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Abstract

We present natural and general ways of building Lie groupoids, by using the classical proce-
dures of blowups and of deformations to the normal cone. Our constructions are seen to recover
many known ones involved in index theory. The deformation and blowup groupoids obtained
give rise to several extensions of C*-algebras and to full index problems. We compute the corre-
sponding K-theory maps. Finally, as an application we use the blowup of a manifold sitting in
a transverse way in the space of objects of a Lie groupoid to construct a calculus which is quite
similar to the Boutet de Monvel calculus for manifolds with boundary.
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1 Introduction

Let G = M be a Lie groupoid. The Lie groupoid G comes with its natural pseudodifferential
calculus. For example

e if the groupoid G is just the pair groupoid M x M, the associated calculus is the ordinary
(pseudo)differential calculus on M:;

e if the groupoid G is a family groupoid M xp M associated with a fibration p : M — B,
the associated (pseudo)differential operators are families of operators acting on the fibers of p
(those of [3]);

e if the groupoid G is the holonomy groupoid of a foliation, the associated (pseudo)differential
operators are longitudinal operators as defined by Connes in [7];

e if the groupoid G is the monodromy groupoid i.e. the groupoid of homotopy classes (with fixed
endpoints) of paths in a (compact) manifold M, the associated (pseudo)differential operators
are the 71 (M )-invariant operators on the universal cover of M...

The groupoid G defines therefore a class of partial differential equations.

Our study will focus here on the corresponding index problems on M. The index takes values
naturally in the K-theory of the C*-algebra of G.



Let then V' be a submanifold of M. We will consider V as bringing a singularity into the problem:
it forces operators of G to “slow down” near V, at least in the normal directions. Inside V, they
should only propagate along a sub-Lie-groupoid I' = V' of G. One can just take I' = V' (no action)
in order to encode that the propagation slows down in all directions near V.

In these cases, this behavior is very nicely encoded by a groupoid SBlup, s(G,T') obtained by using
a blow-up construction of the inclusion I' = G.

The blowup construction (Blup) is a well known constructions in algebraic geometry as well as in
differential geometry. It is closely related to the deformation to the normal cone which has been
used in quite a few cases in connection with non-commutative geometry.

Let X be a submanifold of a manifold Y. Denote by N¥ the normal bundle.

e The deformation to the normal cone of X in Y is a smooth manifold DNC(Y, X) obtained by
naturally gluing N¥ x {0} with ¥ x R*.

e The blowup of X in Y is a smooth manifold Blup(Y, X) where X is inflated to the projective
space IP’N}(/. It is obtained by gluing Y \ X with IP’N}? in a natural way. We will mainly
consider its variant the spherical blowup SBlup(Y, X) (which is a manifold with boundary) in
which the sphere bundle SN}; replaces the projective bundle IP’N}(/.

The functoriality of the DNC and Blup constructions allows to naturally endow DNC(G,T") and
a large open subset SBlup,s(G,T') of SBlup(G,T") with a Lie groupoid structure for any Lie sub-
groupoid I' of a Lie groupoid G. This turns out to be very useful in order to analyse index type
problems in many geometric situations.

The first use of deformation groupoids in connection with index theory appeared in [9]. A. Connes
showed there that the analytic index on a compact manifold M can be described using a groupoid,
called the “tangent groupoid”. This groupoid was obtained as a deformation to the normal cone of
the diagonal inclusion of M into the pair groupoid M x M.

Since Connes’ construction, deformation groupoids were used by many authors in various contexts.

e This idea of Connes was extended in [21] by considering the same construction of a deformation
to the normal cone for smooth immersions which are groupoid morphisms. The groupoid
obtained was used in order to define the wrong way functoriality for immersions of foliations
([21, section 3]). An analogous construction for submersions of foliations was also given in a
remark ([21, remark 3.19)).

e In [32, 35] Monthubert-Pierrot and Nistor-Weinstein-Xu considered the deformation to the
normal cone of the inclusion G(¥) — G of the space of units of a smooth groupoid G. This
generalization of Connes’ tangent groupoid was called the adiabatic groupoid of G and denoted
by Guq. It was shown that this adiabatic groupoid still encodes the analytic index associated
with G.

e Many other important articles use this idea of deformation groupoids. We will briefly discuss
some of them in the sequel of the paper.

Let us come back to our discussion above. By construction, the propagation in the blowup groupoid
SBlup, s(G,TI")) is tangent to V: its orbits are either contained in the open subset M=M\V or
in its complement — the manifold SN‘]y . In other words, the groupoid SBlup,s(G,T') is the union
of two Lie subgroupoids:

e an open subgroupoid which is the restriction G%: = Mof Gto M =M \V;

e a closed subgroupoid, its restriction to the boundary which is a Lie groupoid Sng = SN‘]}/[ .



This gives rise to a C*-algebraic exact sequence
0 — C*(GY) — C*(SBlup, +(G,T)) — C*(SNF) — 0 (E2B1up)

In order to study the index theory of C*(SBlup,s(G,I')) we will study this exact sequence and
in particular its connecting map — more precisely the class of this exact sequence in the Kasparov

group KK(C*(SNF), C’*(G%))

There is a very natural parallel of this exact sequence with a corresponding exact sequence for the
deformation to the normal cone groupoid which reads:

0 — C*(G x R%) — C*(DNC4(G,T)) — C*(NF) — 0 (E%NC+)

The sequence (E)xe . ) is somewhat easier to compute than (EgBlup) using [14]. In particular if
I' =V is just a space, the class of the exact sequence (Eg ne,) is the composition of a wrong way
functoriality map with the (analytic) index map of the groupoid G (cf. prop. 4.11.d).

