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Abstract

Considering finite particle systems, we elaborate on various ways to pass to the limit as the
number of agents tends to infinity, either by mean field limit, deriving the Vlasov equation,
or by hydrodynamic or graph limit, obtaining the Euler equation. We provide convergence
estimates. We also show how to pass from Liouville to Vlasov or to Euler by taking adequate
moments. Our results encompass and generalize a number of known results of the literature.
As a surprising consequence of our analysis, we show that sufficiently regular solutions of any
linear PDE can be approximated by solutions of systems of N particles, to within 1/loglog(N).

Contents

1 Introduction

1.1 Setting

Multi-agent collective models have regained an increasing interest over the last years, due in par-
ticular to their connection with mean field and graph limit equations. At the microscopic scale,
such models consist of considering particles or agents evolving according to the dynamics

N
G =5 D ONGED.&0), i€ {1 N, o

for some (large) number of agents N € IN* where, for every i € {1,...,N}, &(t) € R? (for
some d € IN*) stands for various parameters describing the behavior of the i*" agent and Gf\j[ :
R x R x RY — R? is a mapping modeling the interaction between the i and j*" agents.
Dynamics of the form (?7?) are used in a wide range of very different problems, ranging from
the study of flocking and swarming in biology, of modeling traffic flows, to dynamics evolution in
social sciences (see, e.g., [?, 7,2, 7,2, 7,2, 7, 7], just to mention a few of a vast literature).
Among classes of multi-agent systems, we point out the so-called opinion systems that have
the striking property of exhibiting features nowadays grouped under the common denomination
of self-organization: their large-time asymptotic behavior shows consensus phenomena, namely an
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alignment of all values &;(t) to a single one. These models correspond to GZI-\][ (t,&,¢5) = 04(§—&),
i.e., their dynamics is

) 1 Y
&i(t) = N Z 05 (&) — &(t)) (2)

where (0;;)1<i,j<n is @ N-by-N matrix whose spectral properties may cause the above-mentioned
asymptotic behavior. We refer to the recent [?] for a large set of references concerning the two
systems (?7?) and (??), where also the case of time-dependent matrices o is treated.

The large N limit of systems (?77?), (??) has been extensively studied over the last years. In [?]
the author shows how to pass to the continuum limit in nonlocally coupled dynamical networks
by using the concept of graph limit. This concept has also been used recently in [?] to obtain
discrete-to-continuum convergence results with error estimates in the Wasserstein distance. We
also mention the recent articles [?, 7, ?]. In a nutshell, the graph limit allows one to pass to the
limit from the general system of agents (??) to an integro-differential equation by interpreting the
right-hand side of (?7) as a Riemann sum. Then, obtaining the limit equation is seen as passing
to the limit in a Riemann sum and thus obtaining a continuous integral. This is what has been
done in [?, ?, ?] for the opinion propagation model G(t,z,z’,£,&") = o(x,2')(§ — &), leading to
the graph limit equation

Oy(t,z) = /Qa(x,x’)(y(t,x’) —y(t,z))dx’

where for instance o(7,j) = ;. This example is particularly paradigmatic of what we develop in
the present paper.

Another important class of systems (??) concerns particles & = (pi,¢;) € R? x R?, either
Hamiltonian in which case G takes the form

Gt &,&5) = (vv(éf_ qj)) (3)

for some potential V', or of Cucker-Smale type in which case we have

bi
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for some influence function F'.

The main difference between general systems (?7?) and the particular systems (??) and (?7?) is
that for the latter the mapping G;; does not depend on ¢ and j, that is on the “names” of the
agents. A consequence is that the associated evolution equation preserves the indistinguishability
of the particles, a feature often consider as fundamental for the large N limit of particle systems.
One of the objectives of the present article is to show how to extend the standard mean field
methods to the non-indistinguishable setting, simply by endowing to the index ¢ the status of a
parameter, treated as a new state variable of zero dynamics.

The systematic study of large N limit of particle systems has a long and glorious history,
starting with Hartree (see [?]) in the late 20’s for quantum systems, and then Vlasov in the 40’s
(see [?]) who derived the eponymous kinetic equation (here, we present it in a form suitable for
our purposes), called Viasov equation,

Oupie + dive(X[pdp) =0 with  Xfu] = / Gl&, &) du(e). (5)

There are two classical ways for deriving (??). A first consists of using the concept of empirical

measure y§(¢) = & Zf;l 0(€ — &;(t)), which is a solution for (??), and then of taking the mean



field limit. A second consists of using marginals of the solution of the Liouville equation associated
to the particle system, namely the equation satisfied by the pushforward of probability measures
on R*Y? under the flow generated by the particle system. In the latter case one shows that the
first marginal of this pushforward, which is a probability measure on R?¢, satisfies at the limit
N — 400 the Vlasov equation (?7?). The last step of this process, called the hydrodynamic limit,
starts from the observation that (?7?) preserves the stucture u¢(§) = ue(q,p) = v(t, q¢)d(p — y(t, q))
leading to the so-called Fuler system of equations satisfied by the pair (v, y).

One of the main steps in the developments of the present article is to highlight that, after having
derived the Vlasov equation associated to (?7?) thanks to the trick consisting of parametrizing the
status of the index 4 as already mentioned, the associated Euler equation (not a system anymore
because the extra dynamical variables ¢ remain at rest and thus give no kinetic part in the Euler
system) coincides with the graph limit equation associated to (??7) — a nontrivial fact, even at the
conceptual level as discussed in Section ?7 of the paper.

This article is devoted to unifying and generalizing, to some extent, the classical ways to pass
to the limit in families of particle systems. The mean field limit, even for distinguishable particles,
leads to the Vlasov equation. The hydrodynamic limit leads to the Euler equation. The Liouville
equation is a lift of the particle system in a space of probability measures. We analyze in detail the
various relationships between particle system, Vlasov, Liouville and Euler, showing how to pass
from one to another and deriving, under appropriate assumptions, some convergence estimates.
While some of the results are classical (or straightforward extensions of known results), most of
them are new and we hope that the overall study may serve to unify different viewpoints.

Let us point out a difference of methodology between the present paper and several previous
works concerning the case of indistinguishable particles: we do not estimate propagation of cou-
plings but we rather use direct estimates of the particles and Vlasov flows thanks to the use of a
convenient Wasserstein distance. This allows us to obtain, as a by-product of our main results,
quantitative mean-field limits for more general vector fields that in (??) and (?7?).

The last part of our paper deals somehow with the inverse path: given a general partial dif-
ferential equation (PDE), is is possible to construct explicitly an agent system of the form (??)
such that the corresponding graph limit equation coincides with the given PDE we started with?
Surprisingly, this happens to be true in a very general setting and this is a consequence of the
analysis done in the paper.

The question of whether some classes of PDEs are a “natural” limit of particle systems is
classical in fluid mechanics and certainly dates back to Euler: it is classical that the Euler fluid
equation can be seen, at least formally, as the limit of evolving “particles of fluids”. This has been
formalized in the famous article [?] where Arnol’d interpreted the Euler equation as a geodesic
equation in the space of diffeomorphisms, leading to a number of subsequent studies; we refer
to [?] (see also the references therein) for a survey on how to “cook up” appropriate groups of
diffeomorphisms (and thus, of particle systems) to generate classes of fluid PDEs, like Euler,
Camassa-Holm, etc. We also refer to [?] for a recent survey on microscopic, mesoscopic and
macroscopic scales for fluid dynamics.

But it is much less classical to show that other, more general PDEs can as well be obtained
by passing to the limit in some particle systems. For transport equations, the topic has been
extensively studied in [?, 7, ?]. Recently, thanks to the concept of graph limit elaborated in [?],
it has been possible to show that heat-like equations can as well be obtained as limits of particle
systems (see also [?, ?, 7, ?]). In [?], the authors provide a rigorous derivation from the kinetic
Cucker-Smale model to the macroscopic pressureless Euler system by hydrodynamic limit, using
entropy methods and deriving error estimates.

Actually, during the Lecons Jacques-Louis Lions given in our laboratory in the fall 2021 by
Dejan Slepcev, we were intrigued by his way of deriving heat-like equations from unusual particle



systems, by taking not only the limit as the number N of agents tends to +oo, but also another
parameter ¢ tends to 0, at some precise scaling (see [?]). The role of € is to smoothen the dynamics.
His striking exposition has been for us a great source of inspiration and has motivated the last
part of the present article.

In this last part, we provide for a large range of linear PDEs a natural and constructive way
for associating an agent system to them. Shortly, as a particular case of our analysis, considering
a general PDE

Duy(t,w) = Y aa(@)0y(t,x) = Ay(t, ), (6)

lal<p
we show that (??) is the graph limit of (for example) the particle system (??) with

_@—x’)?
2e

. e
Gij(t,6,€) = Ge(t,,5.6,6) =& > aa(x)0s ————
lal<p (me)=
in the limit N > ¢! — 400, with some appropriate scalings. We establish convergence estimates
in Wasserstein distance in general, and in L? norm under an additional (but general) semigroup
assumption.

Structure of the article. Section 7?7 is devoted to studying the passage from microscopic to
mesoscopic scale: in other words we show how to pass “from particle to Vlasov” by mean field limit.
In Theorem 77, we establish existence, uniqueness and stability properties for the Vlasov equation
(?7) for distinguishable particles. We recall the classical Lagrangian and Eulerian viewpoints. For
the latter, we elaborate on the Liouville equation associated with the particle system. Theorems 77
and ?7 are devoted to establish Wasserstein estimates quantifying the discrepancy, as N — 400,
between the first marginal of the solution of the Liouville equation and the solution of the Vlasov
equation; in other words, these results show how Vlasov can be recovered from Liouville by taking
marginals and passing to the limit (propagation of chaos). We also give corollaries of the theorems
in the indistinguishable case, thus recovering known results.

Section 7?7 is devoted to studying the passage from mesoscopic to macroscopic scale: in other
words we show how to pass “from Vlasov to Euler” by hydrodynamic limit, mainly consisting of
taking the moment of order 1. Proposition ?? in that section is concerned with the well known
monokinetic approach, but we also investigate the moment of order 2, yielding some consensus
results.

Section 7?7 is devoted to studying the passage from microscopic to macroscopic scale: in other
words we show how to pass “from particle to Euler” by graph limit. Theorems 7?7 and 7?7 quantify
some convergence estimates in L* norm as N — +o0o0. We also discuss how Euler can be recovered
from Liouville by taking adequate moments.

Section ?? provides a synthetic summarize of all relationships that we have unraveled. In par-
ticular, Figure ?? illustrates the various two-ways passages between particle (microscopic) systems,
the Liouville (probabilistic) equation, the Vlasov (mesoscopic, mean field) equation, and the Euler
(macroscopic, graph limit) equation. This section can even be read as a motivating preliminary
before going ahead.

Finally, as announced, as a surprising byproduct built on the previous developments, we show
in Section 77 that general linear PDEs can be obtained by passing to the limit in explicit particle
systems, thanks to two asymptotic parameters.

In order to state all subsequent results, we recall in Section 7?7 hereafter some notations and
concepts that we use throughout, in particular the Wasserstein distance and another distance
obtained by disintegration of measures, and the concept of tagged partition that is classically used
in Riemann integration theory.



We gather in Appendix ?? a number of useful results on the Wasserstein distance, empirical and
(so-called semi-empirical measures. Appendix ?? is devoted to proving some of the main theorems.

1.2 General notations

Let E be a Polish space, endowed with a distance dg.

Holder and Lipschitz mappings. Let U be a subset of E. Let £k € IN* and let || - || be a
norm on R*. Given any a ¢ (0,1], we denote by € (U, ]Rk) the set of all continuous mappings
g € €°(U,R¥) that are a-Holder continuous (with respect to the norm || ||), meaning that

lg(y) — 9@
Hol,(g) = sup -2 22720
<g) y,y’SU dE (yv y/)a

y#y

< +00.

When o = 1, we speak of a Lipschitz mapping and we denote Lip(g) = Holy(g). When U is
compact, €% (U, RF ) is a Banach space endowed with the norm

P Hol,, ().
ll9ll0.« (v, r*) glea(}(Hg(y)H + Hola (g)
When k =1 and o = 1, we denote Lip(U) = €% (U, R).

Probability Radon measures. We denote by P(F) the set of nonnegative probability Radon
measures on F. We also consider P.(E), P%(FE), where the subscript ¢ means “with compact
support” and the superscript ac means “absolutely continuous with respect to a Lebesgue measure”
(in the case where E is equipped with a Lebesgue measure), and for every p > 1 the set P,(E) stands
for the set of all 1 € P(E) that have a finite moment of order p, i.e., [, de(yo,y)? du(y) < +oo
where yo € E is arbitrary. Given any Borel mapping ¢ : £ — F where F' is another Polish space
and given any p € P(E), the image (or pushforward) of p under ¢ is ¢ = po ¢~ 1.

We denote by €°(E) the set of continuous functions on E and by €°(E) the set of continuous
functions of compact support on E. When F is a smooth manifold, we adopt similar notations
for the set €°>°(E) of smooth functions on E. We recall that the topological dual (¢2(E))’ (resp.,
(6°(E))’) is the set of all Radon measures on E (resp., with compact support). Endowed with the
total variation norm || |7y which is the dual norm, it is a Banach space.

Throughout the paper, d, is the Dirac measure at *.

Wasserstein distance. Given any p > 1, the Wasserstein distance W) (p1, p2) of order p between
two probability measures p1, po € P(E), with respect to the distance dg, is defined as the infimum
of the Monge-Kantorovich cost |’ g2 de(y1,y2)P dlI(y1, y2) over the set of probability measures IT €
P(E?) coupling p1 with us, i.e., whose marginals on the two copies of E are u1 and pus:

1/p
Wy (p1, p2) = inf { (/E2 de(y1,y2)? dH(yl,yz)) | e P(E?), (m).Jl=p, (ma).l = py
(7)

where 7, : E? — E and 7 : E? — E are the canonical projections defined by 71 (y1,v2) = y1 and
w2 (Y1, y2) = yo for all (y1,y2) € E x E. Equivalently,

Wy(yur, i2) = inf{(EdEm,w)” P daw(Yh) = o, law(Ya) = m} ®)



where the infimum is taken over all possible random variables Y; and Y, (defined on a same
probability space, with values in FE) having the laws pq and po respectively. Then, W), is a
distance on P,(E), which metrizes the weak convergence in P,(E) in the following sense: given
i € Pp(E) and given a sequence (u;)jen+ in Pp(E), we have Wy(uj, 1) — 0 as j — +o0 if and only
if [, fdu; — [ fdu for every continuous bounded function f on E and [, dg(yo,y)? du;(y) —
Ji de(yo, y)? du(y) as j — +oo for some (and thus any) yo € E (see [?, Chapter 5, Section 5.2]
or [?, Theorem 6.9]), if and only if fE fdu; — fE f dp for every continuous function f on F such
that | f(y)| < C(1 + dg(yo,y)?) for every y € E, for some C > 0 and some (and thus any) yo € E
(see [?, Theorem 7.12]). It can be noted that, given any subset K C E of finite diameter, we have

1 < b1 < P2 = Wp1 (:ulleQ) < sz(#lyﬂz) < diamE(K)lipl/pQWpl (Ml,/_tg)pl/p2 (9)

for all u1, o € P.(E) of compact support contained in K (see [?, Chapter 5]), where diampg(K) is
the supremum of all dg(y,y’) over all possible y,3’ € K.

For p = 1, the duality formula for the Kantorovich-Rubinstein distance (see [?, Chapter 5])
gives the equivalent definition

WNMMMV:wp{éde1—Mﬂ|tf€UME%Lm07<1}a (10)

valid for all py, ugs € P1(E).
For p = 400, we set Weo (1, o) = limy,—, 4 oo Wy (1, p2) (see [?, Chapter 5, Section 5.5.1]).
Note that the infimum in (?7?), as well as in (??), is a minimum (i.e., there exists an optimal
coupling) and that the supremum in (??) is a maximum (see [?, Chapters 4 and 5] or [?, Chapter
3, Section 3.1.1]).

Disintegration. In this paper, we are going to consider measures on €2 x RY, for d € N* (and
on Q% x (RY* for k € IN*), where (Q,dq) is a complete metric space and IR? is endowed with an
arbitrary norm || - ||. We endow Q x R with the distance dgyge = do + dge where dga is the
distance on R? induced by the norm || - ||.

Denoting by 7 : Q x R? — © the canonical projection, given any u € P02 x ]Rd)7 in the sequel
we will always denote by v the nonnegative probability Radon measure on {2 defined as the image
(pushforward) of p under m,

V=T =pom }, (11)
that is also the marginal of u on Q. Note that, since 7 is continuous, supp(v) = w(supp(u)). By
disintegration of y with respect to v, there exists a family (u,).cq of probability Radon measures
on R? (uniquely defined v-almost everywhere) such that p = Jo e dv(z), ie.,

/ fM%MM%O=/ B, €) dpia (€) du(z)
QOxR4 Q JRA

for every Borel measurable function h : Q x R — [0, 400) (see, e.g., [?]). Moreover, we set i, = 0
whenever x € Q \ supp(v).

When Q is a smooth manifold, if u € P (2 x RY) with a density f € L'(Q x R?), ie.,
di(5,€) = f(x,€), then v is absolutely continuous, of density W (z) = [ga fz,€)dE, and for

dx d§
~ . :1: . : dpy — M
v-almost every € 2 the probability measure i, has the density <% (§) = Tea Faenae

Given any pt, u? € P1(Q x ]Rd) having the same marginal v on 2, we define

MMMH%=/MMM@WM' (12)
Q



Obviously, L, W), is a distance on the subset denoted P} (€2 x R?) of elements of P,(Q x R?) having
the same marginal v. Note that Wy (u', u?) < LLW1(pt, 1) for all pug, o € PY(Q x RY).!

Tagged partitions. Let v € P(Q2). We say that (A", X™V)nen+ is a family of tagged partitions
of Q associated with v if AN = (QF,..., QF) is a N-tuple of disjoint subsets QN C Q such that

N
1 C
Q= L:JlQN with  »(@Y) =5 and diame(QY) < 7 Vie{l...N},  (13)
for some Cq > 0 and r > 0 not depending on N, and X» = (z¥',...,z¥) is a N-tuple of points

¥ € QN. Here, diamq(QY) is the supremum of all dg(z, ') over all possible z, 2’ € Q.
Families of tagged partitions always exist when 2 is a compact n-dimensional smooth manifold
having a boundary or not and v is a Lebesgue measure on ), with » = 1/n. For instance, when

Q = [0,1], we take QF = [a)Y,al} ) for some subdivision 0 = a < a) < .-+ < al,, =1
. . . . i— al +al,
satisfying (??); when dv(z) = dz, a natural choice is al¥ = =1, and ) = ol or =, for

every i € {1,...,N} (and then Cq =1 and r = 1 in this case). When 2 is a compact domain of
R", a family of tagged partitions is obtained by considering a family of meshes, as classically done
in numerical analysis, with r = 1/n.

The concept of tagged partition is used in Riemann (and more generally, Henstock-Kurzweil)
integration theory. We refer to [?] for (much more) general results. A real-valued function f on €,
of compact support, is said to be v-Riemann integrable if it is bounded, v-measurable, and if, for
any family (AY, XV)yen+ of tagged partitions, we have

N
> [ 1) = £ dvta) = o) (1)

and thus

N
f =g St o (15)

as N — 4o00. A function f of essential compact support on 2 is v-Riemann integrable if and only
if f is bounded and continuous v-almost everywhere on ).

2 From microscopic to mesoscopic scale

(“from particle to Vlasov”, mean field limit)

2.1 Particle system

Let d € N* be fixed. Throughout the paper, we consider an arbitrary norm || - | on R®. At the
microscopic level, given any N € IN*, we consider a system of N interacting “particles” or “agents”
EN(t) € R?, called the particle system (or multiagent system), of dynamics

N
éf(t):%Zij &N @), N @), i=1,...,N (16)

Tndeed, Jo, g £ A8 — 12) = Jo Jyua (5, €) dud — p2)dv(@) < fo Lin(f(z,)) Wi (i, 12) du(z) for every
f € Lip(Q x RY), and if Lip(f) < 1 then Lip(f(x,-)) <1 for every 2 € Q. Then, take the supremum over all f.



where Gf-}( ‘R x R x R? - R? stands for the interaction between the particles i and j. The dot
stands for the time derivative. The usual case, widely treated in the existing literature, is when the
particles are indistinguishable and the interaction mapping is the same for all pairs of particles and
moreover does not depend on N, i.e., Gf\j( = (G. We show here that there is no difficulty to treat
the more general situation where the particles are distinguishable and the interactions depend on
the agents. In (??), G¥ depends on i,j, N.

Throughout the paper, we make the following crucial assumption:

(G) There exist a complete metric space (€2,dq) and a continuous mapping

G RxOxOxRxRY — R?
(t7$7:1;l7€?§/) = G(t,$7$/7§7€/)

locally Lipschitz with respect to (&,¢’) uniformly with respect to (¢, z,2’) on any compact
subset of R x Q x €, such that, for every N € IN*, there exist #V,..., 2% in Q such that

G(taN, 2N, 6¢) =Gt ¢¢) vieR VL& eR?  Vije{l,...,N}. (17)

Under Assumption ??, for every N € IN* the particle system (??) is equivalently written as

iN(t)=0
(18)

N
() = 230G (el e 0. W), =1
j=1

The variables zV € Q are parameters, and a usual way to treat parameters in differential equations
is to treat them as state variables whose dynamics are zero, whence the dynamics @V (t) = 0 above.
For each index i, the variable ¥ can be seen as the “name” of the agent i, used to distinguish it
from the others.

Assumption ?? (in particular, (?7?)) is a kind a continuous interpolation of the mappings Gf}z .
The continuity assumption includes the idea of the existence of a limit system as N — +oo. In
some sense, this assumption is unavoidable: indeed, if G were not required to be continuous, then
completely different systems (??) could be considered as N varies and then no limit (at least, in
a strong sense) for large N could exist. Note anyway that, interestingly, the authors of [?] do
not assume 77, but in order to pass to the mean field limit they make another assumption of
uniform boundedness on their dynamics in order to have a weak star limit. However at the limit
the distinguishability of particles is lost. In contrast, in our paper we want to obtain strong (mean
field, hydrodynamic, graph) limits and to preserve distinguishability at the limit.

Note that Assumption ?? implies that the Lipschitz constants of the mappings Gﬁg are uniformly
bounded (with respect to i, 7, N) on any compact.

In Assumption ??, the complete metric space 2 used for the parameters x¥ is arbitrary. For
instance we can take Q = [0, 1], but we allow for more general sets, in view of deriving on 2 some
interesting classes of PDEs (see Section ?7?).

The choice of the possible values of the ¥ is not imposed in Assumption ??. If one wishes
moreover to fix some precise points xV, such as the natural ones ¥ = ﬁ when Q = [0, 1], often
used in numerical analysis, then having (??) satisfied requires some compatibility conditions on
the mappings Gf\]r

Setting XN = (zV,...,2%) € OV, the system (?7) can also be written in the form

EN@) =YV (¢, XN, 2N (1)) (19)




( N(t),...,&N(t)). Here and in what follows, the time-dependent vector field

where ZN(t) =
on (R )N depending on the parameter X € Q, is deﬁned by

YN, X,)
YVNE X, )= (VX)L Y (X)) (20)
with N
YN (t, X,E) = ;;G(twhx%{i,@) Vie{l,...,N} (21)

forallt € R, X = (z1,...,zx) € Q¥ and E = (&1,...,&y) € (RN, We denote by (®V (¢, X, -))ser
(I C R) the local-in-time flow of diffeomorphisms of R generated by the time-dependent vector
field YNV (¢, X, -): this flow, called the particle flow, is parametrized by X € QV. We have = (¢) =
ON (¢, XN =N (0)) for every t € I.

Lemma 1. [Uniform mazimal time] For any compact subset K of 2 x R, there exists a mazimal
time Tax(K) € (0, +00] such that, for any N € N*, for any (X,Z(0)) € K~ ,? the unique solution
t = ®N(t, X, 2(0)) of (??), of initial condition (X,Z(0)) att =0, is well defined on [0, Tiax(K)).
Moreover, for any T € [0, Tmax(K)), the set ®N([0,T] x K) is contained in a compact subset of
R? depending on T but not on N.

Lemma ?7? shows that, given a compact set K of initial conditions, the time Tyax(K) is uniform
with respect to N € IN*, and that, given any T € (0, Tmax(K)), any solution of (??) on [0,T],
starting in K at ¢t = 0, is contained in a compact set that depends on 7" but not on .

Lemma 7?7 straightforwardly follows from the usual proof of the Picard-Lindel6f theorem by a
fixed point argument (see [?, Chapter I1]), using Assumption ?? and the fact that, for every T' > 0,
on [0, 7] x K the vector field YV is uniformly bounded with respect to N and is Lipschitz with
respect to Z uniformly with respect to (¢, X) on any compact, with a Lipschitz constant that is
uniform with respect to N. Note that, for a given N € IN*, the maximal time of definition of the
solution ¢ — ®V (¢, X, Z(0)) may be larger than Ti,ax(K); what is important in the lemma is the
uniform bound below with respect to N.

Of course, if G is globally Lipschitz with respect to (£,&') € R? x R?, uniformly with respect

o (t,z,2') on any compact subset of [0,4+00) X @ x , then Tpax(K) = 400 for any compact
K c Q x R But our framework is more general and allows for superlinearities.

Some examples covered by this general framework are in order.

Example 1. Consider the linear Hegselmann—Krause first-order consensus system (see [?]), mod-
eling for instance the propagation of opinions (studied in [?]), of dynamics

€ Z -&Nw),  i=1,....N, (22)

with constant interaction coefficients oY > 0 (not necessarily symmetric). Assumption 7?7 requires

ij =
that there exist Q and a continuous function o on Q2 such that, for every N € IN*, there exist
distinct points z, ..., xX in Q such that U(J:ZN,a;éV) = 0'1-1}/. We have then G(t,x,2',£,&') =

o(z,2')(& =€) for all (t,z, 2’ ,€,€) € R x Q2 x (RY)2. More general models can be considered.

2With a slight abuse of notation, (X,Z(0)) € K~ means that (z;,&;(0)) € K for every i € {1,..., N}, where
X = (z1,...,2n) and E(0) = (£1(0), ..., &n (0)).



Example 2. Setting d =2r and £ = (¢,p) € R" x R", the Cucker-Smale model (see [?]) is given
by

N
i () = p (1), = 3 S alld @) - ODEF O - @), =1 N,

for some potential function a on R of class €*. Assumption ?? is satisfied with G = (G4, G,)
where Gy(t,z,2',€,€") = p and G,(t,z,2',£,&') = alllg — )’ — p) (not depending on (z,z'):
particles are indistinguishable).

