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MICROSCOPIC TRIDOMAIN MODEL OF ELECTRICAL ACTIVITY IN THE
HEART WITH DYNAMICAL GAP JUNCTIONS. PART 2- DERIVATION OF
THE MACROSCOPIC TRIDOMAIN MODEL BY UNFOLDING
HOMOGENIZATION METHOD

FAKHRIELDDINE BADER*, MOSTAFA BENDAHMANE, MAZEN SAAD, AND RAAFAT TALHOUK

ABSTRACT. We study the homogenization of a novel microscopic tridomain system, allowing for
a more detailed analysis of the properties of cardiac conduction than the classical bidomain and
monodomain models. In [5], we detail this model in which gap junctions are considered as the
connections between adjacent cells in cardiac muscle and could serve as alternative or supporting
pathways for cell-to-cell electrical signal propagation. Departing from this microscopic cellular
model, we apply the periodic unfolding method to derive the macroscopic tridomain model. Several
difficulties prevent the application of unfolding homogenization results, including the degenerate
temporal structure of the tridomain equations and a nonlinear dynamic boundary condition on
the cellular membrane. To prove the convergence of the nonlinear terms, especially those defined
on the microscopic interface, we use the boundary unfolding operator and a Kolmogorov-Riesz
compactness’s result.
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1. INTRODUCTION

The conduction of electrical waves in cardiac tissue is key to human life, as the synchronized
contraction of the cardiac muscle is controlled by electrical impulses that travel in a coordinated
manner throughout the heart chambers. Under pathological conditions cardiac conduction can
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be severely reduced, potentially leading to reentrant arrhythmias and ultimately death if normal
propagation is not restored properly. At a sub-cellular level, electrical communication in cardiac
tissue occurs by means of a rapid flow of ions moving through the cytoplasm of cardiac cells, and a
slower inter-cellular flow mediated by gap junctions embedded in the intercalated discs (see Figure
1). Gap junctions are inter-cellular channels composed by hemichannels of specialized proteins,
known as connexions, that control the passage of ions between neighboring cells.

Figure 1 Intercalated discs

Mitochondrion

Desmosomes

FIGURE 1. Representation of the cardiomyocyte structure
http://www.cardio-research.com/cardiomyocytes

Starting from a more accurate microscopic (cell-level) model of cardiac tissue, with the hetero-
geneity of the underlying cellular geometry represented in great detail, it is possible to derive the
macroscopic tridomain model (tissue-level) using the homogenization method. The microscopic
tridomain model consists of three quasi-static equations, two for the electrical potential in the in-
tracellular medium and one for the extracellular medium, coupled by ordinary differential equations
describing the dynamics of the ions channels at each membrane (the sarcolemma) and at gap junc-
tions. These equations depend on scaling parameter € whose is the ratio of the microscopic scale
from the macroscopic one. The microscopic tridomain model was proposed three years ago [20, 15]
in the case of just two coupled cells. Recently, we have extended in [5] this microscopic tridomain
model to larger collections of cells. Further, we have established the well-posedness of this problem
and proved the existence and uniqueness of their solutions based on Faedo-Galerkin method.

The macroscopic tridomain model is used as a quantitative description of the electric activity
in cardiac tissue with dynamical gap junctions. The relevant unknowns are the two intracellular
u¥ for k = 1,2 and extracellular u, potentials, along with the so-called transmembrane potential
v* = uF —u, for k = 1,2 and the so-called gap potential s := u} — u?. In this model, the
intra- and extracellular spaces are considered at macro-scale as two separate homogeneous domains
superimposed on the cardiac domain. Conduction of electrical signals in cardiac tissue relies on the
flow of ions through cell membrane and gap junctions. Each intracellular domain and extracellular
one are separated by the cell membrane while the two intracellular domains are connected by gap
junctions (see Figure 2). The macroscopic tridomain model can be viewed as a PDE system consisting
of three degenerate reaction-diffusion equations involving the unknowns (u;, u?, u.). These equations
are supplemented by a ODE system for the dynamics of the ion channels through the cell membrane
(involving the gating variable w* for k = 1,2).

Regarding the classical bidomain model in the literature, there are formal and rigorous mathe-
matical derivations of the macroscopic model from a microscopic description of heart tissue. From a
mathematical point of view, Krassowska et al. [17] applied the two-scale method to formally obtain
this macroscopic model (see also [1, 13] for different approaches). Furthermore, Pennachio et al.
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[19] used the tools of the I'-convergence method to obtain a rigorous mathematical form of this
homogenized macroscopic model. Amar et al. [2] studied a hierarchy of electrical conduction prob-
lems in biological tissues via two-scale convergence. While, the authors in [6] proved the existence
and uniqueness of solution of the microscopic bidomain model based on Faedo-Galerkin technique.
Further, they used the periodic unfolding method at two scales to show that the solution of the
microscopic biodmain model converges to the solution of the macroscopic one. Recently, we have
developed the meso-microscopic bidomain model by taking account three different scales and derived
a new approach of its macroscopic model using two different homogenization methods. The first
method [3] is a formal and intuitive method based on a new three-scale asymptotic expansion method
applied to the meso- and microscopic model. The second one [4] based on unfolding operators which
not only derive the homogenized equation but also prove the convergence and rigorously justify the
mathematical writing of the preceding asymptotic expansion method.

The main contribution of our paper is to provide a simple homogenization proof that can handle
some relevant nonlinear membrane models (the FitzHugh-Nagumo model), relying only on unfolding
operators. More precisely, we show that the solution constructed in the microscopic tridomain
problem converge to the solution of the macroscopic (homogenized) tridomain model. So, we will
derive the homogenized tridomain model of cardiac electro-physiology from the microscopic one
using the periodic unfolding technique. The latter method not only makes it possible to derive the
homogenized equation but also to prove the convergence and to rigorously justify the mathematical
writing of the preceding formal method. The homogenization method that we propose allows us to
investigate the effective properties of the cardiac tissue at each structural level, namely, micro-macro
scales.

The paper is organized as follows: Section 2 is devoted to the geometrical setting and to the
introduction of the microscopic tridomain problem. In Section 3, we state our main homogenization
results. Next, some notations and properties on the domain and boundary unfolding operators
are introduced in Section 4. Finally, Section 5 is devoted to homogenization procedure based on
unfolding operators.

2. TRIDOMAIN MODELING OF THE HEART TISSUE

The aim of this section is to describe the geometry of the cardiac tissue and to present the
microscopic tridomain model of the heart.

2.1. Geometrical setting of heart tissue. Let © be an open connected bounded subset of R?,
d > 3. The typical periodic geometrical setting is displayed in Figure 2.

Let € € (0,1) be a small positive parameter, related to the characteristic dimension of the micro-
structure and which takes values in a sequence of strictly positive numbers tending to zero. Under
the one-level scaling, the characteristic length /™€ is related to a given macroscopic length L (of the
cardiac fibers), such that the scaling parameter ¢ introduced by:

émic
7
From the biological point of view, the cardiac cells are connected by many gap junctions. There-

fore, geometrically, {2 represents the region occupied by the cardiac tissue and consists of two in-
tracellular media Qf _ for k = 1,2, that are connected by gap junctions I'M? = 9Q} _ N 907, and

E =

extracellular medium Q. (for more details see [20, 15]). Each intracellular medium ©f _ and the ex-
tracellular one €2, . are separated by the surface membrane I"g (the sarcolemma) which is expressed
by:

I =00F . N0, with k=1,2,
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FIGURE 2. (Left) Periodic heterogeneous domain 2. (Right) Reference cell Y at
e-structural level.

while the remaining (exterior) boundary is denoted by Oext2. We can consider that the intracellu-
lar zone as a perforated domain obtained from €2 by removing the holes which correspond to the

extracellular domain 2 .
d . . .
We can divide  into N, small elementary cells Yz = [] ]0, e £2"¢[, with £, ..., ¢3¢ are positive

n=1
numbers. These small cells are all equal, thanks to a translation and scaling by ¢, to the same
d .
reference cell of periodicity called the reference cell Y = [T |0, £2'°[. So, the e-dilation of the reference
n=1

cell Y is defined as the following shifted set Y, j, :
(1) Yop =Tt +e¥V ={c€:€chy+Y},
where T represents the translation of eh with h = (hy, ..., hg) € Z% and hy := (hy 2, ..., hat51°).

