality.

Proposition 2.18. For any 0 < ¢y < %, let og = %62. Then there is a 62 € (0,1) such that, for all
d>6, all 5 < o and all r as in Theorem 2.1, one has

1L >0.
Proof. We first claim that for any L2-normalized spherical harmonic Y of degree k € N, we have
Yrodu| < 33 SR L 2]l 2(sa) - (25)
Sd

Indeed, according to [35, Theorem 1], for any such spherical harmonic and any p € [2,00) we have

Y llppsey < (p=1)

k
2,
Thus, we can bound

1 k 1
/SdYTQ d,u‘ S HYHLAL(Sd) ,U({T2 > 0})4 HT2HL2(Sd) S 32 M({T’2 > 0})4 Hr2HL2(Sd) .

Meanwhile,

_ < 1 q < 8‘]/2
(2 > 0) = il > 1) < 5 Irlion < o
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This leads to the claimed bound (25).
If 7, r9 denotes the projection of ry onto spherical harmonics of degree k, from (25) to Y =
T2/ (| r2lp2(sa), 1t follows that

k _4q =4
HHk TQHL?(Sd) <32y 408 |’T2”L2(Sd) :

Next, for any K € N, if [Ix ro := >, _j 7 72 denotes the projection of 7o onto spherical harmonics
of degree less than K, then

1Tk rallgaqen = i ol )< 4 55l 3k <35 4154 ||
K T2[[12(sd) 2k<r 1Tk T2[[L2(s4) =7 r2llL2(sd) \/ Lk’ S Y T2llL2(sd) -

From this we conclude that
Vel dn = [ 190 =T raf d
> K (K +d— 1)/Sd (1= Tie) 72 dp
= K (K +d=1) (IIr2la(gn — Tk 722
>K(K+d—-1) (1 — 3543 cﬁ) ||T2||i2(Sd) .
Consequently,
I> (1= 0e) K(K+d=1) (1=859725%) —d(1+ 0+ 00+ Car)) ralfagen) -

We choose K € N and d9 > 0 such that

2

:| and 52 = 1 327 (26)

1+ €+ 0g +C€17€2
1—¢p

K::l—i—[Q

where [z] denotes the integer part of x € R and d3 is given by (24). From the definition of d9, if
§ < &9, we have 1 — 3K ’y*% 5i > % and conclude that Is > 0 because K +d —1 > d. ]

2.7. Proof of Theorem 2.1. We assume that d > 6 and fix some ¢y € (0,1/3). With the choice

2
’7262:261:%(1—360) and o9 = — €9
q

according to (17), (18), and (24) on the one hand so that the assumptions of Corollary 2.14, Propo-
sition 2.16 and Proposition 2.18 are fulfilled, and an arbitrary choice of
M>2~y, M>+e and e=r
which determines C¢, ., = Cy ¢ m according to (17) on the other hand, the condition
6 = min {&;,8,}

with §; and d2 given by (23) and (26), we claim that I, Is and I3 are nonnegative, which completes
the proof of Theorem 2.1 for ¢ < 3, that is d > 6. The assertion for d = 3, 4, 5 follows from the
result proved in Subsection 2.4. O

3. FROM A LOCAL TO A GLOBAL STABILITY RESULT

We work with nonnegative functions in Section 3.1 and extend the method to sign-changing
functions in Section 3.2. Our goal is to prove Theorem 1.1: see Section 3.3.
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3.1. Nonnegative functions away from the manifold of optimizers. Here we prove a stability
inequality for nonnegative functions that are ‘far’ away from the manifold of optimizers. With £
defined by (5), let us introduce

s =it {e(r): 0 < feHEY\M, inf [V - Vol <IVAB}. @D
g

Theorem 3.1. Let § € (0,1) and assume that 0 < f € HY(RY) \ M satisfies
inf [|[Vf—Vgll3>8[VfI5.
nf 95 - Vgl 2 519713

Then, with .Z(9) defined by (27), we have
E(f) = 6.7().

We will prove this theorem by symmetrization. First, we will use a discrete symmetrization pro-
cedure to get somewhat close to the manifold, then we will use a further continuous symmetrization
procedure to fine tune the distance to the manifold.

3.1.1. Competing symmetries. The functional £(f) is conformally invariant in the sense that if C' :
R U {oo} — R4 U {o0} is a conformal map, the function

fo(x) = |det DC ()| "/ f(C(x))

satisfies

E(fe) =£E(f).
In order to verify this, we recall that any conformal map is a composition of scalings, translations,
rotations and inversions. For scalings, translations and rotations in R the claimed invariance is easy
to see. The additional map to consider is the inversion I(z) = # and a straightforward change of

variables shows that
IVAE =1V, Ifil3 = IfI5- -
The equality
inf |V(fr —9)||3 = inf [|[Vf— Vg3
glenMH (fr=9)l2 glenMH f =Vl

fOHOV\/S frOm
inf ||V — 2 = inf ||V — 2 = inf |Vf -V 2
QIEMH (f] g)||2 QIEMH (f gI)HZ gIEMH f g||2

since 1?2 = I and g — g7 maps the set M to itself in a one-to-one and onto fashion.

Another and perhaps easier way to see the conformal invariance is to pull the problem up to the
sphere via the stereographic projection, as discussed in Section 2.1. On the sphere the inversion [
takes the form of the reflection (si,...,S4,S4+1) — (S1,-..,8d, —Sa+1), which clearly leaves the
functional on the sphere unchanged.

A second ingredient for the construction of the discrete symmetrization flow is the technique of
‘competing symmetries’, invented in [23]. Consider any nonnegative function f € Hl(Rd) and its
counterpart F' € H(S?) given by (8). Set

(UF)(w) = F(w1,w2, ... ,Wdt1, —W4) ,

which corresponds to a rotation by /2 that maps the ‘north pole’ axis (0,0,...,1) to (0,...,1,0).
Reversing (8) the function on R? that corresponds to UF is given by

(Uf)(w)=<2>d22f<| S ‘m'z‘l), (28)

|z — eq|? z—ed?” v —ea? |z — eqf?

where eq = (0,...,0,1) € R% It follows that
EWUf)=¢&(f).
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The operation U is obviously linear, invertible and an isometry on L%  (R?).
We also consider the symmetric decreasing rearrangement

Rf(z) = f*(z).

The most important properties are that f and f* are equimeasurable and that |V f*|l2 < ||V f]|2.
For elementary properties of rearrangements the reader may consult [57]. Being equimeasurable,
this map is also an isometry on L%  (R?). It is when using the decreasing rearrangement that we use
the fact that f is a nonnegative function. For functions that change sign one conventionally defines
their rearrangement as the rearrangement of their absolute value. Passing from a function to its
absolute value does not alter the numerator of £(f) but may decrease the denominator so that other

arguments are needed.

