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AN EQUIVALENCE BETWEEN GAUGE-TWISTED AND
TOPOLOGICALLY CONDITIONED SCALAR GAUSSIAN FREE FIELDS

TITUS LUPU

ABSTRACT. We study on the metric graphs two types of scalar Gaussian free fields (GFF),
the usual one and the one twisted by a {—1,1}-valued gauge field. We show that the latter
can be obtained, up to an additional deterministic transformation, by conditioning the first on
a topological event. This event is that all the sign clusters of the field should be trivial for
the gauge field, that is to say should not contain loops with holonomy —1. We also express
the probability of this topological event as a ratio of two determinants of Laplacians to the
power 1/2, the usual Laplacian and the gauge-twisted Laplacian. As an example, this gives on
annular planar domains the probability that no sign cluster of the metric graph GFF surrounds
the inner hole of the domain.

1. INTRODUCTION

In this article we consider two types of scalar Gaussian free fields (GFF), the usual one
and the one twisted by a {—1, 1}-valued gauge field, and observe that the second is essentially
obtained from the first by conditioning on a topological (more precisely homotopical) event.

We will work on an abstract finite electrical network G = (V, E) endowed with conductances
C(z,y) = C(y,z) > 0 for {z,y} € E. A the set of vertices V' will be divided into two parts,
Vint and Vjy, with Vi, being considered as the interior vertices, and Vj as the boundary. The
discrete GFF ¢ with 0 boundary conditions on Vj is given by the distribution

(1) Zon( 3 3 Clwew) - e@)?) T] dee).

{xyy}EE Ze‘/int

Further, in the language of the gauge theory, we consider {—1,1} as our gauge group, and
take a gauge field o € {—1,1}F. The o-twisted GFF ¢, with 0 boundary conditions on Vj has
for distribution

(12) Zen(—3 3 Cloyel) - ¢w@)?) T] det2)

Zo
{z,y}eE 2€Vint

The gauge field o corresponds to disorder operators in the language of the Ising model [KCT1].

To see the relation between ¢ and ¢, one has to look at the level of metric graphs. The metric
graph G associated to G is obtained by replacing each discrete edge {x,y} by a continuous line
of length C(z,y)~! joining # and y. The discrete GFF ¢ has a natural extension é to the
metric graph Qv, which is a continuous Gaussian random field satisfying a Markov property.
This extension has been introduce in [Lupl6]. The field qE, unlike ¢, is known to satisfy some
exact identities, including for instance the probabilities of crossings. These relations have been
explored in the articles [Lup16, LW18, DPR22, [DPR21]; see Section [2.4]for details. The twisted
discrete GFF ¢, also has a natural extension ¢, to the metric graph G. Tt is introduced in
this paper in Section Unlike qg, the field ¢, is not continuous in general, and has one
discontinuity point inside each e € E for which o(e) = —1. However, the absolute value |¢g]|
is a continuous field on the whole G. , since the discontinuities of ¢, consist in switching to the
opposite sign by keeping the same absolute value. However, by taking a double cover of G
induced by the gauge field o, one can extend ¢, to a continuous field on the double cover. This

is explained in Section [3.3
1
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Ficure 1. Conceptual depiction of the metric graph GFF g?) on an annular
domain. The black dots represent the boundary V. The positive, resp. negative
values of the fields are in red, resp. blue. Left: no sign cluster of ¢ surrounds
the inner hole of the annulus. Right: there is a sign cluster (in red) surrounding
the inner hole.

Let 7, denote the subset of continuous functions on G, made of functions f such that for every
connected component U of the non-zero set {f # 0}, U does not contain loops of holonomy —1
for o. For the notion of holonomy in this setting (product of the values of o along the edges
of the loop), we refer to Section But let us give an example. Consider a planar annular
domain (one hole), such as depicted on Figures|3|and |1l One can consider a gauge field o on this
annular domain that gives a holonomy —1 to loops that turn an odd number of times around
the inner hole, and holonomy 1 to other loops; see Figure Then f € 7, if and only if no
connected component of {f # 0} surrounds the inner hole; see Figure

It is easy to see that |¢,| € Ty a.s., and this is proved in Lemma El by relying on the
extension of d;(, to the double cover of G. Our main result is the following.

Theorem 1. Let be a gauge field o € {—1,1}F. Then
(13) PGeTy) = 27,

where Z and Z, are the partition functions appearing in (1.1)) and (1.2). Moreover, conditionally
on the event {¢ € T,}, the field |@| has the same distribution as |¢s|.

To obtain the field ¢, rather than just the absolute value |<;~SU|, from the field ¢ conditioned
on (;3 € 75, one has to additionally apply a deterministic sign flipping procedure across the
discontinuity points. This is explained in Corollary [3.24]

The identity is thus a newcomer to the family of exact identities known to be satisfied
by gzNS We would like to emphasize that Theorem [1| does not require at all the graph G to be
planar. However, for planar graphs the subset 7, is simpler to interpret.

This article is organized as follows. Section [2] consists of preliminaries where we recall some
background that is maybe not common knowledge. In Section we recall the notions of
gauge field, gauge equivalence and holonomy in our particular setting where the gauge group is
{—1,1}. Section deals with the discrete GFF's, the usual one and the gauge twisted. Section
deals with random walk representations of these fields. Section recalls the method of the
metric graph and some results for the metric graph GFF. In Section [3| we present the results
of this article and provide the corresponding proofs. In Section [3.1]| we introduce the natural

2



extrapolation ¢, of the gauge-twisted GFF ¢, to the metric graph. In Section we consider
the double cover of the discrete graph induced by the gauge field and observe that the usual
discrete GFF and the gauge twisted one are projections of the discrete GFF on the double cover
on two orthogonal subspaces. In Section we do the same at the level of the metric graph,
which in particular provides us a continuous extension of ¢, to the double cover of the metric
graph. In Section [3.4] we give a more detailed statement of Theorem [I] and then prove it. In
Section we provide an isomorphism between ¢, and Brownian loop soups on the metric
graph that strengthens the result of Kassel and Lévy [KL21].

2. PRELIMINARIES

2.1. On gauge fields, holonomy and gauge equivalence. Let G = (V| F) be a finite con-
nected undirected graph. We assume that there are no self-loops or multi-edges. We also assume
that the set of vertices consists of two disjoint parts, V = Viy U Vp, Vie N Vy = (0, with both
Vint and Vy non-empty. We see Vi as the interior vertices and Vj as boundary vertices. Each
edge {z,y} € E is endowed with a conductance C(z,y) = C(y,x) > 0. Thus, G is an electrical
network.

In this paper, a gauge field will mean a family (o(e))eer € {—1,1}¥. This is the simplest
case when the gauge group is {—1,1}. We will also use the notation o(z,y) = o({z,y}), when
{z,y} € E. Given an other collection of signs (6(z))zey € {—1,1}V, this time above the
vertices, it induces a gauge transformation o+ & - o, where 6 - o0 € {—1,1}¥ is the gauge field
defined by

(6-0)(x,y) = o(x)o(x,y)o(y).
Two gauge fields 0,0’ € {—1,1}F are said to be gauge-equivalent if there is & € {—1,1}V such
that o/ = 6 - 0. A gauge field o € {—1,1}¥ is said trivial if it is gauge-equivalent to the gauge
field with value 1 on every edge.

Given p = (x1,2,...,2,) a discrete nearest-neighbor path in G, the holonomy of o €
{~1,1}¥ along g is the product

hol? (p) = o(x1,x2)0(x2, 23) ... 0(Tp—1,Tn).

If the nearest-neighbor path p with finitely many jumps is parametrized by continuous time,
then hol?(p) is the holonomy along the discrete skeleton of .

Lemma 2.1. (1) Assume that two gauge fields 0,0’ € {—1,1}¥ are gauge-equivalent. Then
for every loop (i.e. closed path) p = (x1,22,...,Zn—1,Tn,x1) in G, hol?(p) = hol"/(p).
(2) Conwversely, assume that there is x1 € V such that for every loop o = (x1,T2,...,Tpn_1,Tn,T1)
rooted in x1, hol” (p) = hol” (p). Then o and o’ are gauge equivalent.
(3) In particular, a gauge field o € {—1,1}F is trivial if and only if for every loop g,
hol?(p) = 1.

Proof. (1) If ¢’ = 6 - 0, then for every path p = (z1,22,...,Zn—1, Tn, Tn+1),
1ol” () = 621 )hol” ()6 (2 11).

In particular, if #,41 = 21, hol” (p) = hol”(p).
(2) For each z € V, take a path p** from z; to = in G and set
&(x) = hol” (p™*)hol” (™).
The value of (x) does not depend on the particular choice of the path p***. Indeed, if @

T1,T

T1,T

%
is an other path from x; to x, then one can concatenate @ with the time reversal p®* of

L1,

P*1* so as to get a loop "% A p"* from x; to x1, and then

% ! % ! /
ho|0<px1,x)ho|a(@x1,x) _ hola(@xl,x A pml,z) — hol® (@xl,x A pxl,x) — hol® (pxl’x)hOP (@xl,m)'

With ¢ defined in this way, we have that ¢/ = 6 - 0. Note that ¢ is not the only element of

{—1,1}V to relate o and ¢’ through induced gauge transformation. With G being connected,

there are exactly two such elements of {—1,1}V, 6 and —6. O
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FIGURE 2. Top: two trivial gauge fields. The edges with sign —1 are in violet.
Bottom: a gauge transformation relating the above gauge fields. In red are the
+1 vertices and in blue the —1 vetices. The black dots represent the boundary Vj.