Therefore, for each macroscopic variable = that belongs to €2, we define the corresponding microscopic
variable y &= — that belongs to Y with a translation. Indeed, we have:
€

z€Q=3heZ such that xei@h:xze(hg—i-y)éy:g—hge}/.

Since we will study the behavior of the functions u(z,y) which are y-periodic, by periodicity we
T T . T
have u (m, - — hz) =u (ac, —) . By construction, we say that y = — belongs to Y.
€
We are assuming that the cells are periodically organized as a regular network of interconnected
cylinders at the microscale. The microscopic reference cell Y is also divided into three disjoint

connected parts: two intracellular parts Yl’C for k = 1,2, that are connected by an intercalated disc

(gap junction) T''2 and extracellular part Y. Each intracellular parts Ylk and the extracellular one



PART 2- DERIVATION OF THE MACROSCOPIC TRIDOMAIN MODEL 5

are separated by a common boundary I'* for k = 1, 2. So, we have:

Y =Y, UY.UY,, TF:=0vFnoy, TI%“2:.=ay!nav2,
with k = 1, 2. In a similar way, we can write the corresponding common periodic boundary as follows:
(2) rs,h:Tgﬂr:{sg;gehﬁr},

with T denote the same previous translation, T; j, 1= FE ol h and I':=T% T2 for k =1, 2.
In summary, the intracellular and extracellular media can be described as follows:

_QﬁU ie,hs eE:Qﬂ UYe,e,ha

(3) hezd hezd
rt=an [ JI¥, andT? =Qn | I},
hezd hezd
where V", Y. o and TF,T1? are respectively defined as (1)-(2) for k = 1,2.

2.2. Microscopic tridomain model. The electric properties of the tissue at cellular level are
described by the intracellular u¥_ for k = 1,2 and extracellular . ., potentials respectively with the
associated conductivities M? and Me. In [5 ], we presented and studied in details the non-dimensional
tridomain model with respect the scaling parameter ¢, as well as the models chosen for the membrane
and gap junctions dynamics. More precisely, we consider the following microscopic tridomain model:

(4a) —V - (M;Vul,) =0 in QF_ ;== (0,T) x QF_,
(4b) =V (MgVue,) =0 in Qeer:=(0,T) x Qee,
(4c) uﬁg — Up e = VT on Fk = (0,T) x T,
(4d) —M§Vuy, -nf =MiVue, -ne = I, on I'¥ 1,

(4e) e (0uvf + Lion (vF,wk) - T5,, ) = IV, on I'¥ .,

(4f) owk — H (vf, wk) =0 on FE T

(4g) ul{E - u?’E =S on I’E’T = (0,T) x TL2
(4h) ~M5Vu}, - nf =MiVui, -n? =T on TL7,

(4i) = (D15 + yap (52) = Tuz onT!2,

with &k = 1,2 and each equation corresponds to the following sense: (4a) Intra quasi-stationary con-
duction, (4b) Extra quasi-stationary conduction, (4c) Transmembrane potential, (4d) Continuity
equation at cell membrane, (4e) Reaction condition at the corresponding cell membrane, (4f) Dy-
namic coupling, (4g) Gap junction potential, (4h) Continuity equation at gap junction, (4e) Reaction
condition at gap junction.

Observe that the tridomain equations (4a)-(4b) are invariant with respect to the scaling parameter
€. As usual in homogenization theory, the electrical potentials are assumed to have the following
form

uf’s(t,m) = u; (t x, g), Ue,e(t, ) := Ue (t x, 5) for k=1,2,

where each function depends on time ¢ € (0,7T), slow (macroscopic) variable z and the fast (micro-
scopic) variable y = z/e. Similarly, the transmembrane potential v¥, the gap junction potential s.
and the corresponding gating variable w! for k = 1, 2 have the same previous form. Furthermore, the
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conductivity tensors are considered symmetric and dependent both on the slow and fast variables,
i.e. for j =1i,e, we have

(5) M;(2) =M, (2, ).

satisfying the elliptic and periodicity conditions: there exist constants «, 5 € R, such that 0 < oo < 8
and for all A € R? :

(6a) MA-A > A,
(6b) IMAl < BAL,
(6¢) M; y-periodic, for j =1,e.

We complete system (4) with no-flux boundary conditions on Oext$2:
(MfVufs) ‘n=(MVuee) - n=0 on (0,7) X Oextf?,

where k£ = 1,2 and n is the outward reference normal to the exterior boundary of Q. We impose
initial conditions on transmembrane potential v¥, gap junction potential s. and gating variable w”
as follows:

k k k k k
v;(0,2) = vy (2), wi(0,2) =wgy () ae onl{rp,

(7)

and s:(0,z) = s,¢(2) a.e. on Fiff’

with £k =1,2.

Next, we introduce some assumptions on the ionic functions, the source term and the initial data.
Assumptions on the ionic functions. The ionic current Z;,, (vk, wk) at each cell membrane I'*
can be decomposed into I jon (vk) and Iy jon (wk) , where Z;,, (vk7wk) = I ion (vk) + I ion (wk)
with k = 1, 2. Furthermore, the nonlinear function I ;on : R — R is considered as a C' I function and
the functions Iy on : R =+ R and H : R? — R are considered as linear functions. Also, we assume
that there exists r € (2, 4+00) and constants a1, ag, as, as, a5, C > 0 and 81 > 0, B2 > 0 such that:

1 .
8) ol < Maion (@) < @ (o 4 1) s Tnion (w)] < n(fu] +1),
(8b) |H (v, w)| < as(|v] + |w| 4+ 1), and Iy jon (w) v — agH (v, w)w > as |w]®
(8¢) Lm‘on 20 = Lo ion (V) + B1v + B2 is strictly increasing with 1ir% iw»on (v)/v=0,
v—
3 5 1 .
(8d) Vo, € R, (Ia,ion(v) - Ia,m(u')) (0 =) > 5 L+ ol + ') o =,

with (v, w) := (v, w") for k = 1,2.

Now, we represent the gap junction I'}? between intra-neighboring cells by a passive membrane:
(9) Zgap(s) = Ggap X 5,
where Ggqp = =1 is the conductance of the gap junctions. A discussion of the modeling of the gap

. . P Boap
junctions is given in [14].