It turns out that there is a natural Connes-Thom map (in the sense of [8]) comparing these exact
sequences. Even better, if the original propagation along G is nowhere tangent to V' (we say that
V is AG-small), these Connes-Thom maps are isomorphisms (K K!-equivalences - cf. theorem 4.8).
We therefore naturally deduce the computation of the class of (EgBlup) when I' = V and V is
2AG-small (cf. prop. 4.12)

We will also address another index question on the new groupoid SBlup, (G,T"). This one concerns
full ellipticity, i.e. (pseudo)differential operators on the groupoid SBlup, (G, I") which are invertible

modulo C*(G%). This question naturally leads us to the study of the exact sequence:

O full

0 — C*(GM) — W (SBlupys(G.T) " S5 p1p (G, T) — 0 (B

where U*(SBlup,(G,I')) is the C*-algebra of pseudodifferential operators of order < 0 on the
groupoid SBlup, ¢(G,I") and Xgpp(G,T') is the quotient ¥* (S Blup, (G, F))/C*(G%)
The full symbol algebra Xspi,y(G,T) is naturally a fibered product (see [14, §4]):

Zs81up(G,T) = C(SA*SBlup, (G, T)) X c(sor-sng) Y (SNEF).

The first component corresponds to the principal symbol of an order 0 pseudodifferential operator;
the second one is the restriction to the boundary.

We wish to compute the connecting map of the exact sequence (Eg‘glup), and use again its parallel
(DNC) exact sequence:

O full

0 — C*(G x RY) — U*(DNC(G,T)) 2% Spne, (G, T) — 0 (EBc,)

which we directly relate (using [14]) to the analytic index map of the groupoid G when I' = V.

As for the case discussed above, the sequences (Eglglup) and (EB%q ) are related throggh natu-
ral Connes-Thom maps. When V' is AG-small, in fact the maps relating sequences (Eglglup) and
(End ) are KK Lequivalences.

Finally, as an application, we consider the particular case when I' = V is a submanifold of M
transverse to the action of G. We construct a calculus which resembles the Boutet de Monvel

calculus for manifolds with boundary. We are planning to investigate the relations between these
two calculi.

The paper is organized as follows:



e In section 2 we review two geometric constructions: deformation to the normal cone and
blowup, and their functorial properties.

e In section 3, using this functoriality, we study deformation to the normal cone and blowup in
the Lie groupoid context. We outline examples which recover groupoids constructed previously
by several authors.

e In section 4, applying the results obtained in [14], we compute the connecting maps and index
maps of the groupoids constructed in section 4.

e In section 5, we describe the above mentioned Boutet de Monvel type calculus.

e In the Appendix, we recall a few facts on the notion of V5 groupoids, and study the particular
case of a VB groupoid over a manifold.

e The present paper is the second part of the article that appeared on the arXiv (arXiv:1705.09588).
Since this paper was quite long and addressed a large variety of situations, we decided to split
it into two pieces hoping to make it easier to read. The first part is [14].

Our constructions involved a large amount of notation, that we tried to choose as coherent as
possible. We found it however helpful to list several items of the notation introduced in [14]
and the one introduced here in an index at the end of the paper.

Acknowledgements. We would like to thank Vito Zenobi for his careful reading and for pointing
out quite a few typos in an earlier version of the manuscript.

2 Classical geometric constructions: normal bundle, deformation
to the normal cone, blowup and functoriality

As mentioned in the introduction, index problems in a large number of geometrical situations lead
to consider two geometric constructions of groupoids: deformation to the normal cone and blowup.
These two constructions are classical in algebraic geometry. In this section we recall these construc-
tions and we emphasize their properties that are relevant for our purposes.

Throughout this section, Y will be a smooth manifold and X a locally closed submanifold (the same
constructions hold if we are given an injective immersion X — Y'). Let us call such a pair (Y, X) a
manifold pair.

Given two manifold pairs (Y, X) and (Y’, X’), a morphism f from (Y, X) to (Y’, X’) is a smooth
map f : Y — Y’ which restricts to a smooth map fx : X — X’. Thus we have a commutative
diagram of smooth maps X“——=Y where the horizontal arrows are inclusions of submanifolds.

fxl lf

X,(H- Y/

2.1 Normal bundle

We begin by a few remarks on the normal bundle construction.

We denote by N¥ = U T.Y /T, X the (total space) of the normal bundle of X in Y.
rzeX

Functoriality. The differential df : TY — TY' of a morphism f of manifold pairs X———=Y
fxi if
X/C—> Y/
maps TX to TX'. Thus it induces a natural smooth map N(f) : N)}(/ — N;(/,/ given by
N(f)z ©Ppa = Dy 0 dfe for all z € X (where p, : T,Y — (N ), and pl, : ToY' — (Nx1)z).