On RY, let

d—2

00 =81 (750) (29)

Note that ||g«||2« = 1 because it is obtained as the stereographic projection of the constant function
on S¢ with 2*-norm equal to 1. The following theorem was proved in [23].

Theorem 3.2. Let f € L2 (RY) be a nonnegative function. Consider the sequence (fn)nen of func-
tions
fa=RU)"f ¥neN. (30)
Then
Jim ([ f = hyllze =0
where hy = || |2+ g« € M. Moreover, if f € HY(R®), then (||V fu||3)nen is a nonincreasing sequence.

It does not seem clear whether the functional £(f) decreases or increases under rearrangement.
The next lemma helps to explain this point. Define M to be the set of the elements in M with
2*-norm equal to 1.

Lemma 3.3. For any f € H'(R?), we have
. N2
inf |[Vf = Vgl = |[VF3 —Sa sup (£.477")".
geM geEMy
Here and in the sequel, (-,-) is the L?(R?) inner product or, more precisely, the duality pairing
between L (R%) and L)' (RY).

Proof. Let g be any Aubin—Talenti function. The function g is an optimizer of the Sobolev inequality,
i.e., || Vgll3 = Sy |gl|3- = Sq and is a solution of the Sobolev equation

P .
—Ag=S51—5—5=549" - (31)
llgl5-
Hence for any nonnegative constant ¢, if ||g||o+ = 1, we find

IV(f = ol = IVFI5 —2¢(V1,Vg) + [Vl = VS5~ 2¢5a (£,6% 1) + Sac®

and minimizing with respect to ¢ we find the lower bound ||V f||3 — Sy (f, 92*71)2’ which proves the
lemma. g

We note that, under the decreasing rearrangement, the term ||V f||3 does not increase whereas

the term supge g, ( 1, 92*_1)2 increases. To see this, note that the supremum is attained at some
Aubin-Talenti function of the form (1), which is a strictly symmetric decreasing function about some
point b € R Replacing f by its symmetric decreasing rearrangement about that point increases
( 1, g2**1)2, in fact strictly unless f is already symmetric decreasing about the point b. Thus, while
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the numerator in £(f) decreases under rearrangements, so does the denominator and there are no
direct conclusions to be drawn from this. The next lemma summarizes what we have shown.

Lemma 3.4. For the sequence (fn)nen in Theorem 3.2 we have that n +— supgepq, (fn,gy*I)2 18

strictly increasing, n — infgepn ||V frn — Vg3 is strictly decreasing and
lim inf [V £ = Vol = lim [ V£l = Sullhsl3 = lim 9 £l = S 715

n—oo

Proof. From

2
inf ||V f, Cg 2= V fn 2 S u n 2t
gle./\/l H f H2 H f ”2 d gsej\El)l (f g )

we see that the first term converges since (||V f,||3)nen is a nonincreasing sequence. For the second
term, which is strictly increasing, we have by Holder’s inequality

e\ 2
sup (furg™ ™) < full3 = 1713
geEM,
and since g, as defined in (29) is in M; we have

2x_1)2 9v_1)2 2
timinf sup (fo,6* 1) > timinf (f,62 ) = |13
n—oo g€M1 n—o0

by Theorem 3.2. O
Lemma 3.5. Assume that 0 < f € H'(RY) \ M satisfies
inf |[Vf—Vgl5>6|Vfl3

glen./\/l IV f gllz = 0 IV fIlz

and let (fn)nen be the sequence defined by (30). Then one of the following alternatives holds:
(a) for alln=0,1,2... we have
inf |V fn — Vg3 >0V al3
inf IV~ Vol 2 5Vl

(b) there is a natural number ng such that
inf [V fuo ~ Vol 2 51V

and

gieIl.{/l IV frot1 — Vll3 < 0|V fror1lls-

Proof. Assume that alternative (a) does not hold. Then there is a largest value ng > 0 such that
infger |V fng = Vll3 2 01V fuy 13- -
Lemma 3.6. Assume that 0 < f € H'(RY) \ M satisfies

inf [|[Vf—Vgl3>d[Vfl3

inf IV = Vgl > 593

and suppose that in Lemma 3.5 alternative (a) holds for the sequence (fn)nen defined by (30). Then
E(f)> 5.
Proof. We have
IVAIE = Sallfll3- o VI3 = Sallfl3 o IVfall3 = SallfII3-

& = , 32
D = e VP -VoB = VAR S IV )

where the second inequality is a consequence of ||V f,||3 < ||[Vf||3 for all n = 0, 1, 2,...proved in

Theorem 3.2. By the assumption that alternative (a) holds and by Lemma 3.4, we learn that

1

1
2 - : . 2 _ - : 2 2
IV nllz < 5 N inf [V fn = Vllz = 5 (nlggo\lvfn!b SdHsz*) :

lim
n—oo
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Since

Jim [[V£all3 = Sallfl3- =0 lim V]3> 08q lim [ full3- =6 Sallf]I3- >0,

we can take the limit as n — oo on the right side of (32) and compute the limit of the quotient as
the quotient of the limits. This proves the lemma. O

3.1.2. Continuous rearrangement. Next, we analyze the case where the alternative (b) in Lemma 3.5
holds. We recall that .#(J) was defined in (27).

Lemma 3.7. For any § € (0, 1], we have .#(§) < 1.

Proof. By Lemma 3.3, we have
. 2 2 212
inf |[Vf = Vgll} = [V/3 — Sa sup (£.6* ")
geM gEM1

and it follows from Holder’s inequality that

. 1\ 2
sup (f,9% ) < I3
geEM1

Thus, the denominator in £(f) that enters the definition of .#(9) is at least as large as the numerator,
so the quotient is at most 1. (]

Our goal in this subsection is to prove the following lower bound on £(f).

Lemma 3.8. Assume that 0 < f € HY(RY) \ M satisfies
inf [|[Vf—Vgl3>d[Vfl3
ing VS~ Vol 2 51913

for some 6 € (0,1) and suppose that in Lemma 3.5 alternative (b) holds for the sequence (fp)nen of
Theorem 3.2 defined by (30). Then, with .#(J) defined by (27), we have

E(f)>d.7(6).

For the proof of this lemma we introduce a continuous rearrangement flow that interpolates be-
tween a function and its symmetric decreasing rearrangement. The basic ingredient for this flow is
similar to a flow that Brock introduced [15, 16] and that interpolates between a function and its
Steiner symmetrization with respect to a given hyperplane. Brock’s construction, in turn, is based
on ideas of Rogers [63] and Brascamp-Lieb—Luttinger [11]. Our flow is obtained by glueing together
infinitely many copies of Brock’s flows with respect to a sequence of judiciously chosen hyperplanes.
A similar construction was performed by Bucur and Henrot [17]; see also [27].

More specifically, for a given hyperplane H, Brock’s flow interpolates between a given function f
and f*1 the Steiner symmetrized function with respect to H. The family that interpolates between
f and f* is denoted by fH,7 € [0,00], and we have

fo=1f. fi=r".

