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Abstract

The objective of this work is to conduct robustness evaluations on the re-
liability assessment of penstocks using the info-gap framework. In order to
improve the induced optimization searches, three original line sampling pro-
cedures are proposed in order to address the complex limit-state function on
which the failure probability depends. The proposed algorithms are proven
to be well suited for the search of the multiple roots involved in the line
sampling technique. Then, a classification and a regression artificial neural
network are combined for predicting the roots in order to reduce the compu-
tational time engendered by robustness evaluations.

Keywords: structural reliability, line sampling, info-gap, neural networks,
robustness

1. Introduction

Structural reliability [1] is of particular interest for risk-sensitive indus-
trial applications such as power generation [2] where system performance,
and therefore safety, is subject to uncertainty. In this context, the safety
is assessed by estimating reliability-oriented quantities of interest such as a
low failure probability or a high-order quantile on a specific output variable
of interest. Two types of uncertainty are commonly distinguished, namely
aleatory and epistemic [3]. Aleatory uncertainty is associated with natural
randomness while epistemic uncertainty is understood as ignorance due to a
lack of knowledge and is therefore potentially reducible. High-risk systems
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11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

models are typical cases where epistemic uncertainty can be encountered as
they often represent events that are rarely or never realized. However, the
potential impact of lack of knowledge must still be accounted for in order to
improve information for a more reliable decision-making process regarding
the safety of the system.

The notion of robustness has many interpretations and possible mathe-
matical representations [4]. In the present paper, it is defined as the capacity
of the system to fulfill a criterion despite differences between its predicted and
operational behaviors which is a key point in engineering and more specifi-
cally in safety assessment. The info-gap framework [5] proposes a metric that
quantifies the robustness of a possible decision with respect to (w.r.t.) epis-
temic uncertainty by calculating its worst performance at increasing levels
of uncertainty in order to privilege tolerance to unexpected situations over
performance at a poor estimate of the system’s environment [6]. Info-gap
has been applied in a wide range of fields where decisions under severe un-
certainty need to be made such as in structural design [7], climate policies
[8] or water resource planning [9]. In [10], the probabilistic framework and
the info-gap framework are combined considering uncertainty on a covariance
matrix. However, its application to reliability quantities of interest such as
failure probabilities has been less studied although an example can be found
in [11] in the context of hybrid reliability analysis. Yet, the info-gap frame-
work is particularly relevant in the context of rare event analysis [12] in which
this work falls.

In this paper, the info-gap method is applied to a real world industrial re-
liability model assessing the mechanical integrity of penstocks by evaluating
a failure probability. As the uncertain parameters involve probabilistic distri-
bution parameters, assessing the info-gap robustness of the model reduces to
evaluating maximum failure probabilities for a series of increasing parametric
probability boxes problems [13]. This requires an efficient failure probability
estimator, both in terms of global precision over the uncertainty space and
computational time. The former requirement is challenging when assessing
the reliability of penstocks as the failure event corresponds to a restricted
intersection domain of complex geometry. A wide range of approximation
and sampling methods are available for estimating failure probabilities [14]
and some of them are already used for assessing the reliability of penstocks.
In the present paper, the technique known as line sampling [15] is applied
to better target the intersection domain. Three adapted line sampling algo-
rithms considering three equivalent formulations of the intersection failure
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event are proposed in order to efficiently evaluate the associated roots which
constitutes the main challenge induced by this technique. The performances
of these algorithms are analyzed through info-gap robustness curves. Sec-
ondly, a methodology based on two deep neural networks is considered in
order to predict the roots involved in the line sampling algorithms consider-
ing the aleatory and epistemic spaces jointly. This enables to considerably
reduce the computational burden that may be caused by an info-gap analysis.

This work shows how customized line sampling algorithms may be com-
petitive even for reliability problems with complex limit-state functions.
Moreover, it provides an example on how neural networks can be used to
help assess failure probabilities based on line sampling as soon as the com-
puter model is affordable to run.

The paper is organized as follows: Section 2 reviews the formulation
of a reliability analysis and presents the specific case of the reliability of
penstocks; Section 3 presents the three proposed line sampling algorithms;
Section 4 describes the methodology applied for building robustness curves
and validates the line sampling algorithms; finally Section 5 proposes a com-
bination of two artificial neural networks with the line sampling algorithm
to reduce computational time. Conclusions and perspectives are drawn in
Section 7.

2. Reliability assessment of penstocks for hydroelectric facilities

2.1. General formulation of a reliability problem

The objective of a reliability analysis is to assess the safety of a system
subject to uncertainty. The safety is evaluated through the limit-state func-
tion g (x) defined such that the event g(x) < 0 represents a failure state of
the system. Hence the failure domain is given by F = {x € Dx, g (x) < 0}.
Probability theory offers a framework to propagate aleatory uncertainty on
the input vector through the model. The input vector of uncertain vari-
ables is modeled as a random vector X to which a supposedly known joint
probability density function (pdf) fx is attributed. After propagating the
uncertainty through the limit-state function, the output Z = ¢ (X) is also
a random variable. The exact pdf f7 is generally inaccessible but reliability
quantities of interest can be estimated such as moments or quantiles. In this
work, the failure probability F; is of interest:

P =Pr[g(X) <0] = /ffx (x) dx. (1)
3
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Generally in complex systems, techniques are needed to evaluate Eq. (1) such
as sampling methods (Monte Carlo, importance sampling) or approximation
methods (first/second-order reliability method) [14]. In this work, the line
sampling (LS) method [15, 16] is investigated to better reach a geometrical
complex limit-state function. This algorithm will be presented in details in
Section 3.

2.2. Presentation of the penstock model

This work focuses on an industrial use-case relevant to the French elec-
tricity company EDF which concerns the reliability study of penstocks [17].
EDF operates more than 500 penstocks having a total length of over 300
km. Penstocks are pipes made of steel used to transport water under pres-
sure from the water dam to the hydroelectric turbine. Due to thickness loss
resulting from corrosion, their mechanical integrity must be justified. The
usual justification relies on diagnoses involving thickness measurements and
the evaluation of a deterministic margin factor (MF) which is a ratio of an
allowable mechanical stress over the current mechanical stress present in the
pipe during operation. If this ratio is greater than one, then the penstock is
considered as fit for service. The evaluation of MF depends on many vari-
ables which mainly pertain to mechanical and geometrical properties. The
integrity needs to be justified for a very large panel of penstocks with differ-
ent properties (e.g., geometry, mechanical properties) which justifies the use
of a predictive mechanical model. Uncertainty on some variables may affect
a deterministic evaluation of this model. A historical conservative approach
consists in evaluating the MF when attributing penalized values on the un-
certain variables. The next section presents another approach which treats
uncertainty with probabilistic distributions.

2.3. Reliability model of penstocks

To optimize the MF, a general reliability approach was developed to assess
the failure probability at year N 4 1 of a given penstock. Two major failure
modes have been identified and investigated: plastic collapse (affecting parent
metal) and brittle failure (affecting welds), due to the presence of cracks
appearing during the welding process. In the present application, only the
second failure mode is considered since its reliability analysis is the most
complex one:

e the limit-state function is locally non-differentiable and can be discon-
tinuous;
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e the annual failure probability estimated here is a conditional probability
considering that the penstock passed a hydraulic pressure test (HPT)
after its production in the workshop.