Assumptions on the source term. There exists a constant C' independent of € such that the

source term I(’fpp’e satisfies the following estimation for £ =1, 2:

<C.

app,e =
L>(T¢ 1)

(10) Hal/ 27k
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Assumptions on the initial data. The initial condition vf ., so. and w§ . satisfy the following

estimation:
Z c1/24,
L2 (Fl 2

(11) 3 H Lryk
k=1,2

k=1,2

<0,

L2(Tk)

n H61/280

L7 (Tk)

for some constant C independent of . Moreover, vf ., so. and wk_ are assumed to be traces of

uniformly bounded sequences in C'(Q) with k = 1, 2.
Finally, we observe that the equations in (4) are invariant under the change of u¥_, k = 1,2 and
Uec into uf c + ¢ Uee + ¢, for any ¢ € R. Therefore, we may impose the following normalization

condition:

1,69

(12) / Uee dr =0, for ae. t € (0,T).
QE €

3. MAIN RESULTS

In this part, we highlight the main results obtained in our paper. Based on the a priori estimates
and unfolding homogenization method, we can pass to the limit in the microscopic equations and
derive the following homogenized problem:

Theorem 1 (Macroscopic Tridomain Model). Assume that conditions (6)-(12) hold. Then, a se-

; 1,2 1,2 ‘ S ;
quence of solutions (uiﬁum,ue@wE,wE)E of the microscopic tridomain model (4) converges as

1,2 1

e — 0 to a weak solution (ul,uz,ue,w ,w2) satisfying the following conditions:

(A) (Algebraic relation).
—u.  fork=1,2 ae in Qr,
a.e. in Q.
(B) (Regularity).
uf u. € L2(0,T; HY(Q)),
/ ue(t, ) de =0, for a.e. t € (0,T),
Q
o* € L2(0,T; HY(Q)) N L7 (), r € (2, +00),
s € L*(0,T; H' (%)),
w® € C(0,T; L3 (Q)),
ok e L2(0,T; (H*())) 4+ L/ =V (Qy),
s, 0wt € L*(Qr), k=1,2.
(C) (Initial conditions).
oP(0,2) = vi (), w*(0,2) = wk(z), k=1,2 ae inQ,
and s(0,z) = so(x) a.e. in ).
(D) (Boundary conditions).

(MeVue) ‘n = (1\~/IZVuf) n=0 on X7 :=(0,T) X Oextf?,
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(E) (Differential equations).

Z Lrdot 4+ V- <M6Vue) + Z uin(m(vk,wk) = Z ukIfjpp mn Qr,

k=1,2 k=1,2 k=1,2
a3) 0w+ s =V (MiVug) + 111 Tion (08 ") + 1y Tyap(s) = T, in Qr,
p20pv? — fgOes — V - (I\N/IZVuf> + ugl}on(vQ, wz) — tgZgap(s) = ,uglgpp n Qr,
ow® — H(w* wh) =0 in Qrp,

where p, = [TF| /Y], k = 1,2, (resp. pg = [T12| /2|Y|) is the ratio between the surface mem-
brane (resp. the gap junction) and the volume of the reference cell. Furthermore, n represents
the outward reference normal to the boundary of Q). Herein, the homogenized conductivity matrices

M, = (rhé?q)gp,qu for j =1, e are respectively defined by:

d
~ 1 8Xq
14a = / (qu—&-mfz 1) dy,
(142) Y& Jy oy )
d
~ 1 195
14b mhe = —> / (m@%mff@) dy,
(140) V1< Jy, oy )

where the components x? of x; for j = i,e are respectively the corrector functions, solutions of the
e-cell problems:

~V, - (M.V,x9) =V, - (Mce,) inYe,
(15a) x¢ y-periodic,
McVyx? - ne = —(Meey) -ne on Tk, k=1,2

—Vy . (MlVyxf) = Vy : (Mieq) m )/Z-k,
X! y-periodic,

15b
(15b) M;V,x? - nF=—(Me,) - nF on Tk k=1,2
M;V,x?-nk = —M;e,) - nk on 12,
foreq, q=1,...,d, the standard canonical basis in R,

The proof of Theorem 1 is proved rigorously in Section 4.2 using unfolding homogenization
method. The uniqueness of the solutions to the macroscopic model can be proved similar as that
of the microscopic model with minor changes (see [5]). This implies that all the convergence results
remain valid for the whole sequence. Furthermore, it is easy to verify that the macroscopic conduc-
tivity tensors of the intracellular and extracellular spaces are symmetric and positive definite (see
Remark 14).

Remark 2. The authors in [6] treated the microscopic bidomain problem where the gap junction is
ignored. They considered that there are only two intra- and extracellular media separated by a single
membrane (sarcolemma). Comparing to [6], the microscopic tridomain model in our work consists
of three elliptic equations coupled through three boundary conditions, two on each cell membrane
and one on the gap junction which separates between two intracellular media. The macroscopic
tridomain model is more general and complex than the classical monodomain and bidomain models.
Using periodic unfolding homogenization method, we derive a new approach of the homogenized model
(13) from the microscopic tridomain problem (4).
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Remark 3. Regarding the classical bidomain model [9, 6], we can derive this model from our trido-
main problem if we take u} = u?

i

4. TIME-DEPENDING UNFOLDING OPERATORS

4.1. Unfolding operator and some basic properties. Under the notation (3), we begin with
introducing the unfolding operator and describe some of its properties. For more properties and
proofs, we refer to [7, 8]. First, we present the unfolding operators defined for perforated domains
on the domain (0,7) x Q. Then we define boundary unfolding operators one on the membrane
(0,7) x T'*, k = 1,2 and the other on the gap junction (0,7 x I'l:2,

In order to define an unfolding operator, we first introduce the following sets in R? (see Figure 3)

e = . ={hecZ e(hy +Y) CQ},

e O. = interior { J ¢ (he +Y)},

hEE.
. ﬁe’g = interior { |J e (he +Ye)},
he=.
. ﬁfs = interior { |J ¢ (he +ﬁ)}7 k=12,
he=.

e Th={yelr:yecQ.}, k=12,
o [12={yel'?:yecq.},

o A°=0Q\QF,

o Q. =(0,T) x O,

o OF_ 1 =(0,T) x O

i,6)

k= ]-7 2: ﬁe,s,T = (O:T) X ﬁe,m

o A5 =(0,T) x A®,
where hy == (hi0°, ..., hal™i€). For all w € RY, let [w]y be the unique integer combination of the

periods such that w — [w]y € Y. We may write w = [w]y + {w}y for all w € R%, so that for all ¢ > 0,
we get the unique decomposition:

mzs({%}y—&—{%}y), for all z € R%.

Based on this decomposition, we define the unfolding operator in intra- and extracellular domains.

Definition 4 (Domain and boundary unfolding operator [7, 8]).

1. For any function ¢ Lebesgue-measurable on the intracellular medium QﬁaT :=(0,T) x Qf’s
for k = 1,2, the unfolding operator T2F is defined as follows:

o (t,e E] +€y) a.e. for (t,z,y) € Q5 x Y},
Y
0 a.e. for (t,z,y) € A5 x Y},

(16) T (o)t 2 y) = {

where [-] denotes the GauB-bracket. Similarly, we define the unfolding operator T on the
domain Q 1 = (0,T) x Q. We readily have that:

Vz € RY, T0(g) (t,x, {g}y) = ¢(t,z), withk=1,2.
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FIGURE 3. The sets ﬁfg for k = 1,2 (in blue), Qf (in red), A¥_ (in dark cyan) and

e 2,€

Ac . (in green).

2. For any function ¢ Lebesgue-measurable on the membrane T* := (0,T) x T¥ for k = 1,2,
the boundary unfolding operator TXF is defined as follows:

© (t,e [g + 63/) a.e. for (t,x,y) € (AZ% x Tk,
Y
0 a.e. for (t,r,y) € A5 x T*,

(17) M)t 2,y) = {

Similarly, we define the boundary unfolding operator T2

(0,7) x TL2

on the gap junction Fi?p =

4.1.1. Properties of the unfolding operator. In the following proposition, we state some basic
properties of the unfolding operator which will be used frequently in the next sections.
Proposition 5 (Some properties of the unfolding operator [7, 8]).
(1) The operator 2% : L (QF _ 1) — LP(Qp x Y[¥) and T2* - LP(T% 1) — LP(Qp x TF) are
linear and continuous for p € [1,4+00) and k = 1,2. Similarly, we have the same properties
for the unfolding operator TS and for the boundary unfolding operator T2,

(2) For u,u’ € LP (QfET) and v,w € LP (F§7T) , it holds that T2* (uu') = T2F(u)T2* (u') and
T2F (vw) = TR () T2k (w), with p € (1,+00) and k = 1,2.