Many variants of that model are covered by our framework, for instance the potential may
depend on i and j (distinguishable case), and other terms can be added to the dynamics of p;, for
instance self-propulsion and attraction-repulsion forces (like in [?]).

Example 3. Still with d = 2r and £ = (¢,p) € R" x R, given any N € N*, consider the
Hamiltonian function

N N
1
HY(qu,p1, - avspv) = Y0 (g5,p;) + ¥ > b (45,05 Gk D)
j=1 j.k=1

for some C' functions h;-v and h%. The Hamiltonian system of N particles, given by ¢; = gfi,

Dy = —g—f forie{l,...,N}, can be written as (?7?) with

N , h (q,p) + 020 (q,p, 4, p') + OshH (¢, 0, 4. p)
5 (t,6,8) = v A
‘ —01hY (q,p) — 01h (q.p.q'.p') — Oshi (', 1, 4, p)

where Oy, denotes the partial derivative with respect to the k™-variable.

Having Assumption 77 satisfied requires at least that the Hamiltonians hév and h% be uniformly
(wrt §,k,N) locally Lipschitz. Note that the Hamiltonian HY involves sums of “single” and of
“pairwise” Hamiltonians, but not of “triplewise” or more. Actually, many classical Hamiltonian
systems of N particles are written as above with Hamiltonians not depending on j, k, N.

When N becomes larger and larger, we want to pass to the limit in some sense and replace the
set of particles with a nonnegative Radon measure on 2 x R?. With this objective in mind, two
classical viewpoints are the Lagrangian and the Eulerian one.

The Lagrangian viewpoint consists of keeping the trajectories of (?7?), taking the mean field
limit by embedding trajectories with an empirical measure on Q x IR? to solutions of the Viasov
equation (or continuity equation) in € x R?. This is done in Section ??.

The FEulerian viewpoint consists of using the flow of diffeomorphisms of Y to propagate an
initial measure on OV x R*, thus obtaining the Liouwille equation in QN x R . This is done in
Section 77.

Hereafter, we elaborate in detail on these procedures and we then show in Section ?? how to
recover the Vlasov equation from the Liouville equation by taking adequate marginals, obtaining
convergence estimates in Wasserstein distance.

2.2 Lagrangian viewpoint: mean field limit and Vlasov equation

Within the Lagrangian viewpoint, the N particles at time ¢ are embedded as Dirac masses to
the space of Radon measures, and their corresponding average, the empirical measure, converges
by the so-called mean field limit procedure, as N — +o00, to a probability Radon measure u(t)
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on O x R? satisfying the Vlasov equation. When w(t) is absolutely continuous with respect to a
Lebesgue measure, its density f(¢,x,&) is the density of particles having the parameter x at £ at
time ¢.

In the existing literature, it is often said that, in order to pass to the mean field limit, it is
necessary that the particles be indistinguishable, and that the interaction mapping G must be the
same for all pairs of particles. Hereafter, we show that such an assumption is unnecessary and that
there is no difficulty to consider interactions depending on agents.

2.2.1 Mean field

Given any g1 € P.(Q2xR?), we define v = m,p by (??) (marginal of 1 on Q) and we define the mean
field, also called interaction kernel, as the non-local time-dependent one-parameter (the parameter
is x € Q) vector field on R given by

o) = [ Gl 6 €)dua€)
: (23
_ / Gt 2,2, €, ) du () dv(a’)  V(t,2,6) € R x Q x R

Q JR4

Note that X [u](¢, z, £) is the expectation of G(t, x, 2/, £, ') with respect to the measure p, performed
with respect to (2/,¢') € Q x R? (see Appendix ?? for more details and consequences of that
definition). Recall that G satisfies Assumption ?7.

Example 4. In Ezample 7?7 (Hegselmann—Krause model), the mean field is

Xt = [ olr)E - Odua€)  W(to§) R x QxR
QxR4
and in Example 7?7 (Cucker—Smale model) it is given by

— p 2r
V0O = (il e ) 0 ERxR

2.2.2 Vlasov equation

We consider the Viasov (or continuity) equation

| Oupt + dive(X[u)u) = 0| (24)

where the divergence® acts only with respect to £. It is a nonlocal transport equation because the
velocity field X[u] defined by (??) is nonlocal.

Given any interval I C R, let €°(I,P.(2 x ]Rd)) be the Banach space of continuous mappings
t eI p(t) € Po(Q x RY), with P.(Q x R?) endowed with the weak topology (metrized by the
Wasserstein distance W, for any p € [1, +00), as recalled in Section ?7).

We define €2, (I, Pe( % R?)) as the set of all u € €O(I,P.( x RY)) that are equi-compactly
supported on any compact interval of I, meaning that for any t;,ts € I, there exists a compact
subset K C Q x R? such that supp(u(t)) € K for every t € [t1,15]. There exist elements of
CO(I,P(2% R%)) that are not equi-compactly supported on any compact interval of I (for instance,
if I =1[0,T], take p(t) = (1 — e~ /)5 + e 1/t8, ).

3Recall that div(Xp) = Ly p (Lie derivative of the measure u) is the measure defined by (Lxp, f) = —(u, Lx f) =
— Jga XV fdu for every f € €> (RY).
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In view of obtaining existence and uniqueness of solutions of (?7?), we consider the following
concept of solution. Assuming that 0 € I, by definition, a solution ¢ — u(t) of (??) on I such that
w(0) = o € Po(Q x RY) is an element p € €0, (I, P.(Q x RY)) such that, denoting ; = pu(t),*

comp

for every g € C2°(Q x R?), the function ¢ J gdu is absolutely continuous on I and

/ o2, &) dpn(,€) = / o2, €) do (., €)
OxR4

QxR4
t
[ Ve, Gl ) dun (e’ ) o€ (29

for almost every t € I.

Remark 1. Given any solution ¢ — u(t) on [0,7) of the Vlasov equation (?7?), the total mass
w(t)(Q x RY) is constant with respect to t, i.e., u(t) is a probability measure for every t € [0, 7).
Also, the marginal v = m,uu(t) does not depend on ¢, because the Vlasov equation can be written
as Oipt + Lypgp = 0 with the Lie derivative acting with respect to the variable §, and we have
W*LX[;L] =0.

Disintegrating p; = pu(t) as pr = [, fie,« dv(x) with respect to its marginal v = . y1; on  (which
does not depend on t by Remark ??), by uniqueness v-almost everywhere of the disintegration,
(?7) is equivalent to

Oppit,e + dive (X [pe] (8, 2, )pez) = 0 (26)

for v-almost every x € 2. Note that the time evolution of p; , = ¢, (¢, 2, )«t0,» depends on the
whole o and not only on pg 5, since X[u] involves an integral over all possible 2’ € Q.

Theorem 1. [Existence, uniqueness and stability properties for the Viasov equation (77)]
Recalling Assumption 77, let p € [1,+00) be arbitrary.

(A) Given any py € Pe(Q x R?Y), setting Ty = Tmax (supp(po)) (given by Lemma ??), there exists
a unique solution (1 € €9y, ([0,To), Pe(2 x R%)) of the Viasov equation (7?) (in the sense
(7?)) such that u(0) = po. Moreover, t — u(t) is locally Lipschitz with respect to t for the
distance Wy, and we have

1(t) = Puo () «p0, (27)

which is a notation meaning that py ., = @, (t,x, )«pto,o for every t € [0,Ty) and v-almost
every x € §, and where t — ¢, (t,x,) is the unique solution (Viasov flow) of

8%0110 (tv €, ) = X[/J'(t)](t7 €, ) O Puo (t7 €, ) (28)

such that ¢,,(0,2,-) = idga for v-almost every x € Q. Moreover, if jp € P2(Q x R?) then
u(t) € Pe(Q x RY) for every t € [0,Ty). Furthermore:

(A1) Any solution of (2?) depends continuously on its initial condition 1(0) € P.(Q x RY)
for the weak topology in the following sense: given any compact subset K C Q x RY,
given any p(0) € Po(Q x RY) such that supp(p(0)) C K, given any (equi-compactly
supported) sequence of measures pF(0) € Po(Q x RY) such that supp(u*(0)) € K for
every k € IN*, if u*(0) converges weakly to pu(0) (equivalently, W,(u*(0), 1(0)) — 0) as
k — o0, then u*(t) converges weakly to u(t) (equivalently, W,(u*(t), u(t)) — 0) as
k — 400, uniformly on any compact interval of [0, Tnax(K)).

4Note that, seeing p as a measure on I x  x R¢, the marginal of 1 on I is the Lebesgue measure and the
disintegration of p is u = f] e dt.
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(Az2) For all solutions p*, p* € €9y, ([0, T], Pe(€2 x R%) of (2?) (for some T > 0) such that
11(0), u2(0) € PY(Q x RY) have the same marginal v on Q, setting®

Syt 2 (1) = supp(v) x (g, (7, supp(pg) U supp(ug)) U supp(p*(7)))

and defining

¢
Cpn2(t) = exp <2/ ess sup 1(0¢G, 0e: G) (1,2, 2", £, &) || d7'>, (29)
0 (w7£)7(wl)£/)es}l,l,u2(‘r)
we have
LWy ('t (8), 1 (1)) < Cpr 2 () LyWy (11 (0), 2(0)) Vit € [0,T] (30)

(where LYW, is defined by (?7)).

(B) Assume moreover that G is locally Lipschitz with respect to (x,2’,&,&") uniformly with respect
tot on any compact interval. For all solutions p*(-), p?(-) € Comp ([0, T, Pe( xR%)) of (7?)
(for some T > 0), setting

Syt p2(T) = (supp(ul) U supp(ug)) X (npué (r, supp(u(l)) U supp(u%)) U Supp(/f(T)))
and defining
t
Cpr y2(t) = exp (2/ Lip(G(r,-, -, -, ')‘Sul’,’ﬂ("—)?) d7'>, (31)

0

we have
Wy (it (8), 1 (1)) < Cpur 2 () Wy (11(0), *(0)) Wt € [0, 7. (32)

Theorem 77 is proved in Appendix ??. The statement 7?7 of Theorem ?7? is a slight extension,
with parameter z, of [?, Theorem 2.3] (see also [?, ?, ?]) where it is assumed that G is globally
Lipschitz. Without parameter x, we recover the famous stability estimate obtained by Dobrushin
in [?] (see Corollary ?? further). The statement ?? seems to be new. Note that, in ??, the initial
measures p1(0) and u2(0) are required to have the same marginal (and thus, equivalently, p!(t)
and p2(t) have the same marginal for any ¢). On the contrary, in ?? and in ??, the measures
under consideration are not assumed to have the same marginal. In ??, the weak convergence
u*(0) — p(0) implies the weak convergence v* — v of marginals but it is wrong in general that
uk(0) = 1, (0) for z € Q.

In the statement 77, the assumption that G is locally Lipschitz with respect to (z,z’,&,¢’) is
much stronger than ??: in Example ?? (resp., Example ??) this requires o (resp., a) to be locally
Lipschitz. In general, requiring that G be locally Lipschitz with respect to (z, ') is not a natural
assumption for the particle system (??). Note that, under this stronger assumption, the unique
solution p(-) in ?7? is locally Lipschitz with respect to ¢ for the Wasserstein distance Wj.

Finally, in the usual statements existing in the literature, G is assumed to be globally Lipschitz.
Here, under the weaker assumption 77, we have a maximal time of definition of u depending on the
compact support of ug, according to Lemma ??. Note that, when G is bounded, we can consider
in Theorem 7?7 measures that are not of compact support.

5Note that S,1,,2(t) is compact, that Pu (t, supp(p)) = supp(p}) and supp(pt(t)) Usupp(u?(t)) C S 2 ().
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Particular case: the indistinguishable case. We speak of the “indistinguishable case” when-
ever G does not depend on (z,z"). This is the classical case that has been much studied in the
existing literature. The mean field is then

Y9 = [ Gee)dne) Ve eRx R (33)

where 1 € P(IRd) is denoted with an upper bar, to avoid any confusion with measures pu €
P(Q x RY).

We have the following corollary of Theorem 77, already well known in the existing literature
(famous Dobrushin estimate, see [?]).

Corollary 1. Assume that G does not depend on (z,x'). Let p € [1,+00) be arbitrary. Given any
fio € Po(RY), there exists a unique solution i € Cfc%mp([(),Tmax(supp(ﬂo))),Pc(]Rd)) of the Vlasov
equation (?77) (without dependence on x), locally Lipschitz with respect to t for the distance W,

such that @(0) = fig, and we have

:a(t) = Ppuo (ta )*/7/0
where t — ¢, (t,-) is the unique solution of Oy, (t,-) = X[u(t)](t, ) o, (t,-) such that ¢, (0,-) =
idga. Moreover, if fig € P*(RY) then [i(t) € P“(R?) for every t € R. Furthermore, we have

Wy (i (8), i%(8)) < Cpn 2 (t) Wy (' (0), 5(0)) - vt € [0, ] (34)

for all locally Lipschitz solutions fi'(-) and [i*(:) of (?7) on [0,T] (for some T > 0) such that
i1(0), 22(0) € P(R?). Here, Cp1 p2(t) is defined by (7?) or (??) (without dependence on x).

Proof. Let v be an arbitrary probability measure on 2. Given any i € P(IRd), we define p €
P(Q x R?) by = 7 ® fi: the marginal of y on Q is 7 and the disintegration of y = Jo ta dv ()
with respect to 7 is given by p, = i if € supp(?) and p, =0 if € Q \ supp(?).

This embedding allows us to recover Corollary 7?7 as a consequence of Theorem ??7. Indeed,
obviously, fi(+) is solution of the Vlasov equation (??) without dependence on z if and only if
u(-) =7 ® fa(-) is solution of the Vlasov equation (?7). This gives the first part of the corollary.

To obtain (?7?), it suffices to take 7 = &z for some T € Q and to note that W,(i!, p?) =
W,(7® p',v @ i@?). Then, (?7) follows from (?7?) or from (?7?). O

2.2.3 Relationship between the particle system and the Vlasov equation

For every N € IN*, given any X~ = (2, ..., 2)) € QY and any 2V = (¢V,...,&)) € R, we
define the empirical measure ,quN =~y € P(Q x ]Rd) corresponding to (X~ ,=N) by

N
1
Hixn 2wy = 7 D0 @ By (35)
i=1
The disintegration of ufo,EN) with respect to its marginal vy = W*M?XNEN) = % Zivzl 6I§v

on ) (that is itself an empirical measure corresponding to X*) gives the family of conditional
measures defined by (:“?XN,EN))?J = 5@ if z = z¥ and 0 otherwise.

The relationship between the particle system (??) and the Vlasov equation (??) is given by the
result below. To simplify the notation, hereafter we denote pu%; = qu N ZN) and v§ = VEn-
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Proposition 1. Ift — ZN(t) = (&N (1), .. f (t)) € RN is a solution on [0,T] (for some T > 0)
of the particle system (??) with parameter X = (zV,... 2l) € QN then

(g /ﬁ\/( ) (PHN(O)( ) 25 N ®5§N(t

is a locally Lipschitz solution of the Viasov equation (??) on [0,T]. The converse is true if all z¥
are distinct and all N (t) are distinct.
Actually, t — =N (t) is solution on [0,T] of (??) with parameter X~ if and only if

&) = vug, o (H27,67(0)  vee[0,T]  Vie{l,...,N}. (36)

Proof. The Vlasov equation (??) is written as dyp + Ly = 0 with the Lie derivative act-
ing with respect to the variable . Hence, setting XV (¢) = (2 (t),...,2¥(¢)) and ZV(¢t) =
(EN(t),...,&X (1)), the mapping t — u%(t) is a locally Lipschitz solutlon of the Vlasov equation
(2?) if and only if, for any g € €2°(Q x R?), we have (9;u$ + L, n5:9) =0, ie.,

N}:(ﬁ e (0. € (1)) — Beae( }j (00,230, €0, ')

which is satisfied if ¢t — (X, ZN(#)) is solution of (??). If all #)¥ are distinct and all £V (¢) are
distinct, the converse is obtained by taking g localized around (z¥, &N (¢)).
To obtain the second part of the proposition, we note that

X[t z,€) = §jGtwa@£W

and thus X[u%](t, 2N, &N) = Yi(t, XN, EN) for every i € {1,...,N}. Therefore, (??) is equiv-
alent to EN(t) = X[us ()]( Z N EN(t)) for every i € {1,...,N}. Besides, by definition of
t = oue o)tz (glven in ?? in Theorem ?7), we have

8t<;0u7\,(0) (ta m£V7 gzN(O)) = X[:u?\f (t)](tv sz7 Pus, (0) (t7 sz7 sz (0)))
with ¢, (0)(0, N N (0)) = ¢N(0). Then, (??) follows by Cauchy uniqueness. O

This shows that there is no difficulty to consider the mean field limit of a system of interacting
particles in which the interactions depend on the agents, provided that there is a limit function
G satisfying Assumption ?7?7: one just has to define addltlonal variables x¥, for i = 1,..., N, and
couple the dynamics of the £V to the inertial equation #¥ = 0. This 1dea orlglnates from [?,
Section 5.2]. It seems that, in spite of its simplicity, such a generahzatlon has not been considered
in the literature.

Therefore, as in the classical situation where the interaction mapping G does not depend on the
agents, any solution of the system of particles (??) can be embedded to a solution of the Vlasov
equation (?7?) by considering an empirical measure.

As a consequence of the statements 7?7 and 77 of Theorem 7?7 and of Proposition 77, we have
the following corollary (the last part of which is already well known in the indistinguishable case).

Corollary 2. Let K be a compact subset of @ x R%. Letp € [1,400) be arbitrary. Let ug € P.(K)
and let t — p(t) = @, (t, -, ) «pto be the solution on [0, Timax(K)) of the Viasov equation (?7) such
that 1(0) = pg. Besides, for every N € N*, let (XN, Z) € KV be such that the empirical measure
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1% (0) = & Zf\i1 6,8 ®0¢n ) converges weakly (equivalently, in Wasserstein distance W) to po as
N — +oo (see Appendiz ?? for general results). For every N € IN*, let t — =N (t) be the solution
on [0, Tmax(K)) of the particle system ('?'7) with pammeter XN such that =N (0) = =

Then, the empirical measure pf(t) = + ZZ 1 CLN ® 6§N(t) converges weakly (equivalently, in
Wasserstein distance W,,) to pu(t) as N — +o0, umformly with respect to t on any compact interval
of [0, Timax (K)).

If moreover G is locally Lipschitz with respect to (z,xz',&,&") (uniformly with respect to t on any
compact), then

Wi (), i (1)) < Cppug, (8) Wi (0, i (0))
for every t € [0, Tnax(K)) (with C,, . (t) defined by (77)).
Lemmas ?? and ?? in Appendix ?? provide general results ensuring that W, (uo, 15 (0)) — 0

as N — +o00, and Lemma 77 gives an estimate of convergence, at rate within the framework
of tagged partitions.

_1_
Nr/p?

Remark 2. Alternatively, instead of empirical measures, we may also consider semi-empirical
measures: setting

(o)X~ = Z(SN®/~LO$ )

the unique solution ¢t — ™ (¢) = Pluo)sen (t, -, )« (po)3~ of the Vlasov equation (??) such that
AN (0) = (po)5én is of the form gV (t) = + Zi:l 0N @ ,umN (it differs from the semi-empirical
measure ,u(t)XN = & Eivzl 0,8 @ iy ,n). Its marginal on ZQ is the empirical measure v$y =
N il Oay

Lemma ?? in Appendix 77 provides results on the convergence of W, (1o, (10)%~) to 0, as well
as estimates with a rate of convergence under appropriate assumptions.

2.3 Eulerian viewpoint: Liouville equation

The Eulerian viewpoint consists of propagating, for any parameter X € Q¥ an initial probability
measure in R under the flow of diffeomorphisms ®~ (t,X,-) of R generated by the time-
dependent vector field YV (¢, X, -) defined by (??).

Given N € IN* fixed, we consider the (N-body) Liouville equation associated with the time-
dependent vector field Y defined by (?7), depending on the parameter X € Q¥ given by

op™ + divs(YNpN) =0 (37)

This is a usual transport equation on R , parametrized by X~ € QV, where the divergence is
considered with respect to = = (£1,...,&x), and we thus have the following standard result. Here,
it is understood that p™ (t) is a probability Radon measure on (2 x R*)N ~ QN x R,

Proposition 2. Let K be a compact subset of Q x R%. Let o € P(ON x RdN) be such that
all marginals of p on any copy of Q) x R? are supported in the same compact K. There exists
a unique solution t — p™ (t) of the Liowville equation (2?) in €°([0, Tmax(K)), P.(QV x R™)),
locally Lipschitz with respect to t for the distance LéWl (where 0 is defined below), such that
pN(0) = p, given by

PN (1) = OV (1), (38)

i.e., pN(t) is the image (pushforward) of plY under the particle flow.
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The notation (??) is slightly abusive. To explain it, let us make precise some notations and
in particular the disintegration procedure. Given any measure p € P(QY x R ), denoting by
7N QN x« R — QN the canonical projection, we will always denote by 6 the probability
Radon measure on QVV given by § = (7%V),p (image of p under 7®"), that is the marginal of p
on QV. By disintegration of p with respect to 6, there exists a family (px)xecq~ of probability
Radon measures on R such that p = [,y px df(X).

With these notations, pf = p () is disintegrated as pf¥ = [,y pé\ZX dO™N (X) with respect to its
marginal 0V = (7®N), pN (¢) on Q. The marginal §~ does not depend on ¢ because (??) can be
written as 9;p" + Ly~ pY = 0, with the Lie derivative acting with respect to the variable ¢, and
we have (7®V), Ly~ = 0. Finally, (??) means that

Pi\,fx = (‘I)i\,fx)*ﬂg)\{x
for every t € [0, Tihax (K)) and for 6V -almost every X € Q.

Remark 3. If p)) = dxv ® o=y for some (XN, E)) € KN then pN(t) = dx~ ® d=n(;) where
t — EN(t) is the solution on [0, Timax(K)) of the particle system (??) with parameter X~ such
that ZV(0) = Z{¥. In other words, the solutions of the particle system are naturally embedded as
Dirac measures solutions of the Liouville system.

Hence, in some sense, the Liouville equation contains all possible solutions of the particle system.
But it contains more: considering the particle system (?77?), instead of taking a deterministic initial
condition 2V (0) = EI € ]RdN, one may want to take a distribution of initial conditions, for instance
one may want to consider all possible initial conditions that are distributed around Z2 according
to a Gaussian law, in order to take into account noise or uncertainties in the initial conditions.
In such a way, the Liouville equation (??) has a probabilistic interpretation with respect to the
particle system (?7).

If the probability measure p” (t) on QY x R has a density fV, then fV (t, X,E) represents
the density of particles having the positions X = (x1,...,zy5) € QY and respective momenta
E=(&,...,¢n) € R . This is in contrast with the mean field procedure that consists of taking
the large N limit of the average over all particles but one. In the next section we show how to
recover Vlasov from Liouville by taking marginals.

2.4 Recovering Vlasov from Liouville by taking marginals

Compared with p(t) that is a probability measure on 2 x RY, pN(t) is a probability measure on
(Qx RYN ~ QN x R, Tt is thus tempting to search for a relationship between p(t) and p™ (t)
by taking marginals of p™¥ (¢). This is what has been done in [?] or in [?, ?] in the different context
of quantum mechanics. Adapted to the present situation, the method developed in [?], which
provides an explicit rate of convergence, consists of proving that the marginals of the solutions
p(t) of (?7?) are close, in Wasserstein topology, to solutions pu(t) of the Vlasov equation (?7), as
established hereafter.

As we are going to see, this can be done by taking adequate initial conditions p{’ for the
Liouville equation (??). We have to perform a symmetrization under permutations for the initial
condition p)’ and also for the corresponding solution p™ (¢), not only with respect to = but also
with respect to the parameter variable X. Note that the symmetrization is not preserved by the
flow, so we have to consider the symmetrization p™ (t)* at any time ¢.

Given any p € P(QY x R™), we define the measure p* € P(QN x RY), called the sym-
metrization under permutations of p (see Appendix ?7), by

=) dp* (X,5) = — . B =
/QNdeN f<X7H> dp (X’ —‘) o N' Z /QNx]RdN f(O' X’a H) dp(Xa _‘) (39)

oceG N
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for every f € €2(QN x R™), where 0 - X = (To(1)s - To(ny) and 0 - Z = (§5(1), -+ -5 &o()) for
all X € QN and 2 € R™, and where & is the group of permutations of N elements.

Now, given any k € {1,...,N}, we denote by p%., the k'"-order marginal of p* (not to be
confused with the symmetrization under permutations of the marginal, which we do not use),
which is, by definition, the image of p® under the projection of Q¥ x R onto the product
OF x R of the k first copies of Q with the & first copies of R%.

Since we are going to compute Wasserstein distances in (£ x ]Rd)k ~ OF x R%*, we have to
choose a distance in that space. Recall that QxR® is equipped with the distance dg, ge = do+dga
where dga is the distance on R? induced by the norm || - || (which is arbitrary). Let ¢ € [1,400] be
arbitrary. Given any k € IN*, we endow (Q x R%)* with the £7 distance based on dgy ga, defined

dngRd)k((X, E)a (X’, E/)) = H(deRd((l‘l,fl)a (.’L‘i,fi)), - 7dQ><Rd((-Tlcyfk), (‘r;caf}/c)))qu
k 1/q
(Z (da(@i, i) + 1€ — f“)q) if ¢ € [1,400) (40)
= i=1
fgiagk(dg(zi,zgw||gﬁg;||) if g = o0

for all X = (21,...,2x) and X' = (2f,...,2}) in QF and for all = = (&,...,&) and Z/ =

(&,...,€,) in R™. Note that, when k = 1, we have d¥ _, =dl)) . =dg + dga.

Given any p,q € [1,400], we denote by WIEQ] the Wasserstein distance W, on P(QF x (R%)¥)
with respect to the distance d%de)k.

We refer to the beginning of Appendix ?? and in particular to Remark ?? for comments on
the importance of choosing a distance on the product space (£ x ]Rd)k and for remarks on the
Wasserstein distance ngq}. In particular, by (??), we have Wzng] < ngql} < kum W}ng} if
1< q1 < g2 < +oo for any p € [1, +00].

In this section, we establish two ways for recovering Vlasov from Liouville by taking marginals.

Let po € Po(Q x RY), disintegrated as 9 = Jo 10,2 dv(z) with respect to its marginal v = 7, 1o
on Q. Setting Ty = Tmax(supp(po)) (as given by Lemma ?7?), we consider the unique solution
= () = ©po (£)wpto in 6%, ([0, To), P.(QxRY)) of the Vlasov equation (??) such that 1(0) = o,
as given by Theorem ?7?. Recall that (i » = @, (¢, @, )0, for v-almost every = € Q.

Hereafter, we propose two possible choices of p) € P.(QN x RN ), generating by Proposition
?? the solution p™V(t) = ®V(t).pl’ of the Liouville equation (??) from which we recover at the
larger N limit the solution u(t) of the Vlasov equation (??) by taking marginals.