Figures and {4 provide examples of gauge-equivalent gauge fields together with the cor-
responding gauge transformation.

2.2. Discrete scalar GFF twisted by a gauge field. Let Ag denote the discrete Laplacian
on G:
(Agf)(x) =D Clz,y)(fy) - f(x)), x€V,
y~x
where y ~ x means that y is a neighbor of z, i.e. {z,y} € E. Let (G(z,y))sycv be the Green’s
function of —Ag with 0 boundary conditions on Vj.
Further, if o € {—1,1}¥ is a gauge field, the discrete Laplacian twisted by o is

(Agof)@) =) Clay)o(x,y)f(y) — f(@), z€V.
y~x
The twisted operator —Ag , is still non-negative in the sense that for every f € RV,
E(f.f) =D (~BgoN@)f(@)= Y Cla,y)(o(.y)f(y) - f(z))* = 0.
zeV {z,y}€FE

Moreover, if f is a function such that &,(f, f) = 0 and f is 0 on Vj, then f is uniformly 0 on
V. Indeed, one can see this by induction on the graph distance of a vertex € V from Vj.
Therefore, one can consider the inverse of the restriction of the operator —Ag , to the functions
that are 0 on Vj. This is the gauge-twisted Green’s function (G4 (2, y))syev With 0 boundary
conditions on Vj. It is defined by

Ve e V,Vy € Vo, Gy(z,y) =0,

and
VJTO S V}ntavx S ‘/int7 Zc<x7y)(o—(x7y)G<x07y) - G(.f(),x)) = _11‘:LBO'

y~z
4



FicUure 3. Top: two non-trivial and gauge-equivalent gauge fields. The edges
with sign —1 are in violet. The holonomy of a loop is —1 to the power the number
of turns it performs around the inner hole. Bottom: a gauge transformation
relating the above gauge fields. In red are the +1 vertices and in blue the —1
vetices. The black dots represent the boundary Vj.

FiGURE 4. Top: two non-trivial and gauge-equivalent gauge fields. The edges
with sign —1 are in violet. In the holonomy of a loop one multiplies by —1
each time one surrounds one of the two holes but not both. Bottom: a gauge
transformation relating the above gauge fields. In red are the +1 vertices and in
blue the —1 vetices. The black dots represent the boundary Vj.

The function G, is symmetric: Gy (x,y) = G,(y,z). However, unlike for the usual Green’s
function G(x,y), some of the values G,(z,y) may be negative. Still, the operator induced by
5



G, is non-negative: for every f € RV,

> @) Golz,y) f(y) > 0.

z,yev

Further, if 0,0’ € {—1,1}¥ are two gauge-equivalent gauge fields, with a gauge transformation
between ¢ and ¢’ induced by a 6 € {—1,1}", then for every z,y € V,

Gor(,y) = 6(2)Go(z,y)0(y)-
The discrete scalar Gaussian free field (GFF) on G with boundary conditions 0 on Vj is
is the random Gaussian field (¢(x)),ecy, with ¢(x) = 0 for x € Vjy, and with the probability
distribution

1 1
(2.1) Zep (=5 Y Clay)ey) —e@)?) ] del2).
{z,y}eFE 2EVint
The expectation of ¢ is 0. The covariance function of ¢ is the Green’s function (G(z,9))zyev -
Further, given o € {—1,1}¥ a gauge field, the GFF twisted by o is the random Gaussian
field (¢y(x))zev, with ¢, (z) = 0 for € Vy, and with the probability distribution

(22) v (=5 3 Clanelnew) - o@P) [] do.

{zyteE 2€Vint

aw

1
The expectation of ¢, is 0. Actually, ¢, (taw) —¢s. The covariance function of ¢, is the gauge-
twisted Green’s function (Gy(,y))zyev. If 0,0’ € {—1,1}F are two gauge-equivalent gauge
fields, with a gauge transformation between o and ¢’ induced by a & € {—1,1}V, then
(law)

(%/(@)xev - (&(x>¢0(x))x€1/-
In particular, if the gauge field o is trivial, then the field ¢, can be obtained via a deterministic
transformation from the usual GFF ¢.

2.3. Measures on paths. Let (X;);>0 be the nearest-neighbor Markov jump process on G
with the jump rates given by the conductances C(z,y). Let Ty, denote the first hitting time of
Vp. We will denote by p(t, z,y) the transition probabilities of the killed process (Xt)OStSTvav SO
that
Z p(t,x,y) = ]P)oc(TVa > t)'
YEVint
Since the process is symmetric, p(t, x,y) = p(t,y, x). Moreover,

—+00
/O p(t,z, y)dt = G(z, ).

Given z,y € Viy and t > 0, let Py"Y denote the bridge probability measure from z to y of
duration ¢, where one conditions on Ty, > t. The excursion measure from x to y is

—+o00
§Y(dp) = /O B2 (dp)p(t, x, y)dt.

So p*¥ is a measure on nearest-neighbor paths from z to y, parametrized by continuous time,
of finite duration. The total mass of pu*¥ is G(z,y). The measure p¥7 is the image of u*¥ by
time-reversal. The induced measure on discrete skeletons is

C(z,21)C(z1,22) ... C(n—2,2n-1)C(Tn_1,y)

P S @ = = e 2 Y) = O S e W W)

where

W(z) = Z C(z,w).

Consider now o € {—1,1}¥ a gauge field. Kassel and Lévy showed in [KL2I, Theorem 5.1]
the following.
6



Theorem 2.2 (Kassel-Lévy, [KL21]). For every z,y € Vin,

Go(z,y) = / hol? () u™¥ (dp).

In other words,
Go(z,y) _
G(z,y)
where ™Y is a random excursion from x to y distributed according to the probability measure
w*Y/G(x,y). In particular, for every x € Viy,

/hol”(p)u‘”’m(dp) = Gy(z,z) > 0.

E[hol” (o™¥)],

The measure on continuous time random walk loops introduced by Le Jan [LJ10, [LJ11] is
+o0o

(23) o) = 3[R ot T = s 3

ze‘/;nt 0 Ie‘/;nt

where T'(p) denotes the duration of a path . There are two types of loops, those that visit at
least two different vertices, and those that stay in one vertex and do not perform jumps. For
n > 2 jumps, the measure induced on discrete skeletons is

1C(z1,22) ... C(@n—1,20)C(Tn, 21)

n W(x1)W(za)... W(zp_1)W (xy)

So this is the same measure on discrete-time loops as the one that appeared in [LTEFQT7] and
[LL10, Chapter 9]. The total mass of the loops that visit at least two vertices is

MIOOp($1—)$2_>"’_>xn—1 —).’En—>x1):

(2.4)  p'°°P({Loops that visit at least 2 vertices}) = log (det((G(:E,y))%yevim) H W(:E))7
Ie‘/int

see [LJII, Equation (2.5)]. Besides the loops that visit at least two vertices, u'°P also puts

weight on loops that stay in one vertex and do not jump. For every x € Vi, the induced
measure on the duration of loops that only stay in x is

/G
t
Given o € {—1,1}F a gauge field, the (signed) measure on loops twisted by o is
1P (dp) = hol? () P (dp).

The measure % is signed and its total variation measure is 4°°P. The measure u.2 is the
same for the whole gauge-equivalence class of o. The signed measure MIOOP can be decomposed

as

loop __ , loop loop
He - /’La-,Jr /.Lo.’i )

loop loop

Where Ko+ is the restriction of u}, P to loops p with hol?(p) = 1, and Ho.— 1s the restriction

of plooP to loops o with hol”(p) = —1. According to [KL21l Corollary 3.7], a formula similar to
(2.4) also holds in the presence of a gauge field:

(2.5) pl°°P({Loops that visit at least 2 vertices}) = log (det((Go(x,y))xvyevim) H W(w))
Z‘E‘/int

So in particular, one gets the following.
Corollary 2.3. The following identity holds:

det((GU (357 y))z,yGVint)
det((G(2,Y))z,yeVin)

=exp(— 2u1°°P ({ Loops o with hol® (p) = —1})).

7



Proof. By combining the formulas (2.4)) and (2.5]), one obtains

log(det((Ga(:v,y))x,yev;m)) .

loop loop
0 )({Loops that visit at least 2 vertices})
det((G (2, ¥))eyevin) 7

_ loop(

{Loops that visit at least 2 vertices}).
Further, a loop g with hol?(p) = —1 has to visit at least two vertices. Thus,

lOOp({Loops that visit at least 2 vertices}) = 1°°P({Loops p with hol’(p) = —1}). O

Given a path p on G parametrized by continuous time, ¢*(p) will denote its total time spent
at vertex x, ¢ € V. Given a > 0, L% will denote the Poisson point process of loops with
intensity measure au!°°P. This is the continuous time random walk loop soup [LJ10, LJ11]. For
x €V, £*(LY) will denote its occupation field in x:

02(L%) Z (p
peLe

For the particular value o« = 1/2, this occupation field is Gaussian. More precisely on has the
Le Jan’s isomorphism.

Theorem 2.4 (Le Jan,[LJ10, LJ11]). For o =1/2, the following identity in law holds:
(law)

(P )aer 2 (50P?)

2 mGV’

where ¢ is the GFF (2.1)).

Now take o € {—1,1}¥ a gauge field. In [KL2I, Theorem 6.6], Kassel and Lévy proved the
following extension of Le Jan’s isomorphism.