(3) Forue LP (% _ 1) ,p € [1,+00), we have

|72 = g

1/p
()] P (0t ) <YI P lull o ar -

(4) Forwv e LP (T% 1), with p € [1,+00) and k = 1,2. Then we have

1 1
724l ern = P Pl < 7 1 Pl
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(5) Let ¢. € LP (O7T; wtp (Q)), with p € [1,400) and k = 1,2. If ¢ — ¢ strongly in
LP(0, T;WLP(Q)) as e — 0, then

TEH(62) — 6 strongly in L (Q x V),
TPH(92) = Blo strongly in L? (S x T*) as & = 0.

(6) Foru e LP (0,T;W (QF,)),p € [1,400), it holds that V, T (u) = eTH(Vyu) with k =
1,2.

Remark 6. The unfolding operators T>* and TZF for k = 1,2 are related in the following sense:
Eb’k(u|p§) = Tei’k(u)|pk, u € LP (O7T; Wl’p(Qf’E)) , k=12,

for p € (1,400) and a.e. t € (0,T). In particular, by the standard trace theorem in Y}, there is a
constant C' independent of € and t such that

17240y < € (FTE* ey + T T )

From the properties of T2**(-) in Proposition 5, it follows that

b,k p P 4
740 ery < © (0o + 9 )

Similarly, the trace theorem in Y holds foru € LP (0,T; W P(Q..)) (which can be found as Remark
4.2 in [8]).

In the sequel, we will define W;p the periodic Sobolev space as follows:
Definition 7. Let O be a reference cell and p € [1,+00). Then, we define
(18) W#p(O) = {u € WHP(O) such that u is periodic with Mo (u) = 0},

1
where Mo (u) = |(’)|/ u dy. Its duality bracket is defined by
o

F(u) = (F‘7 u)(W;,p(O)),’W;,p(O) = (F, u)(Wl,p(o))/7W1,p(o), Yu € W;p(O)
Furthermore, by the Poincaré- Wirtinger’s inequality, the Banach space W#p has the following norm:
HUHW;P(O) = [IVull s oy Vu € W;&’p(o)-

Notation: We denote W;&Q(O) by H#(@) forp=2.

4.2. Microscopic tridomain model. We start by stating the weak formulation of the microscopic
tridomain model as given in the following definition.

Definition 8 (Weak formulation of microscopic system). A weak solution to problem (4)-(7) is a
collection (u}75,u?,5,ue,€,w;,w§) of functions satisfying the following conditions:

(A) (Algebraic relation).

vf = (ufs — ue,5)|FZT a.e. on F’;T, fork=1,2,
1 2 1,2
Se = (ui,s - uz,s)|l"i,§ a.e. on FE,T‘
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(B) (Regularity).
FoeL?(0,T;HY (QF)), uielL?(0,T;HY(Q.)),
/Q Uee(t,x) dr =0, for a.e. t € (0,T),
ok € L2 (o,T; HY/? (F’;)) AL (5 ), 1€ (2,+0)
s. € L2 (re T) wh e LT 1), k=1,2,
ok, ol € LA(TE 1) for k=1,2, O;s. € LX(I07).
(C) (Initial conditions).
vE(0,2) = vh(2), wi(0,2) = w5 (zr) ae onTiy,
and s:(0,x) = sg () a.e. on Fi%

(D) (Variational equations).

Z // e@tv w dawdt—i—// 78,555\11 dodt + Z / MEVUM Vgol dxdt
Fk

k=1,2 k=1,2
(19) + Z // Zion )wk dogdt + - // Lgap 55 \I/ dodt
k=1,2
= / / EThp W doydt
k=1,2
Z // satv 1/)6 dopdt — / MEVae . - Vi, drdt
(20) k=1,2 Qee,r
+ Z // 'Lon )q/}k dO’Tdt Z // EIc]chp EQZ}]? dO’rdt
k=1,2 k=1,2

(21) / 8tw e* doydt = // e dodt
vk Tk,

Jor all oF € L? (0,T; H (QF.)) , we € L* (0, T; H Qe c)) with
o U= —yf = (¢f — ) lre € L2 (0,T; HY2 (TE)) N L7 (Vi) for k=1,2,
° \I/:\IJI \112 (()0Z ¢1)|F12 GLQ(FET)
o ke L2(I"€“7T) fork=1,2.
Then, the existence of the weak solution for the microscopic tridomain problem (4)-(7) is given in

the following theorem whose proof is the main issue of the article [5], by using the Faedo-Galerkin
method.

Theorem 9 (Microscopic Tridomain Model). Assume that the conditions (6)-(11) hold. Then,
System (4)-(7) possesses a unique weak solution in the sense of Definition 8 for every fized € > 0.

Furthermore, this solution verifies the following energy estimates: there exists constants C1,Ca, Cs, Cy
independent of € such that:

(22) Z H\[” HLoo (0,T;L2(Tk)) + Z wa”“HLm (0,T;L2(Tk)) + H\[SEHLOO (0,1;L2(r2?)) <Gy,

k=1,2
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(23) Z Huz 5HL2 0,T;H?! Qk )) + ||uiHL2(0,T;H1(QC,€)) < 027
k=1,2

< Cy.
LT/(T—l)(F’;)T)

< Cs3 and Z HE(T—U/"IMW(U?)
k=1,2

(24) > ||

k=1,2

LT(F" )

Moreover, if v¥y € HY2(T¥) N L"(TF), k = 1,2, then there exists a constant Cs independent of €
such that:

(25) > IVEBt aey + D VBBl )+ IVEDrselfagrra) < Cs.

k=1,2 k=1,2

By summing the two first equations in (19)-(21) and since Iion(vf, w?) = Ia,ion(vf) + Ly ion (wF),
we can rewrite the weak formulation as follows:

Z // satvkl/} dogdt + = // £0:8.V do,dt

k=1,2

+ > / / MEVu“. Vel drdt + / / MV, - Vo, dzdt
k=1,2 QeeT

(26)

+ Z // azon )¢ doydt + Z // EIbwn k) wk do,dt
k=1,2 k=1,2

+3 / /F  Loap (52) ¥ doydt = > / / eZh W dogdt,

e, T k=1,2

(27) / atwfek do,dt = // H (Uk w )e do,dt.
Tk, It

5. UNFOLDING HOMOGENIZATION METHOD

Our derivation of the tridomain model is based on a new approach describing not only the electrical
activity but also the effect of the cell membrane and gap junctions in the heart tissue. Our goal in
this section is to describe the asymptotic behavior, as € — 0, of the solution (ul{a, uie, Uee, WL, w?)
given by System (4)-(7). We do this by following a three-steps procedure: In Step 5.1, the weak
formulation of the microscopic tridomain model (4)-(7) is written by another one, called ”unfolded”
formulation, based on the unfolding operators stated in the previous part. As Step 5.2, we can pass
to the limit as ¢ — 0 in the unfolded formulation using some a priori estimates and compactness
argument to get the corresponding homogenization equation. In Step 5.3, we take a special form of

test functions to obtain finally the macroscopic tridomain model.