In Theorem ??, we take p{’ Dirac; in Theorem ??, we take p}’ “semi-Dirac”. In both cases, we
prove that p™¥ (t)%., converges to u(t)®* as N — 400 and we establish convergence estimates in

Wasserstein distance W;EQ]. The fact that the k*"-order marginal p™ (t)%.,, of the symmetrization of
p™N (t), which is absolutely not a tensor product at time ¢ = 0, becomes however the tensor product
w(t)®* at the limit N — +o0, is usually referred to as propagation of chaos.

2.4.1 First way, with p) Dirac

Given any fixed N € N*, let (X", 2)) € supp(po)¥ € QN x R be arbitrary. Typically we may

fil Oz @ 55(1)\{1' converges to po in Wasserstein

distance as N — +oo (see Appendix ?? for such conditions). Let t — ZV (t) = (&N (2),...,EN (1))

be the solution on [0, 7p) of the particle system (??) such that ZV(0) = Z}V. If H(xn zny converges
»=0

want that the empirical measure ;LfX NEN) = % >
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to po then, by Corollary 7?7, the empirical measure “?XN,EN(t)) = % Zi\; §z£v ® 5@@ converges
to p(t) in Wasserstein distance as N — +o0.

Defining p}’ € P.(QN x ]RdN) as the Dirac measure p}) = 6xn ®6Eé\’a by Remark ??, the unique
solution of the Liouville equation (??) such that p™ (0) = p{Y, is given by the Dirac measure

PN () = N (t)up) = xn @bzvyy  VEE[0,Ty).

It is then easy to see that p™¥ (t)%., = H{x~ =N (1) (see the proof of the theorem below). Therefore,
if M?XN,E{,V) converges weakly to pio then p™(t)%.; converges weakly to u(t) as N — +o0o. The
convergence is less obvious for the marginals of order k£ > 2.

Recall that G satisfies Assumption ?7.

Theorem 2. We have the following statements, for any p € [1,4+00) and g € [1, +o0].

(A) If u‘E'XJV,Eé\,) converges weakly (equivalently, in Wasserstein distance W) to po as N — +o0,
then, for every k € IN*, pN(t)fV;k converges weakly (equivalently, in Wasserstein distance
WZEQ]) to u(t)®* as N — +oo, uniformly with respect to t on any compact interval of [0,Tp).

(B) Assuming that G is locally Lipschitz with respect to (x,2',£,£") (uniformly with respect to t
on any compact), setting

Sy (1) = supp(u(r)) U{(, & (1)) | i€ {l,...,N}} (41)
and defining .
C;JLV(t) = €xXp <2A Lip(G(Tv ERERE] )|SI{V(T)2) dT)> (42)

for every N € N* and for every t € [0,Ty) we have pN (t)%.; = Hixn =n () = + Zivzl 0N ®
5511\7(t) and

Wp (pN(t)?V:la N(t)) < C,iv(t) W, (MﬁxNEéV)’ /1,0) (43)
and, for every k € N* such that k> < 2N In (1 + 2%),

2\ 1/p
Wpﬁq} (pN(t)i,:k, p()®F) < 2k1/a (l;\[) (diamg (supp(v)) + diamga (EN(t)))

+ kIO () Wy (i cn zvy 10) - (44)

. =N _ N N
where diamga (2 (1)) = max [1€¥(0) - € 0]
Theorem 77 is proved in Appendix ?77.

In (?7?), diamg(supp(v)) =  max ( )dg(x,z’), and the Wasserstein distance W,Eq] on OQF x
x,x’ esupp(v

(R%)* is computed with respect to the distance dgLX(Rd)k defined by (??). Since WZE‘” < ku WIEOO]
(by (?7?)), the strongest inequality (?7?) is obtained when ¢ = +o0.

Lemmas ?? and 7?7 in Appendix 7?7 show that there always exists a sequence of empirical
measures ,qu N ZN) converging weakly to pg. As alluded above, to obtain an interesting convergence
estimate from Item 77 of this theorem, we apply Lemma ?? in Appendix ?7?, which yields the

. 1
estimate Wp(quNEév),Mo) < 75 Cﬂ/prd
existence of a family of tagged partitions. As noted in this appendix, there exist plenty of results
quantifying the convergence of empirical measures to a given measure (see, e.g., [?]). Lemma ??

is a rough result.

diamg,, ga (supp (o))t~ under the assumption of the
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Corollary 3. In the context of Item 7?7 of Theorem 77, we assume moreover that there exists a
family of tagged partitions of supp(ug) associated with po (see Section ?7), i.e., for every N € IN*
there exists a partition of supp(uo) = UN, EN such that all subsets FN C QOxR? are o-measurable,
pairwise disjoint, satisfy po(F}¥) = % and diamg, ga(F}N) < Cqyga/N" for some Coypa > 0 and
r > 0 not depending on N, and N-tuples XV = (zIV,...,2%) € OV and Z = (fé\,[p . ,§éYN) €

(]Rd)N such that (xfﬁgéﬁ) € EN for everyi € {1,...,N}. Then, for every t € [0,Tp),

s 1 . _
W, (pN(t)}v;laM(t)) < Nl Cflz/prd diam g (supp(o))* 1/p Cév(t)

and, for every k € N* such that k* < 2N In (1 + 2%),

k2 1/p . . ~
Wgoo] (PN () v L)PF) < 2 (N) (diamg (supp(v)) + diamga (EV ()))
Oglz/p .
+ Nj/f; diamg, , ga (supp (o)) /7 CY(t). (45)

When € is a n-dimensional manifold (thus dim(Q x RY) = n 4 d), we have r = 1/(n+d) < 1.
According to the estimate (?77), p™V(t)%., converges to u(t)®* in Wasserstein distance WIEOO]
as N — o0, uniformly with respect to ¢t on compact intervals of [0,T}), at rate 1/N"/p if £ <
NU=7)/2 and at rate k*/? /N'/P if NO=7)/2 <« k < N/2. The rate of convergence can be improved
if one uses better results for convergence of empirical measures.

Note that the assumption of a family of tagged partitions in Corollary 7?7 essentially entails

that po be absolutely continuous with respect to a Lebesgue measure on 2 x R%

Particular case: the indistinguishable case. Recall that, in the indistinguishable case where
G does not depend on (z,z’), the mean field is given by (??). We have the following corollary of
Theorem ?77.

Corollary 4. Assume that G does not depend on (z,2'). Let fig € P.(RY) and let t — [i(t) be
the unique solution on [0,Ty), with Ty = Tnax(supp(fio)), of the Viasov equation (77?) (without
dependence on ) such that [i(0) = fig (see Corollary ??). Besides, let p = o=y and let t —
PN () = d=n 4y be the unique solution on [0,Ty) of the Liouville equation (7?) (without dependence
on X ) such that p™¥ (0) = pY. Then, for everyt € [0,Ty),

Wy (ﬁN(t)}qV:laﬁ(t)) < C}f@) Wy (ﬂegévyﬂo) (46)

Megzv(t)); where [igy 4,y = %Zi\;l Oeny (empirical measure) and

(and we note that pN (t)%., =
y (??) (without dependence on x,z’'), and, for every k € {2,...,N},

where C’év(t) is defined b

2

o] (= s = k
ng ](pN(t)N:ku:u’(t)@k) < 2 (N

1/p
) diamga (2N () + C () W, (pgév, fio). (47)
Proof. Following the proof of Corollary ?7 and choosing 7 = J§z for some arbitrary € 2, in
the indistinguishable case fi(-) is solution of the Vlasov equation (??) (without dependence on x)
if and only if u(-) = 8z ® ji(+) is solution of the Vlasov equation (??). We now define XV =
(Z,...,7) € QN and we take p)Y = dxv ® o=y as initial condition for the Liouville equation in
Theorem ??, so that p™ (t) = dx~ @ p" (t) where gV (t) = dzn (). With these choices, we obviously
have pN ()%, = 02% @ pN (t)%.1, and then (??) and (??) straightforwardly follows from (??) and
(?7), by applying Remark ?? in Appendix ?7?. O
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2.4.2 Second way, with p}’ “semi-Dirac”

Given any fixed N € N*, let XV = (2V,... 2Y) € OV be arbitrary. We set dx~ = 6,8 ® -+ I~

1 N
and pyn = flgay ® - @ pgox. Defining pf € P(QV x R%) as the “semi-Dirac” measure
Py = 0xn ® p) n, we consider the unique solution on [0,7p) of the Liouville equation (??) such

that p™ (0) = p, given by the “semi-Dirac” measure
PV () = 2N (1)up)) = Sxw @ B(8, XN, )uplxn = xx @ pllyw.

Note indeed that the marginal 6V = (7®N),pN of p¥ = pN(¢) on OV is 6N = Jx~, and that
pi\,ZXN = (I)N(thNv ')*p(])\{XN'
As a preliminary remark, we claim that, at ¢ = 0, we have

N
s 1 se
(pév)Ntl = N deiv ® N’O,mlN = (IU’O)XN (48)
i=1

(semi-empirical measure), which converges weakly to po as N — +oo under slight assumptions on
to, by Lemma ?? in Appendix ??. More generally, (p)')%., converges weakly to u$* (in the proof
of the theorem hereafter, we give an explicit expression for (p{¥)%.,, using (??) in Appendix ??).
In the theorem below, we establish that this convergence is propagated in time.

Theorem 3. We assume that the norm || - || on R? is induced by a scalar product on R. Let

p € [1,2] and q € [1,+00] be arbitrary.

(A) Assume that x — [ 5 is v-almost everywhere continuous for the Wasserstein distance Wp.
Then, for every k € IN*, pN(t)%., converges weakly to u(t)®* (equivalently, in Wasserstein
distance WZEQ]) as N — 400, uniformly with respect to t on any compact interval of [0,Tp).

(B) Assuming that G is locally Lipschitz with respect to (z,x',&,&") (uniformly with respect to t
on any compact), defining S} (t) by (??) and

/2

exp (2t max G(7, -, )5y eyl ),

Cu(t) = 11(1 + 70 max diamg g (supp(u(t)))) 1 nax
(49)

TR

we have, for every N € IN*, for every k € {1,..., N} such that k* < 2N In (%),
ngq] (pN(t)SN:kvu(t)@)k)

AP
< maCy O ( () o~ VI o)) W () | (50)

q 2
for every t € [0, Ty) (for k =1, without the first term in the above parenthesis).

Theorem ?7 is proved in Appendix ?7. Note that the p-Wasserstein distance at the left-hand
side of (??) is considered with p < 2, because in the proof we use in an instrumental way a variance-
type estimate, measuring the L? discrepancy between the mean field and the particle vector field
(see Appendix ?7). Besides, ¢ € [1, +00] is arbitrary, but only the values ¢ € [1,2) are meaningful.
The strongest estimate inferred from (??) is when ¢ = 1, i.e., when one takes the ¢! distance on
QF x (]Rd)k. This choice has no importance while k is small, but becomes important if one takes
for instance k = N1/4,

To obtain an interesting convergence result from this theorem, we apply the second item
of Lemma ?? of Appendix ??, which yields W1 ((po)5%~,10) < % and W, ((po)5n» Ho) <
diamg,, g (supp (o)) ~VP((L 4+ 1)Cq/N7)*/? under a regularity assumption on fig.
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Corollary 5. In the context of Item 7?7 of Theorem 77, we assume moreover that, for every
N € IN*, there emists a tagged partition (AN, XN) of Q associated with v satisfying (?77) (see
Section 7?), and that x — o 5 is Lipschitz for the Wasserstein distance Wy, i.e., that there exists
L > 0 such that Wi(po,z, po,y) < Lda(z,y) for v-almost all x,y € Q. Then

2\ 1 1
ld (N (s ®k 1/ M
W On)) < Ko+ DeaGmax () oy ) O

for every t € [0,Tp).

When Q is a n-dimensional manifold, we have r = 1/n, hence, if we take ¢ =1 and p = 1, the
rate of convergence provided by (?7?) is ﬁ

Note that the assumption of a family of tagged partitions in Corollary ?7 essentially entails
that v be absolutely continuous with respect to a Lebesgue measure on 2.

Particular case: the indistinguishable case. We have the following corollary of Theorem 77
(still assuming that the norm || - || on R? is induced by a scalar product on R, that p € [1,2] and
that ¢ € [1,+o0]).

Corollary 6. Assume that G does not depend on (x,x'). Let fig € Po(RY) and let t — f(t)
be the unique solution on [0,Tp), with Ty = Tmax(supp(fio)), of the Viasov equation (?7?) (with-
out dependence on x) such that i(0) = fig (see Corollary 7?). Besides, let g} = a&™ and let
t e pN(t) = ®(t,)«pd be the unique solution on [0,Ty) of the Liouville equation (?7) (without
dependence on X ) such that p™ (0) = p¥. Then, for every N € N*, for every k € {1,...,N}, we
have

N . . g2\ /P 1
W (™ (8) g (8 5) < KM 9C() max ((N> ’N;—;>

for every t € [0,Ty), where Cy(t) is defined as in (??) (without dependence on x).

Proof. The proof is the same as the one of Corollary ?7?7: we take 7 = §z for an arbitrary = € .
Then (po)¥n = 0z ® fio and thus Wi ((po)3n s ko) = Wip((1o)¥n s po) = 0. O

Remark 4. Applying Corollary ?? to the kinetic plus potential Hamiltonian case where we have
G(t, (gi,pi), (45.p;)) = (pi» VV (¢ — q;)), we recover [?, Theorem 3.1]. The corollary can also be
applied to more general Hamiltonian systems, for example, G(¢, (¢, pi), (¢;,p;)) = (pi, =V (V(¢; —
¢;) + (pi — A(g:))?)), where a magnetic field associated to a vector potential A : R — R%; or
to Cucker-Smale systems, for which G(t, (¢;,p:), (¢j,p;)) = (pi> F(lai — ¢;1)(pi — p;)), and gener-
alizations introduced in [?].

3 From mesoscopic to macroscopic scale
(“from Vlasov to Euler”, hydrodynamic limit)
Given any pu € P(Q x ]Rd), disintegrated as p = fQ 1 dv(x), the three macroscopic quantities

that are usually considered in the hydrodynamic limit procedure are the three first moments of the
measure p with respect to £ (see, e.g., [?]), leading to define, for v-almost every x € {2

e the total mass p(x) > 0 of u, by

pla) = [ dina(©) = (R

(moment of order 0) which is here assumed to be equal to 1 for v-almost every z € §;
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e the “speed” y(z) € R? by

(o) = [ €dunte),
R?
(moment of order 1) which is also the expectation of any random law of probability distri-
bution piz;

e and the “temperature” T'(z) > 0 by

A@T@) = [ 1€~y i@

(moment of order 2) which is a variance, or equivalently, if || - || is the Euclidean norm, by
1 , d 1 )
SP@)y@)17 + Sp@)T(x) = 5 [ Ell" dpa (6)
2 2 2 Jra

Let t — u(t) be a fixed locally Lipschitz solution of the Vlasov equation (?7) (recall that the
mean field X'[u] is defined by (??)). According to Remark ??, its marginal v(t) = v on Q does not
depend on ¢. Following the hydrodynamic limit procedure recalled above (see also, e,g. [?, 7, ?]),
for every ¢ € R and for v-almost every x € €2, we define the three first moments p(¢, z), y(t, ) and
T(t,x) of u(t). The moment p(t, ) of order 0 does not depend on ¢ and is equal to 1 for v-almost
every x € () and 0 otherwise. Let us study the moments of order one and two.

3.1 Moment of order 1: Euler equation

Given any solution ¢ — u(t) of the Vlasov equation (??) on [0,7") (for some T" > 0), of marginal v
on (), using the disintegration of u with respect to v we define

) = [ €@ (52)

for v-almost every x € Q, and y(t,xz) = 0 for every x € Q \ supp(v), for every ¢ € [0,T). Using
(??) (or, rather, (?7)), we have

Ory(t,r) = <3t,ut,;c7§ = &) = <ﬂt,xaLX[ut](t7w,-)(£ — §)> = /Rd Xlpe](t, 2, &) d#t,x(f)
which is a kind of “mean” mean field, since the mean field is now averaged under ;.. Hence
owito)= [ [ Gltoa 6€) dula'€) dunals) (53)
R? JOxR?
It is remarkable that, for some classes of functions G, we obtain a “closed” equation in y:

3.1.1 Hegselmann—Krause model: linear Euler equation

Proposition 3. In the Hegselmann—Krause (opinion propagation) model given in Example 7?7, we
have G(t,z,2',£,&') = o(z,2') (£ = &) and

Dyt @) = (Ay(1) (@) (54)
(Euler equation), where A is the bounded operator on L2(Q, R?) defined by
(Ay)(z) = /fo(xyxl)(y(ﬂfl) —y(@)dv(@’)  Vye L} (QRY) (55)

and v is the marginal of u(t) on Q (not depending on t).
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Proof. Using the disintegration of the measure, we infer from (??) that

owt.a) = [ o) [ oles) [ € du(e) )

=1 =y(t,x’)
— [ €tinat®) [ atww) [ duil) vt
R Q R¢
—_—— —_—
=y(t,x) =1
and the result follows. O

Remark 5. If p(0) = %Zf:l 5gi ® (5@7(0) = ,ufo,Eév) as in Proposition ??, then u(t) =
“?XN,EN(t)) whose marginal on Q is v = v§y = % Zf\il 6_,,31;v and whose disintegration with respect
to v is g = 5§N(t) if x = va for i € {1,...,N} and 0 otherwise. In this case, in the context of

Proposition ??, we have then y(t,z) = ¢N(t) if z = 2 for i € {1,..., N} and 0 otherwise, and
the differential equation (?7?) exactly coincides with the particle system (?7).

3.1.2 Open issue: how to obtain a closed equation?

In Section 77, in the Hegselmann-Krause model the operator A is linear. More generally, the proof
of Proposition ?? shows that, when G is linear with respect to (£,£’), we obtain for y(t, ) a linear
Euler equation: we obtain directly a “closed” equation.

This simple argument does not seem to work as soon as G is nonlinear with respect to (£,£’). An
open question is to characterize the functions G so that, for any solution p of (??), the function y
defined by (?7) satisfies an “Euler equation”, possibly nonlinear, dyy(t,-) = A(y(¢,-)). We face here
with the classical problem in kinetic theory of considering the three first moments of a solution g
of the Vlasov equation, and searching how to close the moment system since a priori the equations
depend on higher-order moments. Suitable closure assumptions are not known so far, in general
(see [?] for interesting comments, see also Section ?? further). This is why it is usual to consider
a monokinetic ansatz for u, as explained in the following section.

3.1.3 The r-monokinetic case: general nonlinear Euler equation

In this section, we assume that €2 is compact. Let us consider specific solutions p of the Vlasov
equation (?7?), that are v-monokinetic, meaning that p is delta-valued in the ¢ variable and has
the marginal v on . Given any v € P(Q) and any measurable function y : Q@ — R?, we define the
v-monokinetic measure p; on € x R? by

We have y(z) = [, §d(ul).(§) for v-almost every z € Q (as in (??)), where the disintegration of
py, with respect to its marginal v on § is given by the family of conditional measures defined by
(1) = 0y(a)-
Proposition 4. Recall that Q is assumed to be compact. Let v € P(). Let T > 0 and let
t y(t,-) € L(Q,RY) be a locally Lipschitz mapping on [0,T7].

The mapping t — p(t) = py, ) € Pe(S2 % RY), of marginal v on Q, is a (v-monokinetic)
solution on [0, T] of the Viasov equation (??) with the general mean field (??) if and only if the
mapping t — y(t,-) € LX(Q,RY) is a solution on [0,T)] of the (nonlinear) Euler equation

0y(t) = At (k)| (57)
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where A : R x L(Q,R?Y) — L2(Q,RY) is the nonlinear operator (depending on v) defined by

At y)(x) = A Gtz 2 y(x), y(2')) dv (') (58)

(recall that G satisfies Assumption 7?) for every t € R and for every y € LS° (€, ]Rd).

Proof. When py = F e, (??) gives X[ue(t,z,8) = [, G(t,z,2', & y(t,2)) dv(z’). The proof is
then straightforward, and we can note that A(t,y)(z) = X[uy](t, =, y(z)). O

Remark 6. In turn, Proposition ?? gives the following result. Assume that 2 is compact. Let
v € P(Q) and let 3 € L2(Q,R%). We denote by K’ = ess.im(y°) its essential range (it is a
compact subset of R?) and we set K = Q x K’ (compact). Since the unique solution of the Vlasov
equation (?7) such that p(0) = pyo = v ® dy0() is well defined on [0, Tinax(K)) (by Theorem ?7)
and is given by u(t) = py(, ) (by Proposition ??), it follows that the nonlinear Euler equation (77?)
has a unique solution on [0, Tax(K)) such that y(0,-) = y°(-).

Remark 7. When (Q is not compact, the above results remain true provided that there exists a
compact subset Q; of Q such that G(¢,z,2',&,&') = 0 for every x € Q\ Qy and all (t,2/,£,¢) €
R x O x R? x R?, and the initial condition y° for the Euler equation satisfies y°(z) = 0 for
v-almost every x € Q\ Q;. Indeed, in this case the solution of the Euler equation is supported in
Q5. Alternatively, we can also assume that supp(v) C Q5.

When p; is not of the form ,uZ( gt y(t,-) fails in general to satisfy a “closed” equation (i.e.,
O¢y(t,-) may not be expressible only in function of y(t,-)). Instead, there may be a full hlerarchy
of equations coupling all the moments of p; , (see Section ??7). Anyway, when convergence to
consensus holds, we expect that any solution p of (?7?) is asymptotically of the form uZ(t7').

Relationship between the particle system (??) and the Euler equation (?7?). If the
mapping t — =N (t) = (N (¢),..., €N (t)) is a locally Lipschitz solution of the particle system (?7),
then the mapping ¢ — y(t,-), where y(¢,x) is defined as the moment of order 1 (i.e., by (??)) of
the empirical measure “fXN,EN(t)) (whose marginal is v,y = % vazl 5m§\’)a is a locally Lipschitz
solution of the Euler equation (??) where the operator A is defined by (??) with the measure
V5 ~. Note that, in this embedding from (??) into (??), we have y(t,z) = &V (t) if z = & for
ie€{l,...,N} and 0 otherwise, and v is purely atomic.

Conversely, if v = vy = § Zz 1 IN and if the mapping ¢t — y(¢) is a locally Lipschitz
solution of the Euler equation (??), then the mapping ¢t — ZN(t) = (&N(t),...,¢X(t)), with
EN(t) = y(t,xN) fori € {1,..., N}, is a locally Lipschitz solution of the particle system (?7). Note
that, however we may have y(t, x) # 0 for z ¢ {xV,... ,2X}. This is a kind of projection.

This general equivalence works because, when v = vy = + Ef\il d,~ and y(t,zN) = N (1),
the v-monokinetic measure “Z(t N coincides with the empirical measure u(eX N ZN (1) Indeed,

N N N
, 1 1 1
Myt = 3 20 @8yt = 37 20N @ Oyuay = 37 DGy @ Sy = Hixw zn (-
i=1 i=1 i=1
3.2 Moment of order 2
In this section, we assume that || - || is the Euclidean norm. We define

Tt,0) = g [ 1=yt dur.(6)
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for v-almost every xz € Q. Note that T'(¢,z) = 0 for v-almost every x € Q \ supp(v). Using (??)
(or, rather, (??)) and noting that [i. (¢ — y(t,x), 0wy(t, x))ga dpr,.(§) = 0, we compute

OT(ta) = 5 [ (€= ult2), XLt D e (€). (59)

Proposition 5. In the Hegselmann—Krause model given in Example 77, we have G(t,z,a',£,&') =

o(z,a')( —€) and

0T (t,7) = —25(2)T (1, )

where S(z) = [, o( (z) for v-almost every x € Q. Hence t — T(t,z) = T(0,x)e 2=
decreases ea:ponentwlly to 0 as t — 4oo for v-almost every x € Q such that S(x) > 0.

Proof. We have X[u](t,z,€&) = [, [ga (@, ") (& — &) dp o (') dv(a’) in the Hegselmann-Krause
model (see Example ??), and thus

Xiu(t.6) = =S(@) [ (€= ut.a) &)+ [ [ otas!)€ = ult.) dpn o (€) dila).

Since the second term does not depend on &, using again the fact that fRd (€—y(t,x)) du (&) =0
by definition, and using (??), the result follows. O

Remark 8. We will see in Remark ?? in Section ?? that, in the Hegselmann—Krause model, all
moments of order > 2 satisfy the same differential equation, and thus, decrease exponentially to
0 as t — 400 as soon as S(z) > 0 for v-almost every = € Q. This shows that, under the latter
assumption, the solution ¢ — () of the Vlasov equation (??) is such that ., is exponentially
close (in Wasserstein distance) to the Dirac measure &, ,y as t — +oc.

In [?], convergence to consensus is proved for the Euler equation under the assumptions that
dv(z) = dz, that S(z) > 6 > 0 for almost every = € Q and that the (infinite-dimensional) graph
associated with o be strongly connected. This remark shows that the result of [?] may be slightly
generalized by relaxing the assumption on S to the assumption that S(x) > 0 for v-almost every
x € Q.

For general functions G, the question to know whether T' is the solution of some “closed”
equation is open.

In the v-monokinetic case, i.e., assuming that u is of the form (??) and is a locally Lipschitz
solution of (??), we have T(t,z) = 0. This is expected since T(t,x) is the variance and thus
measures the distance to the average y(t, ).

3.3 Generalization: coupled equations of moments
More generally, assuming d = 1 to simplify, let us set, formally,
G(t,,a'€,€) = Gt,z, 2 y(t, o), y(t,a) + D gyt @,2")(€ = y(t,2))' (& —y(t,2))
i+j>1

where y (t,z) fRfdut »(€) is the moment of order 1 of i 5 (recall that the moment of order 0 is
yo(t, x) fR dpe () = 1). Defining the central moment of order ¢ by

yilt,z) = /R (€ —y(t.2)) duea(€) VieN
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(note that yo(t,z) =1 and y;(t,x) = 0), we have

X[Mt](t,.’[},f) = o RG(t’x7x/a§a£/> dﬂt<x17£l>

- /Q Gtz 2" y(t, 2), y(t, 2')) du(a’)

+ Y -yt ) / gi3 (t, 2, 2"y (¢, 2') dv(a)

i+j>1 @

and thus, using (77),

Xl (2, €) = (At y(1))) (@) + ) (f—y(tw))i/ 9i5 (t, & )y; (t, ') dv (2')

i+j>1 @

It is interesting to see that, in the above formal expansion of X[u](x,€) using the centered mo-
ments, the first term is (A(¢, y(t)))(x).
Therefore, we have

Dyt ) = /R Xlpe)(,€) dpte o (€)
— (At y(6)(@) + ; ( [ eyt du(a:’>> yilt, )

(actually since y; = 0 the above sum can be taken over all pairs (4, j) such that i 4+ j > 2) and, for
every k € N\ {0, 1},

Bui(t,2) = (t s Livip)-(€ = (€ — y(t,2))F)) — {pteos K(E — w(t, ) Dyy(t, )
— ) /R (€ = y(t, ) (Xl €) — Dy (t, 2)) dpn o (€)

— & [ (€= ulta) (Xw(:c,s) - [ i) dut,x@’)) A o(E)
=k Z (/Q gij(t"r’ x/)yj(t’x/) dl/(l‘/)> /]R(g - y(ta x))k_l ((f - y(t,$))i - yi(tax)) d/lt,x(g)

=k Z (/Q gi;(t, 2" )y, (¢, 2") dV(x’)) (yk,lﬂ-(t,x) - ykq(t,ﬁc)yi(t,x))

(actually since y; = 0 the pair (¢ = 0,5 = 1) does not occur in the above sum). In full generality,
all equations of moments are coupled and we have no closed system.