Exponential map. An ezponential map (or tubular neighborhood construction) for the manifold
pair (Y, X) is a diffeomorphism 6 : U" — U from an open neighborhood U’ of the O-section in
N}? to an open neighborhood U of X which satisfies:

e the restriction of § to X viewed as the 0-section in N}g is the identity map:
O(z,0) =z forall x € X
e the differential of 6 is equal to the “identity on the normal direction to X”:

prodfy =q, forall z € X

where p, : T,Y — (N¥), = (T.Y)/(T,X) and ¢, : TeNY ~ (NY), @ (ToX) — (N¥)a.
are the projections.

Note that one can just use such a construction locally i.e. taking small open subsets of X and
diffeomorphisms of N\}// with small open subsets in Y. One actually needs to use this local
construction when X is just an immersed submanifold of Y.

2.2 Deformation to the normal cone

The deformation to the normal cone DNC(Y, X) is obtained by gluing N x {0} with ¥ x R*.
The smooth structure of DNC(Y, X) is described by use of any exponential map 6 : U’ — U from
an open neighborhood U’ of the 0-section in N¥ to an open neighborhood U of X. The manifold
structure of DNC(Y, X)) is then given by the requirement that:

a) the inclusion ¥ x R* - DNC(Y, X) and

b) the map © : Q' = {((z,£),\) € N¥ xR; (z,\) € U'} = DNC(Y, X) defined by ©((x,€),0) =
((2,£),0) and O((z,£),\) = (B(x,AE),\) € Y x R* if A #0.

are diffeomorphisms onto open subsets of DNC(Y, X).

It is easily shown that DNC(Y, X) has indeed a smooth structure satisfying these requirements and
that this smooth structure does not depend on the choice of 6. (See for example [6] for a detailed
description of this structure).

In other words, DNC(Y, X) is obtained by gluing ¥ x R* with ' by means of the diffeomorphism
0:0'N(NY xR*) = U x R*.

Let us recall the following facts which are essential in our construction.

Definition 2.1. The zooming action of R*. The group R* acts on DNC(Y, X) by \.(w,t) =
(w,A\t) and A.((z,€),0) = ((z,A71€),0) (with \,t e R*, we Y,z € X and { € (N};)x)

Remarks 2.2. a) The zooming action is easily seen to be free and proper on the open subset
DNC(Y,X)\ X x R. Indeed, for (z,£,t) € Q' € N¥ x R the zooming action is given by
A(z,&,t) = (x, A71€, M) under the map O~

b) In the following sections we will apply this construction to Lie groupoids - and many natural
Lie groupoids are non Hausdorff manifolds. If the manifolds X and Y are not assumed to be
Hausdorff (but of course locally Hausdorff) and X C Y is locally closed, then DNC(Y, X) is
also locally Hausdorff. The subset DNC(Y, X) \ X x R is a submanifold if X C Y is closed.
In that case, the zooming action of R, restricted to DNC(Y, X)\ X x R is locally proper. By
this, we mean that every point has a neighborhood invariant under the action, on which the
action is proper (cf. [14, Remark 2.5]).



Definition 2.3. (Functoriality.) Given a morphism f of manifold pairs:

X——Y

N

X/(—> Y/

we naturally obtain a smooth map DNC(f) : DNC(Y,X) — DNC(Y’, X"). This map is defined by
DNC(f)(y,A\) = (f(y),A) for y € Y and A € R, and DNC(f)(z,£,0) = (N(f)(z,£),0) for z € X
and & € (N}(/)x This map is of course equivariant with respect to the zooming action of R*.

Remarks 2.4. Let us make a few remarks concerning the DNC construction.

2)

The map equal to identity on X x R* and sending X x {0} to the zero section of N¥ leads
to an embedding of X x R into DNC(Y, X), we may often identify X x R with its image in
DNC(Y,X). As DNC(X,X) = X xR, this corresponds to the functoriality of DNC' for the
diagram

X——X

|

XC———Y

We have a natural smooth map 7 : DNC(Y,X) — Y x R defined by 7(y,\) = (y, ) (for
y €Y and A € R*) and 7((z,£),0) = (2,0) (for z € X C Y and ¢ € (N¥), a normal vector).
This corresponds to the functoriality of DNC for the diagram

X——Y

|

YC—Y

To see that the smooth structure on DNC(Y, X) is well defined and establish functoriality,
one may also note that the following maps are smooth:

e the map 7 : DNC(Y,X) — Y x R defined above;

e given a smooth function f : ¥ — R whose restriction to X is 0, the map Fy : DNC(Y, X) —

R defined by Fy(y,\) = f()\y) (for y € Y and XA € R*) and Fy(x,p.(£),0) = df.(§) for

x € X and £ € T,Y where p, : T,Y — (N}(/)x = T,Y/T, X is the quotient map (note
that df, vanishes on T, X).

These maps describe the smooth structure of DNC(Y, X). Indeed given a manifold Z, a map
g:Z — DNC(Y, X) is smooth if and only if m o g and the maps F o g are smooth. Actually,
a finite number of those give rise to an immersion DNC(Y, X) — Y x R x R¥ (at least locally
- if we do not assume X to be compact). This offers an alternative proof of the independence
of the smooth structure relative to the choice of the exponential map.