Further, for any 7, f and f are equimeasurable, i.e.,

{xeRd:ff(x) >tH = H:UGRd:f(:r) >t}‘ Vt>0.

Moreover, if f € LP(R%) for some 1 < p < oo, then 7+ fH is continuous in LP(R%).

By choosing a sequence of hyperplanes we construct another flow 7 — f. that has the same prop-
erties but interpolates between f and f*, the symmetric decreasing rearrangement. In Appendix A
we explain this in more detail and prove the following properties that are important for our proof,
assuming f € H'(R%). From the L2"(R%) continuity of the flow we will deduce that

lim * sup (fr:9)* = sup (fry,9)° . (33)
70 geM;y geEM,
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Concerning the gradient we prove the monotonicity
IVfrl2 <Vinllz, 0<71<m <00,

and the right continuity
herHVszH?: vaTl”Q? 0<7 <oo. (34)

T2—Tq

Proof of Lemma 3.8. We begin by motivating and explaining the strategy of the proof. As before,
we bound

er) = IVIB = SalfIB o IVAB = SlFIBe o IV hunll = Sullful gy
infger |[Vf = Vgl ~ IV £1I3 - IV froll3

We could bound the right side further from below by replacing f,,, by fn,+1. This bound, however,
might be too crude for our purposes and we proceed differently. The move from f,, to fy,+1 consists
of two steps, namely first applying a conformal rotation and second applying symmetric decreasing
rearrangement. The first step leaves all terms on the right side invariant and we do carry out this
step. The second step leaves the 2*-norm invariant, while the gradient term does not go up. In fact,
the gradient term might go down too far. Therefore, we replace the application of the rearrangement
by a continuous rearrangement flow. In order to make the notation less cumbersome we shall denote
U fn, by fo where U denotes the conformal rotation (28). We denote by f-, 0 < 7 < oo, the continuous
rearrangement starting at fy and let

foo = fro+1- (36)
Ideally, we would like to find 7y € [0, 00) such that

inf [V, - Vol =6||Vf|3.

Then the right side of (35) is equal to

Ifoll3- - | ’ Ifroll3: _ 5 IVl = Sallfry
IVfollz — IVl infger [VEr, — Vgl

which can be bounded from below by ¢ .#(0), since f;, is admissible in the infimum (27). This would
prove the desired bound.

The problem with this argument is that the existence of such a 7y € [0, 00) is in general not clear,
since neither of the terms inf e v | VF, — V|3 and || V£, |3 needs to be continuous in 7. Nevertheless,
we will be able to adapt the above argument to yield the same conclusion.

We now turn to the details of the argument. Recalling that

inf ||[Vfy — Vgl|2 > 8 [|VFl|2
glenMHVo Vyliz = 6 [[Vollz,

2
2
2
2

1 -5y

we define
7o :=inf<7>0: inf ||Vf; — VQH% <4 ’VfTH%}
geEM

with the convention that inf ) = co. If 7 < 79 € (0, o], similarly as before, the right side of (35) is
equal to

IVfoll3 = Sallfoll3- _ s, foll3- o IVEIIE = Sallfrllz: o 5 IVEIZ = Sallfrl3-
IV foll3 IVfoll3 — IVE-13 ~infgenm [V — Vg3

where the last inequality arises from infgep ||V, — Vg3 > 6 || VF,||3 for any 7 € [0, 7). Taking the
limit inferior as 7 — 7", we obtain

IVfoll3 = Sallfoll3- - lim_ -~ V13 = Sa [[fr 13-

>0 . : 37
Vo3 liminf - infge |V — Vg3 (37)
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Note that the denominator appearing here does not vanish. Indeed, we have
inf |V — Va3 = 8 IVEI3 = 0 Sallfrl13- = & SallflI5- >0 V7 € [0,70)
g

and, as a consequence,

liminf inf |Vf, — Vg3 >S5, f

5 >0.
TTy eM

The same inequality (37) remains valid if 70 = 0 and if we interpret lim__ - and liminf_ Lr @S

—Ty
evaluating at 79 = 0.

At this point we find it convenient to apply Lemma 3.3 and use the representation
. 1\ 2
inf ||Vf, — Vg|2 = |V |2 — Sy sup (fT,g2 1) .
gEM geEM1

Using (33), that is, the continuity of 7 — sup ¢ s, (fT,gQ**1)2, we see that

. N2
liminf inf |V, — Vg2 = lim ||Vf|2—S; sup (fTO,g2 —1) .
Ty eM T=T, geEM1

Thus, the relevant quotient is equal to

lim,, V13 = S lIfr 13-

; 2 PETVE (38)
hm-r—)TJ vaTHZ - Sd SungM1 (f7'07g )
Our goal in the remainder of this proof is to show that this quotient is larger or equal than .#(9).
We will use the fact that )
sup (fror g™ ™) < I fl (39)
geEM1
which follows from Hélder’s inequality. We also note that equality holds here if and only if f,, € M.
Let us first handle the case where f;, € M. Then by (3.1.2) and because of equality in (39), the
quotient (38) is equal to 1, which by Lemma 3.7 can be further bounded from below by .#(9), leading
to the claimed bound. This completes the proof in the case f;, € M and in what follows we assume

fro & M.
As a consequence of this assumption and (39), we have
. \2
9603 > Su - > S0 sup (frg ") (10)
gEM

Next, we observe that for a > § the function x — (x — a)/(x — ) is monotone increasing on the
interval (/3,00). This, together with the strict inequality in (40), implies that the quotient (38) can
be bounded from below by

tin g [VEelle = Sallflly [ 9E 3~ Sulf 3 )
. *_1\2 — *_1\2 °
hmT_H_(; HVfT”% — Sa SUPge M, (fT0792 1) ”vaOH% — Sy SUPge M, (megQ 1)
We now claim that
inf ||V, — Vg3 <[Vl (42)
geM

Once this is proved, we can bound the right side of (41) from below by .#(4). This inequality is the
claimed inequality after taking into account (37).