Closing the hierarchy of equations satisfied by all the moments y; (¢, z), for ¢ € IN*, might be
done by adding a small parameter . This is an open question.

Remark 9. In the Hegselmann-Krause model given in Example ??, we have G(t,z,2',£,&') =
o(z,z')(¢ — &) and thus g;; = 0if i+ 7 > 2 and go1 = —g10 = 0. We recover the facts that
the equation in y is closed and that Oy2(t,z) = —25(x)y2(t,x). Moreover, a straightforward
computation shows that

FO(t,a) = —S(@ye(ta)  Yhe N\ (0,1}

thus generalizing the case k = 2 studied in Proposition ??. Therefore, yi(t, ) = yx (0, z)e~*5®),
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4 From microscopic to macroscopic scale

(“from particle to Euler”, graph limit)

We have seen in the previous section that the passage from micro to macro is very general and
that, instead of considering Riemann sums, one can observe that it results from the coincidence of
the empirical measure with the v-monokinetic measure.

Anyway, in this section we are going to explore the point of view of Riemann sums, in order to
derive error estimates mainly resulting from the discrepancy between an integral and a Riemann
sum, building on the concept of graph limit introduced in [?].

For second-order systems like the celebrated Cucker—Smale system, the authors of [?] considered
the three scales (micro, meso and macroscopic). Recently, in [?], the authors provide a rigorous
derivation from the kinetic Cucker-Smale model to the macroscopic pressureless Euler system by
hydrodynamic limit, using entropy methods and deriving error estimates.

By combining the various possibilities to derive the macroscopic quantities, we show how to
obtain explicit error estimates for the direct derivation of the graph limit (i.e., the macroscopic
model) from the microscopic model by first taking the mean field limit and obtaining the (kinetic)
Vlasov equation, and then by taking the hydrodynamic limit. The price to pay is that we obtain
estimates in weak topology (Wasserstein distance) instead of estimates in L? or L norm as
provided by the graph limit methods, but the gain is to have an explicit O(1/N) rate of convergence.

We have seen in Section 7?7 that it is not always possible to pass from the mesoscopic to the
macroscopic scale, because the equation obtained for the moment of order 1 may not be closed.
However, we have seen in Proposition 7?7 that, for the Hegselmann—Krause model, the equation in
y is closed and is linear.

4.1 Convergence estimates for the graph limit

Throughout this section, we assume that € is compact. Let v € P(€2). We consider the general
nonlinear Euler equation (??), with the nonlinear operator A defined by (??). Recall that G
satisfies Assumption ?77.

We also assume that there exists a family (AY, XV)yen- of tagged partitions associated with
v satisfying (??) (see Section ?7?), with AN = (QF,..., Q%) and XV = (z{,...,2Y). We have
the following two theorems.

Theorem 4. Let y° be a bounded and v-almost everywhere continuous function on 0 (thus, v-
Riemann integrable), with values in R

On the one part, we consider the unique solution t — y(t,) € L>®°(Q,R?) on [0, Tmax(K)) of the
(nonlinear) Euler equation (?7) such that y(0,-) = y°(-), where K = Q x ess.im(y°) (compact) and
ess.im(y°) € R is the essential range of y°.

On the other, for any N € N*, we consider the unique solution t — ZN (t) = (&N (t),..., &N (1)) €
RY on [0, Tinax (K)) of the particle system (27) such that €N (0) = y°(xN) for everyi € {1,...,N},
and we set

N
yV(ta) =Y &Y lgy(x)  V(ta) ERXQ (60)
i=1

where 1o is the characteristic function of QY , defined by 1on (z) = 1 if x € QN and 0 otherwise.

o For every t € [0, Tmax(K)), y(t,-) is bounded and continuous v-almost everywhere on §, with
the same continuity set as y°, and

ly(t. ) = 5™ (&, ) e o, me) = (1) (61)
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as N — +oo, where the remainder term o(1) is uniform with respect to t on any compact interval
of [0, Trax(K)). In particular,

syt ) = €40 = o(0) (62)

e Assume that there exists o € (0,1] such that y° € €°(Q,R?) and G is locally o-Hélder contin-
uous with respect to (xz,a’,&,&") (uniformly with respect to t on any compact). Then, for every
t € [0, Tmax(K)), we have y(t,-) € €%*(Q, RY) with

Hola (y(t,-)) < e (14 Hola (y(0, -))) (63)
and, for every N € IN*,
ce N
Ny _ ¢N < S0 0\ L2tLY (t)
epnax [yt 2) = &80 < 55 (1 +Hola(y")) e**v (64)
and actually,
ce N
ly(t ) = y™ (t )l = @.rty < 25575 (14 Hola(y?)) €20 (65)

where Cq is given by (?7). The constant LY (t) in (7?) and (??) is defined by

ng;v(t) = Orél-?i{t HOla(G(T’ ERERE) ')|Q2><S{/V(T)2) + LIE?‘E% Lip(G(T, €, 33/, ) ')lSéV(T)Q) (66)
where S (1) C R is the (compact) convex closure of all y(t,x) for x € Q and all €N (1) for
i€{l,...,N}. The constant Ly(t) in (??) is defined as L} (t) but with S) (1) replaced by Sy ()
that is the convex closure of all y(r,x) for x € Q, i.e., like SN (1) but without the ) (). We have
Ly(t) < L ().

Theorem ?7? is proved in Appendix ??. Note that, by Lemma ??, given any T € [0, Tnax(K)),
the sets S} (¢) and thus the scalars L)Y (t) are uniformly bounded with respect to ¢ € [0, 7] and to
N e IN".

Remark 10. Theorem 7?7 can be extended to the case where 2 is not compact, under the following
additional assumptions:

e the family of tagged partitions is such that the points ¥ remain in a compact subset of (2;
e the initial condition y° is of compact essential support;

o the set S)(r) C Q x R? is defined as the compact closure of all (z,y(r,z)) for = €
esssupp(y(7,-)) (essential support) and all (z,&N (7)) for i € {1,...,N}.

The above assumptions imply that y(¢, ) is of compact essential support, for every ¢ > 0, and that
L?Jj(t) is well defined.

Theorem 5. Let K' be a compact subset of RY. Given any N € IN*, let = e (KN, We set
K=QxK'

On the one part, we consider the unique solution t — ZN(t) = (EN(t),...,eN(t)) € R on
[0, Trmax (K)) of the particle system (?7) such that 2V (0) = ZLY, and we define y™ (t,z) by (?7).
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On the other part, we consider the unique solution t — yy(t,-) € L®(Q,R?Y) on [0, Tmax(K))
of the Euler equation (7?) such that yn(0,-) =y~ (0,-) (i.e., yn(0,2) = N (0) if x € Q). Then,
for every t € [0, Tyax(K)),

lyn (t,) — yN (¢, M Lo (0,re) = 0(1) (67)
as N — +o0o, where the remainder term o(1) is uniform with respect to t on any compact interval of

[0, Timax (K)). If moreover G is locally a-Hélder continuous with respect to (z,2',€,£") (uniformly
with respect to t on any compact), then, for every N € IN* and every t € [0, Thax(K)),

C8 o~
lyn (t,) = 4™ (&, )|l L~ Ry < Qﬁemw M v, (68)

where LY () is defined by (7?) (with y replaced by yn ).

Theorem ?7? is proved in Appendix ??. Note that, by Lemma ??, given any T € [0, Tinax(K)),
the scalars L)) (¢) are uniformly bounded with respect to ¢ € [0,7] and to N € IN*,
Note that, in particular, taking = x; in (??), we have

&s!
NT‘&

N
2L (1)

max }”yN(tvsz) - gzN(t)” <2 € )

i€{l,...,N
which improves the estimates obtained in [?].

Remark 11. In Appendix ??, we provide estimates on the discrepancy between empirical measures
and v-monokinetic measures. Lemma ?7? of that appendix, combined with Theorem ?? and with the
proof of that proposition, yields estimates on the discrepancy of the empirical measure u?XN’EN )
with respect to the r-monokinetic measures “Z(t,-) or '“ZN(t,-)'

Remark 12. The proofs of Theorems ?? and 7?7 that we provide in Appendices 7?7 and 77 are
direct, but actually one can also prove these propositions by applying Corollary ?? with u(t) =
,uZ(t y=U® dy(t,.y (the v-monokinetic measure) and use Lemma ?? of Appendix ?7.

4.2 Additional remarks: from Liouville to Euler

In Section ?? we considered the direct passage from the particle system (??) to the Euler (graph
limit) equation (??) through the system of ODEs defining the particle dynamics and in the previous
Sections 7?7 and ?7 we also reached the same Euler equation via the Vlasov equation in the pure
mean field paradigm.

The Liouville equation (??) being the transport equation lifting the particle system (?7?), a
natural question is to wonder whether there exists a direct way to pass from Liouville to Euler.
Our objective in this section is to provide a quantity cooked up out of the solution p(-) of the
Liouville equation (??), converging to the solution of the Euler equation as N — +oco. The
question may fill a gap in the general micro-meso-macroscopic landscapes.

Let us explain how this can be done. Considering a system of N particles, each of them
living in a phase space Q x R?, the meaning of the solution p(t) € P( x R?) of the Liouville
equation (77?) is the following, when it has a density with respect to the Lebesgue measure: for any
X = (21,...,zx) € QY and any E = (&,...,6y) € R™Y, p(X, E) is the joint probability that, for
every i € {1,..., N}, the i*® particle has position and momentum (x;,&;). In Section ?? we have
shown that, for appropriate initial conditions p(0), we recover the mean field limit by taking the
limit N — 400 of the average over all particles but one and then by taking marginals.

The Liouville paradigm enlarges the moment setting to a probabilistic one: every agent has a
moment, but it hesitates randomly between several values that can be assigned to it. Of course the
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monokinetic case through the Vlasov equation exhausts this random feature by assigning a single
moment. But it is quite remarkable, and one has to say still mysterious for us, that, for the opinion
propagation model outside monokineticity, the marginal of the full density, namely a probability
“average over all particles but one” leads through, and after the large IV limit, its first moment to
the same limit as the fundamentally different “discrete to continuous” passage emblematic to the
graph limit.

It is therefore interesting to remove this “after the large N limit” and pass directly from
Liouville to Euler and answer the aforementioned question: what is the solution to the graph limit
equation the large N limit of? Hereafter, we describe a way to pass directly from the Liouville
equation (?7?) to the Euler equation (??), without having to consider the Vlasov equation. Given
any p € P(QY x R™), we define the probability measure M [p] € P(Q) by

/ FdMylp)) = / F(@)E dpin (2.)
Q QxR4

for every f € €°(Q).

Lemma 2. As in Theorem 7?2, let y° be a bounded and v-almost everywhere continuous function
on Q, with values in R, and let t — y(t, )€ L>®(Q,RY) be the unique solution on [0, Trax(K))
of the (nonlinear) Euler equation (??) such that y(0,-) = y°(-), where K =  x essim(y°).

Besides, for any N € N*, let 2V = (féYl,...,féYN) e (RHN be such that fé\; = 40zl for
everyi € {1,...,N}.

As in Theorem 77, we set plY = 6xn ® (55(1]\1 and we consider the unique solution t — p™ (t) =
Sxn @ 8zn (4 of the Liowville equation (??) on [0, Tmax(K)) such that p™ (0) = pf.

Then My[pN (t)] converges weakly to y(t,-)v as N — +oo, uniformly with respect to t on com-
pact intervals, with convergence estimates in Wasserstein distance W1 under additional regularity
assumptions on G as in Theorem 7.

Proof. In Theorem ??, we have proved that pV ()%, is asymptotically (weakly) close to u(t) as
N — 4o00. Since p(t) = [, pie.o dv(z) and y(t,x) = [, dps,o(€), the lemma follows. O
5 Summary: relationships between various scales

In the previous sections, we have investigated the following three scales (recall that G satisfies
Assumption ?7):

e The microscopic model, which is the particle system
. 1 &
&) =5 Gt o7, &M, (1),  i=1...,N. (69)
j=1

When extending this system by setting asfv (t) = 0, in some sense we perform an extension of
the particle system to the phase space.

e The mesoscopic model, which is the (kinetic) Vlasov equation
O+ dive (X[pp) =0 (70)

where X[u](t,z,8) = [ ge G(t,z,2',6,&") du(a’, &) for all (t,2,£) € R x Q x R?, obtained
by mean field limit.
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e the macroscopic model, which is the Euler equation

Oy(t, =) = (A(t, y(1))(z) = /QG(t’xax',y(tw%y(t,x')) dv(z') (71)

where v € P(Q), obtained by graph limit.

Additionally, we have also considered the Liouville equation, having a probabilistic interpretation,
OipN +diva(YNpN) =0 (72)

where YV is the vector field in R representing the system of all particles.

Figure 77 illustrates the various relationships that we have investigated in the paper, and that
we comment hereafter.

specific p(0)
p@)?\‘":il - H(t)®n

Liouville N — +00 Vlasov

O+ dive(Yp) =0 Oy + dive(X[p]p) = 0

spépiﬁc p(0) iri edding v
appropriate moment pt) =« ‘f‘rl 0z, @ Oe, 1) firstlv‘order moment
o N oo y(tw) = fir € dpa(€)
cmbedding v-mdnokinetic (opinion model or
plt) = 0y ® d=) embedding V—nlon"’okinetic case)
() =V ® dyg.q) /
embedding ;\ 4
N
particle system v- % 21 0
y(t,z;) = &(t) Euler
=Dy ay = Aly)
. ! tYy = AlY
&= NZG(t’ i 2, 66, €5) |
i=1 ™ 7

gr‘z;f)}i Timit v = +OO

&i(0) = y(0, z;)

Figure 1: Relationships between particle (microscopic) system, Liouville (probabilistic) equation,
Vlasov (mesoscopic, mean field) equation, Euler (macroscopic, graph limit) equation. We do not
write the upperscript IV in the various formulas to keep a better readability.

Particle to Liouville. Any solution ZV¥(-) of the particle system (??) can be embedded as a
Dirac measure p™ (-) = dx~ ® d=n(.) that is a solution of the Liouville equation (??).
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Particle to Vlasov. By Proposition ??, any solution ZV(-) of the particle system (??) can be
embedded to an empirical measure p(-) = Hixn v () = + Zfil 0. ® O¢n(y that is a solution
of the Vlasov equation (??). Conversely if an empirical measure p(-) = H{x~ =N () (with distinct

points) is a solution of the Vlasov equation (??) then ZV(-) must be a solution of (??).
In this context, the mean field limit consists of taking the limit N — 4-o0.

Particle to Euler. Any solution ZV(-) of the particle system (??) can be embedded to a solution

of the general nonlinear Euler equation (??) by setting v = v§y = % ZN Son, y(t,z) = EN()

i=1"x;"

if z =z for some i € {1,..., N} and 0 otherwise. Conversely, if v = Vin = % vazl 0.~ and if

t + y(t,-) is a locally Lipschitz solution of the Euler equation (??), then ZV(-) = (&N (.),..., &N ("),
with €V(:) = y(-,zN) for every i € {1,..., N}, is a locally Lipschitz solution of the particle system
(?7). Note however that y(¢,z) may not be zero for x € Q\ {z¥',...,z¥}.

Alternatively and much more interestingly, to pass from the microscopic to the macroscopic
scale, by Theorems 7?7 and 7?7, one can take the graph limit of the particle system and thus obtain
the Euler equation, with estimates of convergence as N — +oc.

Liouville to Vlasov. By Theorems ?7? or 77, one can recover the solutions of the Vlasov equation
(??) from those of the Liouville equation (??7), for some appropriate initial conditions p(0), by
taking marginals and taking the limit N — +o0.

Euler to Vlasov. By Section ??, given any v € P(£2) and any solution ¢ — y(¢,-) of the Euler
equation (??), the v-monokinetic measure mapping ¢ — u(t) = Hy(r,) =V ® Oy, defined by (?7)
is a solution of the Vlasov equation (??). This embedding from the macroscopic to the mesoscopic
scale is completely general and is valid for the general mean field X[u] defined by (??) and for the
general nonlinear operator A defined by (?7?).

Vlasov to Euler. Here, and only here, we assume, first, that we are in the Hegselmann—-Krause
model given in Example ??, i.e., G(t,z,2',£, &) = o(z,2') (£ — £); or more generally we assume
that G is linear with respect to (£,¢&’). Proposition ?? says that, given any solution ¢ — u(t) of
the Vlasov equation (?7), defining v = m.u(t) (marginal of u(t), which does not depend on t),
the moment mapping ¢ — y(t,-) of order 1, defined by y(¢,z) = fRd Edpy 5 (€), is a solution of the
Euler equation (??) (which is linear in this case).

As discussed in Section 77, there is a second way, still not general, of passing from Vlasov to
Euler, by assuming that the solution p(-) of the Vlasov equation is v-monokinetic. In this case, its
moment y of order 1 is solution of the nonlinear Euler equation (?7?).

This projection from the mesoscopic to the macroscopic scale is not general because, in general,
y does not satisfy a closed equation.

Liouville to Euler. Lemma ?? in Section ?? shows how to pass from Liouville to Euler, for
specific initial conditions p™(0), by taking an adequate moment of p™ () and then passing to the
limit N — 4o0.

Finally, all above relationships are general (i.e., valid for a general interaction mapping G)
except the transition from the mesoscopic (kinetic, mean field) model to the macroscopic (Euler)
model, which is valid if G is linear with respect to (£,£’) but fails in general. The graph limit
procedure is of a different nature and rather relies on the usual limit in Riemann integration
theory, as explained in Section 77.

Anyway, what is interesting in the above arguments is that it may not be relevant to place the
mesoscopic level in-between the microscopic level and the macroscopic one.

33



6 Finite particle approximations of evolution equations

6.1 Setting

Considering the complete metric space (2,dq) of Assumption ??, throughout this section, we
assume either that:

(0O1) Q is the compact closure of a bounded open subset of R™ with a Lipschitz boundary, dq is
the induced Euclidean distance, and v is the restriction to §2 of the Lebesgue measure of R";

or that:

(O2) Qis a smooth compact Riemannian manifold of dimension n, dg is its Riemannian distance,
and v is the canonical Riemannian measure.

In the case 77, Q is usually called a Lipschitz compact domain of IR" (of interior denoted by Q)
In the case 77, for example 2 may be the sphere or the torus of dimension n.

Without loss of generality, we assume that the volume || of 2 is equal to 1, so that v, hereafter,
is the probability Lebesgue measure on € (with Z—Z = 1 in local coordinates).

Under 7?7 or 77, there always exist families of tagged partitions associated with v satisfying
(??) withr =1/n (see Section ?7?), indexed by N € IN*.

In the sequel, we denote by €2 the interior of  (in the case ?? we have = Q).

Let X be a Banach functional space containing CKCOO(Q, R?) as a dense subspace (for instance,
X = L*(2,R%)). We consider the abstract linear evolution equation

&

where, for all ¢ > 0 and £ € R?, A is a linear operator on X, continuous from (€2, R%) to the
distributional space ¢° (Q ]Rd) . The latter general assumptlon ensures that A has a Schwartz
kernel [A] € (2 x Q RYY, ie., Ay(x = [olA] (z') for every y € €>°(€, R?) where the
integral is understood as ([A](z, ~), Y) Wlth the dlstrlbutlon bracket.

Assuming that t — y(t) € X is a solution of (?7), since y(t), as an element of the functional
space X, is a function on €2, in the sequel we denote indifferently y(¢)(z) = y(¢, =) for all ¢ > 0 and
x €.

Our objective is to prove that, under appropriate assumptions, regular solutions ¢ — y(t) of
(??) can be approximated by the solutions of a family of finite particle systems.

Particle approximations are well known for some classes of PDEs, like fluid equations: for fluid
Euler or Navier-Stokes equations, one often speaks of “fluid particles”, in accordance with the
classical Eulerian or Lagrangian viewpoints. In this section, we show that particle approximations
can be achieved for general linear PDEs and even for abstract evolution systems like (?7).

The idea relies on Theorem ?7 in Section 7?7, which shows that the solutions of Euler equations
(??), with A defined by (??) with a continuous interaction mapping G, can be approximated with
the solutions of the family of particle systems (??) (indexed by N) corresponding to G. A linear
PDE, with an unbounded operator, cannot be written as the Euler equation (?7?) because, with a
continuous mapping G, one cannot generate by (??) an unbounded operator A. This is why we
are going to introduce, in addition to the parameter N, another (small) parameter ¢, in order to
approximate unbounded operators A by a family of bounded operators A. to which we can then
apply the particle approximation result of Theorem ?7.
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Preliminaries and strategy. We have seen in Proposition ?? in Section 7?7 that, taking
Gt,z,2' £, = o(x,2") (&' — &) (Hegselmann—Krause model), we obtain the linear Euler equation
(?7) with A defined by (77).

Actually, when G(t,z,2',£,¢') = o(z,2')¢, setting y(z') = [ga & dpar(§') as in Section ?7?
(moment of order 1 of y), the mean field X[u](t,w,f), deﬁned by (??), does not depend on (t,€)
and is given by

Xlu)(z) = /Q o, 2"y (') dv(e) = (Ay)(z)

which thus defines the Hilbert-Schmidt operator A of kernel o with respect to v. Following Section
??,if t — p(t) is solution of the Vlasov equation (??) then its moment of order one ¢t — y(t,-) is
solution of the linear Euler equation 0y = Ay.
The above operator A is bounded, but replacing o with a general distributional Schwartz kernel
[A] and having in mind the Schwartz kernel theorem, one is led to consider a general linear operator
= [lA](z,2")y(a"). For instance if [A](x,z") = &), the distributional derivative of the Dirac
measure &, at z, then A = —0,.. The differential equation 0,y = Ay is then the transport equation
Let us use the above example as a paradigm to approximate arbitrary unbounded operators,
by designing a sufficiently smooth approximation o, of an arbitrary Schwartz kernel [A]. Following
this idea, we set

Ge(tax7xla§>£l> = 0'5(1‘,!1,‘/) 5/ (74)

where ¢ > 0 is a small parameter. Recalling that v is here the probability Lebesgue measure on
Q, given any ¢ € (0, 1] we consider the Euler equation corresponding to (??), given by

Orye (t) = Acye (t) (75)

where

Af(z) :/Qag(x,x/)f(x')dx' VfeEe(Q)  Vreq (76)

Here o, is the density of the Schwartz kernel [A.] of A. with respect to the Lebesgue measure. In
what follows we are going to design an adequate interaction function o, such that A. defined by
(?7) converges to A defined by (??) as € — 0, in an appropriate sense. For instance, if o.(z,-) is
a smooth function (not depending on (¢,£)) approximating the distributional derivative §,, of the
Dirac measure at x, then A, — A = —0, and hence at the limit € — 0 we recover the transport
equation Oyy + d,y = 0.

Now, given any ¢ € (0, 1], let us introduce the particle approximation of (??). Let (A", X) yen+
be a family of tagged partitions associated with v satisfying (?7?) with » = 1/n (see Section ?7?),
with AN = (Q, ... QF) and XV = (2}, ..., 2}). We consider the particle system corresponding
to (??), given for every N € IN* by

1 N
NZUE MeN()  Vie{l,...,N}. (77)

Denoting by ¢t — EN(t) = (£N,(t),..., &Ny () an arbitrary solution of (??) (well defined and
smooth on R), we set

t,x Zg t) Ty (x V(t,z) € R x Q. (78)

35



N.

£,1

Note that y is € in ¢t and piecewise constant in z, and that yN(t,z}¥) = (t) for every
ie{l,...,N}.

The particle system (??) is expected to provide a particle approximation of the evolution
equation (??), in the sense that it is expected that solutions y of (??) are limits of y~ as N — +oc0
and e — 0. However, since the particle system (??) does not have any (classical) limit as € — 0,
in order to derive convergence estimates we will have to let IV tend to 400 and € to 0 at some

appropriate scale. Our strategy will be in two steps:

1. Design a family of bounded operators A, of the form (??) and, given a solution y of (?7?),
derive a convergence estimate of solutions y. of the “e-Euler” equation (??) to y. In the
context of semigroups developed in Section 77, this essentially amounts to applying the
Duhamel formula.

2. For any e fixed, by Theorem ?7 in Section 7?7, derive a convergence estimate as N — +oo
of the particle approximation ¥ defined by (??) to ., with constants keeping track of the
dependence with respect to € and N.

The convergence estimates of particle solutions of (??) to solutions of (?7?) are then obtained by
the triangular inequality. They depend on € and N, but as already alluded the estimates blow up
when ¢ — 0 with IV being fixed and thus the limits must be taken at some appropriate scaling.

Structure of the section. In Section 7?7 we give a general particle approximation result for the
abstract evolution equation (??). The main result is Theorem ?7?.

Although very general, these results are however abstract and not constructive. In Section ?7,
we consider linear PDEs defined with classical differential operators, and thanks to convolution we
design explicit finite particle approximations. In this section, the main result is Theorem ?77.

6.2 A general abstract result within semigroup theory

In this section, we use semigroup theory to derive in a very simple way a general approximation
theorem. We consider the abstract linear evolution equation

Oy = Ay. (79)

Semigroup assumption. We assume that the operator A on the Banach space X is defined on
a dense domain D(A) C X and generates a Cy semigroup (e*4);>0 in X. In particular, there exist
M > 1 and B € R such that

e nex) < MePt vt > 0. (80)

Given y° € D(A), there exists a unique solution y € C°([0, +00), D(A)) N C*((0, +00), X) of (?7)
such that y(0) = y°, which is y(t) = e!4y° (see [?]). In what follows we are going to approximate
this solution y by finite particles.