If Y7 is an open subset of Y2 such that X C Yj, then DNC(Y7, X) is an open subset of
DNC(Y2,X) and DNC(Y2,X) is the union of the open subsets DNC (Y1, X) and Ys x R*.
This reduces to the case when Y7 is a tubular neighborhood - and therefore to the case where
Y is (diffeomorphic to) the total space of a real vector bundle over X. In that case one gets
DNC(Y,X) =Y x R and the zooming action of R* on DNC(Y,X) = Y x R is given by
M((z,6),t) = (£, \71€), A\t) (with A€ R*, t € R, z € X and £ € Y,).

More generally, let X be a submanifold of Y and let E be (the total space of) a real vector
bundle over Y. Then DNC(E, X) identifies with the total space of the pull back vector bundle



7*(E) over DNC(Y, X), where 7 is the composition of 7 : DNC(Y,X) — Y x R (remark b)
with the projection Y x R — Y. The zooming action of R* is \.(w,&) = (A.w,\"1¢) for
w e DNC(Y,X) and & € Efr(w)-

f) Let X; be a (locally closed) smooth submanifold of a smooth manifold Y; and let f : Y5 — Y be
a smooth map transverse to X;. Put X5 = f~'(X7). Then the normal bundle N};"; identifies
with the pull back of N}?l by the restriction Xo — X; of f. It follows that DNC(Y3, X2)
identifies with the fibered product DNC (Y1, X1) Xy, Ya.

g) More generally, let Y, Y], Ya be smooth manifolds and f; : ¥; — Y be smooth maps. Assume
that fi is transverse to fo. Let X C Y and X; C Y; be (locally closed) smooth submanifolds.
Assume that f;(X;) C X and that the restrictions g; : X; — X of f; are also transverse. We
thus have a diagram

Xl g1 X 92 X2

]

V] ——=Y <Y,

Then the maps DNC(f;) : DNC(Y;, X;) = DNC(Y, X) are transverse and the deformation
to the normal cone of fibered products DNC(Y; xy Y2, X1 x x X») identifies with the fibered
product DNC(Yl, Xl) XDNC(Y,X) DNC(YQ, XQ)

Note that construction f) is the particular case X =Y = Y7 of our construction here.

Notation 2.5. We denote by DNC, (Y, X)) the closed subset DNC (Y, X) =Y xR’ UNY x {0} =
(Y x Ry) of DNC(Y, X).

2.3 Blowup constructions

The blowup Blup(Y, X) is a smooth manifold which is a union of Y\ X with the (total space) P(N¥)
of the projective space of the normal bundle N_}g of X in Y. We will also use the “spherical version”
SBlup(Y, X) of Blup(Y,X) which is a manifold with boundary obtained by gluing Y \ X with the
(total space of the) sphere bundle S(NY). We have an obvious smooth onto map SBlup(Y, X) —
Blup(Y, X) with fibers 1 or 2 points. These spaces are of course similar and we will often give details
in our constructions to the one of them which is the most convenient for our purposes.

We may view Blup(Y, X) as the quotient space of a submanifold of the deformation to the normal
cone DNC(Y, X) under the zooming action of R*.

Recall that the group R* acts on DNC(Y, X) by \.(w,t) = (w, At) and \.((z,£),0) = ((x, A"1€),0)
(with \,t € R*, w € Y, z € X and £ € (N¥),). According to remark 2.2.a), this action is free and
(locally) proper on the open subset DNC(Y, X) \ X x R.

Definition 2.6. We put
Blup(Y, X) = (DNC(Y,X) \ X x R) /R*

and

SBlup(Y, X) = (DNC’+(Y,X) \ X x R+> /R

Remark 2.7. With the notation of section 2.2, Blup(Y, X) is thus obtained by gluing ¥ \ X =
(Y\ X) x R*)/R*, with (" \ (X x R))/R* using the map © which is equivariant with respect to
the zooming action of R*.

Choose a euclidean metric on NY. Let S = {((z,€),\) € @; ||¢]| = 1} and 7 the involution of S
given by ((7,£),\) = ((z,—§),—A). The map © induces a diffeomorphism of S/7 with an open
neighborhood Q of P(NY) in Blup(Y, X).



Since 7 : DNC(Y,X) — Y is invariant by the zooming action of R*, we obtain a natural smooth
map 7 : Blup(Y, X) — Y whose restriction to Y \ X is the identity and whose restriction to P(N¥)
is the canonical projection }P’(N)}(/) — X C Y. This map is easily seen to be proper.

Remark 2.8. (¢f. remark 2.2.b) If X and Y are not assumed to be Hausdorff, we may still form
the manifold Blup(Y, X) since the action of R} on DNC(Y,X) \ (X x R) is locally proper. Also,
the map Blup(Y, X) — Y x R is locally proper.

Remark 2.9. Note that, according to remark 2.4.e), DNC(Y, X) canonically identifies with the
open subset Blup(Y x R, X x {0}) \ Blup(Y x {0}, X x {0}) of Blup(Y x R, X x {0}). Thus, since
the map Blup(Y x R, X x {0}) — Y x R is proper, one may think at Blup(Y x R, X x {0}) as a
“local compactification” of DNC(Y, X).