For the sake of simplicity, the dependence w.r.t. X is omitted in G; = G; (X).
The conditional failure probability at year N 4 1 can be expressed as:

Pf:PI"(GN+1<0ﬂGNZO|GHPTZO) (2)
which leads to (using Bayes theorem):

p— PI‘(GN+1 <OOGN200GHPTZO)
B PI‘(GHPTZO)

(3)

where Gy is the limit-state function at the beginning of year N 4+ 1, G
is the limit-state function at the beginning of year N and {Gypr > 0} is the
event meaning that the penstock successfully passed the hydraulic pressure
test. In the following, only the numerator in Eq. (3) is of interest as it is the
most challenging one to estimate. As the G-functions decrease over time due
to the monotonic corrosion degradation, the following expression holds:

PI"(GN+1 <OﬂGNZO)=PI(GN+1.GN <O>. (4)

The numerator in Eq. (3) corresponds to the probability of an intersection
of three events which is depicted as the red hatched band in Figure 1. This
probability is usually very small (e.g., smaller than 107%). In the following,
the double intersection will be handled with three equivalent events:

By = {max (Gn41, —Gn, —Gupr) < 0},
Ey, = {GN+1.GN <0N GHPT > 0}, (5)
FEs :{GN+1§OHGN>OF\IGHPT>O}.

Although being equivalent (due to a monotonic decreasing behavior of the
limit-state functions w.r.t. time), these different formulations will induce dif-
ferent strategies on the failure probability estimation as it will be seen in Sub-
section 3.3 for the root search involved with line sampling. The following no-
tations are used: Guax = max (Gyy1, —Gn, —Gupr) and Gpoa = Gy41.Gy.
The expressions of Gny1, Gy and Ggpr depend on quite a lot of parameters
and functions describing the mechanical behavior of the penstock under hy-
draulic pressure. The reader is referred to [18] for a more detailed overview

5
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Figure 1: Illustration of a possible failure domain and the basic principle of the multi-
constraint FORM (MCF) algorithm used in the FISTARR, algorithm.

of the mechanical model. However, the most important feature about these
functions is that they remain analytical which allows them to be computed
rapidly.

The probabilistic vector X is of dimension nx = 6 and its components are
detailed in Table 1 where R,, is the ultimate tensile strength, ¢ a parameter
used to linearly express the yield strength as a function of R,,, Aecy, the
thinning due to water and atmospheric corrosion, Aeéeys the extra thickness
added to the design thickness, a is the height of the crack and K¢ the
tenacity of the material.

Table 1: Input probabilistic modeling of X for the penstock use-case.

X; Distribution param. 1 param. 2 param. 3
X; = R,, (MPa) Lognormal  ug,, OR,, -

Xy =¢ (MPa) Normal [be o, -

X5 = Aecorr (mm) Normal HAecorr O Aecorr -

Xy = Aeexira (mm) Normal HAeoxtra 0 Aeoxtra -

X5 = a (mm) Uniform 0 Amax -

X6 = KIC (MPa\/ﬁ) Weibull Min 5]{10 K YKic

Standard penstock reliability assessments have been performed for some

6
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years and, unlike info-gap robustness evaluations of reliability assessments,
consider large variations of parameters to reproduce the variety of operating
penstocks. They resort to a panel of reliability assessment methods cap-
italized in the OpenTURNS library-based [19] Persalys-Penstock software
[18]. The most efficient method in the context of standard penstock relia-
bility assessments is the so-called FISTARR method (for FORM-IS-Tested
Automatically-Rapid seaRch [18]), an extended adaptation of FORM-IS for
multiple intersection events. More precisely this adaptation consists in a se-
lection of FORM-IS algorithms including MCF-IS algorithms, an importance
sampling around the design point obtained by performing a multi-constraint-
FORM (MCF) analysis as shown in Figure 1.

In the present paper, only the MCF-IS algorithm from FISTARR, ap-
plied with the LD_MMA optimization algorithm from the NLopt Python
Library, is used and will be simply referred as “IS” in order to simplify the
notation. Despite this method being globally robust in its current version,
that could be further optimized, it may not always converge rapidly for a
few configurations of input probabilistic parameters. In the following sec-
tion, a LS procedure based on the MCF design point is presented in order
to investigate a new technique for the estimation of the failure probability
of penstocks in the context of info-gap robustness assessments of penstock
reliability assessments.

3. A new line-sampling-based procedure adapted to multiple roots

3.1. Generalities on line sampling

This algorithm, also known as “Axis-Orthogonal Simulation” [20], con-
sists in, firstly, generating samples in a hyperplane orthogonal to a direction
a that points towards the limit-state surface, and then, solving several line
searches in that direction. A first preliminary step is to apply an isoprob-
abilistic transformation 7' : R"* — R"X which maps the original random
variables X with the standard normal random variables U where nx is the
number of random variables. By applying the rotation R such that V = RU,
where V] is a standard random variable whose outcome is parallel to a and
Vanx = UZ is a random vector (of size (nx — 1)) whose realization lies in
the hyperplane orthogonal to a, the failure probability can be expressed as

follows:
F=[ ] ety (af) dud (6)
RX — 1 Gl <0



187

188

189

190

191

192

193

194

195

196

. r@

Figure 2: Graphical representation of the LS procedure.

where G+ ([vl, uﬂ) is the limit-state function in the rotated space and ¢ (-)
is the pdf of the standard normal distribution. A graphical representation of
the LS procedure is given in Figure 2. Assuming that, for any ul (ué) is

the unique solution of G+ (2)1, ) = 0, the failure probability can ﬁnally be
expressed as:

P [ @ () oy g 7)

where ® () is the cdf of the standard normal distribution. When sampling
ns orthogonal points, the estimation of the failure probability and its cor-
responding variance can be estimated as follows:

nLs

= Zp;) (8)

nLs

Var (ﬁf) _ ;) z; (p@ N pf)2 9)

nis (nLs — 1

where pgi) = <—r (ui’(i)» is the failure probability along the (i)' -line.

3.2. Challenge for applying line sampling to the penstock reliability problem

As the limit-state function defined in Subsection 2.3 for the reliability
model for penstocks represents the intersection of three events, an adaptation

8
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of the LS procedure presented in Subsection 3.1 is required.
assumption of unicity of the root r*(va.,) is not met here. Applications of
LS to such cases can already be found such as in [21] in the context of linear

limit-state functions and Gaussian random variables.

In the particular case of the reliability of penstocks, Figure 1 illustrates
the fact that, depending on the sample ul and the direction a, two cases

can be encountered:

e cither the failure band is not reached, which results in the fact that

there is no root;

e or the failure band is reached in which case there are two roots denoted

r1 and rs.

Indeed, the

Figures 3 and 4 represent the several limit-state functions Gy (v1), Gy (v1),
Giipr (v1) and G, (vy) for two different samples ua” where Gy =G <ué’(i), 1)1>.

max
As the functions Gy, Gy and Gijpr are decreasing, the composed func-
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02 Gi}:
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(a)

Figure 3: Values of G % in function of vy for a case with two roots (a) on which a zoom

is performed (b).

tion G,

1. the two roots correspond to Gy, ; = 0 and Gy = 0 as in the example

in Figure 3;

2. the root of Gfjpy = 0 is smaller than the root of Gy, = 0 which
= 0 as in the example in Figure 4,

implies no solution for G

max

9

first decreases with G, and then increases either with —Gy or
—Giipp. Actually, there are three distinguishable cases:
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Figure 4: Values of GjL’(i) in function of vy for a case with no roots (see the Ga? curve).

3. the two roots correspond to G, and Gijpr (much rarer). Typically,
this happens when the root of Gijpr = 0 is between the roots of Gy, ; =
0 and Gy = 0.

When performing LS with two roots 71 and r5 (such that r; < r5) involved
at each iteration, pgz) from Eq. (8) becomes:

pﬁi) = (—r@) - (—r?) : (10)

In such case where no roots exist, pﬁi) is equal to 0. In the following section,
three algorithms constructed in accordance with the events E;, Fy and Fj

are proposed in order to efficiently solve this multiple root search problem.

3.3. Proposition of three adapted line sampling procedures

Algorithm 1 presents the general LS procedure (in the standard normal
space) used to estimate the failure probability which is very common, except
for the fact that the initial direction a« is obtained with a MCF algorithm
and that there are two roots to search for (which may not always exist). If
valid roots are found and if the point corresponding to the first root has
a smaller distance to the origin than the previous optimal point u*, then

10
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Algorithm 1 — General LS procedure (for possible two roots).