Theorem 2.5 (Kassel-Lévy, [KL21]). Denote by £(1,7/J2r, resp. E;/E, a Poisson point process with
intensity measure 2,u;ip, resp. Qu;ip. Recall that ¢, denotes the gauge-twisted GFF ({2.2)).
Take ¢y and ﬁa,/— to be independent. Then the following identity in law holds

(law)

(2.6) (L aer 2 (G000 + 02
In particular, the field ¢2 is stochastically dominated bu the field ¢>.
The identity (2.6) tells that in some sense the field 2¢§ is distributed as the occupation field

of a Poisson point process with intensity measure s °". However, the measure 15" is signed,

unless the gauge field o is trivial, and thus cannot be an intensity for a Poisson. Actually, the
loops p with hol?(p) = —1 have to be counted negatively.

2.4. GFF on metric graphs. Here we will briefly recall the notion of the GFF on metric
graphs. For details we refer to [Lupl6].

The metric graph associated to the electrical network G, which we will denote by G , is obtained
by replacing each edge e = {z,y} € F by a continuous line segment I, = I {z,y}» With endpoint

x and y. Moreover, G is endowed with a metric, by setting the length of I, to be C(z,y)~! (i.e.

the resistance, the inverse of the conductance), and with the corresponding length measure,
which we will denote by m. So (j is a continuous and connected metric space.

The discrete GFF ¢ on G can be interpolated to a continuous Gaussian field ¢. The
restriction of ¢ to the vertices V is the discrete GFF ¢. Conditionally on ¢, the values of ¢ along
an edge-line Iy, .y are distributed as a standard one-dimensional Brownian bridge between ¢(x)
and ¢(y) of length C(z,y)~!, with values on different edge-lines being independent. The field
¢ is the metric graph GFF. Tt satisfies a strong Markov property when cutting not only along
the vertices, but also inside edge-lines; see [Lupl6l Section 3|. The covariance of qg is given by

the extension of the Green’s function to G x G, which we will still denote G(z,y).
8



The Markov jump process (X¢)i>0 on G can be extended to a continuous Markov diffu-
sion process on G, which we will denote by ()Z't)tzg. Inside an edge-line I, )Z't behaves as a
one-dimensional Brownian motion, and once the process reaches a vertex x € V, it preforms
Brownian excursions inside each adjacent edge-line. See [Lupl6, Section 2| for details. In order
to fit with the isomorphism identities, we normalize X, so that inside every edge-line I, it be-
haves like a Brownian motion with quadratic variation 2dt. Just as a one-dimensional Brownian
motion, the process (X;);>o admits a family of local times (£2(X))

characterized by
t
| rEyas= [ s ),

Consider the continuous additive functional A(t) and its inverse A=1(¢t):

(2.7) Ay =) (X),  ATM(t) =inf{s > 0|A(s) > t}.

zeV

2G>0 continuous in (z,t),

Then ()ZVA—I(t))tZO is distributed as the Markov jump process (X¢)i>0.

Let Ty, denote the first time X; hits Vp. By construction, A(Ty,) = Ty,. Considered the
process (X¢), <i<Ty, killed upon hitting V. Let p(t, x,y) be the transition densities of the killed
process, so that

/éﬁ(tv xz, y) ﬁz(dy) = Pm(fva > t).

For x,y € G \ Vy and ¢t > 0, let ]T”fy denote the bridge probability measure from x to y in time
t, where one conditions on Ty, > t. The measure on loops on the metric graph is

ji1°°P = T e p(t, x,x @'fn x
(28) etio) = [ [T B do)pte, ) )

For o > 0, £ will denote the Poisson point process of loops on G of intensity «/i'°°P. This is
the metric graph loop soup. The loops in L% are can be divide into two: those that visit vertices
in V' and those that only stay in the interior of an edge-line. If one takes the trace on V of the
loops in L% that intersect V, by applying the time change A~! , one gets the continuous
time random walk loop soup L actually up to a rerooting of the loops. See [Lupl6), Section

2] for details. Given p € L£*and z € G, 0*(p) will denote the cumulative local time of g in z.

The occupation field of L is
L) = (o)

peLle
For 2 € V, we have that (%(L%) = (*(L£%).

Next we will consider the clusters of loops in £%. Two  loops p, o € L belong to the same
cluster if they are connected by a finite chain of loops in L. We will also see a cluster C of £
as a subset of G by taking the union of the ranges of loops forming the cluster. The clusters
of £ are exactly the connected components of {z € G|¢*(£*) > 0}. In [Lupl6, Theorem 1] is
shown that for o = 1/2, there is a one to one correspondence between the clusters of L2 and
the sign components of ¢.

Theorem 2.6 (Lupu, [Lupl6]). Take LY2 a metric graph loop soup on G of parameter o = 1/2.
For each cluster C additionally sample a conditionally independent sign o(C) with

P(o(C) = 1|1£Y?) = P(o(C) = —1|L?) = 1/2.

For z € G such that 6””(/31/2) > 0, let C(x) denote the cluster of L2 containing x. Then the
field

(c(C(2))\/ 20=(L12)) &

z€G
9



is distributed as a metric graph GFF ¢.

The result above comes from an application of the Le Jan’s isomorphism (Theorem [2.4]) on
the metric graph level and the use of the intermediate value property of the continuous ﬁeld (b
Beside the exact correspondence between the sign components of d) and the clusters of El/ 2 the
metric graph GFF ¢ satisfies many other exact solvability properties that one does not get for
the discrete GFF ¢. Next we give a brief list of these exact indentities, and further in Section
we will prove a new one, related to a special kind of topological conditioning; see Theorem [I}

e As observed in [Lupl6, Proposition 5. 2] given x,y € g the probability that = and y

belong to the same sign component of ¢, or alternatively to the same cluster of £ 2
equals

E[sign(&(x))Sign(ﬁg(y))] = %arcsin ( G(i(gé)(y y))

o If Vp is divided into 3 parts Vo, Vo1 and Vp o, with Vo allowed to be empty, and if
the boundary condition of a metric graph GFF ¢ is strictly positive on Vo1 and Vp o,
and zero on Vo (rather than zero on the whole Vj), then there is an explicit formula
for the existence of a positive crossing from V1 to Vjo:

P(Vor 58 Vo) =1-exp (=2 3 3" d(@)H(z.1)d()),
IEEVaJ yGVa’g

where H(x,y) is the boundary Poisson kernel on Vy x Vj. This is [LW18, Formula (18)].
If the boundary condition mixes values of different sign, no analogous explicit formula
is known.

e In the articles [DPR22, [DPR21] the authors provide the exact law for the effective con-
ductance (called capacity there) between the boundary Vy and the connected component
containing xg of the level set

{w €G|d(z) = h}

(zo € G and h > 0 fixed).
e The Lévy transformation for the one-dimensional Brownian motion can be extended to
the general metric graph GFFs, as explained in [LW1§].

3. GAUGE-TWISTED GFF ON METRIC GRAPH, DOUBLE COVER AND EQUIVALENCE TO
TOPOLOGICAL CONDITIONING

3.1. Gauge-twisted GFF and subdivision of edges. Consider the electrical network G =
(V, E) as in Section For N € N\ {0}, we will denote by GV) = (V)| E(N)) the electrical
network obtained from G = (V, E) by subdividing each edge e € E into N. In this way, G W =g.
In general,
EM|=NIE|, [V =V|+(N-1)E|

Moreover, if N divides N’, then V) is naturally a subset of VIN'). In particular, we always
have V. .C VIN). Given e € E, we will denote EV)(e) the subset of EY) made of edges
obtained by subdivision of e. We also denote by V¥)(e) the endpoints of edges in E®)(e). So
IEM)(e)| = N, [VIN)(e)] = N+1 and [VIN)(e)\ V| = N —1. We endow GV) with the following
conductances: for every e € E and ¢/ € EWN)(e), CV)(¢/) = NC(e). Let be the energy

M H= > Ny (fly) - @)’

{zy}eE™)

We also see the electrical network G) | more precisely VIN) as a subset of the metric graph
G. In this way, VIV)(e) is a set of N + 1 points on I, with equal spacing (NC(e))~!, which
includes the two endpoints of e.

10



If (V) (7)) ey v is a GFF on GV then it’s restriction to V = V) is a GFF on G. Indeed,

M) =ED Sy fy) + NN 1)) Cle Z i) — f(xio1) — (f(@n) = f(x0))/N)?,

ecE i=1

where xg, x1, ..., 2y is the ordered set of points in V(N (e). Moreover, if (¢(z )),cg is a metric

graph GFF, then its restriction i)\V(N) is distributed as a GFF ¢™) on GIV). So, in a sense, (;5
is the limit of ¢N) as N — +oo.

Now, given a gauge field o € {—1,1}¥, we similarly want a natural extension of a o-twisted
GFF ¢, to the subdivided graphs G™), and ultimately to te metric graph G. So, given o €
{—1,1}F, we will denote by o™ the following element of {—1, 1}E(N). If ee F and o(e) =1,

then for every ¢ € EWN)(e), o) (¢/) = 1. However, if e € E and o(e) = —1, then among the
edges in E™V)(e) there is exactly one with sign —1 under o™, all the N — 1 other having sign
+1 (so there are actually choices to make for ¢(¥), N choices for each e € E with o(e) = —1).

Proposition 3.1. Let N € N\ {0}, 0 € {-1,1}¥ and oN) ¢ {—1,1}E<N) as above. Let
((;5%\),) (7)) ey vy be the o) twisted GFF on GN) with 0 boundary conditions on Vo C V C
V). Then its restriction to V is distributed as (¢ (x))zey, the o-twisted GFF on G with 0
boundary conditions.