Example 2.10. In the case where Y is a real vector bundle over X, Blup(Y, X) identifies non-
canonically with an open submanifold of the bundle of projective spaces P(Y x R) over X. In-
deed, in that case DNC(Y,X) =Y x R; choose a euclidian structure on the bundle Y. Consider

the smooth involution ® from (Y \ X) x R onto itself which to (z,&,t) associates (z, H;HQJ) (for

x € X, £ €Y,, t €R). This map transforms the zooming action of R* on DNC(Y, X) into the
action of R* by dilations on the vector bundle Y x R over X and thus defines a diffeomorphism of
Blup(Y, X) into its image which is the open set P(Y x R) \ X where X embeds into P(Y x R) by
mapping = € X to the line {(x,0,t), t € R}.

Functoriality
Definition 2.11 (Functoriality). Let f be a morphism of manifold pairs:

X———Y

N

XI(_) Y/

Let Uy = DNC(Y, X) \ DNC(f)"*(X' x R) be the inverse image by DNC(f) of the complement
in DNC(Y’, X') of the subset X’ x R. We thus obtain a smooth map Blup(f) : Blups(Y,X) —
Blup(Y', X") where Blup¢(Y, X) C Blup(Y, X) is the quotient of Uy by the zooming action of R*.

In particular,

a) If X C Y] are (locally) closed submanifolds of a manifold Y3, then Blup(Y7, X) is a submanifold
of Blup(Ys, X).

b) Also, if Y7 is an open subset of Y5 such that X C Y7, then Blup(Y1, X) is an open subset of
Blup(Ys, X) and Blup(Y3, X) is the union of the open subsets Blup(Y7, X) and Y, \ X. This
allows to reduce to the case when Yj is a tubular neighborhood.

Fibered products

Let X1 be a (locally closed) smooth submanifold of a smooth manifold Y7 and let f: Y, — Y] be a
smooth map transverse to X;. Put Xo = f _l(X 1). Recall from remark 2.4.f that in this situation
DNC(Ya, X9) identifies with the fibered product DNC (Y1, X1) Xy, Y2. Thus Blup(Ya, X2) identifies
with the fibered product Blup(Y1, X1) Xy, Ya.

Vector bundles over blowups

Fact 2.12. Let p: E — Y be a (real) vector bundle and F' — X be a subbundle of the restriction of
E to X. Then Blup(p) : Blup,(E, F) — Blup(Y, X) is a vector bundle. Indeed, N(p) : Nf — N¥



carries a natural vector bundle structure; therefore DNC(p) : DNC(E,F) - DNC(Y, X) is also a
vector bundle, as well as its restriction to DNC(Y, X )\ X x R. Since this structure is invariant by
the action of R*, it passes to the quotient.

The tangent bundle of Blup(Y, X) is naturally seen to be Blup,(TY,TX).

Note also that given vector bundles p; : F; — Y (i = 1,2) and subbundles F; — X of the restrictions
of E; to X, the blowup construction of a linear bundle map f : Ey — E» such that f(Fy) C Fy
induces a linear bundle map Blup(f) : Blup,, (E1, F1) = Blup,,(Es, F).

3 Constructions of groupoids

We start this section with a quick reminder of some generalities on Lie groupoids which will be
useful for the sequel of this paper. Then we use the functoriality of the normal space, deformation
to the normal cone and blowup constructions to apply these constructions in the groupoid setting
and look at various examples.

3.1 Generalities around transversality and Morita equivalence of groupoids

3.1.1 Some notation

r,s
Let G = G be a groupoid with source s, range r and space of units GO, For any maps f: A —
G and g:B— G| define

Gl ={(a,x) € Ax G; r(z) = f(a)}, Gy = {(x,b) € G x B; s(x) = g(b)}

and
Gg ={(a,z,b) € Ax G x B; r(z) = f(a), s(xr)=g(b)} .

In particular for A,B ¢ G we put G* = {z € G; r(z) € A} and G4 = {z € G; s(z) € A}; we
also put G = G4 N GP.

3.1.2 Transversality

Let us recall the following definition (see e.g. [42] for details):

r,s
Definition 3.1. Let G = M be a Lie groupoid with set of objects G = M and Lie algebroid UG
with anchor map §. Let V be a manifold. A smooth map f : V — M is said to be transverse to
(the action of the groupoid) G if for every x € V, dfu (T2 V) + §5(0)™Ap(2) G = Tp() M.

An equivalent condition is that the map (v, y) — r(y) defined on the fibered product Gy =G x V
87f
is a submersion from Gy to M.

A submanifold V' of M is transverse to G if the inclusion V' — M is transverse to G - equivalently,
if for every x € V, the composition ¢, = p, o i, : A, G — (N‘]y)x =T,M/T,V is onto.

8
Remark 3.2. Let V be a (locally) closed submanifold of M transverse to a groupoid G = M.
Denote by Ny the (total space) of the normal bundle of V' in M. Upon arguing locally, we can
assume that V' is compact.
By the transversality assumption the anchor f : 4Gy, — T'M)y induces a surjective bundle morphism

/UGy — N Choose then

a) an exponential map 6 : U’' — U which is a diffeomorphism from a neighborhood U’ in AG — G
of M onto a neighborhood U of M = G in G such that s o 0(z,€) = x for all z € M and
€ € (AG),.

b) a subbundle F' C G|y of the restriction G|y, such that F' — N‘]}/[ is an isomorphism.
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We thus obtain a submanifold W = §(F NU’) C G such that r : W — M is étale at every point of
V and s is a submersion from W onto V. Replacing U’ by a an open subset, we may assume that
r: W — M is a diffeomorphism onto a tubular neighborhood of V' in M, diffeomorphic to N‘J}/l .
The map W xy G“; xy W — G defined by (71,72,73) — 710720 73_1 is a diffeomorphism and a
groupoid isomorphism from the pull back groupoid (see next section) (G{,)$ = W xy Gy xy W
onto the open subgroupoid G:Eg; of G.