P+ 0
Find o, uycp # MCF results
Generate u ~ N (0,1)
fori:1— nig do
u, - — ul— (u(i) .a) a # projection on the orthogonal hyperplane

Search for Tgi) and T’éi) # see Algorithms 2 and 3

if rgi) and rg) exist then
pgi) =0 <—T§i)> - (—T‘éi)> # failure lies in [T%i)ﬂ"g)]
if [[ua™® + P < ||uiep| then  # active line sampling
ut — u, @ 4 r%i)a
a < u*/[[u’]
end if
else
pgi) =0 # failure is never reached
end if
P+ P+ pgl)
end for
Pf <— Pf/an

u* and the optimal direction o are updated. This is a feature of the so-
called “active line sampling” [22] which is useful in this case as the MCF
algorithm may not always give the best possible direction. The procedures
used to find the roots when considering the events E; (related to Gpax) and
E, (related to Gprea) are both presented in Algorithm 2 as they are quite
similar. Algorithm 3 is proposed to find the roots when considering only the
event Fs. It is important to keep in mind that the choice of the event does
not impact the position of the roots but only the procedure to find them.
Indeed, the event E; is only composed of one function which is supposed to
be always decreasing first and then always increasing. As it is formulated as
the maximum value of three different functions, its shape may not be smooth.
The corresponding procedure in Algorithm 2 (in blue) aims at estimating the
minimum value of the function. If the minimum value is negative, then the
first root and the second root are searched in its neighborhood (before and
after). If the minimum value is positive, then no root exists and py is set to

11
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Algorithm 2 — Roots search with the events £ and Es.

m®) = mln GL  (v1)
ml) = mln Giroa (V1)

if m < O then # else case 2
Fmdr1 <m® s.t. Gilax( ) 0

Fmdr2 > m s.t. Géax<()> 0 # case 1 or 3
Find 7*?) <m® s, Grroa |7 ( >> 0
if Gl ( 0 ) ~0then  # else case 2
Find 72)>m S.t. Grra (7 < ) =0 #casel
if Gipr (7 < ()) < 0 then

Find 72 s.t. Gipp (7 < (i)> =0 # case 3
end if
end if
end if

Algorithm 3 — Roots search with the event FEs.

Find r( s.t. GN+1< )> =0

if Giipr <7’1 > > 0 then # else case 2
Find 1"2 > TY) st. Gy (réi)> =0 # case 1
if Giior (ré“) < 0 then

Find 7“2 s.t. GHPT< ()> =0 # case 3

end if
end if

0. The procedure applied for the event Fy and described in Algorithm 2 (in
red) is quite similar to the one for the event E;. Es is composed of the two
functions G'ypr which is supposed always decreasing and Gproqa = Gn+1.GN
which is supposed always decreasing first and then always increasing. It is
necessary, in this case, to verify the position of the root of Gypr. If it appears

12
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before the first root of Gpr0q then there is no solution. Otherwise, the second
root to be kept is the smallest one between the root of Ggpr and the second
root of Gprod.

The event Ej3 is composed of the three supposed decreasing functions
Gn+1, Gy and Gygpr. These functions taken one by one are generally
smoother but may still present discontinuities in some cases. If the root
of Gypr is smaller than the root of Gy then there is no solution. Other-
wise, the second root to be kept is the smallest one between the root of Gypr
and the root of G . The algorithms corresponding to the events F;, Fy and
Ej5 are respectively denoted by Ag,, Ag, and Ag,.

3.4. Numerical comparison of the three LS algorithms

The numerical tools used to perform the minimization and the roots

search are taken from the Python optimization package in SciPy (scipy.optimize).

The minimization is conducted with the “bounded” algorithm which uses the
Brent method to find a local minimum in an interval. The root search is
conducted either with the “toms748” algorithm [23] in Ap, and Ag, or the
“newton” algorithm in Ag, as the functions involved are more regular. Each
algorithm must be able to treat the three cases mentioned in Section 3.2.
The first two cases are frequent while the third case is rarer. Depending on
which algorithm is used, the efforts needed to find the roots (or to find out
that there is no root) to deal with each case will differ. This is presented
in Table 2 where “Minimization” corresponds to the search of a minimum
either for Giax or Gprod, “Roots search” corresponds to the number of times
a root is searched and “Gypr evaluations” is the number of evaluations of
Gygpr at a given root.

From Table 2, one can expect the algorithm Ag, to be the least demand-
ing in number of code evaluations and the algorithm Ap, to be the most
demanding one. This conjecture is verified by estimating 500 failure proba-
bilities corresponding to different input probabilistic distribution parameters
with each LS algorithm for a total number of iterations nyg = 1 x 10%. The
averages %G ~No1-calls, %G n-calls and #Gypr-calls of the number of evalu-
ations #G; of each single limit-state function are calculated as well as the
average time ¢ required for estimating one failure probability. The number of
evaluations that come from the MCF algorithm used for both the LS method
and the IS method is not given here as it is the same for all the methods
and as it is negligible compared to the total number of evaluations. The
results are presented in Table 3 and confirm what was expected from Table

13
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Table 2: Operations performed for each event.

Algorithm Minimization Roots search Gypr evaluations
Case 1 1 2 0
Apg, Case 2 1 0 0
Case 3 1 2 0
Case 1 1 2 2
Ag, Case 2 1 1 1
Case 3 1 3 2
Case 1 0 2 2
Ap, Case 2 0 1 1
Case 3 0 3 2

2. Ap, requires more than three times less total evaluations than Ag, and

Table 3: Performances of each LS algorithm (Ag,, Ag,, Ag,).

. Ap,  Ap, Apg, IS
#Gyiri-calls 19162 22524 8484 5 x 10*
#Gy-calls 19162 22524 3062 5 x 10%
#Gypr-calls 19162 1516 996 5 x 10*
S #G, 57486 46564 13530 1.5 x 10°
1(s) 413 390 221 6.10

more than four times less than Ap,. The ratios in terms of computational
time are not the same as for the number of total evaluations as it depends on
other factors such as the different functions that are used. Nevertheless, one
failure probability estimation with Ag, seems to be almost twice as fast as
the two others. It cannot yet be said if the LS algorithms are more efficient
than the IS algorithm as it depends on the numbers of iterations npg and nig.
What can be said is that one IS iteration implies (in the current version of
FISTARR) three limit-state evaluations (one for each single limit-state func-
tion) and one LS iteration implies roughly an average of 57 total evaluations
with Ag,, 46 total evaluations with Ag, and 13 total evaluations with Ag,.
The comparison is now made by looking at the evolution of the estimated
failure probability using the three proposed LS algorithms with the IS algo-
rithm and the reference value, denoted as “IS ref.” obtained by performing
the MCF importance sampling with nig = 10° samples. The IS algorithm

14
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is performed using OpenTURNS, an open-source Python library [19]. The
results are presented in Figure 5. The comparison is presented on four dif-

------ IS ref. (1 x 10°)
— IS

104 — Ap,

R AEZ

Ap,

3

10-°

250 500 750 1000 1250 1500 1750 2000
nyg, ns/25

Figure 5: Comparison of Pr estimation obtained with each LS algorithm and the IS algo-
rithm.

ferent configurations of penstocks. The abscissa axis represents the number
of LS iterations nys and the number of IS iterations nig divided by 25. This
means, for example, that 2 x 10® LS iterations correspond to 5 x 10* IS iter-
ations (where one IS iteration evaluates each limit-state function once). One
first interpretable result is that the three LS algorithms give identical curves
for all four probabilities. The seed of the random generator being the same,
this means that the three algorithms find exactly the same roots which is
what is expected. The comparison with the IS curve shows that the three
LS algorithms are efficient. Indeed, while the IS curve seems to converge
rapidly towards the reference value for some configurations (see the middle
probabilities), it also seems that the convergence is slower in some cases (see
the lowest curve and especially the highest curve). From this initial com-
parison whose number of samples is too small to draw any final conclusion,
the LS algorithms seem relevant for applying info-gap. In the following, Ag,
is the only LS algorithm kept as it performs faster. The following section
strengthens the comparison by analysing robustness curves obtained using
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the different failure probability estimators.