To prove (42), we first note that it is verified if 7o = co. Indeed, foo = fpny+1 by (36) and therefore,
by assumption of alternative (b), infgem ||V — V9|13 < 0 |V |3

Now let 79 < co. We argue by contradiction and assume that

nf [IVEn = Vl3 > 5[ VEn 3. (43)



26 J. DOLBEAULT, M. J. ESTEBAN, A. FIGALLI, R. L. FRANK, AND M. LOSS

Because of this strict inequality and the definition of 7y there are o} € (19, 00) for any k € N with
limg 00 0% = 70 such that infgen | Vs, — Vg3 < 6 | Vs, |3, that is,

2 2+ 1) 2
IV l3 = Sa sup (fong? ™) < 6|VE, I3 VEEN.
geEM
Letting k — oo and using (33) as well as the right continuity of | Vf,||3, see (34), we deduce that
.\ 2
IVl = Sa sup (g™ ™) < 0|96, 13-
geEM;,

This is the same as infger |V, — Vg3 < 8|V, |13 and contradicts (43). This proves (42) and
completes the proof of the lemma. O

Remark 3.9. The above argument would be simpler if T +— ||Vf.||3 were continuous for an ap-
propriate choice of hyperplanes (see Appendix A) in the definition of the flow. Since the flow is
weakly continuous in H'(R?), continuity of the norm is equivalent to (strong) continuity of the flow
n Hl(Rd). Thus, for continuity of the norm for an appropriate choice of hyperplanes, it is neces-
sary that there is such a choice for which the Steiner symmetrizations approximate f* in Hl(Rd).
According to a theorem of Burchard [18] this holds if and only if f is co-area reqular, i.e, if and only
if the distribution function

h— |{z eR?: f(z) > h, Vf(z) =0}

has no absolutely continuous component. As shown by Almgren and Lieb [1], both co-area regular
and co-area irreqular functions are dense for d > 2.

3.1.3. Proof of Theorem 5.1. It is now easy to prove the main result of this section, Theorem 3.1.
Let 6 € (0,1) and assume that 0 < f € H'(R?) \ M satisfies

inf —vyl? >4 2.
glen/\/l \Vf—=Vgllz >0|Vfl

By Lemma 3.5 either alternative (a) or (b) holds. In the first case, we apply Lemmas 3.6 and 3.7,
and in the second case, we apply Lemma 3.8. This completes the proof. O

3.2. From nonnegative functions to arbitrary functions. We recall that €; g denotes the

optimal constant in (2). Similarly, we denote by ;% the optimal constant in (2) when restricted

to nonnegative functions f. Thus, CK;’OBSE > ¢qpr. We do not know whether these two constants
coincide or not. The main result in this section will be to prove the following lower bound on 6y g
in terms of (5; OBSE.

Proposition 3.10. For any d > 3,
Capn > min {3 €51 - 271},
Proof. To simplify the notation, given a function v € Hl(Rd), we define the deficit
D(v) = [VollZaggey — St [0122e gty = [0l o) Fson(v)
Also, we set ad::%zl—%<1,
h(p) :==p™+(1—p)*—1, and hg:=h()=2"% —1=2i -1,

Let us consider a function u € Hl(Rd). By homogeneity we can assume that |ul|} o~ ®dy = L. Let
u+ denote the positive and negative parts of u, set

— 2"
m = HU*HLQ*(R‘Z) )
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and assume (without loss of generality) that
m e [0,1/2]. (44)
Note that Hu+Hig* Rty = 1 —m and HVuHig(Rd) = HVU_Hig(Rd) + HVquHig(Rd). Hence, we have

() = [Vl f2gay — Sa = D(uy) + D(u_) + Sgh(m). (45)
Since the function p — h(p) is monotone increasing and concave on [0, 1/2], we have
2hgp < h(p). (46)
Also, if we set &g := 2 (1 —27%), the function f(p) := (1 —p)¥ — 1+, p satisfies f(0) = f(1/2) =0
and f"(p) <0, so that f(p) >0 for all p € [0,1/2]. Hence, by (44), we have
(1-=p)*>1-&p,
which, by the definition of h(p), yields

h(p) > p™* —&ap.
Combining this bound with (46), this gives

(1 + 25,;) h(p) > p™.

Therefore, recalling (45) and noticing that D(u_) + Sgm®? = ||Vu,||iz(Rd), we get

2hy ., 2 hg

> - o M2 Yhy+ &y
D(u) > D(uy) + D(u )+Sd2hd+§dm = T Shat &

D(u4.) IVu— |2 gay -

By definition, we have
pos . - 2
b(us) = Cpp inf Vit = VllLga) -

As a consequence, if g4 € M is optimal for uy, we obtain
2h
+ _ cftd
2hq +&a

S

D(u) > € pp [Vuy — V9+||i2(Rd) HVU—Hi?(Rd)

. 2hq 2 2
> min { €75, oo (190 = Vosla + Ve oo )
1 . 2hy 2

> gmin {5, 55 Ve = Voo -

Since 2hy + &5 =227 — 24+ 2 — 217% = 27 we get
hd__ g (2% -1)=1-27%,
2hq+&q

which concludes the proof. ]

3.3. Stability of the Sobolev inequality: Proof of Theorem 1.1. We now combine the results
from the previous three sections and deduce in this way the main result of this paper.

Proof. We recall that the constant ‘55’ s was defined in the previous subsection and that .#(8) was
defined in (27). Then, as a consequence of Theorem 3.1, we have
Cipp > sup 0.7(9).
0<6<1
(Indeed, for any § € (0,1), if f satisfies |[Vf — Vg3 > §||Vf||?, then E(f) > 6§.(0), while if
IVf—Vgl3 <§||VfI% then E(f) > #(8) > § #(5).) Thus, it remains to bound .#(§) for a suitable
5 €(0,1).
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We let €, > 0 be as in Theorem 2.1. We will bound .# (8) with § = 1%. Thus, let 0 < f € H'(R?)
with

nf Vg = VIIE < 7551V /15-
It is easy to see that the infimum on the left side is attained. After a translation, a dilation and
multiplication by a constant, we may assume that it is attained at g = (2/(1 + |z|?))(¢~2/2. We now
pass to the sphere using the stereographic projection as in Section 2.1. Let 0 < u € Hl(Sd) be the
function associated to f. The function 1 is associated to g and we set r := u — 1. The fact that the
distance is attained at 1 implies that r satisfies the orthogonality conditions (10). Moreover, with A
given by (7), we have

2 2 5 2 2 _ 5 2 2
/Sd (|Vr| —i—Ar)dugHS/Sd(\Vu] +Au)du—1+g <A+/Sd(\V7“] +Ar)dy),

SO
/ (IVr> + Ar?) du < JA.
Sd

2/q
</ rd d,u> <96,
Sd

and therefore we are in the situation of Theorem 2.1. We deduce that

2/q
/ (IVul* + Aw?) d“_A</ qu#) >960/ (IVr|* + Ar?) dp.
§4 Sd sd

Translating this result back to R?, we have shown that

5 _ 4deg
j(1+5> Z 060 =775,

By the Sobolev inequality, this implies

and therefore

pos d 4eo
d,BE = 14§ d-2°

where we recall that 0 < ¢ < % is fixed and & depends on €y, but not on d. This constant has the
claimed d~! behavior.
We turn now to the case of general, not necessarily nonnegative functions. By Proposition 3.10

. 1 _2
%d,BE > mln{g‘ﬁjf%SE,l —2 d} .