3.1.3 Pull back

T8
If f:V — M is transverse to a Lie groupoid G = M, then G; is a submanifold of V' x G x V'
naturally equipped with a structure of Lie groupoid G; = V. It is called the pull back groupoid.

If fi : V; = M are transverse to G (for i = 1,2) then we obtain a Lie groupoid Gﬁﬁﬁ = Vi UVs.

The linking manifold G'. is a clopen submanifold. We denote by C*(G4!) the closure in C*(G/I1?)

of the space of functions (half densities) with support in G}Z; it is a C*(Gﬁ) - C*(Gg) bimodule.

Fact 3.3. The bimodule C*(Gg) is full if all the G-orbits meeting fo(Va) meet also f1(V1).

3.1.4 Morita equivalence

Two Lie groupoids G4 ;Si M and Go ; M are Morita equivalent if there exists a groupoid G ; M
and smooth maps f; : M; — M transverse to GG such that the pull back groupoids G;Z identify to
G; and f;(M;) meets all the orbits of G.

Equivalently, a Morita equivalence is given by a linking manifold X with extra data: surjective
smooth submersions r : X — Ggo) and s: X — Ggo) and compositions G1 x5, X — X, X Xz, G2 —
X, X Xpp X = G2 and X X4 X — G; with natural associativity conditions (see [33] for details).
In the above situation, X is the manifold Gg and the extra data are the range and source maps

and the composition rules of the groupoid Gﬁﬂﬁ = M U My (see [33]).

If the map r : X — Ggo) is surjective but s : X — Ggo) is not necessarily surjective, then G is

Morita equivalent to the restriction of G2 to the open saturated subspace s(X). We say that Gy is
sub-Morita equivalent to Go.

3.1.5 Remarks on possible singularities

About corners. We wish to emphasize a remark already made in [14]:

Many manifolds and groupoids that occur in our constructions have boundaries or corners. In fact
all the groupoids we consider sit naturally inside Lie groupoids without boundaries as restrictions
to closed saturated subsets. This means that we consider subgroupoids G“f = Gy of a Lie groupoid

G Tzsi GO where V is a closed subset of G(¥. Such groupoids have a natural algebroid, adiabatic
deformation, pseudodifferential calculus, etc. that are restrictions to V and Gy of the corresponding
objects on G and G. We chose to give our definitions and constructions for Lie groupoids for the
clarity of the exposition. The case of a longitudinally smooth groupoid over a manifold with corners
is a straightforward generalization using a convenient restriction.

About non-Haudorffness. Our groupoids need not be Hausdorff. Precisely, for G = G(O), the
manifold G may be a non-Haudorff manifold, but G® will always be assumed to be Hausdorff. Of
course a non-Hausdorff manifold is locally Hausdorff.
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3.2

Normal groupoids, deformation groupoids and blowup groupoids

3.2.1 Definitions

Let T be a closed Lie subgroupoid of a Lie groupoid G. Using functoriality (c¢f. Definitions 2.3,
2.11) of the normal bundle, the DNC and the Blup constructions we may construct a normal, a
deformation and a blowup groupoid.

a)

The normal bundle NFG carries a Lie groupoid structure with objects ng(g;): its source and
range maps are N(s) and N(r); the space of composable arrows identifies with N (G2, 1(?))
and its product with N(m) where m denotes both products G — G and T® — I'. We
denote by ng = NE’ZS;) this normal groupoid. Note that the source and range maps of NFG
are not equal as soon as the source and range maps of G restricted to I' are different (it is not
the vector bundle viewed as a groupoid). This is a typical example of a VB groupoid in the
sense of Pradines ([37, 23] see also the Appendix, definition A.1).

The manifold DNC(G,T) is naturally a Lie groupoid (unlike what was asserted in remark
3.19 of [21]). Its unit space is DNC(G®, T(©); its source and range maps are DNC(s) and
DNC(r); the space of composable arrows identifies with DNC/(G®), T®) and its product with
DNC(m).

The subset Z/D_N/C(G,F) = U, NUs of DNC(G,T') consisting of elements whose image by
DNC(r) and DNC(s) is not in Ggo) x R is an open subgroupoid of DNC(G,T"): it is the
restriction of DNC(G,T) to the open subspace DNC(G, Ggo)) \ Ggo) x R.

The group R* acts on DNC(G,T') via the zooming action by groupoid morphisms. Its action
on DNC(G,T) is (locally) proper. Therefore the open subset Blup, s(G,I') = DNC(G,T")/R*

of Blup(G,T") inherits a groupoid structure as well: its space of units is Blup(GéO), Ggo)); its
source and range maps are Blup(s) and Blup(r) and the product is Blup(m).