4. Methodology for robustness evaluation

4.1. Info-gap method applied to the reliability of penstocks

Robustness analysis is of particular interest in engineering applications.
Classically, a system is considered robust if small variations in an expected
state of operation do not considerably deteriorate the expected performance.
A robust solution may be preferable over a non-robust optimal solution.
The info-gap framework [5] aims at quantitatively measuring the notions of
robustness and opportunity in the context of decision making by introducing
the following robustness function hj; and opportuneness function fj:

hic =maxq max R(q,u) <r" (11)
h uEU(h,G)

Bl =min< min R(q,u) <r™v (12)
h uGU(h,a)

where h € R*. Robustness is therefore defined as the maximum amount of
uncertainty that can be tolerated, i.e. for which the worst possible perfor-
mance is still acceptable while opportunity is defined as the minimum amount
of uncertainty needed for a reward performance to become possible. Exam-
ples of robustness and opportunity curves are shown in Figure 6 (right). The
notion of opportunity applied to small failure probabilities is less relevant
for safety assessment than the notion of robustness. Therefore, it will not be
further discussed in this paper.

Three components appear in the info-gap robustness function in Eq. (11):

e the performance function R (q,u) that evaluates the quantity of in-
terest of a system of characteristic vector q at specific values of the
uncertain vector u;

e the critical performance r® € R which is the value that the quantity
of interest must not exceed. Its value may be determined or not in an
info-gap analysis;
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Figure 6: Example of nested convex sets (left) and associated robustness and opportune-
ness curves (right).

e the uncertainty model U (h,ﬁ) which is usually a non-probabilistic

convex set [24] of horizon of uncertainty h € R containing the best
estimation u (nominal value of u) of the uncertain vector u. For h = 0,
U (h, ) reduces to u.

A key feature of the convex uncertainty models is that they are nested as
shown in the illustrative example depicted in Figure 6 (left):

U (hl,ﬁ> cU (hz,ﬁ> for by < ho. (13)

Therefore, the robustness function is monotonous with respect to the horizon
of uncertainty and to the performance level.

The general formulation given in the previous section can be applied to
the reliability analysis of penstocks. Indeed, the performance function in this
case is the failure probability P;(q,u) where q represents the characteristic
vector of one specific penstock and u = @ the vector of uncertain distribution
parameters. The critical performance is a target failure probability P that
must not be exceeded. Its value may be determined before the robustness
analysis but may also be chosen after having built the robustness curve.

The uncertain distribution parameters vector @ considered in this study is
0 = [1rcen,s iennn Gmaxs Biie] - It is noted that the choice of epistemic vari-
ables is illustrative in order to apply the info-gap framework. The uncertainty

model U (h, 5) considered is the basic hyperrectangle convex model defined
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as the Cartesian product of all intervals of each uncertain parameter. For
a given horizon of uncertainty h, the interval of the parameter 6; is defined

as Iy, = [9: (1—h),0; (1+h)| if 6; is non-negative or Iy, = [1 — h, 1+ h]

otherwise. Moreover, the nominal values are set to 0 = [1,0,4,90]T. The
robustness function in Eq. (11) can be rewritten as follows:

hic =max< max P(0) < P ). (14)
" eeU(h,E)

4.2. Comparison of robustness curves

This section presents the methodology used to estimate the robustness
curve of a given nominal configuration of penstock. When applying info-gap
in practice, it is generally not necessary to solve the double optimization
problem as in Eq. (14) in order to find the unique value hj,. Instead, it is
less time consuming and more informative to estimate the robustness curve
by estimating the highest failure probability Pi(h;) = max P () at the

OGU(hi,a)
discretized values h; € [0; hyax]. Therefore, it is up to the analyst to choose
the number of horizons of uncertainty and its maximum value.

For this application, it has been chosen to construct the robustness curves
with 10 values h; € [0;0.2]. To find the maximum of the failure probabil-
ity, the global optimization algorithm “GN_ORIG_DIRECT_L” adapted from the
original DIRECT algorithm [25, 26] and implemented in the NLopt Python li-
brary is used with a maximum number of 500 evaluations. This algorithm
searches for the optimal value by iteratively dividing the hypercube opti-
mization space into optimal hyperrectangles.

The objective is to compare on one nominal configuration of penstock the
robustness curves obtained using the Ag, and IS algorithms as failure proba-
bility estimators with the reference curve. The comparison is made in terms
of robustness curves (see Figure 7), relative error np, with the reference curve
(see Figure 8) and cumulative calculation time (see Figure 9) considering

nis € {2.5 x 10%,5.0 x 10*,1.0 x 10°} and ns € {1.0 x 103,2.0 x 103,3.0 x 103}.

It appears from Figures 7 and 8 that the IS algorithms perform rather well
in general, except for the three last values of h for which the robustness
curves deviate from the reference curve. However, even in this less favor-
able case, the optimization process will automatically provide conservative
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Figure 7: Comparison of robustness curves obtained with the proposed LS algorithm Ag,
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Figure 8: Comparison of the error 75, of each algorithm w.r.t. the reference robustness

curve.
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Figure 9: Cumulative computational time for obtaining the robustness curves.

results (Ps is overestimated) and the confidence intervals contain the refer-
ence curve: their performance remains acceptable even in this case. Note
that these non adaptive IS algorithms could be further optimized; moreover,
other optimization algorithms than LD_MMA in the multi-constraint design
point may converge better. This deviation does not seem to happen with the
proposed algorithm Apg, for which the robustness curves remain close to the
reference curve. Moreover, the proposed LS algorithms seem also efficient in
terms of cumulative computational time as shown in Figure 9. Although no
definitive conclusion can be made regarding the comparative efficiency of the
proposed algorithms with the IS ones, the adapted LS algorithms seem to be
well suited in this context of robustness analysis.

4.3. Synthesis

Drawing robustness curves requires an efficient failure probability estima-
tor over the whole uncertainty space. Indeed, as optimization is performed
repeatedly, only a few bad estimations suffice to make the robustness curve
deviate. In addition to a general trend to provide conservative results that
could be observed from FORM-IS in standard penstock reliability evalua-
tions, the fact that the optimization algorithm used is global and that it
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searches for a maximum value will generally tend to make the errors conser-
vative which is preferred for safety assessments. Moreover, a criterion based
on the coefficient of variation of each failure probability estimation could be
used to insure a sufficient convergence at each evaluation.

However, the info-gap robustness analysis is therefore very instructive on
the efficiency of the failure probability estimator in the considered uncer-
tainty space. The proposed adapted line sampling algorithms represent an
interesting alternative as they manage to better target the restricted failure
domain and correctly estimate the roots. In this reliability application, the
partial knowledge on the behaviors of each limit-state function is helpful for
adapting the root search. Nevertheless, each LS iteration still requires a large
number of G-functions evaluations. The following section presents a method
that aims at training artificial neural networks (ANN) in order to predict
the roots for any sampled line and for any uncertain vector 6 during the
robustness analysis.