5.1. Unfolded formulation of the microscopic tridomain model. Based on the properties of
the unfolding operators, we rewrite the weak formulation (26)-(27) in the "unfolded” form. First,
we denote by E; with ¢ = 1,...,5 the terms of the equation (26) which is rewritten as follows (to
respect the order):

Ey + By + Es + Ey + Es + Eg + E; = Eg.
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Using property (4) of Proposition 5, then the first and second term of (26) is rewritten as follows:

E, = Z // eyt dogdt + > // eawgw dodt
rNAe,

k—=1,2 flartt
Z /// TIR(OWE) T2 (WF) dwdo,dt + Z // e do,dt
k 1,2 QrxT* k=1.2 AT

= Jl + Rl.

1 1
=3 //A €08V do,dt + 3 // €08V do,dt
ooz rb20A.r

1 1
- /// 7~Eb,1,2(8t56)7;b,1,2(\11) dxdo,dt + = // €08V do,dt
2 |Y| Qp xI'tL:2 2 Fi:iﬁAE,T

= J2 + R2.
Similarly, we rewrite the third and fourth term using the property (3) of Proposition 5:
Es = /// Tl k(ME)Tz k(vuz 5)7—; k(v(p ) drdydt
k 1,2 QTXYk
* Z // Mavuz € VQOZ dxdt
k=1,2
= J3 + Rg

B [ T (Vu ) T (V) dedyat
|Y| QTXYE

+ // MiVue . - Vo, dadt
Ae,a,T

=Js+ Ry

Due to the form of Iy ;on, We use the property (2)-(4) of Proposition 5 to obtain T2 (Ipion(+)) =
Lo ion (Tbk()) for £ = a,b and k = 1,2. Thus, we arrive to:

Es = | Z ///QTW TEF (Taion (V) T2F (%) dado,dt + // g ion (VE)UF do,dt

k=1,2

k=1,2 rNAe,T
/// a ion Tb k( )) Eb,k(w dmdaydt + Z // 1. wn(vf)wk do,dt
k 1,2 QrxT* h=1.2 ﬂAET
= J’ + R5
/// Ib zon( )) (’l/)k dﬁrdo'ydt-F Z // EIb,'LOn(wf)wk do_zdt
k 1,2 QTka Py SAAe
|Y| Z /// Ib ion Eb (w?)) 7;b’k(¢ d(L‘dO'ydt‘i‘ Z // Elb,ion(wg)’(/}k dodt
k=12 It k=1,2 A
= Jg + Rg

Similarly, we can rewrite the last two terms of (26) by taking account the form of Z,,, as follows:

1 1
Er = 5 / / / Lyap (T2H2(52)) T2V (V) dadoydt + 3 / / L gap(5:)V dogdt
Y| Qp xI'1.2 IlZnAer
=J7+ Ry



PART 2- DERIVATION OF THE MACROSCOPIC TRIDOMAIN MODEL 15

k k k
§ dxdo,dt + T dodt
8 ‘Y | ///QTXF’“ app 5) 5 (w x Yy Z // ﬂAE‘T € app,sw

k=1,2 k=1,2
= Jg + Rg

Collecting the previous estimates, we readily obtain from (26) the following ”unfolded” formula-
tion

1
FOwE)T2R () dado dt+—/// To12(0ps:) TP H2(W) dwdoydt
> Z///Q WETER ) dodoydt + o [ T T) dedo,

k=1,2
S [ T T T Tk dedyde
QTXY)C

k12

/ / / TE (M) T (Ve ) TE (Vo) dadydi
|Y| QTXY

| Z ///Q Lojion (T2 (08)) T2 (9*) dadoydt

k=1,2 T XT*

| 12///§2T><1‘k Ly jon (T2 (wE)) THH (W) dwdoydt

T2y / / / Zyop (T 2(52)) TV 2(W) dardoydt
2 ‘Y| Qp xT'1:2
Z /// Tb ; Iz]fpp 6)7;b7k(¢k) d.rdaydt

|2 T2 QrxT*
+ Ry — Ry — R —Rs — Ry — R3 — Ry — Ry

Similarly, the "unfolded” formulation of (27) is given by:

ﬁ /// TOM 0wk ) TIM(er) dado,dt
Qp xTk
1
(29) i JfL TR T W) T ) dodaai

=—¢ // dpwk ek dawdt—i—a// H vk wk)ek do,dt
F?TﬂAs,T FI;’TOAE,T
=Ry + Ryo

5.2. Convergence of the unfolded formulation. In this part, we pass to the limit in (28)-(29).
First, we prove that:

Rlu"' 7R10 —>07
e—0

by making use of estimates (22)-(25). So, we prove that R3 — 0 when £ — 0 and the proof for the
other terms is similar. First, by Cauchy-Schwarz inequality, one has

1/2
R3 = Z // Msvum Vot dedt < Z HMEVU?@HLZ(Q?E.T) (//Ak |V<Pi-“|2 d:vdt) ‘

k=1,2 k=1,2
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In addition, we observe that ’A ’ — 0 and V¢F € L2(Qf;5). Consequently, by Lebesgue dominated
convergence theorem, one gets for k=1,2:

// ’V(pﬂ2—>0, as e — 0.
A’?,E

Finally, by using Holder’s inequality, the result follows by making use of estimate (23) and assumption
(6) on M.

Let us now elaborate the convergence results of Jy,--- ,Jg. Using property (5) of Proposition 5
and due to the regularity of test functions, we know that the following strong convergence hold:

T2k (k) — ¢k and T2F(eF) — € strongly in L*(Qr x I'%)
T212(¥) — U strongly in L*(Qp x T'h?)
and
Tk (k) = oF strongly in L2(Qr x V),
T (pe) — e strongly in LQ(QT x ¥e).

Next, we want to use the a priori estimates (22)-(25) to verify that the remaining terms of the
equations in the unfolded formulation (28)-(29) are weakly convergent. Using estimation (23), we

deduce that there exist u¥,u. € L? (0,T; H'(Q)) , uf € L? (O,T; L? (Q,H#(Yf))) for k= 1,2 and
Ue € L? (O,T; L? (Q, H;#(Y(,))) such that, up to a subsequence (see for instance Theorem 3.12 in
[8]), the following convergences hold as & goes to zero:

Zlk(ufa) — uf weakly in L? (0,T; L* (2 x V%)),

TIM(Vul ) = Vul + V,af weakly in L?(Qr x Y}¥),
and

T (te,e) — ue weakly in L? (0,75 L% (2 x Ye)) ,

T (Ve ) — Vue + Vi, weakly in L*(Qr x Y}F),

with the space H;E given by (18). Thus, since T2:F (M) — M; a.e. in Q x Y for k = 1,2 and
TE (ME) — M, a.e. in Q X Y,, one obtains:

(Vul + Vv, af] Vol dedydt,
5%0 |Y‘ Z //LTka yu ]

Ji — — /// M, [Vue + Vyte] Vo dadydt.
0 TS gy, M Ve Ve

F‘urthermore we need to establish the weak convergence of the unfolded sequences that corre-
sponds to vk, wf, se and Ik op,e for k=1,2. In order to establish the convergence of Tk (0p0F), we
use estimation (25) to get for k= 1,2

7540t <Y g <c

Mz2(@prs) Ellpees ) <

So there exists V¥ € L? (Qr) such that T2F(9;vF) — V¥ weakly in L2(Qp x T'*) with k = 1,2. By
a classical integration argument, one can show that V* = 9,v*. Therefore, we deduce that

T*(90F) — gu* weakly in L2(Qg x I').
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Thus, we obtain

Ji = ‘Y‘ > ///QTW R (0P TR (W) dado,dt

k=1,2

O * drdo,dt.
S0 |Y| 2 ///Q Wy dudy

k=1,2

By the same strategy for the convergence of Ji, there exits S € L? (Qr) such that T212(9;s.) — S
weakly in L2(Qr x I'12). Similarly, we get S = 0;s. Thus, one has

Jo = L /// TE12(0ys) T H2(W) dado,dt
2 ‘Y| QpxI'12

1
_ U dedo,dt.
=0 2|Y] ///QTW,Q s drdoy

Now, making use of estimate (22) with property (4) of Proposition 5, one has

[T @) o gy < €721 | oy < ©
1724425, HL2(QTXF12) < /2 |y|V/? $ell p2rrzy < C.