In the same way, we define the groupoid SBlup, s(G,I'). It is the quotient of the restriction
DNC(G,T') of DNC(G,T') to Ry by the action of RY..

The singular part of SBlup, (G,T), i.e. its restriction to the boundary SN‘]y is the spherical
normal groupoid SNf; . It is the quotient by the action of R’ of the restriction of ./\/'FG = N‘]}/[
to the open subset N{¥ \ V of its objects.

An analogous result about the groupoid structure on Blup, (G,I") in the case of ro being a
hypersurface of G(®) can be found in [16, Theorem 2.8] (¢f. also [17]).

3.2.2 Algebroids and anchors

The (total space of the) Lie algebroid 2" is a closed submanifold (and a subbundle) of AG. The
functoriality enables to get the Lie algebroids of the previous construction. Indeed we have the
following:

a)
b)

c)

The Lie algebroid of N is Ng'. Its anchor map is N(ig) : Ng& — N;“le;(g;) ~ TNFG<E)U)>.

The groupoid DNC(G,T") is the union of its open subgroupoid G x R* with its closed Lie sub-
groupoid N¥. The Lie algebroid of G' x R* is AG x R* and the anchor is just the map g x id :
AG x R* — T(G® x R). Tt follows that the Lie algebroid of DNC(G,T) is DNC(2G, 2T).
Its anchor map is DNC(1¢) : DNC(AG,AT) — DNC(TG®, 17©®)) c TDNC(GO, 1),

Similarly, the Lie algebroid of Blup, (G,T") is Blup,(2(G,AT"). Its anchor map is Blup(iq) :
Blup,(AG,AT") — Blupq(TG(O),TI‘(O)). Here, p : AG — G and ¢ : TG — GO denote
the bundle projections — see fact 2.12.
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3.2.3 Stability under Morita equivalence

Let G1 = Ggo) and Gy = Géo) be Lie groupoids, I'1 C GG; and I'y C G4 Lie subgroupoids. A Morita
equivalence of the pair (I'y C G1) with the pair (I's C Ga) is given by a pair (X C Y') where Y is
a linking manifold which is a Morita equivalence between GG; and G5 and X C Y is a submanifold
of Y such that the maps r, s and products of Y (see page 11) restrict to a Morita equivalence X
between I'; and I's.

Then, by functoriality,

e DNC(Y, X) is a Morita equivalence between DNC(G1,I'1) and DNC(G2,T'2),

e DNCL(Y,X) is a Morita equivalence between DNC, (G1,I'1) and DNC4(G2,T'2),

e Blup, (Y, X) is a Morita equivalence between Blup, s(G1,I'1) and Blup, (G2,T'2),

o SBlup,s(Y,X) is a Morita equivalence between SBlup, (G1,T'1) and SBlup, s(G2,T'2)...

Note that if Y and X are sub-Morita equivalences, the above linking spaces are also sub-Morita
equivalences.

3.2.4 Groupoids on manifolds with boundary

Let M be a manifold and V' a hypersurface in M and suppose that V' cuts M into two manifolds
with boundary M = M_ UMy with V = M_NM,. Then by considering a tubular neighborhood of
Vin M, DNC(M,V) = M x R* UNY x {0} identifies with M x R, the quotient DNC(M, V)/R’;
identifies with two copies of M and SBlup(M, V') identifies with the disjoint union M_ LI M. Under
this last identification, the class under the zooming action of a normal vector in NéM \V x{0} pointing
in the direction of M, is an element of V' C M.

Let M, be manifold with boundary V. A piece of Lie groupoid is the restriction G = éﬁz to My of
a Lie groupoid G = M where M is a neighborhood of M; and Gis a groupoid without boundary.
With the above notation, since V' is of codimension 1 in M, SBlup(M,V) = M, U M_ where
M_ = M\ M is the complement in M of the interior M = M, \ V of My in M.

Let then I' = V be a Lie subgroupoid of G.

We may construct SBlup,. +(G,T) and consider its restriction to the open subset Mj of SBlup(M, V).
We thus obtain a longitudinally smooth groupoid that will be denoted SBlup, s(G,T").

Note that the groupoid SBlup, (G,I') = M, is the restriction to M, of a Lie groupoid G = M for
which M is saturated. Indeed SBlup, s(G,T') is an open subgroupoid of SBlupm(é, ) = MyuM_

which is a piece of the Lie groupoid ENE’(@, /Ry = ENE'(M, V)/RY ~ M U M. We may then
let G be the restriction of DNC(M, V) /R’ to one of the copies of M.

In this way, we may treat by induction a finite number of mutually transverse hypersurfaces and in
particular groupoids on manifolds with (embeded) corners.