Bounded operator approximation. We assume that there exists a family of bounded opera-
tors A. on X, indexed by € € (0, 1], satisfying the following properties:
e Denoting by e?< the usual exponential of a bounded operator, we have

ey < MeP* V=0  Vee (0,1]. (81)

e There exist a Banach subspace Z C X, dense in X, C4 > 0 and a continuous function
X : [0,1] = [0, +00), satisfying x(0) = 0, such that

I(Ae — A)zllx < Cax@llzllz VYzeZ  Vee (0,1]. (82)
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e For any ¢ € (0,1], the kernel o of A, (defined by (??), i.e., A f(z) = [, 0c(z,2") f(2) da’
for every f € ‘KOO(Q) and every x € Q) is Lipschitz continuous on Q x Q.

An example of bounded approximation operator A. satisfying (??), not explicit but fully general,
is given by the Yosida approximant

A, =J.A where J. = (id — <€A)71 ,

which indeed satisfies (??) (see [?, ?]). The assumption (??) entails two things: first, since it
will be applied to the solution y of (??), it requires that y be sufficiently regular; second, (?7?)
refers to convergence estimates, which are often proved by explicit approximation constructions
(see also [?] for finite-dimensional approximations with error estimates), as we will do hereafter.
For instance when X = L2(€2, ]Rd), the Banach space Z may be a subspace of functions of X having
a certain number of bounded derivatives. The third assumption is related to the regularity of A.;
for instance if A is a differential operator then it is satisfied by iterating the Yosida approximation,
taking A. = J7 A for j large enough. Of course, if A is unbounded then ||o || ;5 (o2)+Lip(c.) — 400
as € — 0. All in all, the first assumption (??) (which is classical in the Trotter-Kato theorem) is
the most stringent; it is usually established in practice by means of dissipativity properties, and
this is also what we will do in the explicit construction hereafter.
Given any ¢ € (0, 1], the “e-Euler” equation (?7?) becomes

Orye (t) = Ay (t) (83)

and any solution of (??) is given by y.(t) = e!4<y.(0). Besides, for any N € IN*, the particle
system (?7?) is autonomous and is written as

V() NZO'E NoaMel(t)  vie{l,...,N} (84)

Theorem 6. Let T > 0 be arbitrary. In addition to the above semigroup and bounded approxi-
mation operator assumptions, we assume that y° = y(0) € Lip(Q, RY) and that y € L'([0,T), Z).
For any e € (0,1] and any N € N*, let t — EN (t) = (X, (1), ..., 8 (1)) be the unique solution of
(??) such that £,(0) = y°(«)Y) for every i € {1,...,N}, and let yY be defined by (?7).

(i) If there exists a continuous and dense embedding L>®°(Q,RY) < X, i.e., if there exists Cng > 0
such that ||z||x < Cusl|z|lz~ for any z € L= (Q,RY), then
192 = yllgoqo.r1,x) < CaMePTx(e) |yl L1 (0,17, 2)

¥ a7 CooCall 4 Lip(y") exp (2T 1 + 2Ty 1= Lip(oe)e? 1715+ (85)

for every N € IN* and every ¢ € (0,1].

(i) If there exists a continuous and dense embedding X — L>®(Q,R?), i.e., if there exists Coy > 0
such that ||z]|p~ < Cool|2||x for any z € X, then

12 =yl o,11x5) < CocCaMe® x () yll 10,71, 2)
Q
N1/n

C . . ocllnos
+ 222 (1+ Lip(y")) exp (2T lo = + 2Ty 1o Lip(oo)e* 112 ) (56)

for every N € IN* and every ¢ € (0,1].
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Proof. Given any € € (0,1], the unique solution of (??) such that y.(0) = y° is given by y.(t) =
etAey0.

The proof, which is easy, is done in three steps: in the first, we establish that y. converges to
y; in the second, we apply Theorem ?? (see Section ??) to prove that y. is approximated by the
solutions of the particle system (??); we conclude by the triangular inequality.

First step: convergence of y. towards y. Given any € € (0, 1], writing that 0(y. — y) =
Acye — Ay = A (ye —y) + (A — A)y and integrating, we obtain (Duhamel formula)

ydﬂ—y@=i/€“ﬂ&@%—AwUMﬂ

0

and using the Jensen inequality and the estimates (??) and (?7?), we infer that

t
o) = 9Ol < [ [l et (.~ ()| ar
0
t
< [ MDA = Ay(r)]x dr < CadP @l gonzy (67
0
for every ¢ € [0, T].

Second step: particle approximation. Given any ¢ € (0, 1], since y.(0) = y° € L=(Q, R?)

. N A
and since dyye(t,) = [o0c(-, 2 )ye(t,2’) da’ and () = + > im1 oc(x), 2V )EN.(t), estimating
roughly and 1ntegrat1ng we get that

max (X (#)loe, 19 (B)l| 2= .met)) < V@0 ey V20, (88)

Since 3° € Lip(Q, R?), it follows from the estimates (??) and (??) of Theorem ?? in Section ??
that y.(t) € Lip(Q, R?) and Lip(y.(t)) < et*<® (1 + Lip(y°)) for every ¢ > 0, and

2Cq
192 (1) = ye(B) | L= @y < o7 (1 Lin(y?))e* 5 vt >0, (89)

where, using (??) and the particular form of the mapping G, defined by (?7?), L.(t) is given by
Le(t) = ||oc] o= + Lip(oc)e 1=l |y poc. (90)

Conclusion. In case ??, we have ||y (t) — y-(¢,")||x < CoollyN (t) — y(t)|| 1. Using the trian-
gular inequality, we infer from (?7?) and (??) that, for every t € [0, T] and every ¢ € (0, 1],

ly(t) =y ()l x < CaMe”Tx()1Yll (10,11, 2) + 5717m CooCaa(L + Lin(y?))e* ™

Nl/n

and (?7) follows, using (?7).
In case 77, we have ||y:(t) — y(t)||L < Coolly(t) — y(t)||x. Using the triangular inequality, we
infer from (??) and (??) that, for every ¢ € [0,7] and every ¢ € (0,1],

2 .
ly(t) = 2" (Dl < CocCaMe™ x(e)yllrom1,2) + F77m Co(l + Lin(y”))e <)

and (??) follows, using (?7). O
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Remark 13 (Comments on Theorem ??.). To illustrate and understand the convergence estimates
(7?) and (??), let us assume that x(¢) ~ e and that [|o.||z~ 4+ Lip(c.) ~ Z for some k € IN* (this
will be the case in the explicit construction hereafter), as ¢ — 0. Then, ignoring constants, the
right-hand side of (??) or (??) is of the order of

1 1 1
£+ Wexp E—kexp 57 .

In order to pass to the limit as N — 400 and € — 0, it is appropriate to choose parameters such
that this term tends to 0. An optimization argument shows that the best choice for ¢ in function

of N is
LN
N <ln1nN>

as N — 400, and in this case the estimate (??) (applied, typically, with X = L2(Q, R%)) gives

Cst

1nlnN>k (1+o0(1)).

v, — yllwoo,m,x) < Cst (
Such estimates are reminiscent of those found in [?] concerning the linear Boltzmann and the
(hydrodynamic limit) heat equation.

The above double exponential (or double logarithm) is a general estimate that can be improved
under additional assumptions. Indeed, the estimate (??) is very rough and can be improved for
example if the norm of ¢4« as a bounded linear operator on L>(f2) is uniformly bounded with
respect to € on compact intervals of time.

6.3 Application to linear PDEs and explicit construction

In local coordinates x on €2, we denote D* = 97" --- 9%~ where 0; is the partial derivative with
respect to the i*" variable of # (which we do not denote by x; because the notation is already used
for the tagged partitions), where a = (v, ..., a,) € N" and we set |a| = > | ;.

Let p € IN* be arbitrary. Throughout the section, we assume that X = L2(, ]Rd) and that

A=Y a.()D* V(& eR xR, (91)

lal<p

i.e., we consider the linear partial differential equation

Ory(t,x) = Y an(z) D*y(t,x) (92)

la|<p

with some prescribed conditions at the boundary of 2 when 2 has a boundary. Here, for every
o € N® such that o] < p, ao(-) € WH°().

As an application of Theorem ?7?, our objective is to prove that, under appropriate assumptions,
the solutions of (??) can be approximated by the solutions of a family of finite particle systems,
of which we design an explicit construction.

For every k € [1,400], we denote by WP*(Q) the Sobolev space of functions f on £ whose
partial (distributional) derivatives up to order p are identified with functions of L*(£2), endowed
with the norm

I fllwek ) = max D fll L (0)-

For k = 2, we denote HP()) = WP2((Q).
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6.3.1 Main result

Semigroup assumption. We assume that the operator A on L?(2, ]Rd) is defined on a domain
D(A) C H?(Q,RY), dense in L?(Q, R?), which may encode some Dirichlet or Neumann like bound-
ary conditions, maybe of higher order, and that there exists 8 > 0 such that A— §id generates a Cy
semigroup of contractions in L2(Q, IR?). Hence we have M = 1 in the inequality (??) and, by the
Lumer-Phillips theorem, A — 81id is m-dissipative (see [?]), which means that it is dissipative (i.e.,
<( —Bid) f, f)r2(q) < 0 for every f € D(A)) and that Ran((8+1)id—A) = ((8+1)id—A)D(A) =
L?(Q).

Particle approximation. Let n € €°(R") be a nonnegative symmetric smooth function on
R", of compact support contained in the closed unit ball B(0, 1), such that fR" x)dx = 1. Here,
symmetrlc means that 7(z) = n(—z) for every z € R". We set C,, = [ [|z||In(x )dx For example,

we can take )
) = eI it ] <1,
0 otherwise,

where ¢ > 0 is a normalization constant. Given any ¢ € (0,1], we denote by n. € €°(R"™) the
(mollifier) function given by

1
ne(z) = —n (E) vz € R"
€ €
and we define o, by

o.(z,2') = Z Ne(x — 2)aa(2)(Dne)(z —2')dz Va,2’ € Q x Q. (93)

Q
la|<p

We have o, € €°(Q x Q) (it is smooth up to the boundary) and

Cr,

en+p

. CL
and Llp(O’e) § W

llocll o2y <

for some constant C;, > 0 depending on 1 and on the Lipschitz constants of the coefficients a,, but
not depending on €. Recall that G.(z,2',&’) = o.(z,2')¢.

Theorem 7. Let T > 0. We assume thaty € L'([0, T], WPT12(Q, R?)) is a solution of (77) such
that y(0,-) € Lip(Q, R?Y). For any e € (0,1] and any N € N*, let t — =N (t) = (&N (1), ENN ()
be the unique solution of the particle system (?7) such that 55,1‘( ) = y(0,x; ) for every i €
{1,..., N}, and let yY be defined by (?7).

Then there exists C > 0 such that, for every N € N* and every ¢ € (0, 1],

1 C C
||yév - y||<50([0,T],L2(Q,Rd)) <C (5 + Ni/n exp <€n+p+1 exp (En+p>>> (94)

except in case 7?7 when n = 1, in which case the first term e in the parenthesis at the right-hand
side of (?7?) must be replaced with /.

1
As a consequence, taking en ~ (=5 ) """ as N — +o0 (see Remark ??), (7?) gives

C n+p
192, — yllgoo,m), 120, < <1nlnN> (95)
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6.3.2 Proof of Theorem 77

We are going to apply the item ?? of Theorem 7?7 with X = L2(Q,]R‘7l)7 Z = Wp"‘l’oo(Q,]Rd),
Co =1 (because || =1), M = 1.

Recall that the operator A. is defined by (??), ie., A.y(z) = [, o0-(x,2")f(a) dz" for every
f € €=(9) and every & € . We have to prove that the assumptions (??) and (??) are satisfied,
and we are going to compute C4 and x(g). To do that, we first express A. using an unusual

convolution that we introduce next.

Definition and properties of a convolution operator. Given any k& € [1,+00) and any
f € L¥(Q), let us define and give some properties of the smooth approximation 7. xq f € €>°(Q2)
of f for any € € (0,1].

In the case 77, i.e., when 2 is a smooth compact Riemannian manifold of dimension n, using
a smooth partition of unity over an atlas of 2, we can always write f = .., f; for some m € IN*
and for some functions f; € L¥(2) whose essential support is contained in a chart of the atlas. In
each chart, 7:* f; can thus be defined as the standard convolution in R" for every ¢ > 0 sufficiently
small. At the global level, this defines the function 7. xq f € €°°(Q2).

In the case 77, i.e., when 2 is the compact closure of a bounded open subset of R™ with a
Lipschitz boundary, we have to be careful with the boundary. Given any f € L?(Q), for any
e € (0,1], we define the function 7. xq f on Q by

nsa f@) = [0 -a)p@)ar reo

but we stress that this is not a usual convolution (the integral is performed on 2 only) and thus
the usual properties of the convolution cannot be used directly. This is why, hereafter, we relate
this unusual convolution with the usual one, by extending functions on © to IR™ by 0 outside of
Q. Given any f € L?(Q2), we denote by f = f1gq the extension of f to R™ by 0. For any ¢ € (0,1],
we consider the function 7. x f € €>°(IR"™) defined by the usual convolution

(ne * () = / ne( — o) f(a') da’ = /Q ne(x — o) (@) d! Ve R,

whose support satisfies supp(7e * f) C Q+ B(0,¢). We have
ne*a f = (n-% fio,

i.e., . xq f is the restriction of n. x f to Q. Hence 1. xq f € €>°(Q): it is smooth up to the
boundary of the compact domain Q. We also have 7. xq f = ( f *1e) |- Finally, as a consequence
of the properties of the usual convolution, we have 1. xq f — f in L*(Q2) as ¢ — 0.

More generally, for every o = (o, ..., a,) € IN", the functions D*(n. xq f), D*(n.) *q f and
n-xq D f (provided that D f € L*() in the latter case) are smooth on € and are the restrictions
to Q2 of the smooth functions D(n-xf), D*(n.)*f and n.x D f on R", respectively.® In particular,
the function A(n. xq f) is the restriction to Q of A(n.  f).

With these definitions, in both cases ?? and ?7?, for every o = (aq,...,a,) € N we have
D(nexq f) = (D) xq f = n- q Df for every f € L*(Q) (such that D*f € L?(2) for the last
equality) and D®(n. xq f) — D®f in L*(Q) as ¢ — 0 if D*f € L?(9)). Note that the function o.
defined by (?7?) is also given by

oe(@,0) = (nex0 Y aa()D)( —2))(@) Va2l € Q.

lol<p
6There is a small subtlety for defining the latter one, removed by noting that D f = Btl/f a.e. if Df € L?(Q).
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Expressing A. with the convolution operator 7.xq.

Lemma 3. Given any ¢ € (0,1] and any f € €>(Q), we have’

Acf =nexq AN *a f) = (775 * (A(ne *f)]lsz))m

Proof. For x € Q fixed, we have, using that D*n. xq f = D*(n. *q f),

(AN = [

Q

oc(z, 2" ) f(z')da' = (775 *Q Z aa DN *q f) (z) = (775 *q A(ne *q f)) (@),

la|<p

thus giving the lemma. O

Uniform stability property (??). Thanks to Lemma ??, we can now establish (77?).
Lemma 4. For all f,g € L?(Q), we have (1. *q 9, )2 = (9,m: *a f)r2)-

Proof. Using that 1. xqo g = (- x §)|o and that f=0onR" \ Q, we have (1. xa g, f)r2() =
(ne *Q,f)Lz(Rn). Now, using the fact that 7. is symmetric, i.e., that n.(z) = n.(—2) for any
z € R", and that this property ensures that the usual convolution by 7. is symmetric in L?(IR"),
we infer that (n: xq g, f)r2() = (9, 7. *f>L2(R")- But the latter term is equal to (g,7: xq f)r2(q)-
The lemma is proved. O

Lemma 5. Like the operator A — Bid, the operator A, — fid is m-dissipative on Lg(Q,]Rd), for
any € € (0,1]. As a consequence, we have

le e mey <€ and ey pe@pey <€ V20 Vee (0,1
Therefore (?7) is satisfied (with M =1).
Proof. Given any f € €°°(S), applying Lemma ?? to g = (A — 8id)(n. *q f), we have
(Ae = Bid) f, fr2() = (e %o (A = Bid)(n: xa f), [)r2(0) = (A= Bid)(ne %o f),ne %o f)r2() <0

because A — (id is dissipative. Since A. is bounded, we have D(A.) = L%*(Q), and thus its adjoint
A% is bounded and D(AZ) = L?*(Q). Therefore, obviously, A* — 3id is also dissipative. The
conclusion now follows from the Lumer-Phillips theorem (see [?, Chapter II, Corollary 3.17] or [?,
Chapter 1, Theorem 4.3]). O

Remark 14. Lemma ?7 is the key step where we use the particular form A, f = n. xq A(n: *q f),
in order to ensure dissipativity. It would not work if we had chosen A.f = A(n. xq f). Note
that, as mentioned in Section ??, (??) is always satisfied when choosing the Yosida approximant
A, = (id — eA)"" A. The interest of the above construction is that it is fully explicit.

A first convergence property of A..

Lemma 6. Given any f € CKOO(SD)), we have A.f — Af in L?(Q) as e — 0.

"The function A(ne xq f) is the restriction of A(ne + f) to Q and, denoting by ge = A(ne * f)1q the extension
to R™ by 0 of the function A(n: *q f), the function n. xq A(ne xq f) is the restriction to £ of the function 7 * ge.
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Proof. By the triangular inequality, using the expression of A, given by Lemma 77,

IAcf — Afllz2) < |1me xa (A(e %o ) — Af)ll2) + I %o Af — AfllL2()-

The second term at the right-hand side of that inequality converges to 0 as € — 0, because Af €
L?(€2). To handle the first term, we use the Young inequality ||gxh|-rr) < Bp.qllgllLe@m)||hll Larmy
with g = 1., h = 7. where r. = A(n: *xq f) — Af, and with r =2, p = 1 and ¢ = 2, obtaining

1me % TellL2 (@) = [[(Me *xTe)jallL2rr) < [10e *TellL2rmy < Bizlnellny @7l 2 mny = Bizllrellr2 (o)

because 7|11y = 1, and we conclude that A.f — Af in L*(€2) by noticing that r. — 0 in
L?(Q2) because

Aexa [) =Y aaD*(e*a )= Y aane*xa D*f — Y anD*f = Af

le|<p le|<p le|<p
in L2(Q) as ¢ — 0. O

In terms of Schwartz kernels, the kernel of A, is obtained by convoluting to the left and “to the
right” (in some sense) the Schwartz kernel of A with 7., and that, for every = € 2 fixed, the function
' — o.(x,2’) converges in the distributional sense to the distribution Z|a|<p(_1)‘a|aa5§v&) as
€ — 0 (where 5 is a distributional derivative of the Dirac &, at x), which is the Schwartz kernel
[A](x,-) of A.

The convergence property stated in Lemma ?? is not enough to get (?7). We need to refine
the analysis and establish some error estimates. We start by refining our analysis of the unusual
convolution operator introduced previously.

Convergence estimates for the convolution operator 7.xq. Set C, = max|q|<p [|aa|lw1.~(0)-
We introduce the following notation: in the case ??, for any € € (0, 1] we define the compact
subset €. of Q by

Q. ={zeQ | do(z,00) 2} =R"\ (R"\ Q2+ B(0,¢)).
There exists a constant Cyn > 0 such that
‘Q\QE| < Chae™ Ve € (0, 1].

In the case 7?7 we simply set Q. = Q and Cyn = 0.

We will also need to use extension operators in the case ??: according to [?, Chap. VI, Sec.
3, Theorem 5] (see also [?, Chap. 12]), there exist Cr > 0 and a linear continuous operator E
mapping functions on ) to functions on R", such that the restriction of Ef to € coincides with
[ and |Efllwirmny < Cellfllwirq) for every f € W7k(Q) and for every j € IN and every
k € [1,4+00] (Stein extension). In the case 7?7, accordingly, we set Cg = 1.

Lemma 7. Given any ¢ € (0, 1], we have
[ne o f = fllee@) <2 fllz=@  Vf€LT(Q),

|775 *Q f(l‘) — f(il')| < CECn€||fHW1,oo(Q) Vr € QE Vf c WI’OO(Q)
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Proof. The first inequality is obviously obtained by using that ||n.* f | Loe(rmy < || f I Lo (Rn) because
H776HL1(1R'") = ]. . o

Let z € Q. be arbitrary. Since supp(n.) C B(0,¢) and thus supp(n.(z — -)) C B(z,e) C Q, we
have [, n.(z — ') da’ = [, ne(x —2')dz’ =1, hence f(z) = [, n-(x —2') f(x) dz" and

e £@) = @) < [ e =@ = f@Id < [ nele—oEI) ~ Bf @) o

where Ef is the Stein extension of f, defined above (actually the latter inequality is even an
equality because 1. (z — ') = 0 for any 2’ € R™ \ , since z € §2.). It follows from the mean value
theorem that

Ef(a') — Ef@)] < |Eflwrmmele — ']l < Cpll fllws=ayll — /]|

Hence

1 x—a
= (0) = 1@ < Cellflwnmiey [ o (S50 ) o = o/lda’ = CoCylflwrmco

by using the change of variable 2’ = z — es.

Note that, in the above argument, we have used a W1° extension of f (and not the extension
by 0, which is not in W°(IR")) in order to use the mean value theorem, because, in the case ?7,
) may not be convex. O

Convergence properties (??) of A.. We are now in a position to establish (?7?).
Lemma 8. Given any € € (0,1], we have
1(Ae = A) fllze (o) < 4P Col flwroi)  Vf € WP(Q), (96)
(Ae = Df@)] <20 CpCCtlflwrneiy Vo eQ  VFeWPE@QL  (97)

As a consequence,

1(Ae = A)fllz2 @) < 2n”“0a\/0%03,62 +4Caae||fllwrsre) Ve WPFL®(Q),  (98)

and therefore (77) is satisfied with Cy = 2nPT1C, and x(g) = \/0%0552 + 4C5qe™.

Note that, in the case 7?7, we have Cyq = 0 and then the above estimate is in €. Actually, in
both cases 77 and 7?7 the estimate is in € as € — 0 except in the case 7?7 when moreover n =1, in
which case the estimate is in /e.

Proof. For any o € IN¥ such that |a| < p, noting that D*(n. xq f — f) = 7. xo D*f — D*f, we
infer from Lemma ?7? applied to D®f that

||Da(776 *0 f - f)||L°°(Q) < 2Hf||Wp,oo(Q)

[D%(ne xa f = F)(@)] = [ne %o (D f)(2) = D*f(2)| < CeChellflwrriare@ Ve
and thus, using that A =3_, | - aoD* and that [[aa ||~ () < Ca, and since the number of v € IN"

such that |a| <pisl+n+---+nP = % < nPtl, we obtain

A= %o [ — Fllp=@) < 20T Col fllweo(a)
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|A(n: %0 f — @) < 0 CpCyCac fllwrirmiay Vo € 0

Besides, we infer from Lemma ?? applied to A(n. xq f), using that |[aq[w1.q) < C,, that

1 *a A(Me %o f) — A *a f)llze @) < 2[[AM: *xa fllz=@)
<207 Cy |Ine > fllwres () < 20P T Col| fllweoe ()

and

e 0 G ¥ £)(2) = Al %0 £)()] < CoCoell Al w0 £)lwimcoy
< anCEC’nCaeHnE *xq fllwet1.000) < np+1CECTICa€||fHWp+1,OC(Q) Vo € Q.

where we have used that |[7: g L (rr) < ||g]|Legrn) for any g € L>(IR™) (note that ||| 11 (rn) =
1). Finally, by the triangular inequality, we have

[(Ae = A)f(@)] < |ne xo Al %o f)(2) = Al %o f)(@)] + [A(ne %o f = f)(@)]

and the estimates (??) and (?7?) follow.
To establish (?7?), we write

1(Ae = A)flI72(0) :/ I(AE—A)f(fU)\de+/ (A — A)f(2)* da.

Qa Q\QE

Using (?7?), the first term is estimated by

/ (Ae — A)f () di < 4n2PHDCLC2C2E i,

€

and using (?7), the second term is estimated by
/Q\Q (Ac = A) f (@) dz < [[(Ae = A)f | Foe 0|2\ Q] < 160°PFVC2| (1710 ) Conr €™
and the conclusion follows. O

6.4 Further remarks

In this section, we show that the particle approximation result stated in Theorem 7?7 can be
extended to some cases where the operator does even not generate a semigroup, like the case of
the backward heat equation 0y = —Ay.

We have seen in Section 77 that the strategy to approximate a given solution y of (??) goes
in two steps: first, find an adequate bounded approximation A. of A, and y. of y; second, take
the particle approximation y¥ of y.. The second step is an automatic consequence of Theorem
7?7 in Section 7?7 and is thus general. The first step has been performed in Sections ?? and 77?7
by applying the Duhamel formula, within the semigroup context, which required the instrumental
uniform stability estimate (??): this is in such a way that, in the first step of the proof of Theorem
?7?, we have established the inequality (?7?), i.e.,

ly=(t) =yl x < Cx@)llyllLrqorz) Vi €(0,T] (99)

for some C' > 0. But this first step, requiring the demanding estimate (??), can be dropped if one
is able to design a bounded approximation A. of A and an approximation y. of y such that the
estimate (?7?) is satisfied. And indeed this can often be done, without requiring any semigroup
property. Let us give some examples.
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Backward heat equation. Consider the backward heat equation d;y = —Ay and its approxi-
mation 0yy. = —A.y. where A, is a bounded approximation of A as done in the previous sections.
Assuming that y(0) = ¢*2 f for some f € L?(Q,R?), we have y(t) = eT=D2 f for every t € [0,T].
Now, we take y.(0) = e*®<f and we have as well y.(t) = e(T=9%<f for every t € [0,T]. Then,
obviously, the Duhamel formula gives (?7).

Of course, this works because we have considered a very regular initial condition. More gen-
erally, the argument works for operators with constant coefficients, taking Fourier transforms and
considering initial conditions whose Fourier transform has a compact support.

Variational inequalities. There exists a wide existing literature on variational inequalities,
with the objective of establishing the existence of a solution to a nonlinear equation dyy = A(y) by
approximating the nonlinear unbounded operator A with a bounded operator A.. The estimate
(?7) can then obtained from energy considerations, or from Galerkin approximation considerations,
etc. Most of known equations having a physical meaning enter in such a framework.

More generally, we think that our result can be extended to quasilinear or nonlinear evolution
equations, in an appropriate nonlinear semigroup context. This is an open question on which we
are currently working.

Acknowledgment. We are indebted to Claude Bardos, Julien Barré, Arnaud Debussche, Nico-
las Fournier, Isabelle Gallagher, Thierry Gallay, Alain Joye, Benoit Perthame and Laure Saint-
Raymond for useful discussions.

A Appendix

Let E be a Polish space, endowed with a distance dg.