Then, up to a subsequences,
T2k (wk) — wk weakly in L?(Qp x T*),
To12(s.) — s weakly in L*(Qp x TH?).

So, by linearity of I ;on, and of Z,,, we have respectively:

o= IZ///Q L ion (T2 (wE)) T2F($F) dadoydt

k=12 7 XT¥

Ly ion (W) dzdo,dt,

€—>0 |Y| Z ///QTer b ) Y

Jr = ——= /// Lyap (T212(s2)) T2H2(V) dadoy,dt
2|Y—| QTXF1'2

1
— Tou(5)U dado,dt.
=0 2]V ///QTW gap(5)¥ dzdoy

Similarly, exploiting assumption (10) on Z* we obtain the following convergence:

app,e’
= |Y‘ Z ///Q ok Tbk I(]chp a)ﬁb’k(¢k) dxdo,dt
k=1,2 T X
k
eaO |Y| kzl2///QTka app'L/) dl‘da'ydt

Remark 10. Proceeding exactly as in [4], we prove that the limits v* and s coincide respectively with
uf —u, for k = 1,2 and u} —u?. Furthermore, since we have assumed that the initial data 11’0“76, w’oc)s for
k=1,2 and so introduced in (7), are also uniformly bounded in the adequate norm (see assumption
(11)). Then, using the weak formulation (28)-(29), we prove similarly that v*(0,x) = vf(z) a.e. on
Q, since, by construction, v*(0,z) = vg’e(x) a.e. onT* for k =1,2. The same argument holds for

the initial condition of w® for k =1,2 and of s..
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It remains to obtain the limit of J5 containing the ionic function I, jo,. By the regularity of 1*,
it sufficient to show the weak convergence of I, jon (7'61”’“(11?)) to Ia’wn(vk) in L2(Q7 x I'*). Due to
the non-linearity of I, ;on, the weak convergence will not be enough. It is difficult to pass to the
limit of this term on the microscopic membrane surface. Therefore, we need the strong convergence
of T2F(vF) to vk in L2(Q7 x Tk) for k& = 1,2 that we obtain by using Kolmogorov-Riesz type
compactness criterion that can be found as Corollary 2.5 in [11]:

Proposition 11 (Kolmogorov-Riesz type compactness result). Let Q C R? be an open and bounded
set. Let F C LP(Q, B) for a Banach space B and p € [1;4+00). For f € F and ¢ € R, we define
Te f(x) == f(x +&). Then F is relatively compact in LP (Y, B) if and only if

(i) for every measurable set A C Q the set { [, fdz : f € F} is relatively compact in B,
(i3) for all A >0, €R? and & >0,i=1,...,d, there holds

sup ||T£f - f”Lp(Q&,B) — 0, fOT h — O7
fer A

where Qf\ ={xeQy:z+£€Q} and Q) = {z € Q: dist(z,00) > A},
(#it) for A > 0, there holds sup fQ\Q,\ |f(2)|” dz — 0 for A — 0.
fer

To cope with this, in the following lemma, we derive the convergence of the nonlinear term I ;o :
Lemma 12. The following convergence holds for k =1,2:
Tok () = ok strongly in L*(Qg x TF),
as € = 0. Moreover, we have for k =1,2:
Loion (T2F(0F)) = Tajion (0%) strongly in L9(Qp x T*), Vg € [1,7/(r — 1)),
ase— 0.

Proof. We follow the same idea to the proof of Lemma 5.3 in [6]. The proof of the first convergence
is based on the Kolmogorov compactness criterion 11. So, we want to verify that the sequence
{T2*(vF)}eso of unfolded membrane potentials satisfies the assumptions of Proposition 11 with
B=1? (0, T; L? (I"“)) for K =1,2 and p = 2. It is carried out by proving three conditions:

(i) Let A C © a measurable set. We define the sequence {v _}.~¢ as follows:

vﬁﬁg(t,y) = / T2k () (t, 2, y) dx, for ae. (t,y) € (0,T) xT* (k=1,2).
A
It remains to show that the sequence vff"s € L? (0, T Hl/Q(Fk)) is relatively compact in the space
L2?(0,T; L*(T'*)) for k = 1,2. Since the embedding H'/?(I'*) — L?(T'*) is compact, we have to

show that the sequence v% _ is bounded in L? (0, T} HY2(I%)) N H' (0,T; L*>(T%)) with k = 1,2.
We first observe that for k = 1,2

||U27€H§{1/2(Fk) :/ / TER W (¢, 2, y) da

\T”’“ )ty 1) — TR () (2, y2) |
//rk x Tk / |d+1 dudey, doy,

|3/1 — Y2

2
doy

= HUA’EHL2(FIC) + HUA,SHHS/Q(F’“) .
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In view of Fubini theorem, Cauchy-Schwarz inequality and estimate (22), it follows that for k = 1,2

ooy <€ [ [ [ R CE ) doyna

< C|veuk HLz(I";,T) <C.

Next, we only need to bound the Hé/z semi-norm and this is done as follows. Since v, = (u§ — ug) [T*

for k = 1,2, we use again Fubini theorem and Jensen inequality together with the trace inequality
in Remark 6 to obtain

(W Fk)<c[/ T2 ()03 g

o+ Vs,

e [ e A ey

Hence, integrating over (0,7) and using the a priori estimates (23), we have showed that the sequence
vk . is bounded in L? (O,T; H1/2(1"k)) for k=1,2.
By a similar argument and making use of the estimate (25) on £!/20;v*, we can also show that

|00k . < C, with k=1,2.

||L2(Fk
Finally, we deduce that the sequence UA is bounded in L? (0 T, Hl/z(Fk)) NH! (O, T, LQ(F’“)) and
due to the Aubin-Lions Lemma the sequence is relatively compact in L2 (07 T; LQ(Fk)) with &k =1, 2.

(ii) Due to the decomposition of the domain given in Subsection 4.1, 2 can always be represented

by a union of scaled and translated reference cells. Fix ¢ > 0 and let k € =, be an index set such
that

0F = | elhe +Y), with hy == (£, ... hat§).
heE.

Note that = € e(hy +Y) < H — hy. For every fixed h € E., we subdivide the cell £(h¢ +Y) into
Y
subsets ¢ (hy +Y)7 with o € {0,1}¢, defined as follows

x+€{£}
€ly

eke+Y) =(zeceke+Y):¢ .

ZE(hz—l—U) R
Y

for a given ¢ € R4 It holds e(hy +Y) = |J e(he+Y)°.
0€{0,1}¢
We use the same notation as in Proposition 11. Now, we compute for k£ = 1,2 the following norm

HTfTbk ) Tbk: HTﬁTbk ) Tbk

k 2
Ve HLZ((O,T)inka e)’|L2((0,T)x(52§mﬁs)xrk)

2
+ | TR (E) = TR (oF)

||L2((0,T)x(9§\§e)xrk)

= FS .+ Ej .
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Proceeding in a similar way to [10, 18], we first estimate Efa using the above decomposition of the

domain as follows:
(t,s {M} + 6y> — vf (t,s [E} +5y)
e ly ely

k
Z/ /hz-i-y) -/Fk h
U?Gﬁ(m+0+[ﬂ )+E@—wf@¢m+sw

heE,
¢ 2
oP (LE (hz +o+ L] ) + €y> — 0¥ (t,ehy + ey)
Y

S S S
doydxdt
¢ 2
'Tbk k(t 1:+€< JrL} >,y>7;b’kvf(t,x,y)
Yy

h€E: 5e{0,1}¢
doydxdt,
which by using the integration formula (4) (for p = 2) of Proposition 5 is equal to

> [l
W[ [ (e (o [f]) -

h€Ee se{0,1}¢
For a given small v > 0, we can choose an € small enough such that

2
doydadt

E .