5. Combination of two artificial neural networks for the LS roots
prediction

5.1. Problem statement

As the G-functions involved in Eq. (3) are a series and a combination
of analytical expressions, a single failure probability estimation may be ob-
tained within a few seconds. Nevertheless, when considering no information
that could simplify the optimization process such as a monotonous behavior
with respect to the epistemic distribution parameters, applying the info-gap
method as it is done in the previous section requires the evaluation of sev-
eral thousands of failure probabilities. Therefore, being able to reduce the
computational time of one probability evaluation remains relevant. To do
so, the literature offers a wide variety of methods in the case of parametric
p-boxes [27]. Among them, some methods aim at substituting the expen-
sive G-function with a surrogate model [28, 29]. This is not relevant in the
present application as the G-functions are not expensive to evaluate. It is
considered here to use the surrogate models in order to directly evaluate the
existence and (when they exist) the values of the roots for any joint vector
(u,0). As the G-functions are relatively fast to compute, several thousand
training samples may be considered for building predictive surrogate mod-
els. Therefore, the choice made in the present paper is to use ANNs rather
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than other types of surrogate models such as kriging or polynomial chaos
expansions.

Other methods exist such as those based on evaluating many failure prob-
abilities using a unique input dataset. In [30, 31], failure probabilities (or
more precisely predicted failure probabilities in [31]) are estimated from a
unique set of samples generated in the augmented space (X, ®) where ©
is an instrumental probabilistic distribution on the distributional parame-
ters 8. However, the mathematical formulations involved in this method are
expected to increase the computational time in the present application. In
[32], the line sampling roots obtained given one input distribution parame-
ters are transformed in order to estimate failure probabilities with different
input distribution parameters without having to search for the new roots.
Nevertheless, this method does not seem directly applicable in the present
case where some iterations do not have any roots. In [33], the method called
“weighted importance sampling” (WIS) enables to evaluate failure probabil-
ities from a single dataset very easily as it only requires the calculation of a
ratio of densities. This method is also considered in this work and will be
part of the comparison when computing robustness curves. Its application is
shortly described in Appendix A.

5.2. Generalities on artifical neural networks

This part does not aim at giving an extended description of ANNs but
only at presenting the basic notions necessary to understand how they may
be of use for reliability analysis. ANNs represent a mathematical structure
that processes information from an input layer to an output layer through
hidden layers [34]. The information is passed from one layer to another with
some specific functions called “artificial neurons” as illustrated in Figure
10. Each neuron belonging to the layer () receives as an input, a linear
combination on the outputs s,(fl) of the neurons of the previous layer [¢—1

with weights w,(jz and a bias term b;i). The input is then processed with

an activation function f® whose output ng‘) is passed to the neurons of the
next layer. This simple mechanism is depicted in Figure 10. In this paper,
fully connected feedforward ANNs are considered which simply corresponds
to architectures where the information only goes from all the neurons of layer
161 to all the neurons of layer [ (but not between neurons of a same layer
which is the case for recurrent neural networks).

An ANN may learn complex relationships between inputs and outputs by
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Figure 10: Representation of a single artificial neuron.

training it with an available dataset (e.g., composed of inputs-output real-
izations). Indeed, by performing backpropagation through gradient descent
[35], the ANN is able to update the values of the weights wy, ; and the biases
b; such that the errors (defined through a loss function) between the output
dataset and the ANN outputs are minimized. The application range of such
networks is very wide as ANNs may be used for classification and regression
problems. Moreover, it is able to treat all sorts of information [36]. There-
fore, ANNs also find their use in reliability analyses as surrogate models,
most often to replace an expensive limit-state function. In [37], [38] and [39],
ANNs are combined with Monte Carlo simulation, subset simulation and line
sampling respectively. A review of their use in the context of reliability anal-
ysis is proposed in [40]. In the present work, ANNs are combined with LS in
order to directly predict the roots associated to each uZ drawn from the LS
algorithm.

5.3. Proposed methodology based on artificial neural networks

ANNSs are combined to the LS-based Ag, algorithm, which has been iden-
tified as the most efficient in Subsection 4.2, in order to reduce the computa-
tional time required for obtaining a robustness curve. What makes the Ag,
still time consuming is that it requires a large number of evaluations of the
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G-functions, first to assess the existence of roots and, second, to evaluate
their values. The objective here is to be able, for any joint sample (u, ),
to predict the answers of the two previous problems based on training sam-
ples (u,0)"™". The fact of considering the probabilistic standard vector u
together with the epistemic uncertain vector @ as the input of the ANN en-
ables to create a single surrogate model applicable during the whole info-gap
analysis.

Two types of ANNs are jointly proposed. First, a classification ANN,
denoted by ANNj, is necessary in order to predict if roots exist or not for a
given sample (u, 9)(2). Then, a regression ANN, denoted as ANN,, is used
to predict the values of both roots when they exist. The procedure that is
followed to build both ANNs is presented hereafter:

1. Generate ny.i, training and n., validation samples of u according to
the independent standard Gaussian distribution ;

2. Generate Ny, training and n., validation samples of @ according to
the uniform distribution with the bounds [Q (Pmax) ,a(hmax)] with a
user-defined M,y ;

\\ train

) . 0\ val
3. For each (u(’), 0(’)> and (u(’), 0(’)) , assess the existence or not

of roots using algorithm Ag,. Any joint vector for which no root exists
is denoted (u, 0)® while the others are denoted (u, 8)"") :

4. Build and learn the surrogate model ANN; with the samples (u, 8)"*"
and validate its performance with the samples (u, 8)™ ;

5. Build and learn the surrogate model ANN, with the samples (u, )1
and validate its performance with the samples (u, )™,

A lot of parameters may be tuned when building ANNs such as the num-
ber of layers, the number of neurons per layer or the type of loss and accuracy
metrics. Both ANNs are built using the Python libraries Keras and Tensor-
flow. More information about the architectures and parameters of ANN; and
ANNj for the penstock use-case is given in Appendix B.

A small number of errors in the roots classification may lead to unfixable
errors especially as less compensation will take place with highly efficient
ANNs. One way of treating this issue is to consider a multi-fidelity approach
and to combine the classification surrogate model ANN; with the initial al-
gorithm Ag, for estimating F; (0). Indeed, for a given joint vector (u, 8), the
output of ANN; corresponds to the probability that roots exist. Therefore,
if the output is close to 0, one can have strong confidence that no root exists.
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sss On the contrary, if the output is close to 1, one can have strong confidence
s.6  that some roots exist. However, if the output takes a value close (where
sev close might be quantified by the analyst) to 0.5, then one might want to
ses check the correct answer with the Ap, algorithm. Consequently, by defining
s the security value s € [0,0.5], the hybrid multi-fidelity method denoted by
sso “Ap,~ANN” is proposed. Thus, it simply adds the following operation:

551 e if the output ANN; (u(i),e(i)> € [0.5—s5;0.5+ s|, one can estimate
552 the roots using Ag, ;

553 e otherwise, one can reasonably trust the result obtained from ANN;.

sss ' The complete procedure is depicted in Figure 11.

5 6. Application cases

ss6  0.1. Rosenbrock function

557 The methodology is first applied to a limit-state function based on the
sss Rosenbrock function in two dimensions:

9 (X1, X5) = 100 (X5 — X2)* + (X3 — 1) = 0.01 (15)

ss9. where X; ~ N (61,1) and Xy ~ N (0,1). Indeed, this numerical case has
ss0o a similar problematic as the penstock reliability problem in terms of root
s search. As depicted in Figure 12.(a) for 6, = 1.5 and 6, = 0, the limit-state
se2  function takes on a very narrow elliptic shape. Due to this geometry and to
ss3  the fact that the limit-state function is not formulated as an intersection, the
see LS algorithm Ap, is best suited. However, Figure 12.(b) shows that a large
sss number of LS iterations and IS samples are needed in order to converge to
sso  the reference failure probability.