A.1 Some general facts on the Wasserstein distance

Choice of a distance on E*. Let q € [1, +00] be arbitrarily fixed. Given any k¥ € IN*, we endow
E* with the ¢¢ distance based on dg, defined by

k 1/q
(ZdE(yi,yé)q) if1<q<+00
1=1

. / .f =
Jnax. de(yi, y;) if ¢ = 400

A%y, 9) = 1de i, 1), - - de W Yi)llw = (100)

for all y = (y1,...,yx) and ¥’ = (¥}, ...,y},) in E*.

Fixing such a choice has an impact on the computation of the Wasserstein distance W), between
two probability measures on E*. Indeed, this means that the distance (??) is used in the definition
(??) of W, and that, in the definition (??) of Wi, the Lipschitz constants must be computed with
the distance (?7?). The lemma below is thus important to compute Lipschitz constants.

Lemma 9. Let f € Lip(E¥). Then, for any ys,...,yx € E, the mapping y1 — f(y1,Y2,---, k)
is Lipschitz, of Lipschitz constant less than Lip(f). We set Lip, (f) = max{Lip(f(-,y2,---,yx)) |
Ya,-- Yk € E}. All other Lip,, (f) are defined similarly, for i =2,...,k. We have

k

1/¢
Lip i(f)q/> if ¢ < +o0
Lip(f) = [[(Lip,, (f),- .., Lip,, (f)lle = (; !

. o
Joax Lip,, (f) if ¢ = +o0
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where ¢’ € [1,+00] is defined by % + % =1.
Proof. 1t suffices to write

flyn, o) = fyL )l
f(ylayQ7yk)7f(yllay277yk)|++|f(yi77y;¢—1ayk)7f(ylla’y;c—hy;f)‘

and to use the Holder inequality. O

Remark 15. The choice of a distance d[g]k on the tensor product E¥ (i.e., the choice of ¢ € [1, +0o0])
is far from being insignificant because, although all norms are equivalent in E*, comparing them
gives constants depending on k. The choice thus becomes particularly meaningful when k is large.

Another remark is that the definition (??) is based on the usual ¢¢ norm, for ¢ € [1,+o0].
Other choices are possible, but in order to keep many of the statements further the convexity of
the norm is important.

Notation WA‘I]. For all p,q € [1,+00], following Remark ??, hereafter we denote by WZE‘” the

Wasserstein distance W, on P(E*) (defined by (??)) with respect to the distance d[Eq]k on E*.
ld]

It follows from the usual inequalities for ¢ norms in R* that ¢ — d i is decreasing and

1<q < <400 = df < da) < par—as glee)

and thus 1
1< < g < +oo = W <winl  par—a e (101)

for any p € [1,+00]. These inequalities complement (??). For p fixed, in the family of distances
WIE‘”, for g € [1,+00], the ¢! distance WIEH is the weakest one. This is an important point because,

in the existing literature, very often the €2 distance WZEQ] is used, but in this work the use of ¢ = 1
is crucial for some parts.

In all subsections hereafter, we fix an arbitrary p € [1,400). The case p = 400 is obtained by
taking the limit when it makes sense. We also fix an arbitrary ¢ € [1, +00].

A.1.1 Convexity
Lemma 10 ((W,)P is convex). Given any i, pe, 1y, wh € P(E) and any A € [0,1], we have
Wy (A + (1 = Mz, Ay + (1= ANpg)? < AW (pa, )P + (1= Wi (2, p15)".

Proof. This result is a particular case of [?, Part I, Chapter 4, Theorem 4.8]. Let II; be an optimal
coupling between p; and wuf, for ¢ = 1,2. Then IT = AII; + (1 — A\)II; couples Apg + (1 — A)pe and
Ay + (1 = A)ph (maybe not optimally). Hence

WP()‘,ul + (1 - /\),UJZa >\M/1 + (1 - >‘)/u‘/2)p < / dE(xax,)p dH(l’,x/)
E
- )\/ dE(xvx/)p dHl(x’ xl)Jr(l*)‘)/ dE(xvx/)p dH?(*T’ :U/) - )‘WP(NlaNIl)er(l*)‘)Wl(ﬂ%Nl2)p
E E

and the lemma follows. O
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Lemma 11. Let piq, 2, B € P(E) and let € € (0,1] be such that p3 = (14 )z —eB. Then

Wy (1, p2) < /Wy (pa, B)

and, assuming that € < 1,
gl/p
Tz Wolk2, B).

In the particular case p = 1, we have Wi (p1, po) = eWi (12, 8).

Wy, p2) <

Proof. We have us = 1741-5“1 + =8 (convex combination), and applying Lemma ?? we get
Wy(p, p2)? < 75 Wp(pa, B)P < eWp(pa, 8)P, and the first inequality follows. The second in-
equality is obtained by using the triangular inequality W,(u1, 8) < Wy (p1, p2) + Wy (p2, 5). When
p =1, given any f € ¢2(E), we have [, fd(u1 — p2) = ¢ [, f d(uz — 3), and taking (in two steps)
the supremum over all f such that Lip(f) < 1, we get Wi (u1, p2) = eWi(ua, B). O

A.1.2 Symmetrization

Let N € IN* be arbitrary. Given any pu € P(EY), the measure p* € P(EY), called the symmetriza-
tion under permutations of pu, is defined by

L1
W= > o (102)

oceGN

where the measure o,p is defined by (o.pu, f) = (u,0*f) and (c*f)(y) = f(o - y), with o -y =
(90(1), o ,yg(N)) for every y € EN and for every o € Gy, where Sy is the group of permutations
of N elements. Here, (, ) is the duality bracket. Equivalently,

o) =55 X [ Hendut)  vrewE)

N
E oceGN

Lemma 12. Given any ui, uz € P(EN), we have
WD (3, p3) < WD (ua, pi2).-

[q]

In this lemma, the Wasserstein distance W), is computed with respect to the £? distance dy .

Proof. This follows from Lemma ??, since p® is written as the convex combination (?7), noting
that Wzgq] (01, oxpi2) = qu] (t1, p2) for any o € G because the distance d[;}N defined by (?7?)

is itself symmetric and because, for any II coupling p; and pg and for any o € Sy, (0 ® o)1l
couples o,y and o, ps. O

A.1.3 Marginals

Let N € IN* be arbitrary. Given any u € P(EY) and any k € {1,..., N}, the k*'-order marginal
UN:E € P(Ek) of p is the image of p under the canonical projection 7y : EN = Ek x EN—k 5 Rk,

Lemma 13. Given any i, p2 € P(EYN) and any k € {1,..., N}, we have

W (1) w ks () wek) < WD (pan, pi2). (103)
The Wasserstein distance at the left-hand (resp., right-hand) side of (??) is computed with
[a] [a]

respect to the £ distance dp; (resp., dgy). We will establish in Lemma ?? in Appendix 7?7 a
stronger estimate when p; and ps are symmetric.
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Proof. Let II be an optimal coupling between u; and pg. Then, obviously, (7).l couples (maybe
not optimally) (7 )sp1 = (11) Nk and (mg)«p2 = (u2) Nk Therefore

W (1) ek () ek )P < /E A2 (1,0 W U AT, 98), (W - 00)
< [ A (mly) m) dil(y.y)
/ A (g, )P dlL(y, ') = WD (1, o)

where we have used that d[EqL (mk(y), 7 (y')) < d[Eq]N (y,y'). O

A.1.4 Tensor product

Let k € IN*. For every i € {1,...,k}, let F; be a Polish space, endowed with a distance dg,. We
endow the product space F; X --- x Ej with the distance

k 1/q
(Zd&(ymyé)q) if 1 <q<+oo

i=1
max dg, (vi, ;) if g =+00

1<i<k
(104)

A e 0:9) = ey (91, 92). - i, () o =

forall y = (y1,.-- k), ¥ = (Wi, ..., yp) € E1 X -+ X Ej.

Lemma 14. Given any u1, 1y € P(E1), ..., g, 4f, € P(Ey), we have, for every j € {1,...,k},

1/p
Wt ) < W3 (. & ) < (ZW e (105)

and the right-hand side inequality in (??) is an equality if p = q.
Taking E; = E, dg, = dg, pi = p and p; = u' for every i € {1,...,n}, we have the slightly
stronger inequality
WA (=, () #*) < BYIWy (1) (106)

and the inequality is an equality if p = q.

Lemma ?? can be found in [?].
The Wasserstein distance W, at the left-hand side of (??) is computed with respect to the

distance dg,;. The Wasserstein distance W,Eq] in the middle of (??) is computed with respect to
the distance d[Eq]lxmek defined by (?7?).
The Wasserstein distance W,Eq] at the left-hand side of (??) is computed with respect to the

distance d defined by (??). Recall that ¢ € [1,4+00] has been chosen arbitrarily to define this
distance. At the right-hand side of (??), if ¢ = 400 then k'/9 = 1.

Remark 16. As a particular case of (?7?), taking k = 2 and us = ph = p, we have
11
W (s 1) < W (i @ p, phy @ ) = W (@ g, p @ ph) < max (272, 1) Wy (ia, p1h).-

In particular, if p < g then Wy (1, 14) = Wil (11 @ p, pth @ p1) = Wil (1 @ py, 1 @ p1}).
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k k
Proof. We have W (u;, 1) < W;Eq]( & pi, @ /AQ) for every ¢ € {1,...,k}: this is proved like in
i=1 =1

k
Lemma ?7 because p; is the marginal on E; of the measure ® p; on E, and similarly for u.
i=1

Therefore the left-hand side inequality in (??) follows. -
Let us now establish the right-hand side inequality in (??), for ¢ < +o00. Foreveryi € {1,...,k},

k
let II; be an optimal coupling between u; and pf. Then, obviously, IT = ® II; couples (maybe not
i=1

k k
optimally) @1#1‘ and @1%. Therefore

. . » k p/a
wld (@ 1iy © ué) </ / (ZdEi(yi,yé)q> Al (ye, yi) - A (y1, 1)
i=1 i=1 E1xE4 Ek X Ej

i=1

If p > g, using the convexity inequality (|a1|+ -+ + |ax])” < k"' (laa|" + - + |ag]") for r > 1
(with equality for r = 1), we obtain

k k p p k
WJEQ] (ie_gfui ’ie_%'u;) Sk ZWP(“i’Mg)p

i=1

and the inequality is an equality if p = ¢ because in this case II is an optimal coupling. If p < g,
using the inequality (|ay| + -+ + |ax|)V/" < |ay |V + -+ + |ag|V/" for r > 1, we obtain

k EN LS
Wit (@M , @luf?) < 2 Wi, )"
= 1= i=1

All in all, we have established (?7).
To prove (?7), using the definition (??) of W, we note that

k p/q
WG, )4 < B Sy ) = REE(Y Y = KW
i=1

where Y and Y’ are random variables (with values in E) of laws p and p/, such that W (u, p/)P =
Edp(Y,Y"). O
A.1.5 Diameter of the support

Lemma 15. Given any pi, ps € P.(E), we have

Wy (1, p2) < diampg(supp(p1) Usupp(pe)) = max{dg(y,y’) | y,y" € supp(u1) Usupp(p2)}.

Proof. By (??), since W (ju1, pi2)? is the infimum of [, dg(y,y')? dIl(y,y’) over all probability
measures I on E? coupling p11 and pa, we have W, (u1, o) < max{dg(y1,v2) | y1 € supp(p1),y2 €
supp(p2)}, and the result follows. O

A.1.6 Propagation

In this section, we assume that F is a Banach space, endowed with a norm ||| g. Let also A (space
of parameters) be a Polish space, endowed with a distance dy. The space A x E is endowed with
the distance dpax g = da + dg, where dg is the distance on E induced by the norm || - || .
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Lemma 16. Fori= 1,2, let Yi(t,\,-) be a continuous time-varying vector field on E, depending
on the parameter A € A, locally Lipschitz with respect to (A, y) € A x E uniformly with respect to t
on any compact interval, generating a flow (®(t,t9, \,*))ier (assumed to be well defined for every
t € R) for any to € R, that is,

0D (t,to, N, y) = Y (t, N, ®(t, 10, N\, y))
(I)i(thth Avy) =Y
forall t,to € R, y € E and A € A. Given any to € R and any pt(to), % (to) € Po(A x E),
we set py = p'(t) = O (t,to)«p'(to) for every t > to, for i = 1,2; this notation means, denoting
by vt the (constant in time) marginal of p'(t) on A and disintegrating py = [, p 5 dv'(N), that
pia = @(t to, A, )up (to) for v'-almost every A € A. For every p € [1,+00), we have
e(t—to)L((to.t]) _ 1

W0 (1), 142(0)) < 70D, (1), 4 (00)) + M ([t0, ) —

(107)

for every t > to, where®
L([t07t]) :t:giétLip (Yl(Tv"')IS(T)) ) (108)
S(t) = (supp(v") Usupp(v?)) x ®'(t,to, supp(p* (to)) Usupp(p®(to))) U supp(p*(t)),
M ([to,t]) = max{||[Y (1, \,y) = Y2(r,\,9)|lg | to <7 <t, (\y)€supp(u?(7))}. (109)

Alternatively, the second term at the right-hand side of (?7) can be replaced by

M 1p [ eTtoP Ltoth — g o 110
to, t))(t —¢
P([ 0, ])( 0) p/L([to,t]) ( )
where 1% + ﬁ =1 and
1/p
My (o) = ([ VA - VEADEG2O)
toSTSt \JAxE

Some remarks are in order:

— In (??) (and in (?7?)), it is understood that if L([to,?]) = O then % is replaced by
t—to. Lemma ?7 extends [?, Proposition 4] to the case with parameters and to the local Lipschitz
case; also, the alternative (not usual) estimate with (??) is useful to derive some results of this

paper.

— IfY! =Y? then M(-) = 0.

— When to = 0, we denote ®(¢,\,y) = ®*(¢,0,\,y), L(t) = L([0,t]) and M (t) = M([0,1]).

— Finally, it is interesting to observe that, in Lemma ??, actually only the first vector field Y is
required to be locally Lipschitz. Concerning the second, it is only required that Y? is regular
enough so that (??) is well defined, and also that the flow ®2 is well defined.

Proof. Given any (A1, y1) € supp(p' (to)) and (X2, y2) € supp(p®(to)), using (??) we have
at ||(I)1(t’ to, Al’yl) - (I)l(tvt07)\27y2)”E
Yt AL, @ (E to, A1) — Yt Mg, @1 (¢ 20, A2, 92)) ||
< L([to,t]) (da(Ar, A2) + || (£, 0, Av, 1) — @1 (¢, to, A2, 12) | )

8Note that S(t) is compact and that ®¥(¢, to, supp(u(to))) = supp(pi(t)).
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because ®L(t,tg, A\1,y1) € ®(t,to, supp(pt(ty))) and ®L(t,t9, A2, y2)) € ®L(¢, to, supp(u?(to))) (this
motivates the definition of S(t)), and by integration we get that

da (A1, A2) + || (E,t0, Ay yn) — @1t to, Aoy w2)]| < et LoD (d (A1, X2) + [ly1 — w2l B)
(112)
for every ¢ > tg, for i = 1,2 (we have used the fact that ¢ — L([to,t]) is nondecreasing).
Taking an optimal coupling II;, € P((A x E)?) between u!(tg) and p?(tg), the probability mea-
sure I, = (®L(t,t0) ® ®2(t,t0))«I1y, couples (maybe not optimally) ut(t) with p?(¢).” Therefore,
using the definition (??) of W,

Wi (£), 12 (1))

< [ @)+ o~ el A O da )
(AXE)?

= / . (da(A1s A2) + [| @1 (2, to, A1, y1) — @2t o, A2, y2) )" dlLeg (A1, Y1, A y2)
(AXE)

< / (dA()q,)\z) + | @1 (t, to, My y1) — @1 (¢ 0, Aoy y2) || B
(AXE)2

P
+ (1@ (t,t0, A2, y2) — ‘1’2(t’t0,>\27y2)||E) dlly (A1, 41, A2, y2)
and thus, and using the triangular inequality in LP, we get

Wy (i (1), 12(t))

1/p
< ( [ @+ 19 o hn) - <1>1<t,tm,y2>|E)pdnto<xl,y1,xz,y2>>
(AXE)? (113)

1/p
n ( [ 19t h00m) — #0010, ) dnmul,yl,AQ,yz))
(AXE)2

Using (?7?), the first term of the sum at the right-hand side of (??) is less than or equal to

1/p
e(t—to)L({to,t]) (/ (da(A1, A2) + |lyr — yellB)” dIlyy (A1, 1, Ao, y2))
(AXE)?

= LD, (1 (t0), 1 (1))

the latter equality being because I1;, is an optimal coupling between u!(to) and p?(t).
To treat the second term, we first observe that, for (), y) € supp(p?(to)),

8t”@l(t) tOv Aa y) - (b2(t? th )‘7 y)HE g ||Y1(t7 Aa (bl(t7 tO) Aa y)) - Yl(t7 Aa ¢2(t7 tO) Aa y)) ||E
+ HYl(ta A, (1)2(t7 to, A, y)) - Y2(t1 A, (1)2(t7 to, A, y))HE
< L(fto, )12 (¢, 20, A, y) — D*(t,t0, A y)l|e
+ HYl(ta )‘a Q)Q(t’ to, )‘a y)) - Y2(ta )‘a (I)2<t7 to, )‘a y))HE
where we have used (??), noting that (A, ®1(¢,t0, \,y)) € S(t) and (X, ®%(¢,t0, \,y)) € S(t), and
thus, using the Gronwall lemma and the fact that 7 +— L([t, 7]) is nondecreasing,

”(I)l(t,th >‘a y) - (1)2(tat03 /\7y)||E

t
</ =ML ||y (7 X, ®2(7, 0, A, y)) — Y2(1, X, ®2(7, t0, \,y)) | e dr.  (114)

to

9Indeed, denoting by m; the projection of (A x E)? onto the it-copy of A x E, we have 7; o (&' @ 2) = d? o 7;.
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Using the definition (??) of M([tg,t]) and the fact that ®>(7,to,supp(u3(to))) = supp(u?(7)), we
get
p(t—to)Lllto.t)) _ 1

L([to,t])
Therefore, the second term of the sum at the right-hand side of (??) is estimated by

||(I)1(tat07Aay> - (I)z(tvt()a)Hy)“E < M([to,t])

1/p
/ @1 (t, to, A2, y2) — D2 (¢, to, A2, y2) |5 dlLyy (A1, Y1, A2, o)
(AXE)?

e(t=to)L([to:t]) _ 1
L( [tO, t])
where we have used that the second marginal of II;, is p7, = p*(to). The estimate (??) follows.

To obtain the alternative estimate with the term (??), we apply the Holder inequality to the
right-hand side of (??), obtaining

1/p
= </A ||(I)1(t’t07)‘ay) *@2(t,t0,)\7y)”% dM%Q(A7y)) g M([tht])
xXE

H(I)l(tvtﬂa )‘7y) - q)2(t7t07 )‘5 y)”E

<ep/(t—to>L([to’ﬂ>—1)1/1’/( tIIYl( X, 2 (7,t0, A, y) — Y (7, A, ®%(7, 1, A ))||Pd>l/p
< Ty A Tata ) - Ty A, Tata ) T .
P 1) s S B

Therefore, the second term of the sum at the right-hand side of (??) is estimated by

1/p
/ ”(I)l(ta th )\2, y2) - @2(t, tOv >‘27 yQ)HPE dHto()‘lv Y1, )‘27 y2)
(AXE)?

1/p
( [ It - et )l dufou,y))
AXE

’ l/p/
eP' (t=to) L([to,t]) _ (/t/
< Yi(r, X, ®%(7, to, A\,
( P’ L([to, t]) to JAXE IV (r:t0,A9))

1/p
Y2(r 0 B2t A ) diiZ (A ) dT)

o =t Lot _ 1\ 7 gt ) , o 1/p
< Sz ([ [ e -y aoma)
9 to X

el (t=to)L([to,t]) _ 1
p/L([to, t])

1/p
) (t — to)"/P My ([to, t])

The lemma is proved. O

Lemma 17. Let Y (t, \,-) be a continuous time-varying vector field on E, depending on the param-
eter A € A, locally Lipschitz with respect to y € E uniformly with respect to (t,\) on any compact,
generating a flow (®(t,to, A, ))ier (assumed to be well defined for every t € R) for any to € R (as
in Lemma ??). Given any to € R and any py, € Po(A x E), we set p(t) = ®(t,t0)«pie, for every
t > tog. For every p € [1,400), we have

W (u(t), u(to)) < M([to,t])[t — tol Vt >t

where M ([to,t]) = max {|[Y (1, \,9)|| | to <7 <t, (\y) € supp(u(r))}.
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Proof. It would suffice to apply Lemma ?? with Y! = 0 and Y2 =Y, if Y were also Lipschitz
with respect to A (or, to adapt this lemma to vector fields that depend only continuously on \).
Without this assumption, let us give a quick proof. We first establish the following general result.

Lemma 18. Let F be a Polish space, endowed with a distance dp, let 1 € P.(F) andlet¢p: F — F
be a measurable mapping. For every p € [1,4+00), we have

WGt 1) < ( /F dp(y, 6(y))" du<y>>1/p

Proof of Lemma ?7?7. With a slight abuse of notation, we define II € P(F x F) by H(y,y’) =
w(Y) Oy —a(y)- Since we also have IT = (P.pu)(y') dyr—a(y), it follows that II couples p and @ pu.

Therefore Wy(dupt, )P < [ dr(y, v )P dil(y,y') = [ dr(y, ¢(y))? du(y). Lemma ?? is proved.
O

Applying Lemma ?? with F'= A x E, p = u, and ¢ = ®(¢, 1), we have

W, (u(t), (o)) < /A (), (0 B01, 10, 1,9)) diay ()

and we note that daxg((A,y), (A, ®(t,t0, A, y))) = ||®(¢, to, \,y) — y||. Now, since D(t, to, \,y) =
Y+ f; Y (1, A, ®(7, %0, A\, y)) dr and supp(u(t)) = ®(t, to, supp(fe,)), Lemma ?? easily follows. O

A.1.7 Moment of order one

Let Q be a polish space and let d € IN*.

Lemma 19. Fori = 1,2, let u; € P.(Q x R?), disintegrated as ji; = Jo (i) z dvi(x) with respect to
its marginal v; on Q, and let y; be the moment of order one of p;, defined by y;(x) = [ga & d(pi)2(§)
for vi-almost every x € Q. Then

Wi(yrvr, yave) < Wi, po).

Proof. By the definition (?7) of W1, we have Wy (yyv1, yore) = fQ Y19 dvy — fQ yag dvy for some g €

Lip(Q) such that Lip(g) < 1. Hence Wi (y1v1,y2v2) = [q, ga f d(p1 — p2) where f(z,€) = g(z)€.
Since f € Lip(Q x IRd) and Lip(f) < 1, the result follows. O

A.2 More precise facts on the marginals of a symmetrization

Let N € IN* be arbitrary. Recall that the symmetrization of a measure is defined by (?7?) (see
Appendix ?7).

A.2.1 First marginal of the symmetrization

For every i € _{1, ..., N}, we denote by p’ the projection of EV onto the i*® copy of E, i.e., in
coordinates, p*(y) = y;.
Lemma 20. Let i € P(EYN) be arbitrary.

o The first marginal p., = piu® of the symmetrization p* of u is given by

s 1 ad 7
HNn:1 = szxﬂ
=1

where p'u is the image of u under the projection p*. In other words, us., is the average of
the marginals of p on the copies of E.
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o We have pipu Zp’,u for every i € {1,...,N} and thus piu® does not depend on i.

In other words, the margznals of a symmetric measure on the copies of E are all equal; the
same s true for the marginals of higher order.

Proof. Given any f € €°(E), we have

heas ) = G0, 0) = G, 01 ) = 37 3 (e 0 ) = 7 3 (0 () )
ceEGN oc€GN
N,Z/fOpoydu N,Z/fygu)du)

ceGN gES N

When designing a permutation o € S, we have N choices for o(1), among {1,..., N}, and the
rest is a permutation of N — 1 elements. Since card(Gy_1) = (N — 1)!, we get that

N
(s ) = NZ/ Flyi) duly NZ/ for'(y)duly gp*uf

whence the first item.
The second item is proved in the same way, replacing p by u®. O

A.2.2 Marginals of symmetric measures

We have seen in Lemma ?? (Appendix ??) that Wi ((u1) Nk, (o) n) < W% (1, po), for every
k € {1,...,N}, for any pi,pus € P(EN). We have a stronger estimate when p; and puo are
symmetric, i.e., when p; = pf and po = p3.

Lemma 21. Let py, e € P(EYN) be symmetric measures. Then, for any k € {1,..., N},

k

1/q
W (1) ks (p2) vek) < (N) W (g1, pa). (115)

9 and %, defined

In (77?), the WZQQ] distances are computed with respect to the (¢ distances d

by (27).

Proof. Assume that ¢ < +oo (for ¢ = +o0, it suffices to take limits). Let II € P((E™)?) be an
optimal coupling between p; and po for the WZEQ] distance, i.e., using the definitions (??) and (?7?)
of Wi,

p/q p/q
W (1, pi2)? /N) <ZdE vi,v7) ) dll(y',y”) (ZdE (v YQ))
E 2

i=1

where ¢/ = (yl, e ,yf\,) for j = 1,2, and where the Yij are random variables of laws the respective
marginals of II. Using that the cost is symmetric, without loss of generality we assume that II is
symmetric, i.e., Il = (¢ ® 0).II for every o € &y (the symmetrization is performed in each copy
EN of (EN)?). By an obvious adaptation of Lemma ?? in Appendix ??, the marginals of IT (which

are, accordingly, probability measures on E?, by considering the product of the i** copy of F with
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the i*" copy of F) are all equal. The same is true for the marginals of higher order. It follows that
V! and Y;? do not depend on i and thus

7

W, p2)? = NPTEQp(Y Y2 = N7/ [ (o o) dilya (o} o)
E

N p/q k p/a N r/q d
=(3) E(Zeworwr) =(F) [ ety anat s
i=1

for every k € {1,...,N}. The latter quantity is greater than or equal to Wi ((1u1) nuks (ti2) N :k)P
because ., couples (u1)n.x and (u2)n.,x. The lemma follows. O

A.2.3 A technical lemma towards propagation of chaos

Lemma 22. Let ji1,...,un € P(E), and let p € P(EN) be defined by

The symmetrization of p is given by

R 1
=N Z Po) @ @ ta(N)- (116)

AN

The first marginal p%.; € P(E) of p° is

1 N
P =5 DM (117)
=1

and, for every k € {2,..., N}, its k™"-order marginal p%.;, € P(E) is

k

e = (1+er) () ™" — enb (118)
where NEN &) -
er = —— 1€ {o,ew —1] (119)
and L (N k)
Br= i 2t @ @ pyy € P(EY) (120)
where the sum in (?77) is taken over all k-tuples (iy, ..., ix) € {1,...,N}¥ for which at least two

elements are equal. For every p € [1,+00), for every k € IN* such that k* < 2N In (1 + 2%), we
have

S S k2 l/p S
Wi v (i)™ <2 () W8 (k)™ ) (121)
and therefore, assuming moreover that u1,...,un € P.(E),
. . B2\ /P N
Wi (s (Pe) ) < 281/ (N) diamy ( ) supp() | - (122)
i=1
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In (??) and (?7?), the Wasserstein distance WIEQ] is computed with respect to the ¢ distance
dgg]k. The estimate (?7) is used several times in the proofs of our main results, in an instrumental
way to express that, for N large, the k*P-order marginal p3;., of the symmetric measure p* is close
to the tensor power (p%.;)®*, with an error that is precisely estimated.