Using 1 — 274 > (2 In2)/d together with the result for € T Br We obtain also in the general case the
claimed d~! behavior. As constant in Theorem 2.1 we get

[ 2eé
/B:mm{léﬁg,Zan}, (47)
which is computable, since B depends in a complicated, yet explicit way on ¢q. ]

Remark 3.11. The constant given by (47) is a lower estimate of d6ypg, which for large d is of
the same order as the strict upper estimate obtained from (4). If we apply Proposition 2.4 instead of
Theorem 2.1 in the above argument, we obtain

é $1/2 )
Cypp > sup 0.7(9) > sup 7= m(d 2y = sup 6m< ﬂ)
0<6<1 5>0 0<6<1
with m given by (11). As explained in Remark 2.8, this lower bound is not very good for large
dimensions. In the above expression, it corresponds to a r.h.s. of the order of 2=4d~(4+2)/2 44
d — 400, but for d =3, 4, 5, 6 it gives decent numerical lower bounds on %;%SE.
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4. THE LARGE-DIMENSIONAL LIMIT: PROOF OF COROLLARY 1.2

Assume that d > 3 and consider the stability estimate for Sobolev’s inequality

B(d
I sy — Su 11 gy 2 20

inf |Vf—Vgl[}ga forall 0<feH (RY) (48)
geM

where 3(d) = d €] > 0 denotes the optimal stability constant for nonnegative functions. Theo-
rem 1.1 (also see Theorem 3.1) provides us with an explicit lower estimate of §(d) and shows that

B = liminf A(d) > 0. (49)

As noted for instance in [5], to obtain the logarithmic Sobolev inequality as a limit of the Sobolev
inequality when d — 400, an important step is to perform a rescaling depending on d. In order to
do this, let u be a nonnegative Lipschitz function of compact support in RV and consider the ansatz

f(x):::U(xl,...ﬁEN)j;(x), (50)
where f, is a Sobolev optimizer in dimension d > N. Specifically, we choose

—d

2-d 1-4
fula) = Z7° (1+ \x!) ® VzeR?,
with

— /d
Td =1\/5--

The normalization constant Zg is chosen to render || fi || 2« (gay = 1. Note that f.(z) = rcll_d/Q g«(x/1q),
with g, given by (29), solves the Sobolev equation (31) with sharp Sobolev constant Sy = d(d —
2) r(f Zz/d and

STt T
d 2) _ (. d d _ 'd|gd
Za = (5)2 F(d) - (87)2 ‘S ’ - ﬁ ‘S ‘ (51)
It is also easy to see that
2 e
lim Z¢ =-. 52
d—iI-iI-loo d 4 ( )

By integration by parts, using the fact that f, is a Sobolev optimizer, we find
2 *
IV £ 12y = / Vul® £2 do— / [ul? f. Af. dz = / Vul? f2 dot H552 7] / [ul* 2 da. (53)
R4 Rd Td Rd

It follows that the Lh.s. of the stability inequality (48), written for f = u f, is

2 . . 2/2*
L vup o 242 2] [ up g ae - 292 20 ([l 2 a)
Rd d Rd

which can be written as

2 i 2/2*
vl (1+ % 1aF) dud—zﬂd—z)(( I \u|2dud>],
Rd d Rd Rd

where dug = f2 (x)dx is a probability measure.
Let us write 2 = (y,2) € RY x RN ~ R?, for some integer N such that 1 < N < d. With
jzf* = ly|* + |2|* and

2
d
Z

2 2 _ 1,2 Els
blaf =14 & (wlP+12P) = (1+ 2 Wwl?) (1+ 22he)

we can integrate over the z variable to obtain
d—N

[ e € remeT
Rad—N ( (

N+d N+d

d 5 Jra-N (1 2
+ 5 (lyP + 1= ) (1+Hmwe) = YO p (1) °
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By taking into account the limits

N-+d d—N d+N d—N
- d I'(=~=) /d\ 2
lim (1 + 5 !y\2> > — e and  lim 'd / 7Cd = lim (72) <> =1,

d—+o0 Td d—+oo Zq Jra-N(14|([2) d—too ZgT'(d)
(55)

we obtain

lim [ Ju(y)? djg = / ul? dy (56)
d—+oco JRd RN

where dy(y) :=e™ ™ lul? dy is a Gaussian probability measure. A similar computation shows that

2 1 2 2 2
Jim / Vuf? (1+ 3 |af?) dud:4/ Vul? dy,
d—+o00 JRd Ta RN

because

: 1 1 2 2\ 2 ¢
lim Z/RM (14 5 (P +1e2) de = 4.

On the other hand, let € := 1/(d — 2) and write

(d-2) [(/RN uf® dfy)w -/ !u\2dv] -1 [(/RN \uP*“dv)”l“ -/, |ur2d7] .

As a consequence, we obtain

) 2/2*
lim (d—2) [(/ |ul|? d7> —/ \u]2d’y]
d—+o00 RN RN

1
d / 2(1+2¢) > H2e / 2 ( |ul? >
U d =2 u|* In dy.
—0 ( v |ul Y . |u| f]RN ul? dvy Y
Altogether, we find that

1 9 . 2/2*
L dim [/ Val (14 % 2P dud—2w<d—2>(< [P dud> -/ |u|2dud>]
d—+oo | Jrd d R4 R4

de
— / |Vu]2d7 — 7r/ ]u|2 In (|u|2 ) dry .
RN RN fRN |u|? dy

Lemma 4.1. Let f be given by (50) where u is a nonnegative Lipschitz function of compact support
in RN. Then the limit of the Lh.s. of the stability inequality (48) as d — +oo is

. 2 2 _ 2 2 |u|2
Jim (VA Beqay = Sa 112ty = [ [ vt = [l (JW) d”] |

Next we deal with the large d limit of the right side of (48).

Using (52), we have proved

Lemma 4.2. Let f be given by (50) where u is a nonnegative Lipschitz function of compact support

in RNV, Then
.1 . 2 Te . / b2
lim — inf Vf—cVhgp(x = — inf u(y) —ce™” Y| dy,
d—+o0 d a>0, beR? IV bl )HLQ(Rd) 2 ceR,b eRN RN‘ W) ‘ 7

ceR

d—2
where hgp(x) = S~ 2a <m) * s, up to a multiplicative constant, any Sobolev optimizer.
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Proof. In the main part of this proof, using (-,-) as in Lemma 3.3, we shall show that

a+2 T ™ ’
lim  sup (f, h;f) = sup / u(y) e~z W =B = gy (57)
d—+00 450, beR ’ Y eRN JRN

Before proving (57), let us show that it implies the assertion of the lemma. As in Lemma 3.3 we
can optimize the right side of (48) over ¢ and find

EITND
. . 2 o 2 _ d—2
a>01,r})fe]Rd inf IVf = eVhapllizges = IV iz @ey — Sa a>2,UE)2]Rd (fa hay )LQ(Rd) ; (58)

where h, satisfies f]Rd hmb(:v);fd? dx = 1. Similarly, from fRN \U(y) - C€ﬂb’-y‘2 dy = fRN u(y)|? dy +
2emlt']? _ 2¢ v u(y)e” ¥ dy we deduce that

2
sup [ futs) = e Py = [ utar e ([ ugertran)
ceR JRN RN RN

2
=/ Iu(y)l2dv—</ u(y)e_ng@—gly—b’IQdy)
RN RN

and, consequently,

2
inf / ‘u(y) - Ceﬂbl'y‘z dy = / |u|? dy — sup (/ u(y) e~ 5 WP o= 5 ly=v'? dy)
cER, W ERN JpN - oo\ Jen

Now as before, using (53), we get

. 1 2 - me o ‘y|2 2
Jdim 5 Vg = 5 e ut)Pay.
Inserting this together with the fact that limg_, o Sq/d = me/2 into (58), shows that (57) implies
the assertion of the lemma.