Proof. Consider the energy

N =Y C™@ e @y f ) - f@).
{z,y}cEW)
Let e € E and let xqg, 21, ..., 2N be the ordered set of points in V(N)(e). Forie{1,...,N}, let
be
&i = O'(N)(.T(),x1) N O'(N)(l’i_l,xi).
Then
(3.1)

N
Z CN @iy, 2:) (0™ (wim1, 23) f(2:) — f(2i-1))? = C(0, 2n)(0(z0, 2) f(@n) — f(@0))?

N
+ N(N —-1)C(xo,zNn Z Gif(x:) — i1 f(wim1) — (o(x0, zn) f(xN) — f0))/N)?
=1

This induces a decomposition of the energy 5§N>. This implies that ¢‘(TJ(V]\),) restricted to V is
distributed as ¢,. Moreover, the fields

(0if(z;) +i(o(xo,zn) f(zn) — f(20))/N)i<i<N—1,ecEs

are independent from (b((:(VA),) restricted to V, with also independence across e € F. O

In the sequel, o € {—1,1}¥ and, for the sake of simplicity, N will be odd and ¢) is chosen
such that for e € E with o(e) = —1, the middle edge in EN)(e) has the sign —1 under o(™).
We will define a random Gaussian field (;30 on the metric graph G as follows. We consider the
following independent objects.

o The twisted discrete GFF (¢4 (x))zev.
e For every edge e € F, and independent Brownian bridge (We(u))o<u<c(e)-1 of length
C(e)™!, from 0 to 0.
We will also chose for each edge e € E and arbitrary orientation and denote its endpoints e_
and ey. For u € [0,C(e)™!], zc, will denote the point of I, at distance u from e;. We define

(o (x ))zcg as follows.
11



e Forz €V, ¢,(z) = ¢o ().
e If e € E and o(e) = 1, then for every u € (0,C(e)™1),

(3.2) an(we,u) = We(u) + C(e)(ugo(e-) + (C(e)il —u)¢o(e4)).
e If e € E and o(e) = —1, then for u € (0,C(e)"1/2),
(3.3) P (Teu) = We(u) + Cle)(—udo(e-) + (Cle) ™" = u)dy(ey)),
and for u € (C(e)~1/2,C(e)™1),
(3.4) Po(Te) = —We(u) + Ce)(uds(e-) — (Cle) ™" = u)do(ey)).

The value for u = C(e)~!/2 is not specified and can be chosen arbitrary.

Defined in this way, the field ¢, is discontinuous in the middle of each I, for e € {e € E|o(e) =
—1}, with

li = — li .
it P = Tl P len)
However, the absolute value \gz~30| extends to a continuous field on G. Note that the law of b
law
does not depend on the arbitrary choice of orientations for the edges, since ¢, (taw) —¢, and
w, 2w
e — “Vre:

Proposition 3.2. For every N odd, the restriction of ¢~>U to VIN) is distributed as ¢l(7](vj\),).

Proof. This is an immediate consequence of the decomposition (3.1]). (|

So the metric graph field b, appears as the limit of (ﬁg](vj\),) as N — 4oo. However, it is not

continuous. To recover continuous fields we will work on a double cover of G; see Section

3.2. Double covers induced by gauge fields. Let o € {—1,1}¥. We will introduce a double
cover gf,lb = (de,Ef,ib) of the graph G, which is as follows. V9" consist of two copies of V,
Vib = v, U Vs, and the projection 7w, : Vdb 5 V induces a bijection between V7 and V and
between V5 and V. The set of edges ES is as follows. Let {z,y} € E and let z1,y; € V; and
x2,Yy2 € Vo such that 7,(z1) = 75(22) = z and 75 (y1) = 75(y2) = y.

e Ifec E and o(e) = 1, then {x1,31}, {22,102} € EZP.

e Ifec E and o(e) = —1, then {z1, 42}, {x2,y1} € EP.

See Figure |5 for an example. We also have a projection m, : Egb — FE such that

mo({#,9}) = {mo (2), 7o (9) }-

In this way 7, is a graph covering map from G to G. Given x1 € Vi and x5 € V5 such that
To(1) = me(x2), we will define ¥(x1) = x2 and ¥(x2) = x;. In this way, ¢ is a bijection
from V9P to V4P, Tt is also a graph automorphism of GI°, that is to say if {#,9} € E® then
{2p(2),7(9)} € EZP. The map 1 is also a covering automorphism, because 74 0 1) = 7.

Lemma 3.3. Let p = (x1,22,...,Tn—1,%n,x1) be a nearest neighbor loop on G and let
(%1, 29, Bn_1,2n, Tna1) be a lift of p on GIP with respect to the covering map w,: 7o (2;)
forie {1,2,...,n}, 7o (&ns1) = w1, and {3, %41} € EX® foric {1,2,...,n}. Then hol”(p)
1 if and only if Tp+1 = &1. Otherwise hol (p) = —1 and Zpi1 = Y(21).

@

8

%

Proof. By construction, whenever o(z;,z;+1) = 1, then Z; and Z;11 belong to the same copy
Vi or Vo. Whenever o(x;,z;+1) = —1 then either &; € Vi and #;41 € Va, or vice-versa. So
ZTpy1 = &1 if and only even there is an even number of transitions from Vi to V4 or from V5 to
V1, that is to say that the number of i € {1,2,...,n} such that o(z;, z;+1) = —1 is even, which
exactly means that hol?(p) = 1. O

Lemma 3.4. Let 0,0’ € {—1,1}F.
12



FI1GURE 5. Left: a graph with 4 vertices and 5 edges. Right: its double cover.
The edges in violet correspond to o(e) = —1.

(1) Assume that o and o' are gauge equivalent, and let & € {—1,1}V such that o' = 6 - 0.
Define 15 : VI® — VI as follows. Let & € VI*. If 6(n, (2 )) =1, then ¥s(z) = z. If
6 (1, (2)) = —1, then s(&) = (&). Then 14 induces a graph isomorphism between GI°
et gd , which is moreover a covering isomorphism, i.e. Ty = Ty 0 Vg .

(2) Conwersely, if there exists a covering isomorphism between GIP et QSP, then o and o’
are gauge equivalent.

Proof. (1) The map 5 is clearly a bijection from VI to itself, and it is clear that 7, = 7, 0.
One needs only to check that whenever {#,9} € EZ, then also {15(%),¥s(9)} € EP. But this
is clear from the definition of ¢z and the fact that

o' (751 (V5(2)), o (V6(9))) = 0 (16 (2), 75 (§)) = 6(m6(2))0 (76(2), 76 (9))5 (74 (9))-
(2) Let ¥ be a covering a covering isomorphism between Gab et QSP. Since 7, = Ty 0 1), for
every & € Vb,
o cither (¢(#), 9 (1) (
o or ((2),d(v(#)))
Note that here & and ¢(&)
case we set 6(m,(2)) = —1.

) = (9(&), (@),
= (P((2)), ¥(2))-

symmetric roles. In the first case we set 0(m,(Z)) = 1. In the second
Then it is easy to check that ¢/ =6 - 0. U

Lemma 3.5. Let 0 € {—1,1}¥ be a gauge field and let GP be the corresponding double cover.
Then the graph G2P is connected if and only if o is non-trivial. Otherwise G® consists of two
disconnected copies of G.

Proof. If o(e) = 1 for every e € E, then by construction, V3 and V5 are not connected in G4P
and one has just two copies G with vertex sets V; and Vs respectively. In the more general case
of o trivial, one can apply Lemma to get that G4P is isomorphic as a covering to the previous
case.

Assume now that o is non-trivial. Let x € V, and let x; € Vi, 29 € V5 such that n,(z1) =
7e(x2) = x. According to Lemma there is a loop p rooted in z such that hol?(p) = —1.
Let ¢ be a lift in G¢P of the loop p. By Lemma © is a path joining z; and xo. Thus x;
and x9 belong to the same connected component. Further, by construction, if {z,y} € E, then
7 ({z}) and 7,1 ({y}) are connected. Since G is connected, then so is G&P. O

Further, we will endow the double covers GIP with conductances as follows. Given {Z,§} €
E,

(3.5) C(#,9) = C(me(2), 70 (9))-
13



Let be VP = 71(Vp) and V4P = 77 (Vin). We consider the nearest-neighbor Markov jump

int
process on ggb with the transition rates given by the conductances, ans killed upon hitting Vadb.
Let py(t,Z,9) be the transition probabilities of this killed process. The following is immediate.

Lemma 3.6. (1) For every #,7 € V4P,
Po(t, ,9) + po(t, &,9(3)) = p(t, 7o (%), 7o (9))-
(2) For every &,7 € Vgg‘g’, such that £ and y are both in Vi or both in Vs,
po(t, 2, ¥(9))
p(t, 7o (), 76 (7))

]P);ra(i)ﬂra(g)(holo—(p) — _1) —

9y
where P?”(i)’ﬂ”(g) 1s the bridge probability measure for the Markov jump process on G
conditioned on staying in Ving.

A fundamental domain of 7, is a subset D C V9P such that 7, induces a bijection from D to
V. By construction, V; and V5 are both fundamental domains. The following is an immediate

consequence of (2.3) and Lemma
Corollary 3.7. Let be a gauge field o € {—1,1}F. Then

p°P({ Loops ¢ with hol”(p) = =1} = > Po(t, &, 9(2) T,
2eDnVdb 0
where D is any fundamental domain.
Let be the space Sgb:
S = {f e RV"|Vi € V5", f(&) = 0}.