567 The ANN-based methodology is applied by considering ng.m € [1 x 103,3 x 101],
568 Tyal = 0.2, O1 ~ U (0,3) and Oy ~ U (—1,1). The four following metrics
ss0  relevant to the performance of ANN; and ANN, are defined:

570 e “false root” is the proportion of wrongly declared existing roots from
571 ANN1 3

572 e “forgotten root” is the proportion of existing roots forgotten by ANN;

573 ;
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Figure 11: Illustration of the methodology combining ANNs and A, for the reliability of

penstocks.
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Figure 12: Ilustration of a limit-state function (a) and comparison of the evolution of Pt
with Ap, and with importance sampling (b) for the Rosenbrock function.

e (Q*(ry) is the coefficient of preditivity calculated on the first root r; in
common between ANN; and Apg, ;

e (Q*(ry) is the coefficient of preditivity on the second root r5 in common
between ANN; and Apg,

where the coefficient of predictivity has the following expression:

s (0 _ 50
Qlr)=1-——2 " (16)
S S (-

where n,, is the number of real roots predicted by ANNy, rl(j ) the roots
obtained with Ag,, ﬁ-(j ) the roots obtained with ANN, and 75 the mean on
all roots.

The values of these metrics are calculated on 3 x 10® new testing samples
(u, H)teSt. Note that the availability of such testing samples is not always
present for more time-demanding applications. Figure 13 presents the impact
of the number of training samples on the four metrics. Except for ny.m =
1000 where the proportion of forgotten roots is high (actually is is equal to
the true proportion of existing roots meaning that ANN; misjudged every
single existing root), the proportions of wrong classifications quickly become
very low (typically lower than 1%). It also appears that the coefficients of
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Figure 13: Illustration of the performances of ANN; (a) and ANN; (b) on testing samples
in function of the number of training samples on the Rosenbrock function.

predictivity of both roots are very high (typically greater than 99%) even for
Ngrain = 1000.

The methodology is now tested with 7am = 3 X 10* at three randomly
chosen uncertain vectors 8%: 81 = [2.37,0]", 8 = [0.84,-0.99]" and
0¥ = [0.88, —O.OS]T. One can see in Figure 14.(a) that ANN; manages
very well to predict the orthogonal points for whtch roots exist and that
ANNj is very precise on the estimation of r; o although the zoom in Figure
14.(b) seems to show that the elliptic shape is simplified by two lines. These
good visual performances are confirmed with the comparison of the failure
probabilities estimations presented in Figure 15. In this case, the proportions
of forgotten roots (0.44%, 0.1% and 0.18%) and the proportions of false roots
(0.02%, 0.04% and 0%) are very low such that there is no need to apply the
security value s.

6.2. Reliability of penstocks

The ANN methodology is now applied to the reliability assessment of
penstocks. As already defined in Subsection 4.1, the vector of uncertain
distribution parameters is @ = [ftac.,.., fiacous s Gmaxs O] With the follow-
ing nominal vector 0 = [1,0,4,90]T. The maximum value of the horizon
of uncertainty having been set at hp.. = 0.2, the training is performed
considering ©; ~ U (0.8,1.2), ©y ~ U (-0.2,0.2), O3 ~ U (3.1,4.9) and
©4 ~ U (71,109). Again, the values of the four testing metrics are cal-
culated on 3 x 10% new testing samples for ngam € [1 x 10,3 x 10*] and
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Figure 14: Tlustration of the performances of ANN; and ANNy for three distribution
parameters vectors (a) with a zoom on one limit-state (b) for the Rosenbrock function.
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Figure 15: Comparison of the evolution of Pr with Ag, and the ANNs for three distribution
parameters vectors for the Rosenbrock function.
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Nyal = 0.2N40in. The results shown in Figure 16 reveal good performances
but for a higher number of training samples compared to the results ob-
tained on the Rosenbrock function. One may notice that the coefficient of
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Figure 16: Illustration of the performances of ANN; (a) and ANN; (b) on testing samples
in function of the number of training samples on the penstock use-case.

predictivity related to ry is always lower than the one related to ry. A pos-
sible explanation is that the first root always corresponds to the limit-state
function G 41 whereas the second root either corresponds to Gy (in most
cases) or to Gupr which may be a more challenging feature to understand
for ANN,.

The procedure is now tested on the two samples 0 = 1, 0, 4, 90]T and
0? = 1.2, —0.2, 4.8, 108]T as they both represent the nominal point and
one of the vertex points respectively. The results with the Ag, algorithm and
the ANNs are compared for ngaim = 3 X 10%. The values of the four testing
metrics are given in Table 4 for nyg = 3 x 103.

Table 4: ANNs metric values on 8" and 8.

Q*(r1) (%)
99.8
99.7

false roots (%)
0.16
1.6

Q*(r2) (%)
99.7
99.7

forgotten roots (%)
0.63
0.06

6,
6

Figure 17 compares the values of py) obtained from the ANN and from
Ap, at both distribution parameters vectors 89 and 8. The comparisons
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Figure 17: Comparison between the values of pgi) from Ag, and from the ANN at oW (a)
and 8@ (b).

e of the evolution of F; (0(1)> and P (0(2)> with the two algorithms are pre-
sented in Figure 18. The evolution of P (6;) with both algorithms is almost

10—5 9(2)
- AE3
—— ANN
ud10_6_ I forgotten roots
| false roots
o)
W ettt
1000 2000 3000

LS

Figure 18: Evolution of P; (0(1)) and P (0(2)> with Ag, and the ANNs.

628
20 identical. Indeed the number of wrong classifications from ANN;j is very low

30 and ANN, seem to predict both roots with high precision. The evolution of
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P (02) with the ANNS is slightly overestimated which may be caused either
by the evaluation of many false roots or by an overestimation of each single
pl@. It is hard to tell from Figure 17.(b) if the single failure probabilities
are overestimated as most predictions seem slightly underestimated but the
worst predictions correspond to a few overestimated predictions. However,
Figure 18 clearly shows a relatively large proportion (1.6%) of false roots
which will automatically increase the estimated failure probability. To im-
prove the estimation of P (6s), the security value s may be used to reduce
the number of false roots. Figure 19 presents the evolution of P;(62) for

three different values of s. As expected, increasing the value of s brings the

x107° — 4
ANNs=0
"""""" AEB—ANN s=0.1
147 T ApANN s =0.2
e Ap,-ANN s = 0.3
I 1 forgotten roots
- 1.2 .: ll [ false roots
o[ o Ay e s
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NS

Figure 19: Evolution of P (02) for different security values.

probability estimation curve closer to the one obtained with Ag,. The side
effect is that increasing s automatically increases the number of G-functions
evaluations. However, Figure 20 reveals that a very large proportion of the
output of ANNj is either very close to 0 or very close to 1 meaning that the
verification process remains occasional.

6.8. Application to the estimation of robustness curves
The proposed methodology is used for estimating the robustness curves.
The comparison is made by considering the following failure probability es-
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Figure 20: The pdf of the probability output p; of ANN; compared to its pdf conditioned
to bad classifications for (2.

timators: “Ap, 2 x 103 which estimates P; with Ap, for ng = 2 x 103,
“Ap,-ANN” which uses ANN; and ANN, applying the security value s = 0.3
for nps € [1 x 103,2 x 10%], “WIS 1 x 10°” which uses the Weighted Impor-
tance Sampling algorithm in [33] with a unique importance sampling of 10°
samples considering 8 = 6 and “IS ref” as the same reference curve as in the
previous robustness comparisons. Again, the comparison is made in terms of
robustness curves (see Figure 21), error with the reference curve (see Figure
22) and cumulative computational time (see Figure 23).

Figures 21 and 22 reveal accurate estimations of the robustness curves
using the ANNs and using the WIS approach. Actually, it shows that using
the WIS approach by using a unique importance sampling of 1 x 10° samples
reduces the errors that were obtained when repeatedly using the IS algorithm.
A further reduction could be achieved by combining WIS with optimized
FORM-IS algorithms leading to a lower sample size. In Figure 23, it can be
seen how the use of ANNs considerably reduces the computational time even
when considering a security value s = 0.3.