Thus, from now on we concentrate on proving (57). Clearly, we may assume u % 0. It is easy to
see that for every d, there are ag > 0 and by € R? such that

dt2 dt2
s (fn7) = (£.03,) -

a>0,bcR4

To pass to the limit in (57) as d — 400, we have to study the asymptotic behavior of a4 and by.

d+2

e The limit of ag. We will derive a lower and an upper bound on ( 1 hﬁd) . For the lower bound we

test the supremum defining this quantity with a = r4 and b = 0, in which case h,, 0 = f«. Arguing
similarly as in (56) and recalling u # 0, we obtain

a+2

d+2 d+2
lim inf (f,h;;id) > lim (f, ;1;3) :/Nud7>0. (59)
R

d——+o00 +o00
To derive an upper bound we use the fact that f. and hg, o are symmetric decreasing functions,
which implies that

d+2

0< (f h% ) < |ul| fe(@) hayo(x —0b )% dz < ul| foh?2 do
— ' agbg ) = Loo(R4) R * aq,0 d = Loo(Rd) iy * gy 0 .
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By inserting the expression (51) of Z; and setting ag = aq/rq, we obtain

d+2 9d |x’2 *7‘1;2 ’x‘Q *ng
d—2
/Rdf*hwd 12187 Jpa (” 2) (“” ) o

2
L Qg Ty

a2 dt2
1 < 2 >:z 2 oy 2d
- s ——c T
S Jra \ 1 + [z ag + |zf?
d—2 d+2
B |SE=1| oo 2r \ 2 [ 2aq4r = dr
s, 1+ 172 o2 +r? ’

r
where we scaled x — rgx and introduced radial coordinates. If we now set agy = e®? and change
variables to 7 = ef, and then rescale according to t — t/v/d, we find

d+2 | d—1| oo d—2 _d+2
/ fohg ode = 7 (cosht)™ 2 (cosh(t—sq))” 2 dt
’Sdfll —

_d=2 oy — 2
:\/g]S‘ﬂ _Oo(coshﬁ) 2 (cosht\/ad) 2 dt

04/Vd. By the elementary inequality cosht > 1 + t2/2, we find the following bound for
the integral on the right side for large d:

> _d=2 _d+2 0 2 (t—a )
t? (t=0a)®\ =5~ gt ~ T et
/ (1+45) 7 (1+5) QﬁN/ e 7
—0o0

with sg =

_ o3
Te =V2me B .
—0oQ
s

Using limg— 4o V] = /27, we finally conclude by combining the upper and the lower bound that

d+2
or liminfe- 2 > i f(,th) dy>0.
wmint e 2 minf (Lo, ) 2 [
As a consequence, |og4| is bounded and we deduce that

. aq .
lim — lim a4= lim e*
d—+o0 T'g d—+o0

— lim evi=1. (60)
d—+o00 d—+o00
e A uniform bound on bg. We begin by noting that

d+2
f7 ad, // f*(y, ) aq, O(y b, z — b”) 2 dydz
RN xRd— N

< /RN u(y) (/Rd_N [y, 2) hago(y — b',z)% dz) dy

d+2
with b = (V',b") € RY x R¥V because u is nonnegative, and z + f.(y, 2) and 2 = hq,0(y, z)i-2 are
symmetric decreasing functions. As a consequence, we can assume w.l.o.g. by = (V),0) € RN xRN,
Our task is to obtain a bound on |b;|. As before, we obtain this by deriving a lower and upper
d+2
bound(nl(f,hdz

aq,bg

d+2
(£05 o)
1 d—2
— s [ (1 PR (14
Zdad2 RN xRd—N

) As lower bound we use again (59). For the upper bound we write

a+2

s (ly—bal +122)) T dydz,

(61)
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where Z; is given by (51). From Hoélder’s inequality we learn that

’ Z + Z z
. A . ’ ’ d dt2
- 2d
Z 1 — b + dyd
: < dag //RNdeN u(y) (|y dl 2] )) Y Z>

Let R > 0 be such that u is supported in the centered ball By of radius R > 0 and assume that
|t/;| > R (otherwise |b;| < R and we have the claimed bound). It follows that |y — ;| > (|b/;| — R)?
in the support of u. Using the identity

)\d—N

/Rd—N (A2 + % ’2‘2)_51 dz = W /Rd_N(l + ’C’Q)iddg (62)

based on the change of variables z = A\A(, and applying it with A = —
A = agqrg, we obtain

b o 4
Zyjag //RNde—N uly )(1+ 2 (ly = 0l° + 2] )) dy dz

_dfN _d—-N

1
7 Veg g+ -Rr)? and

1 b —-R)2\" 2 T _
< 1Bl lulequy oy (14 S525) 7 S [ el
) .
dai_N rg N

< |BR| HUHLOO(]Rd) (d+N) (|b |_ )2 7, /Rd—N(l + ’CP)iddC

using the inequality (1+t/k)™" < 1/t for all t > 0 with k = (d + N)/2. As in (56), using (55)
and (60), this yields

lim inf
d——+o0

IO SN WO LI ey
) (v/,,0) T llmsupd—>00(|b2l’ - R)2 ‘

Taking the lower bound in (59) into account, we obtain

Bgr| ||u||t oo
limsup |by| < R+ Bl ulliee :
d—s00 T v udy

This proves that b/, is uniformly bounded w.r.t. d.

e The large dimensional limit. We are finally in position to prove (57). We first show that

M ™ us /
limsup sup (f, h;;f) < sup / u(y)e 2 I e= 2 =V gy (63)
d—+00 a>0,beR? v eRN JRN

To do so, we consider a sequence of d’s along which the limsup is attained. Because of the uniform
bound on ), we may pass to a subsequence along which b/, converges to some b, € RY. It then
suffices to prove (63) where the limsup is taken along the chosen subsequence. In the following, we
will always consider this subsequence, without displaying it in our notation.
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+
It remains to identify a bound on limsup, , (f, -2 )). Our starting point is (61). By

ad:(
Holder’s inequality, we obtain

a+2
d+2

/Rd_N <1+ (ly]> + |2 )) = (1+ (\y—b’\2+\zy ))_? dz

d—2
—d T 2d —d 2d
< (/RN (1+ & (w2 +1217) dz) (/RN (14 2 (v — bl +1212)) dz>

(d—2) (d+N) (d+2) (d+N)

=ag gt (g )T T (e ly - 0f) T (L+1¢*)~d¢
Rd—N

(d+2) (d—N) (d—2) (d+N) (d+2) (d+N)

_ . 24 dN 1 4d 4d 2\—d
= a, (14 & b?) (14 ey —0?) L.