The first part of the lemma, in particular the formulas (??) and (?7), are certainly known by
experts and can be found, e.g., in [?, Section 3], for Dirac measures.

Proof. The formula (??) straightforwardly follows from (??), and the formula (??) follows from
Lemma ?? in Appendix ?7? because pp = y;.

Let us now compute the k'"-order marginal p3;., of p*, for every k € {2,...,N}. Let I} be
the set of all k-tuples (i1,...,4x) consisting of distinct integers chosen in {1,...,N}. We have
card(IV) = ﬁ Denoting by &’y " the set of all 0 € Gy such that (o(1),...,0(k)) =
(i1,...,1x), we have card(&y ") = (N — k)!. Now, since

Z Ho(1) @+ @ lo(N) = Z Hiy @ -+ @ py, @ Z Ho(n+1) @ - @ Ue(N)
TEGN (i1,eein ) ETY ceGIL ik

we infer that

s N —k)!
PNk = % Z iy @ -+ @ Hjy,. (123)
’ (11 ..... zk)elfc\’
Now, writing I}Y = {1,...,N}*\ ({1,...,N}*\ I}Y), we write the sum in (??) as a sum over
{1,..., N}* minus a sum over {1,..., N}*\ IN (where at least two of the indices are equal). For

the first sum, we have

N ®k L
S meem=(Tn) =N (120
i=1

(i1yeeyin)E€{1,...,N}F

We infer from (?7) and (?7?) that

L NMN-B e (N R)
PNk = N (piva) ™" = N B
where
p= > fiy @ -+ @ puiy
(i1,eesip) E{L .., NIRN\IN
is a nonnegative Radon measure of total mass |3 = card({1,..., N}*\I}N) = N¥— (nglk)l. Besides,
we have
NF(N — k)! NG 1 s
1< I NN—1)--(N—k+1) 151" oy Se
N (N=1)--(N=k+1) L5 (1= %)

where we have used the inequality

k—1 . k—1 . k—1
i i 1 ) (k—1Dk k2
m[[(1-=)=-Ym(1-=)>-=>i=- 22> 2
nizl ( N) 2 n( N) N i:lz N IN

Therefore, defining €5, by (??) and



we obtain p%., = (1 +¢€x) (p?v:l)@’k — €k Pk, which is (??). Then, applying Lemma ?? in Appendix
77?7, using that g, < 1 if ek /2N _ 1 < 1, or equivalently, k2 < 2N In(2), we obtain that

1/p
W (p30)®* pes) € — B W ((p3) ™ B) i K2 <2l(@2)N. (125)
1

— &

The estimate (??) is now inferred from (??) as follows: if k* < 2N In(1+ 55) then e /2N 1< L

/P
hence 6k/p < 1 (using (?7)) and thus — l/p 25,/17 and it follows from (?7) that

s k2 1 s
W[q]((PN 1)®k7pN:k) < 2(€2N - 1) v W;Eq]((pN:l)®kvﬁk)'

L <1/2°In(1+ &) < 2 for every z € (0,In(1 + )], we obtain (?7).
Let us finally establish (??). Using (??) and (??), which express (p%.;)®* and Bj as linear
combinations, applying two times Lemma 7?7 in Appendix ?? and then Lemma 7?7 in Appendix

77, we infer that

1/q N
W (p3v:1)®*, Br) < max (Z de(yi, yi)* ) < kY9 diamp (U SuPP(.“i))

i=1 i=1
where, above, the maximum has been taken over all possible y;, y; € supp(u;), for i € {1,...,k}.
Then, (??) follows from (??) combined with the above inequality. O

A.3 Density of empirical measures in the set of probability measures

Let E be a Polish space, endowed with a distance dg. For every N € N*, let YV = (yV,. .. ,y%) S
EN | and define the empirical measure %, € P(E) by

1N
b = 37 X

The points y¥ are not required to be distinct, so that the empirical measure ps-n can equivalently
be defined as a convex combination with rational coefficients of Dirac masses. Note that

e 1 al
Aﬁ%w=N;ﬂﬁ) vf € 6°(B).

A sequence (1) jen- of P(E) converges weakly to € P(E) if [, fdu; — [, fduas j — +oo
for any f € %,(F) (narrow convergence), where 4;(E) is the Banach space of bounded functions
on F.

Lemma 23. When E is compact, the set {u$,n | N € N*, YV € EN} is weakly dense in P(E).
In other words, any probability measure on E is the weak limit of a sequence of empirical measures.

Proof. This is a well known consequence of the Krein-Milman theorem (see, e.g., [?, Lemma 7)).
Let us anyway recall a proof. The set P(FE) is convex and weak star compact, and its extreme
points are Dirac masses. The Krein-Milman theorem implies that any p € P(F) is the limit of
a finite convex combination ), A;0,, of Dirac masses. By density of rationals, without loss of
generality we can moreover assume that A\; € Q. The statement follows. O
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Recall that the Wasserstein distance W), metrizes the weak convergence in P,(E) (which also
entails the convergence of first moments), for any p € [1,+00). We have then the following variant
of the above lemma (see [?, Theorem 6.18]).

Lemma 24. The set {u$xn | N € N, YN € EN} is dense in Py(E) for the Wasserstein
distance Wy. In other words, any p € P,(E) is the limit of a sequence of empirical measures for
the Wasserstein distance Wp.

Proof. Tt suffices to consider R > 0 sufficiently large such that fE\B(yo,R) de(yo, y)? du(y) < e, for

€ > 0 small enough, so that the argument can be performed in the compact set B(yo, R), and the
statement readily follows (see also [?, Chap. 5]). O

There exist a number of results in the literature quantifying the convergence of empirical
measures u$,y towards p € P(E) and providing rates of convergence, most in a probabilistic
context, like [?] where Y consists of N random variables having the same distribution as u. In the
result hereafter, Y is deterministic and the rate of convergence is the one obtained by Riemann
integration.

Lemma 25. Let p € P.(FE) and let N € IN*. We assume that there exists a family of tagged
partitions of supp(u) associated with p (see (27)), i.e., for every N € IN* there exists a partition
of supp(p) = UN EN such that all subsets FN are - measumble pairwise disjoint, pu(FN) = +

N
and satisfy dlamE(FiN) < NT for some Cg > 0 not depending on N, and a N-tuple YN =
(yN,...,yN) € EN such that yN € FN for everyi € {1,...,N}. Then

Cg
NT

Wi (pyw, 1) <

1/p
and thus also, using (?7), Wp(u$ ~, p) < diamp (supp(u))t=2/P Z’f/p, for any p € [1,+00).

Note that, when FE is a finite-dimensional manifold, r = 1/ dim(FE).

When one wants that the assumption on the tagged partition be satisfied for any N € IN*, this
requires that the mass of u be quite well uniformly distributed; for instance it is satisfied if p is
absolutely continuous with respect to a Lebesgue measure with a density that is bounded above
and below on supp(g). This result is quite obvious and has nothing to see with much deeper and
general results like those of [?].

Proof. For every i € {1,...,N}, we have fF yV)du(y) = fuMu(FN) = (YY) because
wW(FN) = % and thus, for every f € Lip(F) such that Lip(f) <1,

'/Efd(u—u%) - y)dly) - = Z )

Z/ )l duly) Z/ de(y,y)) duly

and the conclusion follows by taking the supremum over all f. O

N
> / £ duty)

e
Nr

N diampg (FY) <

||Mz

A.4 Convergence of empirical and semi-empirical measures

Let (2,dq) be a complete metric space and let v € P.(€2). We assume that there exists a family
of tagged partitions (AN, X™) of supp(v) associated with v satisfying (??) (see Section ?7?), with
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AN = (@, ..., 0F) and XV = (z),...,2}). We define the empirical measure v5 € P(Q) by

Note that, when  is a n-dimensional manifold, one has r = 1/n in (?7?).

A.4.1 Convergence of empirical measures on )

Lemma 26. e Let f be a bounded and v-almost everywhere continuous (i.e., v-Riemann inte-
grable) function on Q, of compact support. Then

[ v )/fdvlif(xN)O(l) (126)
Q g N~ e

as N — +o00. As a consequence, vy converges weakly to v as N — +o00; equivalently,
Wy, (Vsn,v) =0(1) as N — +o0.

e Given any o € (0,1] and any N € IN*, we have

N
fdu Z

for every f € €2%(Q). As a consequence of (?77) for a =1, we have

CQ
N'ra

Hol, (f) (127)

Cq

Wl (VS(N’ ) Nr

(128)

1/
and thus also, using (77), Wy(vsn,v) < diamg, (supp(v))*—1/7 ffﬁ/z, for any p € [1,400).

Proof. In the first item, (?7) follows from the theorem of convergence of Riemann sums, as already
recalled in (??). Interpreted in terms of the empirical measure v v, this means that v§ v converges
weakly to v as N — +o00. In accordance with the Portmanteau theorem (see, e.g., [?, Chapter 1,
Section 2, Theorem 2.1]), since W, metrizes the weak convergence, we have W), (VXN,I/) =o0(1) as
N — 400 since supp(v) is compact.

Writing [, fdv = sy fov f dv and using that v(Q) = % (thus + f(z fQN dv(z))

and that diamg(QY) < % (see (77)), we have

Z/ )| dv(z)

QN
Y cy
N N Q
< Holy Z /Q _da(,2)* dv(x) < Hola( ;u () diamo(Q)* < 7% Hola(f)
which gives (?7?). Taking a = 1, (??) follows by the definition (??) of Wj. O
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A.4.2 Convergence of semi-empirical measures

Let d € N*. Let p € P.(Q x R?), disintegrated as p = Jo e dv(x) with respect to its marginal
v =T, on 2. We define the semi-empirical measure p5¢y € P(2 x R%) by

uin = 25 N @ ppN = / He AU n ().

Its marginal on ) is the empirical measure v%y. In other words, the disintegration of u$fy
with respect to v is the family of probability measures given by p,~ when x = zN for some

i €{1,...,N} and 0 otherwise.
Lemma 27.

o We assume that x — p, is v-almost everywhere continuous for the Wasserstein distance W1
(equivalently, W, ). Let f be a bounded and p-almost everywhere continuous (i.e., u-Riemann
integrable) function on Q X ]Rd, of compact support, Lipschitz with respect to & € R® with a
Lipschitz constant that is uniform with respect to x € Q. Then

[ Fdt= )=o) (129)
QxR4

as N — +00. As a consequence, 15 x converges weakly to ju; equivalently, Wy (13w, 1) = o(1)
as N — 4o0.

o We assume that x — g, is Lipschitz for the Wasserstein distance W1, i.e., that there exists
L > 0 such that W1 (e, pty) < Lda(z,y) for v-almost all z,y € Q. Then, given any N € IN*,

se L+1)Cq ..
[t | < B i) (130)
QOxR4
for every f € €5 (Q x ]Rd) N Lip(2 x ]Rd), As a consequence,
. L+1)C
Wi (s ) < LA (131)
and thus also, using (77), Wy(u5én, ) < diamg, ga(supp(p))'~ 1/[)%703)%, for any p €
[1,+00).
Proof. Let f : @xR? — R be a bounded and p-almost everywhere contmuous function of compact
support, Lipschitz with respect to ¢ € R?. The function F defined by F f]Rd x, &) dp (§)
is bounded on €2, and
P - F) < [ 1009 - £ 91au©) + | [ 169l - )@
Re (132)

< / F(@.€) — (2, )] dpia(€) + Wi (pa rar) Lin(F (2, )
Rd

for all z,z" € Q. Now:

e First, if moreover 2’ — Lip(f(2’,-)) is bounded on Q and if x + p, is v-almost everywhere
continuous for the Wasserstein distance Wy, then we infer from (?7?) that F' is v-almost
everywhere continuous. Therefore

/QRdfdu e ) /qu—uXN /qu——ZF
X

as N — 400 by convergence of Riemann sums (f and thus F' being fixed), which gives (?7).
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e Second, if f € Lip(Q x ]Rd) and if z +— p, is L-Lipschitz for the Wasserstein distance W;
then we infer from (?7?) that

|F(z) — F(a)| < Lip(f) da(2,2") + Wi (tta, par) Lip(f) < Lip(f)(1 + L) da(z, 2")
and thus, using Lemma ??, that [, Fd(v — v5y) < % Lip(F'), whence (??) and (?7).
O

Remark 17. In the first item of Lemma ?7?, the boundedness assumption on f can be slightly
weakened to: z — f(z,0) bounded and p € Py(Q x RY). Indeed, writing |f(z,£)| < |f(z,0)] +
Lip(f(zx,-))|¢|, we infer that F' is bounded. The rest of the proof is the same.

A.5 Discrepancy between empirical and v-monokinetic measures

Recall that:

e given any XV = (a:{v,,:z:éNV) € QN and any 2V = (&V,...,&N) € R, the empirical
measure iy zxy on € X R? is defined by (?7);

e given any v € P(Q) and any measurable function y : Q — ]Rd, the v-monokinetic measure
py on X R? is defined by (?7).

Lemma 28. Let v € P(Q) and let (AN, XN)yen+ be a family of tagged partitions associated with
v (see (77)), with AN = (Y, ..., QF) and XV = (2, ... 2}).

(i) Let y € Lip(Q,R?Y). For every N € N*, taking EN = (N, &) with €N = y(zN) for
every i € {1,..., N}, we have
Ca .. .
(1 = o zmys )| < Jor Lip (@ = f(ay(@)) VS € Lip (2 x RY).

(ii) For every N € N*, let 2N = (¢N, ..., &N) € R?. Defining the piecewise continuous function
N
Na)=> &N 1gn(z) Vzeq,
i=1
so that yN () = &N for everyi € {1,..., N}, we have

(AT — o max Lip(f(-&Y)) ¥/ € Lip (€ x RY).

NT 1<<N
Proof. Let us prove ??. We have (u¥, f) = [, f( Ndv(z) =352, fQN )) dv(z) and
(using that v(Q)) = 4)
L N
(Hivany £) = 5 Ay =32 |l y(al)) dvia)
i=1 =17
hence

[ty = w2 1) < i |t = sl ptal)| dvio)
N

<Lip(z o fla,y@) Y / do (e, 2) du(z)

N
i=1 7%
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and ?? follows because [,,x do(z,z) dv(z) < v(QY) diamg(QY) < % (using (?7)).

The estimate of ?7? is proved similarly: we have <,uZN,f> = Zivzl Jon f(2,&Y) dv(x) and thus

N
MZN _,U?XN7EN)’f gz |f(x7£zN)_f(xiv7£zN)‘dV(‘r)
=17

N
i .eN xxN v(x
<Y Lipls-8 >>/9ng< aN) dv(z)

7

and 77 follows. O

Remark 18. Actually, we see from the proof that, in the estimates stated in the above lemma, it
suffices that all functions of which we consider the Lipschitz constant, be Lipschitz on each subset
QN. In particular, they may be discontinuous at the boundary of Q.

With that remark, we recover 7?7 as a consequence of ?7.

A.6 Mean field and variance

Let 1 € Pe(Q x R?) be arbitrary. Recall that the mean field X[u)(t, z,£) is defined by (??), which
is the expectation of G(t,x, -, &,-) for the measure p, performed with respect to (z/,¢') € @ x R%:

X[,LL] (t7 €L, f) = / G(tv €, xlv g?fl) d:u(x,v 5/) = EHG(t’ z, &, )

QxR?

Given any ¢t € R, any z,2’ € Q and any &,¢ € R?, we set
edfpl(z,2",€,¢") = Gt,z,2",£,¢) — X[pl(t, 2. 6).
Of course, we have E¥e.[u](z, -, €, ) = 0 and thus also
EF®He[u] = 0.

This naturally leads to consider the variance of e;[u] with respect to u ® pu:

Var(et[u]) = ]EIL®#||6,5||2 = /Qz R HG(Z&,LE,I’/,&E’) - X[U](t7x7£)”2 d:u(x/7§/) d,u(z,f)

Note that
Var(et[:u]) < 4||G(tv EREES ')\supp(u)2 ||<2g0 (133)
Let N € IN* be fixed. Recall that the particle (time-dependent) vector field Y~ = (Y{V,..., YY)
is defined by (??) with Y,V defined by (??), i.e.,, YV (¢, X,E) = % Zjvzl G(t, xi, x5, &,&;), where
we use the notations X = (z1,...,zx5) € QY and = (&1,...,&x) € (RHV.

Lemma 29. We assume that the norm || - || on R® is induced by a scalar product ( , ) on R
For everyi e {1,..., N} we have

4

- - 1
/ ”Y;N(tv X, :')_X[M](tv Li, 62)H2 d:u@N(Xv g)= Nvar(et[ﬂ]) < N”G(t» AR ')Isupp(u)2 <2€U'
QN xR4N
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Proof of Lemma ??. By definition of e;, we have, for every ¢ € {1,..., N},

N
_ 1
YN (1, X,E) = X[u](t, 2:,&) = N zet[ﬂ](ﬁﬂﬁj,&fj)
]:
Therefore,

/QN R YN (7, X, E) — X[u)(t, z:,&)])? du®N (X, E)
X

N
1 2
= — g e ri, 5,8, 6)]12 du®N (X, 2
N2 /QNX]RdN =~ llex[p]( 2 & fg)H o ( ) (134)

N
QN =
+ m /QNXRdN j;f@[ﬂ](%w Zj, €i7 é-j)7 €t [,LL] (xia Tk, gia Sk?)> d,U/ (X7 h‘)
i#k
The first term at the right-hand side of (??) is equal to

1

1
N oo ledlile € €)1 due’ ) dur, €) = g Var(ed ). (135)

The second term at the right-hand side of (?7) is equal to

N2 - N
a2 <6t [,U] (1‘7 ,13/7 ga 6/)7 €t [,U] ('Tv ZI:N, 57 §//)> d,u(x, g) d:u('rlv 5/) d:u(xﬂv 6//)
N Q3XR3d
N2 - N 2
= [ el &) aut &) dnte.e) =0 (136)
QxR [|JQxR4
because the expectation of e[u](z;, -, &, ) is equal to 0. The lemma is proved, using (?7). O

Although Lemma 7?7 is not used as such in this article, we believe that it has its own interest.
Actually, in the proof of Theorem ?? (in Appendix ??), we will need the following result, in the
spirit of Lemma ?? but more technical.

Lemma 30. As in Lemma 77, we assume that the norm ||-|| on R? is induced by a scalar product
(, ) on R%. Let X = (Z4,...,2n) € QN be arbitrary, and let

P:§i1®"'®6EN®NE1®"'®NEN-

N 2 1/2
(1) = ( Lo (x5 - A6l dotx, E))

< 2||G(ta ERERE} ')lsupp(,u)2 ”%le (\/ﬁ\/l + 70 diamQXRd (SUPP(M)) + N\/5 Wi (Ma M;?)) (137)

N . .
where p5§ = A S 65 ® pa, = Py (semi-empirical measure).
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Proof. As a first remark, we note that, since the function inside the integral at the left-hand side
of the inequality (??) is symmetric, we can replace p by the symmetrization p° in the integral
(indeed, when F : QN x R — R is symmetric, we have [ Fdp= [ Fdp*). As a second remark,
since M(t) is defined as the L? norm of a sum, we infer from the triangular inequality that

N
i=

1/2
MO <Y ([ xS - Kl P (x.9)

1

<N max VE® owith L= [ N EXE) - Mt &) dp*(X.2)
QNXRdN

1<i<N

Note that it was important to symmetrize the measure p before applying the triangular inequality.
Let us now estimate I;(t), for any fixed i € {1,...,N}. We cannot apply directly Lemma ??
because in the integral I;(¢) the integration is performed with respect to p®, and not with respect
to u®N. However, following the proof of Lemma ??, we expand I;(t) similarly as in (??); replacing
pu®N by p* and thus the second-order marginal p%., and third-order marginal p%.; appear. Note
that, by Lemma ?7? in Appendix ?7?, since p® is symmetric all its second-order (resp., third-order)
marginals on the various copies of (2 x R%)? (resp., of (€ x IR%)2) are equal. We obtain

1 N2 - N

Li(t) llee[p]|I” dpiy.o + Fy[u] dpy . (138)

N Jazxrz2a N2 Q3 x R34

with
Ft[u](l',$/7l'//,f,£/,fll) = <6t[u](l’,$’,f,£/), edu](m,x”,é,f”)}

To estimate the first term at the right-hand side of (??), we observe that (using the definition (?7?)
of the Wasserstein distance W)

S : 1 S
/Q oo el I2 dpiv = 1) < Liplealiouprz W1 (s, 1)
X

1 s
SAG(H ) upp (o2 [0 W (03,0, 122)

(the choice of ¢ = 1, above, has little importance; other choices would change the constant 4, see
Lemma ??) and that, using (??) and (?7?),

/522 R24 lle[ull|? du®? = Var(e,[u]) < 4|G(L, -, -, ) supp(n)? ||2<€0 SAGE 55 ) supp ()2 H?za”"’l'
X 2
To estimate the second term at the right-hand side of (??), similarly, we observe that

/ Fylp) d(piy.s — 19%) < Lip(F [l jsupp o) W (0330 12%)

1]/ s
SANGE s supptoz o W (g 1)
and that, as in (?7?),

[ Bl =o
O3 x R34

It follows that

1 S S
1(8) S ANG(E s suppiy2 o (N + W (v %) + W1 (pis, u®3)> :
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Now, applying Lemma ?? (Appendix ??), we infer from (??) that p%.; = % vazl 0z, @ pz, = ¥
(semi-empirical measure) and from (?7?) (taking k = 2, 3) that

1 s se 1 S se 70 .
W (pivia: (15)®%) + W (v (n%)%%) < Fpdiame g (supp(p))
and thus, using the triangular inequality,

1 S 1] 70 . se 9
>~ W (o 1) < v diamg.ga (supp (1)) + WM (W, (u3e)®Y) .
k=23 k=23

Applying Lemma ?? in Appendix 77, we have

W (W, (1)) <k Wa (1, 1) -
Finally,

1 70 . se
I?,(t) < 4||G(t7 5y ')|supp(u)2 ||39ﬂ0,1 (N + NdlamQXRd (supp(u)) +5 Wl (M? ,ux)>

and the estimate (?7?) follows. O

B Proofs

B.1 Proof of Theorem 77

Let T > 0 be arbitrary. Let F be either equal to © x R?, or a compact subset of Q x R? that is
the closure of an open set. Let %p(F') be the Banach space of continuous functions on F' vanishing
at infinity (when F is compact we have 6,(F) = €°(F)), and let M!(F) = €°(F)’ be the Banach
space of Radon measures on F, endowed with the total variation norm || ||ry (which is the dual
norm). We have P.(F) C MY (F) and €°([0,T],P.(F)) C L>=([0,T], M*(F)).

The Banach space L>([0, T], M'(F)) is endowed with its strong topology, induced by the L>
norm in time of the total variation in space, but can also be endowed with its weak star topology,
as follows. Recall the general fact of Bochner integral theory that L!([0,T], E)' = L*°([0,T], E")
(isometric isomorphism) for any Banach space E such that E’ is separable, where the prime is the
topological dual. Applying this fact to the Banach space E = €°(F), observing that £ = M*(F) is
separable in weak star topology (because the set of rational convex combinations of Dirac measures
over points with rational coordinates is dense in it), the Banach space L>([0,T], M*(F)) coincides
with LY([0,T],6°(F))’, i.e., with the dual of a Banach space, and thus is endowed with the
corresponding weak star topology.

We have the following preliminary lemma.

Lemma 31. Let K be a compact subset of Q x R?, let g € Pe(K) and let T > 0 be arbitrary.
Assume that there exists a sequence of measures u* € €9([0,T), P.(K)) solutions of the Vlasov
equation Oyp®* + Lx[pk]ﬂk =0 in the sense (??7), such that:

e 1F(0) converges weakly to ug in P.(K),
o 1¥ converges to € L°°([0,T], M*(Q x R?)) for the weak star topology,

as k — +oo. Then p € CY([0,T),Pe(K)) and t — wu(t) is Lipschitz continuous in W, distance
(for any p € [1,+00)) and is a solution of the Viasov equation O¢jt + Ly p = 0 (in the sense
(?7)) such that u(0) = pg. Moreover, u*(t) converges weakly to u(t) as k — +oo (equivalently,
W, (p*(t), u(t)) — 0), uniformly with respect to t € [0,T).
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Proof. For every k € IN*, since pu* € €°([0,T], P.(K)) is solution of the Vlasov equation in
the sense (?7?) and thus in the distributional sense, we have (9;u* + LX[“;C],uk,f) = 0 for any
f€%€*>([0,T] x K) and thus, integrating by parts,

T
/ £(0,2,€) dub (2, €) + / / O (b, x.€) dpi* (1,2, €)
K 0 K
T
+ / / (Vef(t,2,6), Glr, 22/, €, €)) dut (b, 2!, &) du (1, 2, €) dr = 0.
0 K

Passing to the limit, we obtain the same equation with p* replaced by p and uf replaced by uo,
for any f € €°°([0,T] x K). Hence p is solution of the Vlasov equation 0;u + Ly, = 0 in the
distributional sense, with u(0) = ug.

Let us prove that u € €°([0,T], P.(Q x R%)) and that p is a solution of the Vlasov equation
in the sense (??) and that ;¥ () converges weakly to pu(t) for every t € [0, T7.

By assumption, supp(u*) C [0,T] x K for every k € IN*, hence, by the Prokhorov theorem,
a subsequence of ¥ converges weakly (i.e., in (¢°([0,7] x K))’) to some measure, which must
then be equal to u. Then supp(u) is contained in the Kuratowski liminf of supp(u*) (see, e.g.,
[?, Proposition 5.1.8]), i.e., for every (¢,x,&) € supp(u) there exists a sequence of (¢, xk, &) €
supp(p*) such that (¢, xx, &) — (t,7,€) as k — +oo. We infer that supp(u) C [0,T] x K. Since
pe L®([0,T], M1 (Q x RY)), we must have supp(u(t)) C K for almost every ¢ € [0,T].