7. Conclusion

In this paper, two original and complementary methodologies are pro-
posed in order to efficiently apply the info-gap framework to the reliability
assessment of penstocks.
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Figure 21: Robustness curves obtained with the Ag,, Ag,-ANN and WIS algorithms.
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Figure 23: Cumulative computational time for obtaining the robustness curves obtained
with the Ag,, Ap,-ANN and WIS algorithms.

Firstly, the inner challenging reliability problem is tackled by the use of
three customized LS algorithms (Ag,, Ag, and Ag,) based on three equivalent
formulations of a complex limit-state function made of intersection of events.
While considering the root search differently, each algorithm yields similar
estimations of the failure probability. The good performances of the proposed
algorithms are enhanced with their use for estimating robustness curves.
However, no definitive conclusion can be drawn about their relative efficiency
compared to FORM-IS algorithms that perform rather well and could be
further optimized.

Secondly, the root search procedure is improved in terms of computational
time with the use of two artificial neural networks. The first one enables to
predict the existence (or not) of roots for any given line search and for any
value of the epistemic uncertain vector 8. The second one predicts the values
of both roots when they exist. Although the ANNs performance metrics are
very good, a few bad predictions may lead to non-negligible errors on the
failure probability. Therefore, a security value is proposed in order to decide
whether the classification ANN should be trusted or whether the initial al-
gorithm should be used. The methodology is then tested and proven to be
very efficient for estimating info-gap robustness curves. However, the security
value calibrated for the tested configuration may not be generic and a small
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remaining estimation bias may exist anyway. Moreover, info-gap robustness
analyses consist in local reliability analyses around a nominal configuration,
and surrogate-based techniques like ANN may be less appropriate for stan-
dard penstock reliability assessments where large variations of parameters
are considered.

The use of neural networks is motivated by the fact that the limit-state
functions involved in the industrial use case are relatively fast to evaluate
which enables a large dataset for the training process. In many practical
applications, such a large dataset may not be available due to time-consuming
numerical models. In this case, it would be necessary to consider other types
of surrogates models such as Gaussian process regression. In particular,
methods based on active learning such as in [41] may present a high interest
especially if there is a way to apply it in the augmented space which includes
the uncertain distribution parameters.

Moreover, the high computational cost for estimating info-gap robustness
curves is due to the choice of not making any assumption when successively
searching for the maximum failure probability at each horizon of uncertainty
h. Valuable information, such as monotonic behavior of the failure proba-
bility with respect to distribution parameters, may be assessed from a pre-
liminary study. For example, dedicated sensitivity measures may guide the
optimization process especially as they might be obtained simultaneously
with the failure probability estimation such as classical FORM importance
factors when using FORM-IS or such as in [42] in the context of line sampling.
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Appendix A. Presentation of the Weighted Importance Sampling
technique

In [33], the objective is to use the failure probability result obtained at
a nominal value of the distribution parameters 0 to estimate failure proba-
bilities at different values @ without the need to generate new samples. This
general framework is referred as weighted approach and is applied to Monte
Carlo simulation, importance sampling and subset simulation. In the present
paper, only its combination with importance sampling is analyzed.

The basic idea is similar to classical importance sampling. For any @, the
failure probability is expressed as follows

P (6) = / () G 1 H X)X (A1)

where f (x]@) is the conditional pdf of the random vector X and H(x) is the
importance sampling instrumental pdf to be defined by the user. Eq.(A.1)
may be rewritten as an expectation under H (x)

P (8) = Ey {h(x)f <X’e)} (A2)

which may be estimated by generating N samples x\7) from H(x) as follows

Z Ix( (Jf;) . (A.3)

Therefore, it can be seen that, no matter the value of @, the indicator function
(which is generally expensive to evaluate as it involves the computer model)
is calculated with the same samples x\) generated from H(x). Only the
conditional pdf f (x1)|@) needs to be reevaluated for each 6.

The performance of the method highly depends on the choice of the in-
strumental pdf. Indeed, the estimation in Eq.(A.3) is considered as a local
approximation as a better convergence will be achieved for values of @ that
are representative of the instrumental pdf H(x). However, such framework is
compatible with the info-gap robustness analysis for relatively small horizons
of uncertainty i as maximum failure probabilities are searched for around a
nominal value 8. Therefore, the method is considered for the robustness
analysis of the reliability of penstocks. The instrumental pdf is constructed
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based on the MCF design point uy;cp. As WIS is defined in the physical
space, the corresponding design point x* is obtained by applying the inverse
isoprobabilistic transformation: x* = T~! (u};cp). The instrumental pdf is
then defined with normal distributions for which the means and standard
deviations are given in Table A.5.

Table A.5: Instrumental pdf Hx for applying WIS on the penstock use-case.

X; Distribution p o

X, = R,, (MPa) Normal Th OR,,

Xy =¢ (MPa) Normal xk o

X3 = Aeécor (mm) Normal The..  OAceon
X4 = Ae€exira (mm) Normal The . OAcoxira
X5 = a (mm) Normal x; 0.25x%
X6 = Kic (MPa.y/m) Normal T 0.2527%,

Appendix B. Artificial neural networks architectures

The first tuning parameters to be set when constructing ANNs are the
number of hidden layers, the corresponding number of neurons and the ac-
tivation functions to be used. There is no precise rule for assessing the
right numbers of hidden layers and neurons. Generally, the higher the input
dimension and the complexity of the response behavior, the more hidden
layers and neurons are needed. Table B.6 presents the chosen architectures
for ANN; and ANN, which are the same except for the output layer as the
output of ANN; is a single classification probability (p; < 0.5 means that
there is no root and p; > 0.5 means that are roots) and the output of ANN,
corresponds to the two predicted roots. The activation functions are also the
same with the use of “ReLLU” except for the output layer where “sigmoid”
is used for generating the classification probability and “linear” is used for
the regression problem. Different architectures have not been tested as high
performances of both ANNs were quickly achieved.

The next parameters to define are the ones directly involved for the train-
ing process, namely the loss function, the loss function optimizer, the metric
used for validation and the number of epochs. The choices made in the
present paper are given in Table B.7. Both loss functions “binary crossen-
tropy” and “mean squared error” are the most considered ones for classi-
fication and regression problems respectively. The loss optimizer “Adam”
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Table B.6: Architectures of ANN; and ANNs.

Layer Number of neurons Activation function
ANN; ANN, ANN; ANN,
Input layer 10 10 - —
Hidden layer 1 64 64 ReLLU ReLLU
Hidden layer 2 32 32 ReLU ReLU
Hidden layer 3 16 16 ReLU ReLU
Output layer 1 2 sigmoid linear

Table B.7: Training parameters of ANN; and ANNs.

Parameters ANN, ANN,

Loss function binary crossentropy mean squared error
Loss optimizer Adam Adam

Validation metric accuracy mean squared error
Epochs 50 50

is very common in deep learning and is known to converge efficiently. The
validation metric is used to quantify the quality of the trained ANNs on the
validation samples. It is very important as the trained ANNs that are saved
are the ones that correspond to the epoch with the best validation metric.
“Accuracy” (the proportion of correct classifications) and “mean squared er-
ror” are very common for classification and regression purposes respectively.
The number of epochs plays an important role on the learning process. Too
few epochs might lead to an underfit model which means that the training
process did not enable the model to understand well all the features. Con-
versely, too many epochs might lead to an overfit model which means that it
only performs well on the training inputs but not on new inputs. However,
there are ways to circumvent this issue. In the present paper, a checkpoint is
applied so that the model that is saved is the one that performs best on the
validation data. Figures B.24 and B.25 present the convergence of the accu-
racy of ANN; and of the loss of ANN,. The fact that the best configuration
of ANN, is obtained at the last epoch suggests that more epochs might have
improved the metric. However, both metrics are satisfactory.
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Figure B.25: Evolution of the loss of ANNy on the training and validation samples for
Nirain = 3 X 104,

40



783

784

785

786

787

788

789

790

791

792

793

794

796

797

798

799

800

801

802

803

805

806

807

808

809

810

811

812

References

1]
2]

M. Lemaire, Structural Reliability, Wiley & Sons, 20009.

E. Ardillon, et al., SRA into SRA: Structural reliability analyses into
system risk assessment, an ESReDA collective book, Det Norske Veritas
(2010).