Here we used the change of variables identity (62), with A = % \V/ri+y? and X = rg for the first

integral in the above r.h.s., and A = aled Va2r2+ly[2 and A = aq g for the second integral. We learn
from (55) and (60) that

a+2 ” . , Tr i l
fin sup (f’ P (b 0)) < / u(y) e~ 2l e~ B0l gy < sup / u(y) e 2 e~ 2lu=VP gy
d—4o00 d’ RN RN

This proves (63).

The converse asymptotic inequality, namely

M s s /
liminf sup <f, hggz’) > sup / u(y) e 2l =3 =t gy (64)
d=+00 450, beRd ’ b eRN JRN

follows in a similar, but simpler fashion. Indeed, it is easy to see that the supremum on the right

side is attained at some b, € RY, which we can use to bound the supremum on the left side from
d+2

below by ( f,he2 ) . Starting from (61) and using similar arguments as above it is easy to see that

0,(b%,,0)

d+2 ™ pis / - ” ,
tim(f.h0) = / u(y) e WP e 5P gy = sup / u(y)e & W =5 vt gy
d—+o00 EACES] RN b/eRN RN

This proves (64) and consequently also (57). O

Using Lemmata 4.1 and 4.2, with b = 7 b, for nonnegative Lipschitz functions u with compact
support, we have proved the following result.

Proposition 4.3. With 3, given by (49), for all nonnegative u € H'(v),

2 |u ‘2 BT . b\ 2
|Vl d7—7r u In dy > inf (u—ce”™) dy.
RN [[ull? 2 beRN,ceR JrN

The extension to any nonnegative function u € H!(7) follows by a simple density argument, as
the constants in Proposition 4.3 depend neither on the support nor on the bound on |Vu|. It is
worth pointing out that the stability constant 8, 7/2 for Gaussian log-Sobolev inequality concern-
ing monnegative functions is obtained from the best stability constant for Sobolev’s inequality for
nonnegative functions.

Notice that in the above argument to obtain stability for logarithmic Sobolev from stability for
Sobolev we did not compute the limit as d — +o0co of the r.h.s. of the inequality in Theorem 1.1.
Instead, we computed the limit for a lower bound of this term.




SHARP STABILITY FOR SOBOLEV AND LOG-SOBOLEV INEQUALITIES 35

Proof of Corollary 1.2. We have to extend the result of Proposition 4.3 to the case of sign-changing
functions. This part of the proof is a variation of the argument used in the proof of Proposition 3.10.
We shall use the notation

2
D(u) := / |Vu|? dy — 7r/ u?In + dy foru e H(y).
o e\ Tl

By homogeneity we can assume ||ul|2(,) = 1. Replacing u by —u if necessary, we can also assume
that

m = [lu—|F2(,) € [0, 3]
Then
D(u) = D(uy) + D(u—) + Th(m) with h(p):=—(pnp+ (1 —p)In(1 —p)).
Since the function p — h(p) is monotone increasing and concave on [0, 3],
h(p) > (2In2)p forall pe[0,3].
Thus, with (8, denoting the constant in (49),

B . bz )2 2
D(u) 2 D(u4) + (27 In2)m > =~ be]Ralerl,fceR Juy —ce”[|fa(yy + 27 In2) [Ju|{2(,)
. By . bz 2
> 1 27 In2 f —ce’? .
>3 mln{ 5+ 2™ beleIVl,ceRHu ce” It

This proves the inequality for the general case with
B =1 min{g, 4n2} (65)
and S, given by (49). O

Up to this point, we have stated the logarithmic Sobolev inequality in its version with respect
to the normalized Gaussian measure. It has an equivalent version with respect to the Euclidean
measure. We set u = e™1**/2 4 and obtain from Corollary 1.2 and Proposition 4.3

2 . 9
/ |Vv|2d$—7r/ v?In 21}7 da:—N7rHv||iQ(RN) > B inf / ‘U_Ce—ilf—b\Q dx
RN RN ||v||L2(RN) 2 beRN,ceR JRrN

by a simple integration by parts. Writing v(z) = AN/2 w(Ax) with a parameter A > 0, we obtain
equivalently

2
)\2/ |Vw|2dy—7r/ w? In @207 dy—NTr(1+ln)\)||wHi2(RN)
RN RN HwHLQ(RN)
g

- ~ 2= ly-b?|?
>—— inf ’w—ce anz ¥ dy .
2 beRN,ceR JRrN

We bound the right side from below by extending the infimum over all A > 0 and then we optimize
the left side with respect to A > 0. In this way we obtain the following stability version of the
Fuclidean logarithmic Sobolev inequality.

Corollary 4.4. With 8> 0 given by (65) we have for all N € N and all w € HY(RY),

2 Vw|?d 2 2
el gy In Jer TolTdn) 2 [ e ()
Nme Hw||L2(]RN) N Jrw HwHLQ(RN)

B , — 2 ly—b[?|?
> — inf w—ce 232 dy .
N 2>0,beRN, ceR JrN
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APPENDIX A. SOME PROPERTIES OF CONTINUOUS REARRANGEMENT

In this subsection we discuss several aspects of the continuous rearrangement and prove some of
its properties.

Brock’s continuous Steiner rearrangement is based on the following operation for functions of one
real variable that are finite union of disjoint characteristic functions Z]kvzl X(_ak,ak)(ac —by). Replace

this function by 25:1 X (—ay,ax) (ac —et bk) where ¢ varies from 0 to co. As ¢ increases, the intervals
start moving closer and as soon as any two intervals touch one stops the process and redefines the
set of intervals by joining the two that touched. Then one restarts the process and keeps repeating
it until all of them are joined into one. The movement stops once this interval is centered at the
origin. By the outer regularity of Lebesgue measure the level sets of a measurable function can be
approximated by open sets and, since in one dimension this is a countable union of open intervals,
one can further approximate the level set by a finite number of open disjoint intervals for which one
uses the sliding argument explained above.

As mentioned before, this procedure can be generalized to higher dimensions by considering Steiner
symmetrization with respect to a hyperplane. One considers any hyperplane H through the origin
and then rearranges the function symmetrically about the hyperplane along each line perpendicular
to H, resulting in a function denoted by f*/7. For more information see [57]. In this fashion one
obtains a continuous rearrangement f — f1, 7 € [0, 0o], which was studied in detail by Brock [15, 16].
We shall refer to the statements in those papers.