We endow Sgb with the positive definite inner product

EP(fg) =Y. CE @) - (@)@ —g(2)).

{#.9yeEG
Let Sg}jr and 851}1 be the following subspaces of SIP:
S&i:{feSgb\fow:f}, Sd}’_:{fesgb|fo¢:_f}‘
Note that dim S§% = dim S§P. = |Vin|, and dim 8§ = 2| V.
Lemma 3.8. The space SSP is a direct orthogonal (for EI°) sum of the subspaces Sglfjr and
Si.

Proof. 1t is clear that S&ljr N S&b_ = {0}, and every f € SI* can be decomposed as

f=5(+fop)+5(f~fou)
So Sgb is a direct sum of Sg}}r and S&b_. To check that the decomposition is orthogonal, consider
fe S&}Zr and g € S&b_. Given {#,9} € E*, then {1(2),%())} € EI and
(f(@) = (@) (9(@) — 9(2)) = =(f (@) — F(&(£)))(9(¥(9)) — 9(¥(2)).
So £3°(f,9) = 0. O
Let AZP denote the discrete Laplacian on G3P:
@APH@ = > C@pf@-r@), zev®

gevdp
{2.9yeES



One can see A% as an operator on S§P by taking ((Agbf)(i))jevdg and extending to VP by
0. Then, clearly, the subspaces S&'ﬂr and Sd’li are stable by AdP. Therefore,
detgan (—AS") = det s, (=A%) det si (—Ad),

where the subscripts indicate the space considered.
Let f: VI - R, and let f; denote the following function from V to R. Given z € V and
x1 € Vi such that 7,(z1) = =z,

fi(z) = f(z1).
If f € S§°, then
(A f) (1) = (Ag fi) (),
and if f € S&E, then
(A f)(@1) = (Agof1)(@).
The following is an immediate consequence of the above.
Corollary 3.9. We have that
detga (~AF") = det((G(2,9))agervi) s detga (~AF) = det((Go (@, 9))awevin) -
In particular,
detgan. (—Ag)

— loo . o _
m = exp ( — 2p°°P({ Loops o with hol? (p) = _1}))_

Let (ng(iﬁ,g))j7gevdb denote the Green’s function on GI¥ with 0 boundary conditions on
V5. Note that G (v(2), () = G§°(&,9)

Lemma 3.10. Let x,y € V and let 1,11 € Vi and yo € Vo such that 7y(x1) = x and
To(y1) = 7 (y2) =y. Then
G(z,y) = G (v1,11) + GS (21, 12), Go(z,y) = GP(21,1y1) — G (21,2),

or equivalently

G (o1, u1) = 5 (Gw0) + Golwy),  GP(1,) = 5(Gla,y) = Golt, )

Proof. We have that

o0 —+oco
G (21, i) = / polteny)dt,  Glay) = / p(t, 7, y) dt,
0 0

and according to Theorem [2.2]

+oo
Golw) = [ it )P (hol" () = ~1) .
We conclude by Lemma [3.6] O

Let (¢25(2))zeyan be the discrete GFF on the double cover G&P. We have that
El¢(2) =0,  E[65°(2)¢5°(9)] = G5 (%, 9)-
Let ¢3°, and qﬁgP_ be the fields

L oab ab ab _ L ab  ab
db

The field ‘3‘;, respectively ¢7” , is a random element of S&]Sr, respectively 8d7b_. Since S&ljr and

S&E are orthogonal for £I°, the fields qﬁ‘i‘y@r and gi)ib, are independent. Lemma immediately
implies the following.

db __
¢a’7+ -
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Corollary 3.11. Let (¢(x))zev and (¢o(x))zey be the following fields:

d(x) = o3 (11),  dolx) = G5 (21),

where 1 € Vi and w,(x1) = x. Then ¢ is distributed as the GFF on G with 0 boundary
conditions (2.1), and ¢, is distributed as the o-twisted GFF on G with 0 boundary conditions

22).

3.3. Double covers of metric graphs and related GFFs. Consider a gauge field o €
{—1,1}F. Let be the associated double cover GI°, endowed with the conductances (3.5). We
will consider the metric graph associated to GI°, denoted by ng. The projection 7, can be
extended into a covering map 7, : gf,lb — G which is locally an isometry. In this way, §3b is a
double cover of the metric graph G. Similarly, the map 1 : Vb — V4P extends into a covering
automorphism ), : g~3b — égb (701, = m,) which interchanges the two sheets of the covering.
Lemma extends to the metric graph setting: the metric space Q~§1b is connected if and only
if the gauge field o is non-trivial. Otherwise it consists of two disjoint copies of G.

Let qub be the metric graph GFF on égb with 0 boundary conditions on Vadb. The field ngb
is continuous. It’s restriction to VP is the field ¢d" introduced previously. Let ng‘f; and g?)ib_
be the fields

b= DS ov), G = (@ = g o)
The fields &g}; and ~§'}‘_ are again continuous and their restrictions to V4" are g}; and (ﬁg}’_
respectively.

Lemma 3.12. The fields &g}i and quSdb are independent.

o,—

Proof. We already know that the fields ¢gb+ and QSCd,"D_ are independent. To conclude, we need
to look at what happens inside the edge-lines. Given (W1(u))o<y<c(e)-1 and (Wa(u))o<u<c(e)-1
two independent Brownian bridges from 0 to 0 of the same length, then indeed (W7 + W2)/v/2
and (W7 — Ws)/+v/2 are indeed independent and again distributed as Brownian bridges from 0

to 0. O

Since qggfﬁr 01y = &3};, there is a continuous field ¢ on G (i.e. on the base of the covering)
such that

~db -
¢07+:¢o7rg.

Lemma 3.13. The ﬁeldg?) is distributed as the metric graph GFF on G with 0 boundary condi-
tions on Vy (see Section , hence the same notation, and in particular its distribution is the
same whatever the gauge field o.

Proof. By Corollary m we already know that the restriction of the field ¢ to V is distributed
as the discrete GFF with 0 boundary conditions on Vy. We need to check that the identity
in law also extends inside the edge-lines. Given (W1 (u))o<y<c(e)-t and (Wa(u))o<u<c(e)-1 two
independent Brownian bridges from 0 to 0 of the same length, then indeed (W) + Wa)/v/2 is
distributed as a Brownian bridge from 0 to 0. U

Next we will introduce a section s, : 5 — gf,lb, such that 7, os, = Idfgv. In general, s, will
not be continuous and will actually have finitely many discontinuity points. The section s, will
be defined by the following conditions:

(1) mo 055 = Idg.

(2) For every z € V, s,(x) € V1.

(3) For every edge e € E, the map u — sy(x¢,) (see Section for the notations) is
continuous on the intervals [0, C(e)~!/2) and (C(e)~!/2,C(e)™"], i.e. a discontinuity is
possible only in the middle of the edge-line at u = C(e)~1/2.
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The above entirely specifies s, outside the middle points of edge-lines in G. Further, if {z,y} € E
and o(z,y) = 1, then {s,(z),s,(y)} € E®, and thus s, extends continuously to the whole edge-
line Iy, . However, if o(z,y) = —1, then {s,(z),s,(y)} & E3", and thus s, has a discontinuity
in the middle of the edge-line Iy, 3. We will not specify which is the value assumed by s,
at such a discontinuity point, i.e. which of the left or right limit, as this will not be of any
importance.

Now, consider on § the field

(3.6) o = 95 055

Lemma 3.14. The field ¢, has the same distribution as the Gaussian field on G introduced in
Section [3.1], hence the same notation.

Proof. By Corollarym“re already know that the restriction of the field ¢, to V is distributed
as the discrete o-twisted GFF ¢, with 0 boundary conditions on V. We need only to check what
happens inside the edge lines. Given (W1 (u))o<u<c(e)-1 and (Wa(u))o<u<ci(e)-1 two independent
Brownian bridges from 0 to 0 of the same length, then W, = (W, — W5)/v/2 is again distributed
as a Brownian bridge from 0 to 0. If o(e) = 1, then s, is continuous on the edge-line I, and the
restriction of ¢, to I, is obtained by interpolating between qZ)a(e,) and qgg(eJr) with W, (plus
the deterministic linear part). If o(e) = —1, then s, has a discontinuity in the middle of I., and
the restriction of ¢, to I, is obtained by interpolating between —qgg(e_) and ¢~)U(e+) with W,
(plus the deterministic linear part), then by reflecting the bridge on half of I.. So this is indeed
the same construction as the one given by the formulas , and . O

The main point of the Sections and was actually to introduce the field ég}’_. The

advantage of &S}’, over ¢, is that the former is always continuous, and in particular satisfies the
intermediate value property. This will be exploited in the forthcoming Section See Lemma,
9. 19

3.4. Topological events for the metric graph GFF. Here we consider a gauge field o €
{~1,1}¥. Given U an open non-empty connected subset of the metric graph G, the inverse
image m, }(U) C g~3b is either connected or consists of two isometric connected components. It
is easy to verify (see e.g. Lemmas and [3.5) that 7 1(U) is connected if and only there is
a continuous loop p contained in U such that hol?(p) = —1. The holonomy of a continuous
loop on the metric graph is given by the parity of the number of crossings of edge-lines I. with
oe) =—1.

In the example of Figure |3} 7, 1(U) is connected if and only if U surrounds the inner hole
of the domain. In the example of Figure 4} 7, 1(U) is connected if and only if U separates one
hole from the other. By separate we mean separate as a subset of the continuum plane, since
the planar metric graph on the figure can be embedded into the plane. However, if U surrounds
both holes without separating one form the other, then 7, }(U) is not connected.