For every k € IN*, we consider on [0,7] x K the time-dependent vector field v¥(t,z,¢) =
X[uF])(t,z, &), which is continuous and Lipschitz with respect to ¢ (thanks to ??). Since supp(u*) C
[0,T] x K, we have |[v¥||4o0,77x k) < C for some C' > 0 not depending on k. Let (®,x(t))sefo,7)
be the flow on [0,7] x K generated by v*. Since p* is a solution of the transport equation
Osp* + Lk = 0, by the usual existence and uniqueness theorem for linear transport equations
(see, e.g., [?, Theorem 5.34]), we have p*(t) = @, (t).uf for every t € [0, T]. This means, denoting
by v* = 71" (t) the (constant in time) marginal of p*(t) on Q and disintegrating uf = p*(t) =
Jo 1f » dvF (), that pf , = @i (t,x,-)wpf . for vF-almost every z € m(K), for every t € [0,T]. It
follows from Lemma ?? of Appendix ?? that W,(u*(t1), u*(t2)) < C|t1 — ta] for all t1,t € (0,77,
i.e., t — p”(t) is Lipschitz continuous on [0, 7] in W, distance, uniformly with respect to k. Since
u* converges to u € L>=([0,T], M*(K)) for the weak star topology, it follows from the Ascoli
theorem that ;*(t) converges weakly to u(t) in M!(K) = ¢°(K)’, uniformly with respect to
t € [0,7], and thus that p € €°([0,7], PL(K)) and that ¢ — p(t) is Lipschitz continuous in W),
distance. Lemma 77 is proved. O

In view of establishing Item ?7, let us first prove the existence of a solution of the Vlasov

equation. Given pg € P.(2 x ]Rd), we consider a sequence of empirical measures /JfXN =y =
»=0

+ ZZ\LI d,n @ Oen converging weakly to 119 as N — +oo. Setting XN = (@, .. 28) € OV and
EN = (&N, .. eN) € (RYN, let t — EN(t) = (&N(t),...,EN(t)) be the unique solution of the
particle system (??) with parameter XV such that ZV(0) = ZI'. It is well defined on [0,7] for
any T € (0, Tiax(supp(po))) thanks to Assumption ?? and Lemma ??. Using the first part of
Proposition ??, which does not use anything from Theorem ?? (see its proof), ¢ — ,quN =N () =

+ Zfil 6,N @ Oy is a solution of the Vlasov equation (?7) in the sense (77).

Without loss of generality, we can assume that (X~ ,Z{) € (supp(uo))V for every N € IN*,
where we recall that supp(ug) is compact. Since “?XN,EN ) is supported on the corresponding
solutions of the particle system, it follows from Lemma ?? that there exists a compact subset
K c Q x R? such that supp(quN’EN(t))) C K for every t € [0,T] and for every N € IN*| i.e., the

measures ,qu N ZN(.y) are equi-compactly supported on [0, 7], uniformly with respect to N.
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Besides, since 'LL?XN,EN(t)) is a probability measure, we have ||IU’?XN7EN(t))HTV =1 < 400 for
every t € [0,T], and thus the sequence (ufo EN(.)))NGN* is bounded in L ([0, T], M'(Q x R%))

for the strong topology, i.e., in (L([0,T], €(Q x R)))’ for the strong (dual norm) topology. By
the Banach-Alaoglu theorem, there exists a subsequence of (qu N = N(,))) NeN+ converging to some

p € L®([0,T], MY (Q x RY)) for the weak star topology.
Therefore, a subsequence of the sequence of measures ji{yy = (. € €2 ([0, T, P.(K)) sat-

comp
isfies all assumptions of Lemma ??. It follows from that lemma that € 6€°(0,T),P.(K)) and
that p is a solution on [0, 7] of the Vlasov equation 9y + Ly, p = 0 (in the sense (?7)) such that
1(0) = po, and is Lipschitz continuous with respect to ¢ in W), distance.

At this step, we have obtained the existence of solutions in €2 ([0, Tiax (supp(po))), Pe(2 x

comp

R%)) (not yet uniqueness).

Remark 19. In [?, ?, ?, ?], the proof of the existence is done by constructing a sequence of
piecewise constant measures converging to a solution, under the stronger assumption that G be
globally Lipschitz continuous. The proof given above relies on approximation by empirical measures
and propagation of them, in the spirit of [?] (see also [?] and [?, Part I, Theorem 5.1]), which is
more appropriate to exploit Lemma ?7.

Remark 20. Before going ahead, let us observe that, when G is locally Lipschitz with respect to
all variables (x, 2', £, £'), we have, for all !, ? € P.(QxR?) and for every (¢, z, &) € [0, T] xQxRY,

2000 - Xl = | [ attns e @ €) - 2|
<Lip(G(t,$7'7§,')|S)W1(M1,M) Llp( ( €, 75 ) ) ﬂ“ M) (139)

where S = supp(p') U supp(u?) (compact set). We have used that Wy < W),

In the case 77, there is however a weaker assumption: under Assumption ??, G is locally
Lipschitz only with respect to (£,£’) and thus the classical Wasserstein distance W cannot be
used as above. The main difference then comes from the following observation: given any pu', u? €
P.(Q x R?Y) having the same marginal v € P,(2) on Q, we have, by disintegration,

Xt 2, €) — X[p2)(t, 7, €) = // Gt 2,2 €,€) (b (€) — 12.(€")) du(a)
and thus

|01t 2,6 = X[?)(t2, Ol < | max  Lip(G(t,2,2",6, )is,,) LiWal' %)
” : ! 1 12 (140)
< max  Lip(G(t,z,2',&,-)1s,,) LyWy(p', 1*)

z’ €supp(v)

where S, = supp(p,, ) Usupp(u?,) (compact) and LYW, (u', p?) = [, Wy (s, p2,) dv(2’) is defined
by (7).

Let us now establish (??) in the item ?? (which also entails uniqueness). Let u!,u? €
€0 ([0, T], P.(2 x RY)) be two solutions of the Vlasov equation for some 7' > 0, having the

comp
same (constant in time) marginal v = Tut’ € Pe(2) on Q. Let K € Q x R? be a compact subset
containing supp(p‘(t)) for i = 1,2 and for every t € [0, T].

For i = 1,2, we consider on [O, T] x K the continuous time-dependent vector field v’ (¢, z,£) =
X[ué)(t,z,€) (which is C! with respect to &), so that u is a solution of the transport equation
s’ + Lyip® = 0. Since we are going to apply Lemma ?? (in Appendix ??) with ¢y # 0, for every
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to € [0, T] we consider the flow (®,i(t,0))¢cfo,r] on [0,T] x K generated by v*, i.e., defined as the
unique solution of 9;®,:(t,to,x,:) = v*(t,x, ) o Dyi(t, to,x,-) such that ®i(tg,to,x, ) = idga for
v-almost every x € supp(v). Then, we have ui(t) = ®,:(t,to)«u’(to) for every t € [0,T]. This
means, disintegrating pj = p'(t) = [, pi , dv(x), that pj , = ®yi(t, to, z,-)wpui, , for v-almost every
x € supp(v), for every ¢ € [0,T].

It follows from Lemma ?? (in Appendix ??), applied with A = § and E = R? to the vector
fields v*(t, x, ) for any fixed z € supp(v), that

(b=t L([to,1]) _ 1

Wp(utl,zaﬂf,z) < e(tfto)L([to,t])Wp(ﬂ%mz’M?O,z) + M([to,t]) (o, 1))

Yt € [to, T

where, setting S(t) = supp(v) x ®,1(t, to, supp(uz,) Usupp(pz, ) Usupp(u?(t)) (compact),
L([t07t]) = esssup {||(8~5G7ai’G)(T7x7xla§7§/>” | lo <7<, (*T7€)7 (.’L'/7§/) € S(T)} )

M([to, ]) = max { | X[ul)(r, 2. &) — X[p2](r,2, )| | to <7 <1, (2,€) € supp(u2)}

Since pl and p2? have the same marginal v on €, it follows from (??) and from the above definition
of L([tg,t]) and of S(t) that

M([to, t]) < L([to,1]) max L, Wy (ur, 7).

0T

Therefore

Wi (i o 117 ) < 7 OEEODW, (g g )+ (eCT RN — 1) max LyW, (ur, p22).

to<T<t

Integrating with respect to x € €2 for the measure v, we obtain

LWy (i (t), p?(1)) < e HCoD LW, (1 (20), 12 (t0))

+ (e(t—to)L([to,t]) _ 1) tIEa)ét Lin(Ml(T)uuZ(T))- (141)
0xTX

We have the following general lemma.

Lemma 32. For every to € R, let ay, : [to, +00) — [0, +00) be a nondecreasing function, continu-
ous at ty, depending continuously on tg. Let h : R — [0,400) be an absolutely continuous function
such that

h(t) < et 0)aaMp(tg) 4+ (e — 1) max h(r) Vt>=ty  Vio € R.

tongt

Then

Proof. Taking to <t < t1, writing

h(t) — h(t (t=to)as, (t1) _ 1 (t=to)as, (t1) _ 1
®) (0)<e ’ h(to +;maxh(7)
t—1o t—1to t—1to to<TL

and taking the limit as ¢ — ¢, since ¢; is arbitrary, we obtain h'(tg) < 2h(to)at, (to), for almost
every tg € IR. The lemma follows by integration. O

69



Applying Lemma ?? to h(t) = LLW,(u*(t), p(t)) and a,(t) = L([to,t]), and using (?7), we
obtain (??). In particular, the uniqueness statement follows.

At this step, we have proved existence and uniqueness of solutions of the Vlasov equation in the
space Gamp ([0, 7], Pe(S2 x R%)). We can thus now define the Vlasov flow by (??), and we obtain
(??) by uniqueness.

Establishing (?7?) in the item ?? follows straightforwardly the same lines as above, by applying
Lemma ?? (in Appendix ??) with A = Q and E = R?, and using (??) instead of (??). We do not
give any further details.

It remains to establish the item ??. For K C Q x R compact and T € (0, Tiax(K)), we
consider a sequence of measures u* € €9([0,T], P.(K)) solutions of the Vlasov equation such that
uk = pF(0) converges weakly to g = p(0) as k — +oo. Our objective is to prove that u*(t)
converges weakly to u(t), uniformly with respect to ¢ € [0, 7).

Since p*(t) is a probability measure, we have ||*(t)||7v = 1 < +oc for every t € [0,T], and
thus the sequence (p*(-))zen+ is bounded in L ([0, T], M (Q x R?)) (for the strong topology), i.e.,
in (L'(0,T], 6o(2 x R?)))’ for the strong (dual norm) topology. By the Banach-Alaoglu theorem,
a subsequence of (¥ (-))ren+ converges to some ji(-) € L=([0,T], M* (2 x R?)) for the weak star
topology.

It follows from Lemma ?? that g € €°([0,T],P.(K)), that i is a solution of the Vlasov
equation such that fi(0) = po, and that p*(¢) converges weakly to ji uniformly with respect to .
By uniqueness, we must have gt = p. This finishes the proof of the theorem.

B.2 Proof of Theorem 77

We have pV (t) = oy~ ® 6=~ (). By (?7) in Lemma ?? of Appendix 7?7 (applied with v; = 0¢n (),
we have

N
S ]' €
PY (N = 37 D e © 0 () = Hixw 2y
=1

which gives the preliminary remark to Theorem ??. The statement 77 for £ = 1 then follows from
the item ?? of Theorem ??, and the estimate (?7?) follows from the item ?? of Theorem ?7?.

For any k € IN*, the k' -order marginal p™V ()%, is given by (??) in Appendix ?? (applied
with p; = 59357 ® 555\1@)) By the triangular inequality, we have

W (0 ()3 1) < WD (0Y ()3 (im0 ) + WD (i v 1)) 25 (1))
(142)
For the first term at the right-hand side of (??), noting that (X", Z)") € (supp(u0))" and thus

N
diamg e (U supp(d,~v @ 5§N(t))> < diamg (supp(v)) + diamga (EV (1)),

i=1
and noting that pifyn =n ) = p™ (t)%.1, we infer from (??) in Lemma ?? of Appendix ?? that
N k g (K v N
W,EQ] (p )N ks (quN’EN(t)))‘X’ ) < 2k (N) (diamg (supp(r)) + diamga (2™ (t))) . (143)

For the second term at the right-hand side of (?7?), as a consequence, successively, of the estimate
(??) of Lemma ?? in Appendix ?? and of Theorem 77, we have

W;EQ] ((MfXN,EN(t)))®k7M(t)®k) < kY9 Wy (NfXNEN(t))a ,U(t)> < kM Civ(t) Wy (M?XN,E§)7M(0)>
(144)
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where the constant C}Y(t) is defined by (??) (or equivalently by C, e (t), with the notation
(xN =N)
used in (?7?) in Theorem ?7?). Therefore, (??) follows from (??), (??) and (??). Note that, for
k =1, the first term of the right-hand side of (??) is equal to 0, which gives (??) again.
The statement ?? for any k € IN* is proved by replacing the right inequality in (??) with the
application of the item 7?7 of Theorem 77.

B.3 Proof of Theorem 77
First of all, since p) = dxn ® pé\fo, with dx~ = 6,5 ® -+ ® d,n and pé\fo = UooN ® - ®
to,x » 1t follows from (??) in Lemma ?? of Appendix 77 (applied with p; = d,~5 ® p,~) that

P )1 = ~ Zf\il 0,8 ® Hoov = (to)¥n (semi-empirical measure), which gives (?7?), and the
weak convergence to ug stated in Item 7?7 for kK = 1 is obtained by Lemma ?7 of Appendix 77,
which gives the preliminary remark to the theorem.

Recall that p™V (t) = @V (t).p) and p(t) = @, (t)po. Setting

P (E) = Pue(EN Py = 8o @ -+ @ G ® o8 @ -+ @ fuy 4

(the latter equality is because ¢, (¢, i, *)«pg o = iy .~ ), We note that PN ()% = @, ()EN (piV)®
and that

ﬁN(t)ﬁV:k :splto(t);@k(p(l)v)(]s\fk vk € {177N}

Indeed, this follows from the following obvious lemma.

Lemma 33. Let E be a measure space, ¢ : E — E be a measurable mapping, N € N* and
p € P(EN). Then
(©2V0) yp = s(pnk) VR E{1,..., N}

Proof of Lemma ??. Denoting by 7, : EN = E¥ x EN-F — E* the canonical projection, the
lemma straightforwardly follows from the fact that 7, o @®N = ©®F o 1. O

In particular, we have
XN
PV (% = o (e (o Wt = o ()36 = 5 DBy © py oy = 0%
i=1
In order to establish (?7?), we start by applying the triangular inequality:
and we next show how to estimate each of the two terms of the sum at the right-hand side of (77?).

First term. Applying successively Lemma ?? in Appendix 7?7 and Lemma ?7 in Appendix 77,
and using that W,gq] < WQ[q] < Wz[l] (see (??) and (?7?)) because p < 2, we have

W (0™ (O3 ™ (D) < (%)Uqu[” (PN (), 5N (1)) (146)

where we insist that the latter Wasserstein distance W5 is computed with respect to the distance
dgngd)N defined by (??): the choice of ¢ = 1 is important. Given that p™(t) = ®N(t).pd
and pY (t) = @, (H)2N plY, to estimate this distance, we apply Lemma ?? (in Appendix ??) with

A =0 and E = R™ to the flows @V (¢) and ¢,,, (1) in the space OV x R* endowed with the
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distance dgf]z KRN

by (??)) and X [w](t, -, )®N (with X[u,] defined by (?7)), obtaining from the alternative estimate
of that lemma, with p = 2, that

respectively generated by the time-dependent vector fields YV (¢,-,-) (defined

tLa(t) _ 1\ 1/2
6> (147)

Wi (™ (), 57 (1)) < M2(’M< La(?)

where
Ly (t) = 1nax Llp(YN (T7 *y ')|supp(pN(‘r))Usupp(ﬁN(T)))

0<r<t

and, using (77?),

My(t)

1/2
max (/ ||YN(T7 ) ) - X[MT}(T7 ) )®N||?l de-]rV)
QN x R4N

0<T<t

N 2 1/2
_ N =\ _ ~N =
= max ( Lo (Z Y (1 X,2) = X, ) o <X,u>>

where we recall that |2 = Zf\il & for any = = (€1,...,éx) € (RY)N. Let us estimate Lo(t)
and Mg( )

Since the ¢! distance dEA R

using the definition (??) of Y3,

Y has been used, according to Lemma ?7? in Section ?? we have,

N B .
Ly (t) - Orggi(t 1r<nz;¥§\/' Llp(Y (Tv Yy ')\supp(pN (t))Usupp([)N(t))) - Org'?i(t Llp(G(Ta ERERS) )lSﬂV (7)2)
< mf“?t ”G( Tyt ')ISN (r)? H%O = L(t)

where SN (7) is defined by (??). The choice ¢ = 1 has been crucial here (for a choice ¢ > 1 we
would get a positive power of N in the exponential term in (??), which is not desirable).

Besides, by Lemma ?? in Appendix ?? (the choice of p = 2 has been done to be able to apply
this lemma), we have

0<T<t

Ms(t) < (\/>\/ +70 max diamg, ga (supp(u(t))) + N\/5 Wi (U(t)ggN’“(t))> '

Since the map s — etssfl is increasing for s > 0, and since /y(e¥ — 1) < e¥ for every y > 0, we
infer from (??) and (?7) that

W (0 Wi 5™ (Ba) <2 (N)l/q<\/>0/ (1) + N/5 W1 (u(t XN,m)))e“(ﬂ.

where C),(t) = (1 + 70 maxo<-<¢ diamg ga (supp(p(t)))) /2, for every ¢ > 0. Applying Lemma ??
(in Appendix ??) with A = Q and E = R? to the Vlasov flow ¢, (t) in Q x R? generated by the
vector field X[u¢(t, -, ), we obtain

Wi () 5w, 1lt)) < e OWn (o) ¥w s o) -

Finally,

N L (1) 1
WD (0N ()30 Y (D)) < 2K (Nﬁb TN V3m ((uo)iﬁmuo)) 2t (148)
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Second term. Applying Lemma ?? (in Appendix ??) with A = QF and E = (R%)* to the
Vlasov flow ¢, ()®* in the space QF x (R%)* endowed with the distance d%de)k defined by (?7?),
generated by the vector field X [u¢](t, -, -)®¥, we obtain

W (N (03 () ) = W (0,00 () 2* (08 vk Paa (FF 1) < e FOWED ((p0) vt 16)
where L(t) is defined as before.

Similarly as in the proof of Theorem ?? (see Appendix ?7), we note that, for any k € {1,..., N},
the measure (p))')%.,. is given by the formula (??) of Lemma ?? in Appendix ?? with 3} given
by (??) and v; = pg ,~. Hence we infer from (??) in Lemma ?? (Appendix ??) that, if k* <
2N In (1 + 2%)’ since (pév)?\/'l = (N’O);{?Na

. o kQ 1/p )
W e (C)56)°%) < 2679 (7 ) oy s (upmn)

(the above term is zero and thus does not appear in the final estimate when k = 1). Therefore, by
the triangular inequality and by (??) in Lemma ?? (Appendix 77),

W (5% (1) m0P) < (WI ()0 (i0) 5 ) %) + WL ((a0)5em )%, 1) ) €t

k‘2 1/p )
<k/1(2(7 ) divmg e (supp(0)) + W (o)) 0. (149)

Conclusion. From (??), (??) and (??), we conclude that, for every ¢ > 0,

]{12

1/p /
Wi 50 <260 ( () cuo)+ Cult)

and (?7) finally follows.

To obtain the statement ?? for any k € IN*, we have to adapt all the above arguments and in
particular Lemma ?? in Appendix ?? to the case where G is locally Lipschitz only with respect to
(&,€'). This is lengthy but straightforward and we do not give any details.

B.4 Proof of Theorem 77

We start by proving the second item of Theorem ?7. Hence, we assume that G is locally a-Hoélder
continuous with respect to (z,2’,&,¢’) (uniformly with respect to ¢ on any compact).

Lemma 34. Let x,2' € Q be arbitrary. We have
ly(t,2) = y(t, )| < O (|ly°(2) — y°(2') | + da(z,2')*)  VE=0. (150)

Proof of Lemma ??. By definition, we have dyy(t,z) = [, G(t, z,x",y(t, z),y(t, ")) dv(z") for ev-
ery z € €, hence

Dry(t,x)—0uy(t, ') — / Gtz y(t,2), y(t, 2")) du(a”)— / G(t,a! "yt x), y(t, ")) du(a”)
Q Q

+/QG(t,:z:’,x",y(t,:c),y(t,x”))dl/(x”)f/QG(t,x’,z",y(t,x'),y(t,x"))dy(x") (151)
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and using the definition of L, (t) we obtain

10:(y(t, ) = y(t, 2))I| < Ly (t) (da(z, 2)* + [ly(t, 2) — y(t, 2)])
and (??) follows by integration (noting that 7 — L, (7) is nondecreasing). O

By assumption, ||y°(z) — y°(2')|| < Holy(y®)dq(x,2') for all z,2” € €, hence, using (??) in
Lemma ?? we infer that y(t, ) is a-Holder continuous and (?7?) follows.
Let us establish (??). We set rN (t) = y(t,zN) —&N(t), for i = 1,..., N. By definition, we have

N
. Z tayx) y(t e ), y(t2)) — Gt a2, &V (1), 67 (1)) + &' (1) (152)
j:1
where

N

= /QG(t, N a oyt 2N, y(t, 2')) dv(z’) — %Z G(t,zN, xév, y(t,zN), y(t, xjv)) (153)

j=1
with 7V (0) = 0, for every i € {1,..., N}. On the one part, we have
|Gt 2,25 y(t,2),y(t af)) = Gt 2,2 &Y (), 6 @) < Ly OUrY @l + 7Y (1) (154)
where L) (t) is defined by (??). On the other part, using (??) in Lemma ?? (see Appendix ?7?),
we have

le (@)1l < _,sfza Hola (2" = G(t, 27, @', y(t, i), y(t, 2"))) (155)

and we claim that
Holy (' = G(t, 2, &, y(t, x), y(t, ') < Ly (t)(1 + e+ (Hola (y°) +1)). (156)

Indeed, writing for short g(z/,y(t, ') = G(t,zN, 2’ y(t,2}V), y(t,2")), we have

lg(2y,y(t, x1)) — glah, y(t, x3))|
< lg(h, y(t, 1)) — gy, y(t, 2)| + [lg(2h, y(t, 27)) — g(ah, y(t, x5))|
< Ly(t)da(ah, 25)* + Ly () ly(t, z7) — y(t, x5)||
< Ly(t)da(ay, 25)* + Ly (t) Hola (y(t, -))da (2], 25)*

and (??) follows by using (??). Finally, setting RY (t) = (ri¥(¢),...,7¥(t)), noting that L, (t) <
LYY (t), we infer from (??), (??), (??) and (??) that

d : o
ZIRYOll < IRV (1)l < L (1) (2|IRN<t>|oo  Na

(1 + =0 ) (Hol, (°) + 1)))

and, noting that 7 — LJ'(7) (defined by (??)) is nondecreasing and by integration, we obtain (??).
Let us establish (??). For every x € Q there exists i € {1,..., N} such that z € Q¥ and thus
do(z,z)) < diamg (V) < C“ (by (27?)). It follows from (?7?) that

cg N
ly(t, 2) — y(t,2)|| < Hola(y(t,-))da(z, 2 )" < T&GtLy ® (Hola (y(0,)) + 1)

and, noting that y” (¢t,z) = £V (t), (?77) follows by the triangular inequality, using (?7).
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Let us now prove the first item of Theorem ??. Starting as in the proof of Lemma 7?7, by
continuity of G, we infer from (??) that, for any € > 0, if  and 2’ are sufficiently close then

10u(y(t, ) — y(t, 2))| < Ly(t) (€ + [ly(t, x) — y(t, 2)])

and by integration we obtain

ly(t, ) —y(t,a")| < PO (ly° (@) =y )] +e) . (157)

By assumption, y° is continuous v-almost everywhere on €. It follows from (??) that, for every
t >0, y(t,-) is continuous v-almost everywhere on Q with the same continuity set as ° (thus, not
depending on t).

Let us finally establish (??). By the Riemann integration theorem (see (??)), we have ¥ (t) =
o(1) (where N (t) is defined by (??)) as N — +oo, uniformly with respect to ¢ on every compact.

%

Besides, we still have the inequality (??), but with LY () now defined by

nglv(t) = IH;?JE); Lip(G(T,:c,:c', ) ')\Sé\’(r)%
0<T<t

i.e., like in (??) but without the first term involving Hol, (G). With this substitution, we obtain
d .
B Ollee BN (Blloo < Ly () BT @)oo + (1))

and integrating we get | RY (t)]|o0 < thLiv(t)o(l), which yields (??), noting that Lév (t) is uniformly
bounded with respect to ¢t € [0,7] and to N € IN* (as a consequence of Lemma ?7). Then, (??)
follows by the triangular inequality, using the v-almost everywhere continuity of y(t, -).

B.5 Proof of Theorem 77

The proof is a slight adaptation of the proof of Theorem ??. We start by establishing (??). Hence,
we assume that G is locally a-Holder continuous with respect to (z, 2/, £, £’) (uniformly with respect
to t on any compact).

Lemma 35. Letic€ {1,...,N} and x,2’ € QF be arbitrary. We have
||yN (t7 CE) — YN (t, :L'/)H < etLyN (t)dQ (xa x/)a (158)
where y°(-) = y(0,-), where Ly, (t) is defined as Ly(t) in Theorem ?? with y replaced by yn .

Proof. Following the proof of Lemma 7?7, we arrive at

10 (yn (t, @) — yn (8, &) | < Lyy () (da(z, &) + yn (t,2) — yn (t,27)])
and (?7) follows by integration, noting that yn(0,z) — yn(0,2") = 0 if z, 2’ € QN. O

It follows from Lemma ?? that yx (¢, ) is a-Holder continuous in each €;, with Holder constant
otLuy ().

We set ™V (t,2) = yn(t,x) —yN (¢, z) for every z € Q. By definition, if z € QY then y™ (t,z) =
¢N(t) and thus

i

N
o () = = 3 (Gl yn(t ),y (b)) — Gt 2 N (1), 65 (1) + N (1, )
j=1
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where

Z\H

N
N(t,x) / G(t,z, 2" yn(t, ), yn(t,2')) dv(z Z (t w,xév,yN(t,x),yN(t,xjy))

with 7V (0,2) = 0. We have on the one part

HG(t,JL‘,ZII;-V,yN(t,J?),yN(t7JL'§V)) G(t 'rN xN Z ||

AR R )

< LY, (1) (dale, Z-> +Hr <t7x>||+urN<t,x§V>||> Vo e QY

and on the other part, proceeding like in the proof of Theorem ?? (see Appendix ?7),

s
[N ()| < ALY, O+ D) vz eql.

Using that do(z,2) < diama (V) < $2 (see (7?)), we finally obtain

d

C§
I e @) < N0r™ (& )l (e) < LN()<2ITN(t»~)IILw(Q>+Nm

@+e 57N<t>))

and by integration, noting that 7 +— L} (7) is nondecreasing, (??) follows.
Finally, (??) is established as in the proof of Theorem ?7.
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