To pass from Steiner symmetrization to the symmetric decreasing rearrangement we consider a
sequence of continuous Steiner symmetrizations and chain them with a new continous parameter la
Bucur-Henrot. Inspired by [17, 27], we proceed as follows. Given a function f € LP(RY) for some
1 < p < oo there is a sequence (H),),en of hyperplanes such that, defining recursively with fy = f,

. pxH _
fo=f207, n=12,...,

we have
fo— f* inLP(RY) as n—oco.

In fact, it is shown in [70, Theorem 4.3] that this holds for ‘almost every’ (in an appropriate sense)
choice of hyperplanes. It is also of interest that this sequence can actually be chosen in a universal
fashion (that is, independent of f and p); see [68, Theorem 5.2].

Given f and the sequence (fy)nen as above, we set for any n =0,1,2,...

bn(T) i=eriir —1, 1€ [n,n+1],
and define
fr o= fugn(r) (66)

where the right side denotes Brock’s continuous Steiner symmetrization with respect to the hyper-
plane H,, with parameter ¢, (7) applied to f,,. As 7 runs from n to n + 1, ¢,,(7) runs from 0 to oo,
so f, is well defined even for 7 € N.

From the properties of Brock’s flow, see, in particular, [16, Lemma 4.1], we obtain the following
properties for our flow.

Proposition A.1. Letd > 1, 1 < p < oo and let 0 < f € LP(R?). Then, for any 7 € [0, 00|, the
function f, defined by (66) is in LP(R?) and ||f-||, = ||f|l,- Moreover, for any 7 € [0,00] and any
sequence (Tp)nen with limy, oo 7 = T,

Jim [|fr,, — [, = 0.

The following fact is important for us.
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Lemma A.2. Let d >3 and 0 < f € L2 (R%). The function

. N2
T +— sup <f77u2 _1>
ueEM;1

with f; defined by (66) is continuous.
Proof. We use the fact, shown in Proposition A.1, that
2* = O .

7_}1_1’2'_2 ||f7'1 - fTQ

Fix € > 0. There exists uy € M such that sup,¢, }(fn,uz*_l)‘ < ’ (frl,UQ*_l)‘ + ¢ and hence

)| s ) () [ )

ueM;y
2*—1 2*—1
S’(fT17u1 )_(f‘rzaul )‘_‘_57

sup
ueM;y

which by Hoélder’s inequality is bounded above by

17, = fralloe lud "Ml + & = [Ifry = Froll2e +e

(1)) <.

There exists ug € M such that sup,epy, |(fry, u? 71)| < ‘(fm,ug**l)‘ + ¢ and hence

(1) = g | () 2 [ (F0 )| = (60| e
ueM;y
which is greater or equal to
[ (3 ) = (o3 ™) | = £ 2 =iy — Fralla- — .

()

2*
2*—1 "

with ¢ = Hence

(fﬁ,uz*_1>‘ — sup
ueEM;y

lim sup ( sup

T2—T1 ueEM;y

sup
ueEM;y

Hence

v

lim inf ( sup —c.

T2 \ueMy

This proves the claimed continuity.

(fﬁ,u?*l)‘ — sup
ueEM1
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0

We now consider the behavior of the gradient under the rearrangement flow. The following propo-
sition is closely related to [16, Theorems 3.2 and 4.1], but there inhomogeneous Sobolev spaces are

considered, which leads to some minor changes. For the sake of simplicity we provide the details.

Proposition A.3. Let 0 < f € HY(RY). Then f, defined by (66) is in H'(R?) and 7 — ||Vf, |2 is a

nonincreasing, right-continuous function.

Proof. By construction, it suffices to prove these properties for Brock’s flow. Since the latter has the
semigroup property (fy); = fyqr for all o, 7 > 0, it suffices to prove monotonicity and right-continuity

at 7 =0.

We begin with the proof of monotonicity, which we first prove under the additional assumption that

f € L%(R%). This is shown in [16, Theorem 3.2], but we give an alternative proof. We proceed as

in

the proof of [57, Lemma 1.17]. Extending [15, Corollary 2] to the sequence of Steiner symmetrizations

we find for three nonnegative functions f, g, h that

//RR fr(2) gr (2 — ) hr(y) d dy > //RR f(x) gl — ) hly) da dy.
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If we choose g(z—y) to be the standard heat kernel, i.e., g(z—y) = e (z—), then g, (z—y) = g(z—y)
and hence

I, e@ea—ptwdedr= [[ e —y) fo)dedy.

RIxR4
Since ||f;]|2 = || f]l2 by the equimeasurability of rearrangement,

1 1
7 (113 = (Fr 2 6)) < — (17113 = (£¢2'))

and letting ¢ — 0 yields the first claim under the additional assumption f € L2(R%).
For general 0 < f € H'(RY) we apply the above argument to the functions (f —€),, € > 0. They
belong to L2(R?) since f vanishes at infinity and belongs to L2 (R%). We obtain

IV((f = €4). ], < IV = sl < IV Fl2- (67)

We claim that f, € H'(R?) and V((f—€y), = Vi in L2(R%) as € — 0F. Once this is shown, the
claimed inequality follows from (67) by the weak lower semicontinuity of the L2 norm.

To prove the claimed weak convergence, note that by (67), V((f — €)+)_ is bounded in L2(R9)
as € — 01 and therefore has a weak limit point. Let F € L2(RY) be any such limit point. Since

(f — €+ — f in L2 (R?), the nonexpansivity of the rearrangement [15, Lemma 3] implies that
((f - e)+)T — f. in L2°(R%). Thus, for any ® € C(R?),

/ (V-@)degm—/ (V-®)((f —€)y) do = —/ ®-V((f—-€y), de—— [ & Fdx

Rd Rd R Rd

as € — 01. This proves that f, is weakly differentiable with Vf, = F. In particular, f, € H'(R%)
(note that f; vanishes at infinity since f does and since these functions are equimeasurable) and the
limit point F' is unique. This concludes the proof of the first part of the proposition.

Let us now show the right-continuity at 7 = 0. It follows from Proposition A.1 that f, — f in
L2 (R%) as 7 — 0F. This implies that Vf, — V£ in L2(R?) as 7 — 0*. (Indeed, the argument is
similar to the one used in the first part of the proof. The family V¥, is bounded in L?(R%) as 7 — 0%
and, if F denotes any weak limit point in L2(R%), then the convergence in L?" (R?) and the definition
of weak derivatives implies that F' = V f.) By weak lower semicontinuity, we deduce that

[V fllz2 < liminf [|[ V]2
T—0t

This, together with the reverse inequality, which was established in the first part of the proof, proves
the claimed right continuity. O

We note that the proposition remains valid for 0 < f € Wl’p(Rd) with 1 < p <d. Ifp# 2,
the monotonicity for the gradient for f € WHP(R?) is proved in [16, Theorem 3.2]. The remaining
arguments above carry over to p # 2.
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