So whether 7, 1(U) is connected or not is a topological, or rather homotopical property of
U. It can be reformulated in a more abstract way as follows. Let m (QV) be the fundamental
group of the metric graph G (the notation 7 should not be confused with the notation 7, for
the covering map; m is just the standard notation for the fundamental group). Let 71 (U) be
the fundamental group of U. Since U is a subset of G , there is a natural group homomorphism
Oy : m(U) — m1(G), obtained by considering the loops in U as loops in G. The gauge field
o induces a group homomorphism h, : 7r1(§) — {—1,1} obtained by taking the holonomy of
loops. The homomorphism %, depends only on the gauge equivalence class of o. The gauge
field o is trivial if and only if ker hy, = 71(G). Further, 7, 1(U) is not connected if and only if
ker h, o 8y = w1 (U). This depends on o only through its gauge equivalence class, and if o is
trivial, 7, 1(U) cannot be connected.
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Let C(G) denote the space of continuous functions G — R. Given a function f € C(G),
{f # 0} will be a short notation for the non-zero set of f:

{f #0} ={z € dIf(x) #0}.
Let 7, be the following subset of C(G):
T, = {f € C(G)| ¥ U connected component of {f # 0}, 7, ' (U) is not connected}.

It is easy to see that 7 is a closed subset of C(Q~ ) for the uniform norm. In the example of Figure
f € T, if and only if no connected component of {f # 0} surrounds the inner hole of the
domain; see Figure[I] In the example of Figure[d] f € 7, if and only if no connected component
of {f # 0} separates one hole from the other. Again, 7, depends only on the gauge-equivalence
class of o, and if o is trivial, then 7, = C(G).

We recall that, although the field gba is usually not continuous, its absolute value ]¢U| can
always be continuously extended to G. Thus, we see |¢y| as a random element of C(G).

Lemma 3.15. Almost surely, || € T,

Proof. We will show that a.s., for every U connected component of {|<;EU| # 0}, and for every
# € 7, Y(U), the points & and ,(#) are not connected inside 7, *(U). If this were not the

g
case, there would be a point # € GI® and a continuous path (9(t))o<¢<1 joining & and g (Z)

such that for every t € [0,1], |¢o| (7o (3(t ))) > 0. Consider on G2 the field qu,, related to ¢,
through (3.6). Then, for ever t € [0, 1], U,,( (t)) # 0. But the field ¢§}1 is continuous, and
95;“?_ (3(0)) = —g?)ﬁ,i})_ (4(1)). So this is a contradiction. O

Now consider the usual metric graph GFF gg, without the gauge field o.
Lemma 3.16. We have that P(¢ € T;) > 0. Moreover, if o is non-trivial, P(¢ € T,) < 1.

Proof. Let us first prove that P(¢ € 7) > 0. Let A be the event that the field ¢ has zeroes
inside every edge-line I for e € E. With the construction with Brownian bridges, it is clear
that P(A) > 0. Let us argue that on the event A, we have that ¢ € 7,, whatever the gauge
field 0. Indeed, on the event A, no connected component of {(5 # 0} contains a full edge-line,
and thus cannot contain a loop with holonomy —1.

Assume now that the gauge field o is non-trivial. Then there is (y(t))o<t<1 a continuous

(deterministic) loop in G such that hol?(p) = —1. With positive probability, ¢ has no zeroes
on the range of ©. On this event, the range of p belongs to the same connected component of
{$ # 0}, and because hol?(p) = —1 we have that ¢ ¢ 7. O

We are ready to state the main result of this paper.
Theorem 1. Let be a gauge field o € {—1,1}F. Then
(3.7) P(¢p € Ty) = exp ( — p°({Loops p with hol” (p) = —1})).
So in particular (see Corollaries u - (md-)

det((Go (2, y))ayevin)
det((G(ZE, y))&?,yévmc)l/z
detga (—AG")"2
detgn (—AF)7

= en(- X [ Tntaven®)

#eDNVdb

int

PpeT,) =

where D is a fundamental domain of the covering map m,. Moreover, conditionally on the event

{6 € T}, the field |p| has the same distribution as |¢y)|.
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Remark 3.17. Theorem (1| implies in particular that for every x € G ,
E[¢(2)*|9 € To] = Go(z, ).

Further, for any k£ € N\ {0} and x1,29,...,2% € G, for the conditional moments (products of
squares)

Elg(x1)*@(x2)* ... d(1)?|o € To]
the Wick’s formula with kernel G, holds.
Remark 3.18. Theorem [I] immediately extends to interacting bosonic fields on the metric graph
where the interaction potential depends only on the absolute value of the field. For instance,

one can consider the ¢* fields on G. Let g > 0 be a coupling constant and consider the relative
partition functions

zs" :IE eXp / oz ] Z%0 = exp / o ( )}

Let g be the field on G with density

Zl exp (—g [ ¢(@)* (i)

with respect to the GFF ¢. This is the ¢* field on the metric graph. Similarly, let g, be the

field on G with density
1 VS
e (g [ pla)!mias)

g,0
with respect to the GFF (ﬁg. This is the o-twisted ? field. Then Theorem |1 implies that

4
det((GU (xa y))wyyevint)l/ZZ;U
4
det((G(z, ¥))ayevin) /225
and that conditionally on p € 7, the field |p| is distributed as |p,|. In (3.8) one again gets a
ratio of partition functions, this time for the ¢ field and its o-twisted version. One can replace

the interaction potential ¢* by any other potential V(|¢|) bounded from below and depending
only on the absolute value of the field.

(3.8) P( e Ty) =

)

The rest of this section is dedicated to the proof of Theorem
Let be

r =minC(e) L.
eck

Given e € E, z' will denote the middle point of the edge-line I.:
Te' = Toc(e)-1/2-

For ¢ < C(e)~!/2, we will denote by x_, and z}_ the two points of I at distance e from z2":

xe_,a = Te,C(e)~1/24e> '/L'(—ai:s = Te,C(e)~1/2—¢"
The points z, . and $2:5 will play symmetric roles, the distinction is just for the notations. Let
Je,e denote the open subinterval of I, delimited by z_ . and z:

Jee ={xeu|Cle) /2 —e<u< Cle) /2 +¢).
See Figure [6]
Given a gauge field o € {—1,1}F, we will denote
E,_={ec E|o(e) = —1}.
For € € (0,1/2), let 60,6 denote
Goe =G\ | Jee

ecE,
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FIGURE 6. Inside an edge-line.

In this way, 5(,75 is a closed subset of the metric graph G , and is itself a metric graph, but not
necessarily connected. Consider the discrete graph G,. = (V5., Ec) constructed as follows.
The set of vertices is given by

Voe=V U {:U;E\e €E,_}U {x;]e € E,_},
and the set of edges given by
Ege=(E\ Eo-) U{{zc.,e-}e € Eo_} U {{zl, ex}le € Eo_}.

The graph G, . is endowed with the following conductances: for e € E'\ E, _, we keep the same
conductance C(e). Further, e € E, _, we set

Clrge,e-) = Clals ex) = (Cle)7 /2 - )7

Then Qa ¢ is actually the metric graph associated to the electrical network G, .. We will denote
by (bgs the metric graph GFF on Qge with 0 boundary conditions on V3. The field gbos is a
usual metric graph GFF, i.e. not gauge-twisted. We will also consider the restrictions of the
metric graph GFF é and éa to Q~U’6.
For z,y € 5, we will denote
G(z,y) =E[p(),0()],  Golz,y) =E[¢o(z), ¢o(y)]-

In this way we have a natural extension of Green’s functions G and G, beyond V x V. note that
G defined in this way is continuous on Q X Q but G, has discontinuities at the middle pomts
x for e € E, _. We will also denote by G, .(x,y) the covariance kernel of (;5(,5 on ga e X Q(,E
Lemma 3.19. The restrictions ¢|g~m5 and ¢o|g~c,,5 are both absolutely continuous with respect to

QNS(,,&. The Radon-Nikodym derivatives are given by

dP; _ 1/2
¢|ggg ~ (det(GU,e(xvy))x yEVag\V) 1 ~ 4 ~ A2
3.9 = 2 > - _
B9 ) = Gl ) (-1 2 G~ ¢l ).
dP; 1/2
b41G ~ (det(Goe(,y))s yev, \V) 1 ~ ~/ — \W\2
3.10 2 () = ’ LAbA - = § j i
( ) dPQ;cr,s ((p) (det(GU(xa y))z,yEVo,s\V)lﬂ P ( de eck, _((p<x€7€) ! gp(a:e E)) )

Proof. Let us introduce the auxiliary electrical network G _ as follows. Its set of vertices is V5 .,
the same as for G, .. Its set of edges is

Ege=EocU{{z.c 2l e € Es}.

The conductances on Ej _ are as follows. If e € E, ., then we keep the same conductance C(e).

Moreover, we set
1

2767
for e € E, . Then the metric graph associated to the elctrical network G7 . is again G, the
same as for G. This is because for every e € E, _,
0(6—7 ee) +C( Leer ee) +C( Lee> +)71
= (C(0)7/2 =) + 2+ (C(e) /2~ ) = C(e) ™,
20
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as for resistors in series. Therefore, the restriction of ¢ to Vo is the discrete GFF on the
electrical network G7 ., with 0 boundary conditions on Vp. The right-hand side of is then
the density of ((Z;(m))xevma with respect to (<z~5075(a:))xevas, both being discrete GFFs, on G .
and G, respectively. Indeed, compared to G, ., G, . contains only the extra edges {z. .,z 6}
for e € E, _, with conductance 1/(2¢) each, so the corresponding factors appear in the density.
The ration of determinants of Green’s functions to the power 1/2 is the normalization factor.
Finally, the expression of the density is the same when we consider the whole metric graph QNJ,E,
because both for qﬁ and QSU - we interpolate with the same independent Brownian bridges.