A. D. Kiureghian, Aleatory or epistemic? does it matter?, Structural
Safety 31 (2009) 105-112.

S. Gohler, T. Eifler, T. Howard, Robustness metrics: consolidating
the multiple approaches to quantify robustness, Journal of Mechanical
Design 138 (2016) 111407.

Y. Ben-Haim, Info-Gap Decision Theory: Decisions under Severe Un-
certainty, Elsevier, 2006.

I. Takewaki, Y. Ben-Haim, Info-gap robust design with load and model
uncertainties, Journal of Sound and Vibrations 288 (2005) 551-570.

Y. Kanno, S. Fujita, Y. Ben-Haim, Structural design for earthquake re-
silience: Info-gap management uncertainty, Structural Safety 69 (2017)
23-33.

J. Hall, R. Lempert, K. Keller, A. Hackbarth, C. Mijere, D. McInerney,
Robust climate policies under uncertainty: a comparison of robust deci-
sion making and info-gap methods, Risk Analysis 32 (2012) 1657-1672.

E. Matrosov, A. Woods, J. Harou, Robust decision making and info-gap
decision theory for water resource system planning, Journal of Hydrol-
ogy 494 (2013) 43-58.

F. Hemez, Y. Ben-Haim, Info-gap robustness for the correlation of tests

and simulations of a non-linear transient, Mechanical Systems and Sig-
nal Processing 18 (2004) 1443—1467.

A. Ajenjo, E. Ardillon, V. Chabridon, B. Iooss, S. Cogan, E. Sadoulet-
Reboul, An info-gap framework for robustness assessment of epistemic

uncertainty models in hybrid structural reliability analysis, Structural
Safety 96 (2022) 102196.

41



813

814

815

816

817

818

819

820

821

822

823

824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Y. Ben-Haim, Uncertainty, probability and information-gaps, Reliability
Engineering & System Safety 85 (2004) 249—266.

S. Ferson, W. T. Tucker, Probability boxes as info-gap models, in: Pro-
ceedings of the North American Fuzzy Information Processing Society,
IEEE, New York City, 2008.

J. Morio, M. Balesdent, Estimation of rare event probabilities in complex
aerospace and other systems: a practical approach, Elsevier, 2015.

P. Koutsourelakis, H. Pradlwarter, G. Schueller, Reliability of structures
in high dimensions, part I: algorithms and application, Probabilistic
Engineering Mechanics 19 (2004) 409-417.

H. Pradlwarter, G. Schuéller, P. Koutsourelakis, D. Charmpis, Ap-
plication of line sampling simulation method to reliability benchmark
problems, Structural Safety 29 (2007) 208-221.

E. Ardillon, P. Bryla, A. Dumas, Probalistic optimization of margins
for plastic collapse in the mechanical integrity diagnoses of penstocks,
in: Congres Lambda Mu 21, Reims, 2018.

E. Ardillon, P. Bryla, A. Dumas, Penstock reliability assessments: some
results and developments, in: Proceedings of the 13th International
Conference on Structural Safety and Reliability (ICOSSAR), Shanghai,
2021.

M. Baudin, A. Dutfoy, B. Iooss, A.-L. Popelin, OpenTURNS: An
industrial software for uncertainty quantification in simulation, in:
R. Ghanem, D. Higdon, H. Owhadi (Eds.), Handbook of Uncertainty
Quantification, Springer, 2017, pp. 2001-2038.

L. Tvedt, Proban — probabilistic analysis, Structural Safety 28 (2005)
150-163.

M. Valdebenito, P. Wei, J. Song, M. Beer, M. Broggi, Failure probability
estimation of a class of series systems by multidomain Line Sampling,
Reliability Engineering & System Safety 213 (2021) 107673.

M. D. Angelis, E. Patelli, M. Beer, Advanced Line Sampling for efficient
robust reliability analysis, Structural Safety 52 (2015) 170-182.

42



844

845

846

847

848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

G. Alefeld, F. Potra, Y. Shi, Algorithm 748: enclosing zeros of continu-
ous functions, ACM Transactions on Mathematical Software 21 (1995)
327—344.

Y. Ben-Haim, I. Elishakoff, Convex models of uncertainty in applied
mechanics, Elsevier, 1990.

D. Finkel, Direct optimization algorithm user guide, Technical Report,
Center for Research in Scientific Computation, North Carolina State
University (2003).

D. Jones, J. Martins, The DIRECT algorithm: 25 years Later, Journal
of Global Optimization 79 (2021) 521—566.

M. Faes, M. Daub, S. Marelli, E. Patelli, M. Beer, Engineering analysis
with probability boxes: A review on computational methods, Structural
Safety 93 (2021) 102092.

R. Schobi, B. Sudret, Structural reliability analysis for p-boxes using
multi-level meta-models, Probabilistic Engineering Mechanics 48 (2017)
27-38.

I. Depina, T. Le, G. Fenton, G. Eiksund, Reliability analysis with meta-
model line sampling, Structural Safety 60 (2016) 1-15.

X. Yuan, S. Liu, M. Valdebenito, J. Gu, M. Beer, Efficient procedure for
failure probability function estimation in augmented space, Structural
Safety 92 (2021) 102104.

V. Chabridon, M. Balesdent, J.-M. Bourinet, J. Morio, N. Gayton, Eval-
uation of failure probability under parameter epistemic uncertainty: ap-
plication to aerospace system reliability assessment, Aerospace Science
and Technology 69 (2017) 526-537.

X. Yuan, Z. Zhenxuan, Z. Baogiang, Augmented line sampling for ap-
proximation of failure probability function in reliability-based analysis,
Applied Mathematical Modelling 80 (2020) 895-910.

X. Yuan, Local estimation of failure probability function by weighted
approach, Probabilistic Engineering Mechanics 34 (2013) 1-11.

43



874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

A. Jain, J. Mao, K. Mohiuddin, Artificial neural networks: a tutorial,
Computer 29 (1996) 31—44.

R. Hecht-Nielsen, Theory of the backpropagation neural network, in:
International Joint Conference on Neural Networks, IJCNN, 1989.

W. Liu, Z. Wang, X. Liu, N. Zeng, Y. Liu, F. Alsaadi, A survey of deep
neural network architectures and their applications, Neurocomputing
234 (2017) 11—26.

M. Papadrakakis, N. Lagaros, Reliability-based structural optimization
using neural networks and Monte Carlo simulation, Computer Methods
in Applied Mechanics and Engineering 191 (2002) 3491-3507.

V. Papadopoulos, D. Giovanis, N. Lagaros, M. Papadrakakis, Accel-
erated subset simulation with neural networks for reliability analysis,
Computer Methods in Applied Mechanics and Engineering 223 (2012)
70-80.

E. Zio, N. Pedroni, An optimized Line Sampling method for the esti-
mation of the failure probability of nuclear passive systems, Reliability
Engineering & System Safety 95 (2010) 1300-1313.

A. Chojaczyk, A. Teixeira, L.. Neves, J. Cardoso, C. G. Soares, Review
and application of Artificial Neural Netorks models in reliability analysis
of steel structures, Structural Safety 52 (2015) 78-89.

J. Song, P. Wei, M. Valdebenito, M. Beer, Active learning line sampling
for rare event analysis, Mechanical Systems and Signal Processing 147
(2021) 107113.

M. Valdebenito, H. Jensen, H. Hernandez, L. Mehrez, Sensitivity estima-

tion of failure probability applying line sampling, Reliability Engineering
& System Safety 171 (2018) 99-111.

44