2
doydzdt

IN

IN

> L

0e{0,1}4

2
doydt.

eo+e [ﬂ
€ly

it is sufficient to obtain estimates for given ¢ € Z,

{01w

< ~. This

amounts to saying that in order to estimate E$
lel] <~y of

a,e?

(30) Hv (t,x +el) —of t:vHL2 (0.1)xT* )
where I'. o =T N Q with @ C 2 an open set.

In order to estimate the norm (30), we test the variational equation the weak formulation (26)
with oF = n? (roeus, —uf ) for k = 1,2 and ¢, = n? (Tegtie,c — Ue,c) , where n € D(Q) is a cut-off
function with 0 <7 < 1,7 =1 in Q and zero outside a small neighborhood @’ of Q). Proceeding
exactly as Lemma 5.2 in [6], Gronwall’s inequality and the assumptions on the initial data give the
following result:

2
€ flve (t, @ 4 €€) — ve (¢, 2) |20, 1) w12 o) < CEI

where C' is a positive constant. Then, we obtain by using the previous estimate
(31) B <C (gl +e).

Hence, we can deduce that E,’}ys — 0 as £ — 0 uniformly in €, as in [12]. Indeed, to prove that

(32) Vp > 0,3u > 0 such that for every € tends to 01, V¢, €] < p = Eg,s < p,

one identifies two cases:
(a) For0<e< % : take p = %, then, from (31), we get that condition (32) holds for |¢] < p.
(b) For % < & < 1: we remark that since ¢ tends to 0%, there are only finitely many elements

¢ in the interval (5%,1), say {e,}5_; with N € N, N < co. Moreover, by the continuity of
translations in the mean of L2-functions, for every n, Ju, = u(e,) such that V&, €] < pin,
condition (32) holds. Thus choosing 1 = min{g%, p1,..., un} together with the argument
for the translation with respect to time, property (32) is proved.
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It easy to check that

B, = |reT2* ) S (|7 T2F

NI kN (12
(v€)HL2<(O,T)><(Q§\§E)><F’C (Ue)||L2((0,T)x(m\§a)xrk) :

Hence, we can deduce that Ef’e — 0 as £ — 0 uniformly in e. Indeed, to prove that

(33) ¥p > 0,3 > 0 such that V= > 0, V¢, [¢] < p= Ej < p,

one identifies two cases:

(a) For e small enough, say ¢ < gg, Q) C ﬁe, then E;E =0.

(b) For g9 < € < 1 : we remark that since € tends to 0", there are only finitely many elements
¢ in the interval (gq,1), say {e,}2_; with N € N, N < co. Moreover, by the continuity of
translations in the mean of L2-functions, for every n, 3u, = u(e,) such that V€, €] < pn,
condition (33) holds. Thus choosing 1 = min{ s, g1, ..., N} together with the argument
for the translation with respect to time, property (33) is proved.

This ends the proof of the condition (ii) in Proposition 11.
(iii) The last condition follows from the a priori estimate (24). Indeed, we have for k = 1, 2:

r—2

T R . 2
/ / |7;b’k(v§)}2da:dt§|ﬂ\(2,\\7 </ |7k ()| dxdt) <CIQ\Q " .
0 Q\Q)\ QT

The conditions (i)-(iii) imply that the Kolmogorov criterion for 72**(v.) holds true in L?(Qr x I'¥)
for k = 1,2. This concludes the proof of the first convergence in our Lemma.

It remains to prove the second convergence which will be done as follows. Note that from the
structure of I, ;o, and using property (2) in Proposition 5, we have

T (Iayion(vf)) = I4.50n (ﬁbk(vf)) , for k=1,2.

Due to the strong convergence of T2*(v¥) in L2(Qr x T'¥), we can extract a subsequence, such that
Tk (WF) — vk ae. in Qp x T* with k& = 1,2. Since Ia,ion is continuous, we have

Iaion (st’k(vf)) — Il,ion(vk) a.e. in Qp x I'Y.

Further, we use estimate (24) with property (4) of Proposition 5 to obtain for k = 1,2

5(T71)/T1a,ion ('Ui-c) < C

Lr/(r—1) (FE,T) -

||7;bJC (Ia,ion ('U?)) |

) S |Y‘(T—1)/T

L/(=1)(Qp xTw
Hence, using a classical result (see Lemma 1.3 in [16]):

Loion (T2F(0F)) = 14500 (V%) weakly in L™/ "D (Qp x T*) with k = 1,2.

£

Moreover, we obtain, using Vitali’s Theorem, the strong convergence of I jon (Tgbk(v?)) t0 Iy jon (V%)
in LY(Qr x T*), Vg € [1,7/(r — 1)) and k = 1,2. This finishes the proof of our Lemma. O
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Finally, we pass to the limit when € — 0 in the unfolded formulation (28) to obtain the following
limiting problem:

1
Oyv* kd:vdodt—&——/// 9,V dzdo,dt
‘Y| Z ///erl“k o Y 21Y| QpxT1:2 ! Y

k=1,2

|Y| > /// ; [Vl + v,k Ve dadydt
Q

k=1,2 TXYk

— /// M, [Vue + V] Vo, drdydt
QrXxYe
wion(V)YF dedoydt + — / / / Ly ion (W*)" dxdo,dt
S I T @10 eyttt i 3 ff[ ()it o

k12 k=1,2

+—// Loan(8)V dxdo,dt
2‘Y| Qp xIL2 g p( ) Yy

v Z / / /Q . Ik WF dadoydt,
T X

k=1,2

Similarly, we can prove also that the limit of (29) for k = 1,2 as ¢ tends to zero, is given by:

(35) /// Oywe” dxdo,dt — /// H(v* w*)e? drdoydt = 0.
|Y‘ Qr xTk |Y| QpxTk

Remark 13. Since the linear term H is not varying at the micro scale and since v* does not depend
on vy, it can be proven, using Assumption (8b), that the solution w* of

opwk = H(w* wk)  in Qp x T,
wk(0,2) = wk(x)  onQ,

is unique for all y € T* for k = 1,2 hence it is independent of the variable y.

5.3. Derivation of the macroscopic tridomain model. The convergence results of the pre-
vious part allow us to pass to the limit in the microscopic equations (19)-(21) and to obtain the
homogenized model formulated in Theorem 1.

To this end, we choose a special form of test functions to capture the microscopic informations
at each structural level. Then, we consider that the test functions have the following form:

(36) Pe,e = ¢e(t7 x) + 596(t7 x)ee,e (x)7
pre = i (t,a) +e0f (t,2)0F (),

with functions ©. . and @f,s for k = 1,2 defined by:
—o,.(* B (r)=0F (2 =
Oc () = O, (5) and ©;_(z) = ©; <5) , for k=1,2,
where ¢, ¢F, 0, and 0F are in D(Qr), O, in H;#(Ye) and ©F in H%E(sz) for k =1,2. Then, we have:

VSOE,E = Vm¢e + vaeeee,s + eevye)e,aa
Vi, =Vadh +eV, 000 +0Fv,0kF .