Now let us deal with ¢,. We consider on G*_ » e the gauge-field o* € {1 ,1}Foe defined as
follows. For e € E\ E, _, 0*(e) = o(e) = 1. Further,

O'*(e_,.%';a) = U*(€+,$;€) =1,
and

rr)=-1.

., —
o (xe,av e,e

In this way, for every p nearest-neighbor path in G7 . joining two points, z,y € V,

hol” () = hol” (pg),
where pg is the nearest-neighbor path in G from z to y obtained by taking the trace of p on V.
The restriction of ¢, to Vo is the o*-twisted GFF on G; . with 0 boundary conditions on Vj.

This is similar to Proposition Then (3.10)) is just the density of (q;g(uv))gcevg’E with respect
to (ggg,g(x))xevgvs. Because of ¢*, there is a + instead of a — in (3.10) compared to (3.9). O

Note that Lemma[3.19|implies in particular that (Z;U@ . is absolutely continuous with respect

to gg‘ Goe However, if one considers the whole metric graph G , then gZ;U is singular with respect to

6, unless E,_ = (. For instance, bo is a.s. discontinuous at the middle points xg fore € By _.
So that is the reason why we restrict to e-far away from these middle points.

Let C (Qge) denote the space of continuous real-valued functions on Qge For f € C('g},s),
{f # 0} will denote the non-zero set of f, with {f # 0} C ggf. Let 75 be the following subset

of C(ga,a)i
7;,5 = {f S C(go,a)

VU connected component of ({f # 0} U Jeﬁ),w;l(U) is not connected}.
ecE,

In the above definition, we enlarge {f # 0} with the intervals J.. for e € E,_, and then
consider the connected components.
Given f € C(Gos,c), we will define an equivalence relation ~ on the set

(3.11) {r . le€ By} U {m;\e EE;, } =V, \V.

Two points x,z’ in the above set are in the same class if they are in the same connected
component of {f # 0}. If f(x) = 0, then z is alone in its class. We will denote by Vs the set
quotiented by the equivalence relation ~¢, and by [z]; the equivalence class of a point .
Next we will introduce an undirected multigraph I'; induced by the function f. Note that in
general 'y is not connected and may have self-loops and multiple edges. The set of vertices of
T’y is the quotient set V;. Further, for each e € E, _, add to the multigraph I'y and edge with
the ends [z, |; and [z} ]. So the number of edges of T'y is |Eq,|.

Lemma 3.20. Let f € C(’g},e). Then the multigraph Ty is bipartite, i.e. does not contain cycles
with odd number of edges, if and only if f € Toe

Proof. Given a continuous loop g in the subset

(3.12) (tr#0 U o).

ecls
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It induces a nearest-neighbor loop in the multigraph I'y, which will denote by [p]; by a slight
abuse of notation. If p does not visit any point in V,.\ V (3.11), then [p]; is just the empty
loop. Conversely, every nearest-neighbor loop in 'y can be lifted to a continuous loop in .
This follows from the way I'y has been constructed. The edges visited by [p]; correspond to the
intervals Je . (with e € E, _) crossed by e from one end to the opposite. The holonomy hol? ()
is given by the parity of the number of edge-lines I, for e € E, _, crossed by ¢. This parity is
the same as for the crossings of J. ., for e € E, _, although the number of crossings itself might
be different. This is because each time g crosses an edge-line I., it will cross the corresponding
subinterval J, . an odd number of times. Thus, hol? (p) is also given by the parity of the number
of edges of multigraph loop [p];. Thus, Tt is bipartite if and only if the subset does not
contain loops p with hol?(p) = —1, which is the same as f € T . O

Note that although C (C?U,g) is infinite, the number of different partitions of V, .\ V (3.11)
induced by the functions f can be only finite. Given f € 75 ., one can choose a “coloring”
wy: Voo \ V = {—1,1} satisfying the following two properties.

(1) The value of wy is the same across every equivalence class for ~.

(2) For every e € By, wy(x,,.) = —wp(zd,).
The existence of such wy is ensured by the fact that 'y is bipartite. Moreover, one can choose
wy to depend only on the partition V; induced by ~;.

Next we define a transformation T, . acting on 7,.. Given f € T;., the function T, f is
defined as follows.

(1) For every = € 5078 such that f(z) = 0, we also have (T, f)(z) = 0.
(2) On every connected component U of {f # 0} such that U does not intersect the set
Va,a \ V, we have (Ta,sf)|U = f\U
(3) On every connected component U of {f # 0} intersecting V, . \ V, we have (T, f)y =
wr(U) fir, where wy(U) is the common value of wy on U.
So, in essence, T, f is obtained by flipping the signs on some connected components of { f # 0}.
In this way, T, f is continuous too, and |T, . f| = f. Therefore, T, f € T, too. Moreover, the
equivalence relation ~r, s is the same as ~y. Thus, T2 _f = Toc(Toc f) = f-
Further, we will extend T, . to the whole C(Q~U7a). For f € C(QNJ,E) \ Toe, we set Toof = f.
Let us denote by & and 7. the fields

§€ = To,s(ﬁg|g~mg)a ﬁe = Ta,e((zza,s)-

Lemma 3.21. The field & is absolutely continuous with respect to Me, and the corresponding
density is

dP; (det(Goe(,9))wuer, v )2 1 ;
e px\ s ) T,y a,a\v ~r 4+ 1¢€To.c ~( 2
p) = exp| —— E oz, ) — (-1 “o(x .
d]P)fle ( (det(G(x, y)):v,yEVU,g\V)l/2 ( eEEJ,( ( ) - (=D ( 8’5)) )

Proof. Since q5|§ . is absolutely continuous with respect to gzgw (Lemma [3.19) and T, is a de-

terministic and measurable transformation, we get that & is absolutely continuous with respect
to 7, with
~ dP-
P (@) = i (ToeP)-
dPs. dP- ’
Further we use the expression (3.9). Take e € E, _. For ¢ & T, .,

Poe
((TU,€¢)($;5) - (TU,€¢)($;5))2 = (95(‘73:,5) - 95(3;;5))2'

For ¢ € 75,
((TJ,€¢)($;E) - (T0,€¢)(‘re_,5))2 = (95(‘%.2:5) + @(xe_a))Q'

This because Wf(f’?e_,a)wf(ng) - 1. O
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Lemma 3.22. The field 7. = TU@(@(,,E) has the same distribution as éme.

Proof. First, by construction, |Tyc(¢oc)| = |¢oc|. Further, the signs wg_ _ (that is to say wy

with f = qﬁm) are by construction measurable with respect to \d)(,g] Then, we use the fact
that the signs of ¢, (do not confuse them with wg, ) are distributed, conventionally on o c |

as independent uniform {—1,1}-valued r.v.s, one for each connected component of {qﬁm #0};
see |[Lupl6l Lemma 3.2]. This implies that the product of signs w o e sign(¢yc) has the same

conditional distribution given \qgg’g| as sign(i)a’s). Therefore, T575(¢~5075) has the same distribution
as Pge. O
Lemma 3.23. The function

(det(Go (2, )z yevy\v) 2
(det(G(z,9))z yev, V)2
is constant on (0,1r/2). More precisely, for every e € (0,r/2),
(det(Go (2, Y)ayevo V) (det(Go(@,9))ayevin) >
(det(G(z,9))eyev, )V (det(G(2,1))ayevin )/
= exp(— 11°°P ({ Loops ¢ with hol” (p) = —1})).

Proof. Consider the measure 1'°°P (2.8) on Brownian loops on the metric graph G. Similarly to
Corollary ., we have that

(det(GU (-% y))x,yEVa,e\V)1/2
(det(G(2,9))z yev, \v) 2

Moreover,

det((GU (1‘, y))LyEth)l/Z
det((G(2,Y))ayevin) />

=exp (— [i1°°P ({Loops g visiting V, -\V and with hol” (p) = —1})).

exp (— 11°°P ({Loops p with hol” (p) = —1}))

= exp(— [i'°°P ({Loops g visiting V and with hol? (p) = —1})),

where the second equality is due to the fact that the measure on discrete loops pl°P can be
obtained by taking the trace on V' of metric graph loops under 9P We conclude by using the
fact that any continuous loop g on G with hol?(p) = —1 has to visit both V' and V, .\ V. That
is to say a loop not visiting either of two subsets has holonomy 1, because then it cannot cross
any of the edge-lines I, for e € E, _. Therefore,

fi'°°P ({Loops ¢ visiting V,.\V and with hol?(p) = —1}) = #'°°?({Loops p with hol?(p) = —1})
= [i"°°P({Loops g visiting V and with hol(p) = —1}) = ul°°P({Loops g with hol?(p) = —1}). O

Proof of Theorem[1 By Lemma [3.19, the field ¢~50| G, . is absolutely continuous with respect to

the field <;~505 By Lemma (3. 2L the field 7. has the same distribution as (50 ¢ By Lemma
the fields 7. and 55 are mutually absolutelly continuous, the corresponding Radoanlkodym
derivative being positive on C(ga,a) Therefore, the field d) [Go.e is absolutely continuous with

respect to the field ég and the Radon—Nikodym derivative is given by

dPy .
(313) —5==() =
dPg_

(det(G(may))x yeVe \\/)1/2 1
— Leets. + 1ogT, exp ( — - plre)p(zce)) )
(det(GG(l’, y))%yGVo,g\V)lm ( p€lo, PETo, < c GE;G’ €€ e,e >>
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Note that {s o if and only if q§| G, € Ts.. So in particular,

Pog, € Tod) +E[1; op ew (2 3 Sl

eclb,

. (det(GU($7y))x,y6Va,s\V) 1/2
(det(G(w, y))w,yEVa,s\V)1/2
where the second equality is due to Lemma . Further,

lnP(dg € Toe) =P(GET,)

_ exp( 1C’Olf’({Loops p with hol?(p) = _1}))a

and

N (et(Go ) nyer )
Eftag, e om (- e§¢ IH2))] = Gk g 77 T # o)

with .
i P(g, 6 | € Toe) = P(|ldo] & To) = 0;

e—0

see Lemma So we get (| .

Since |€.| = ]qﬁlg |, the field ]¢ Goe | is absolutely continuous with respect to WIQ |, and

li dP |¢~70|g~0’5| ( ~> - 1
. P T pger)tee
|¢|gue‘
with convergence in L'. So P(p € T,) '1se7, is the density of |¢,| with respect to |¢|. O

Next we explain how to get the field qba given the field qﬁ conditionned on ¢ € Ty, that is to
say how to get the signs, not just the absolute value. In essence, one has to flip the signs on
some of the connected components of {¢ # 0} \ {z|e € E, _}.

To avoid trivialities, we assume that the gauge field ¢ is not uniformly 1. Let us denote

M, = {z'le € E;_}.

We endow the subset G \ M, with the correspondent length metric d’, which is not the same
as the distance inherited from 5 since now we are not allowed to cross the points in 9t,. The
metric space (G \ My, d’) is not complete, but we can consider its completion for d’, which is
not 5 . This completion is

G\ ) UM,

with
My = {2 e € By -} U {2 |e € By},
where z£%~ and 22" are to be understood as left and right infinitesimal neighborhoods of z:
m,— __ 1 m,+ — 1 —+

The fields ¢ and ¢, can be both seen as continuous fields on (G \ 9M,) U ME, with
QZN)(,II;’_) = q;(mgl’+)’ g)a'(xlm_) = —ﬁga($g}’+), ec Eo,f-

A sample of ¢ induces a partition Vs of M*, where two points z,2’ € MT are in the same

class if they are in the same connected Component of {¢ # 0} seen as a subset of G\ M) UME
and not as a subset of G. We will denote by [z] 3 the equivalence class of x for z € 9E. The
condition ¢ € 7T, is equivalent to V 3 being bicolorable in the following sense: there is a map
w: Vs — {—1,1}, such that for every e € By, w(lze" ]5) = —w([ze” +]¢)' This is similar

to Lemma The number of different bicolorings is 2¥ where k is the number of connected
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FIGURE 7. Left: the field ¢ on the event (b € 75, which is this example means
that there are no sign clusters surrounding the inner hole of the domain. Right:
the associated 5 field. The black dots represent the boundary Vy. The violet
dots represent 9,. The positive, resp. negative values of the fields are in red,
resp. blue.

components of {¢ # 0} in G (not in (G \ M,) UMZE 1) that intersect M,. Indeed, there are two
different colorings per such connected component, one being the opposite of the other.

Let Bic(9M,) denote the set of bicolorable partitions of 9t,. To each such partition p €
Bic(9,) we will associate (in a deterministic way) a bicoloring wp. We define the random field
€ on G as follows. On the event b & T, we set £ = ¢. On the event ¢ & Ty, € is defined by the
following.

(1) For every z € G, [£(2)] = |$(x)].

(2) On every connected component U of {¢ # 0}, such that UNM, = 0, we have §|U = ¢|U

(3) On every connected component U of {¢ # 0} \ M, such that T N M, # 0, §|U =
Wy ; (U )¢|U, where wy; is wp with p being the random partition Vs and wy; (U) is the

common value of wv-([ Jg) for x € Unm,.

So { is obtain from qb through a deterministic transformation. It corresponds to flipping the
signs of some of the connected components of {gi) # 0} \ M,, on the event é € T, so as to
achieve a bicoloring. See Figure [7]

Corollary 3.24. The conditional distribution off on the event (;5 €T, is that of (;SU

Proof. The couple (¢, ) can be obtained as limit in law as ¢ — 0 of (¢5|§ E,fg). Then the result
is obtained by passing the density (3.13]) to the limit. O

3.5. A remark on the isomorphism for (]30 Recall the measure on metric graph loops fi'°°P

2.8). Let o € {—1,1}F. Let the signed measure on metric graph loops be
fig P (dp) = hol” (p) P (dpp),

which can be decomposed according to the sign into

~loop __ ~loop ~loop
Ho ot — Ho—-

F1/2

o+~ be the Poisson point processes of metric graph loops on G with

Let EU/ I respectlvely L

loop loop

intensity measure 3 ,ua + respectively 1 7M. - The version on Le Jan’s isomorphism due to
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Kassel and Lévy ([2.6) extends in a straightforward way to the metric graphs:
zp 71/2 (law) zp 71/2
(CEYD),e 2 (5062 + @)

where gga and Ef/ E are taken independent, and #* above denotes the Brownian local times. One
can use for instance an approximation from discrete through a subdivision of edges as in Section

B.1

Now consider C a connected component on
11~ ~1/2
{2 €G|36n@) + (L)) # 0}
Then 7, 1(C) is either connected or not. If w,(C) is not connected, than C cannot contain any
loop with holonomy —1, and in particular, C cannot contain any loop in E?,/ 2. So in this case,
C is actually a connected component of {|¢y| # 0}. We summarize this remark in the corollary

below.

Corollary 3.25. One can couple on the same probability space the metric graph loop soups
E?,/i and ZZE,/E, and the field ¢, such that all of the following conditions hold.

(1) The field qgc, and the loop soup ET/E are independent.
(2) For every z € G,

(L2 = ,%( )2+ (L)),

(3) For every cluster C of Lm-&- such that 7, 1(C) is not connected, C is also a connected
component of {|¢s| # 0} and f”(ﬁ?,/i) coincides with %gzgg(m)z on C.

In particular, one can couple on the same probability space the metric graph loop soups E},/i
and the field gZ;U, such that the following conditions hold.
(1) For every z € G,

1- o 51/2
50e(@)” < (L)1),
(2) For every cluster C of B},/_%_ such that 7w, 1(C) is not connected, C is also a connected

component of {|¢s| # 0} and Ez(&{i) coincides with %d;g(x)Q on C. In other words,
f’”(E/2) and 2@50( x)? can differ only on clusters C ofﬂ,{i such that w;1(C) is connected.

In the example of Figurel El /2 consists of loops that turn around the inner hole an even

F1/2

number of times, including those that do not surround it, and £/~ consists of loops that turn

around the inner hole an odd number of times. Further, ¢* (Eo,/ i) and %ég(x)Q coincide on

clusters of L / that do not surround the inner hole. At the risk of being redundant, let us

F1/2

emphasize that the dichotomy for loops in L£Y2 and the dichotomy for clusters of L} are
different. For loops in L£Y2 on distinguishes between the loops that turn an even number of
times around the hole, and the loops turn an odd number of time around the hole. In this
way, the loops that turn twice around the hole are in the same class as the loops that do not
surround the hole at all. For the clusters of loops however, the dichotomy is just surrounding
or not surrounding the inner hole.

In view of the above corollary, perhaps it is worth pointing out the difference between the

clusters of L / on the metric graph g and the clusters of L / on the discrete graph G.

Proposition 3.26. The discrete loop soup E},/i is obtained, up to a rerooting of the loops, from
the metric graph loop soup L, / by taking the trace of loops on V with the time change A~"

(2.7). By doing this, one only takes into account the loops in L / that visits at least one vertex.
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In particular, for every x € V, fx(Eﬂ) = f”"(ﬁlp). Further, the crossings of edges-lines I, by

L) / correspond to the jumps through discrete edges e by 51/2

If an edge e € E is visited by EJ{+, then Vr € Ie,ex(ﬁ?,{i) > 0 a.s. Moreover, for every

e€F,
(3.14) IP’(VJ: €L, 0*(L /2) >0 C;/_i_,e not visited by Ll/z)

= 1= exp (= 20(e)(¢ (LD (£D)?),
with conditional independence (given ,C;/f_) across the edges e € E.

Proof. These are the properties already satisfied by the loop soups L£Y2 and £/ 2 proven in
[Cupl6). The fact that £/2 is the trace of £/2 on the vertices V immediately implies that [,(1,/ i

is the trace of £ / on V, as well as that £ 1/2 is the trace of L /, on V.

o

As for the formula , given e € F not visited by EU{ 1, the connection between the two
endpoints of e can be created by a superposition of three objects: the Brownian excursions
from ey to ey inside I., the Brownian excursions from e_ to e_ inside I., and the Brownian

loops of Z',},/ i that stay inside I,. The formula (3.14) is then the same as for £/2 and £!/2
appearing in [Lupl6] as the same three types of Brownian paths appear in both settings. This
is in particular due to the fact that all the Brownian loops in £/? that stay inside I, have a

holonomy 1, and thus also appear in L / Note that for EO,/ ? and Ll/ , a similar formula is

no longer true, precisely because the Browman loops staying inside I. no longer participate to
connecting the two ends of e, as they all have a wrong holonomy. O
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