PART 2- DERIVATION OF THE MACROSCOPIC TRIDOMAIN MODEL 23

Due to the regularity of test functions and using property (5) of Proposition 5, there holds for
k=1,2, whene —0:

T;k(wfg) — gi)f strongly in L? (QT X sz) ,

’7;”“(95“@;“5) — 0% (t, 2)OF (y) strongly in L? (Qr x sz) ,

Tw (Vwﬁs) — V. oF + QnyGf,E strongly in L? (Qr x Ylk) ,

TE(pee) — e strongly in L? (Qr x V),

T (0eOc.c) = Oc(t, 7)Oc (y) strongly in L* (Qr x o),

TE (Vpee) = Vade + 0.V,O, . strongly in L* (Qr x Ye).

Since YF 1= (oF . — @e,c) ‘F];,T for k=1,2 and ¥, := (¢; . — ¢7.) |FiIZT’ then it holds also:
Tok(F) = ¢* strongly in L2(Qr x TF),
TYL2(W,) — W strongly in L*(Qr x TH?),

where 1% := ((;Sk (;Se) lo;xre for k=1,2 and ¥ := (gbzl — ¢12) |0 xr1.2.
Collecting all the convergence results of Jy, ..., Jg obtained in Section 4.2, we deduce the following
limiting problem:

|Fk|/ ot dudt + L) 05U dwdt
vy ok d o
Py |Y| o 21v] J o,
IYI 2 ///Q i i [Vul + V] [Vaof +0;V,00.] dudydt
k=1,2 T

/// M, [Vue + Vyte] [Vade + 0.V Oe o] drdydt
|Y| QrxY.

37
() v k'// wion () o+ 3 // Ty son (¥
Y] 1 JJa,

k12 k=1,2

Fl 2’

2 V] // gap(8)¥ dxdt
|Fk| K

T appqp dxd.

Similarly, we can prove also that the limit of the coupled dynamic equation for £ = 1,2 as € tends
to zero, which is given by:

k:12

T

(38) 1%l o

dywe” dadt — / H vk, wh)e* dadt = 0.
IY\ Q7
Now, we will find first the expression of %% in terms of the homogenized solution u for k = 1, 2.
Then, we derive the cell problem from the homogenized equation (37). Finally, we obtain the weak

formulation of the corresponding macroscopic equation.
We first take ¢, 0. and ¢F for k = 1,2 are equal to zero, to get:

(39) / / (Vul + v, a¥) (05v,0F,) dedydt = 0.
e QTXY’“
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Since u¥, k = 1,2 is independent on the microscopic variable y then the formulation (39) corresponds
to the following microscopic problem:

d Pa 5,k
Y, (ML) = 3 O Ou

—L in YF
pia=1 OYp 0xq

70

(40) u¥ y-periodic,

(Mivyﬁf + Mlvxuf) nf =0on I'¥,

(M;V,af + M;Vyul) - nf =0 on M2,
Hence, by the y-periodcity of M; and the compatibility condition, it is not difficult to establish the
existence of a unique periodic solution up to an additive constant of the problem (40) (see [3] for
more details).
Thus, the linearity of terms in the right-hand side of (40) suggests to look for @¥ under the following
form in terms of u¥:

(41) uy (ta,y, 2) = xai(y) - Vouy +1ag,(t, z,y),

where a’é,w k =1,2 is a constant with respect to y and each element x{ of y; satisfies the following
e-cell problem:

pq
R RUASTED ke
p=1 OUp
(42) X{ y-periodic,
M;Vyx?-nk=—(Me,) -nfonT* k=12
M;Vyx? - nk = —(Me,) - nf on I'H2,
for ¢ = 1,...,d. Moreover, the compatibility condition is imposed to guarantee the existence and

uniqueness of solution ! € H%& (V) to problem (42) with H;& is given by (18).
Finally, inserting the form (41) of @¥ into (37) and setting 6%, 6. ¢. to zero, one obtains the weak
formulation of the homogenized equation for the intracellular problem:

Z ,uk/ atvkqbf dxdt +ug/ Ors¢t dadt
QT QT

k=12
1 .
+ ) / / / M, Vul - V¥ dedydt
YT Jarxyy
(43) 7
k=1,2 Qr k=1,2 Qr
bty [ Touplool dode= 3 g [[ 24,0 daat,
Qr k=1,2 Qr
with yu, = [T*| /Y|, k = 1,2, py = |T1?| /2]Y] and the coefficients of the homogenized conductivity
matrices M; = (mj?), . ., defined by:
d
~ 1 !
44 ml? = — / (mifq—kmfe ’) dy.
. Y] @Z:; v Ay

Similaﬂ,}i we can decouple the cell problem in the extracellular domain and define the homogenized
matrix M.. This completes the proof of Theorem 1 using periodic unfolding method.

Remark 14.
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1. Since the conductivity matrices M; for j = i, e are symmetric then the homogenized conduc-
tivity matrices M; defined by (14a)-(14b) are also symmetric for j =i, e.

2. We can rewrite the homogenized conductivity matrices M; = (ﬁflfq)Kp g<d s follows
i 1 O ( 0 p
(45) fq - Z / ée (yq + Xz) (¥p + X7) dy.
Y152, Iy Oyer ye
Indeed, we recall that x! is the solution of (42). Choosing X! as test function in (42), one
has
Z / e —_Z/ ot X7 dy Z / et 9Ya i
v " Bye Oy " Oy (v M By Oy
Hence, one obtains
10 (yq + x7) OXF
46 / 2 q i) ZAG g — ().
(46) |Y| Z vp oy oy Y

£,0'=1

On the other hand, since

1 Oy, Oy
mpq d _ / fl q ZIp d
/ v Z Yk Oyer Oye

0,0=1
q
Pf Xz d / o axl ayp d
1m; - ay,
Z ;1 vp Oye Oy
formula (44) can be written as follows:
d

- 1 10 (Yqg + X7) Oy
47 m = — / mé 2L LA IR gy Npg=1,.. ., d.
() |Y|“Z;1 ve o Oy Oy

Summing (46) from (A7) gives (45). Similarly, we can rewrite the other matriz M, in terms
of the corresponding corrector function xe.
3. Since the conductivity matrices M; for j = i,e satisfy the elliptic conditions defined by

6), then the homogenized conductivity matrices M;, j = i,e verify the following elliptic
j
conditions: there exits ag, Bp > 0 such that

(48a) M, A=A > ag|A]?,
(48b) ’Mj)\’ < Bo|N, for any XA € R

Indeed, let A € R? and j = i. To prove (48a), then from (45) it follows that

p q
e 355 [ e 20, 2,

8 0
pg=1 pa=10.0=1 Ye be

d
Setting ¢ = > A\ (yp + XF) and using the ellipticity of M; defined by (6), we get
=1

d
(19) > i 2 [ I9GI dy =0, for any e B
}/ik

p,q=1
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Let us show that this inequality tmplies that
d
Z m? I\, N, > 0, for any X € R, X #0.
p,q=1
If this were not true. In view of (49), one would have some X # 0 such that

V(| =0.

This means that
d

G = Z)\p (yp + X¥) = constant.
p=1
Thus, one has

p=1
and this impossible since the right-hand side function is y-periodic by definition and X\ # 0.
d

d d
Z)‘pyp = _Z)‘pr +C,
p=1

To end the proof of ellipticity, we know that the function Y. mb¢,&, is continuous on the
P,q=1

unit sphere ST which is a compact set of R%. Hence, this function achieves its minimum

on S¥ 1 and, due to the previous result, this minimum is positive. So, there exists oy > 0

such that .
> mbigE, > ag, VE€ ST
P,q=1
Consequently,
d Ap A
Z rﬁfqﬁﬁ > g, for any A € RY, X #0,
p,q=1
. )\1 )\d d—1 . . .
since the vector <)\|, ey |/\|> belongs to S*~t. This ends the proof of inequality (48a) and

by the same way we obtain the second inequality.
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