Remarks 3.4.  a) Let us highlight that we do not assume V' to be saturated for G. In particular
the boundary V' can happen to be transverse to the groupoid G. In that case GG is in fact a
manifold with corners. The blowup groupoid SBlup, s(G,I') coincides with G outside V' and
V' becomes a saturated subset in this new groupoid.

b) If M is a manifold with boundary V and G = M x M is the pair groupoid, then SBlup, ;(G, V)
is in fact the groupoid associated with the 0 calculus in the sense of Mazzeo (cf. [24, 27, 26]),
i.e. the canonical pseudodifferential calculs associated with SBlup, (G, V) is the Mazzeo-
Melrose’s 0-calculus. Indeed, the sections of the algebroid of SBlup, (G,V) are exactly the
vector fields of M vanishing at the boundary V, i.e. those generating the 0-calculus.

c) In a recent paper [34], an alternative description of SBlup, (G, V') is given under the name of
edge modification for G along the “AG-tame manifold” V', thus in particular V' is transverse
to G. This is essentially the gluing construction described in 3.3.4 below.
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3.3 Examples of deformation groupoids and blowup groupoids

We examine some particular cases of inclusions of groupoids G1 C G2. The various constructions of
deformation to the normal cone and blow-up allow us to recover many well known groupoids.

As already noted in section 3.1.5, our constructions immediately extend to the case where we restrict
to a closed saturated subset of a smooth groupoid, in particular for manifolds with corners.

3.3.1 Inclusion F' C FE of vector bundles — seen as groupoids

Let E be a real vector space - considered as a group - and F' a vector subspace of E. The inclusion
of groups F' — E gives rise to a groupoid DNC(FE, F'). Using any complementary subspace of F' in
E, the space F can be seen as a vector bundle over F'; we thus identify the groupoid DNC(E, F)
with £ x R =2 R. Its C*-algebra identifies then with Co(E* x R).

More generally, if F' is a vector-subbundle of a vector bundle E over a manifold M (considered as
a family of groups indexed by M), then the groupoid DNC(E, F) = M x R identifies with £ x R
and its C*-algebra is Cyo(E* x R).

Let pg : E — M be a vector bundle over a manifold M and let V' be a submanifold of M. Let
pr : F'— V be a subbundle of the restriction of E to V. We use a tubular construction and find an
open subset U of M which is a vector bundle 7 : @ — V. Using 7, we may extend F' to a subbundle
Fy of the restriction to F' on U. Using that, we may identify DNC(E, F') with the open subset
E xR*Up,'(U) xR of E x R. Tts C*-algebra identifies then with Co(E* x R* Upt(U) x R).

3.3.2 Inclusion G c G: adiabatic groupoid

The deformation to the normal cone DNC(G,G®) is the adiabatic groupoid Gaq ([32, 35]), it is
obtained by using the deformation to the normal cone construction for the inclusion of GO as a Lie

subgroupoid of G. The normal bundle N g(o) is the total space of the Lie algebroid 2((G) of G. Note

that in this situation its groupoid structure coincides with its vector bundle structure. Thus,
DNC(G,GO) =G xR*UAG) x {0} = G xR

We often denote DNC(G, G(O)) by Guq and G(';d, G([IOC}”, G([Ioél) its restriction respectively to the
saturated subset G0 x R, to G(©) x [0,1] and to G©) x [0,1) of G xR = ngl)'
Note that Blup(G(D), G(O)) = () = Blup, +(G, G(O)).

The particular case where G is the pair groupoid M x M is the original construction of the “tangent
groupoid” of Alain Connes ([9]).

3.3.3 Gauge adiabatic groupoid
Start with a Lie groupoid G = V.

Let G x (R x R) T:Sz V x R be the product groupoid of G with the pair groupoid over R.

First notice that since V' x {0} is a codimension 1 submanifold in V' x R, SBlup(V x R,V x {0})
is canonically isomorphic to V' x (R_ URy). Then SBlup; (G x (R x R),V x {(0, 0)})“2&: is the
semi-direct product groupoid Gaq(V x Ri) xR :

SBlups (G x (R x R),V x {(0,0))y fg" = Gl xR* =V xRy .

In other words, SBlup; (G x (R x R),V x {(0,0)})giﬁ: is the gauge adiabatic groupoid used in
[12]; we often denote it by Gy, -

Indeed, as G x (R x R) is a vector bundle over G, DNC(G x (RxR),V x{(0,0)}) ~ DNC(G,V) x
R? (remark 2.4.¢). Under this identification, the zooming action of R* is given by \.(w,t,t) =
(Aaw, X", A7), The maps DNC(3) and DNC(7) are respectively (w,t,t') + (DNC(s)(w),t)
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and (w,t,t') — (DNC(r)(w),t). It follows that SBlup; 5(G x (R x R),V x {(0,0)}) is the quotient
by the diagonal action of R* of the open subset DNC(G, V) x (R*)?* of DNC4(G,V) x R?.
According to the description of the groupoid of a group action on a groupoid given in [14, section
2.3] it is isomorphic to DNC(G, V)4 x R% x {—1,+1}* where {—1,+1}* is the pair groupoid over
{-1,+1}.

3.3.4 Inclusion of a transverse submanifold of the unit space

Let G be a Lie groupoid with set of objects M = G and let V be a transverse submanifold of M.
Put G = G%i“;
By Remark 3.2, V admits a tubular neighborhood W ~ N such that G} is the pull back of GV,

by the retraction g : W — V.

The DNC groupoid DNC(G{V:, V) identifies with the pull back groupoid (DNC(GV,V))Z of the
adiabatic deformation DNC(GY,, V) = (GV)aa by the map ¢ : NM¥ — V.

The (spherical) blowup groupoid SBlup,. s(G}};, V) identifies with the pull back groupoid (DNC'y(GY,, V) x
R’ )P of the gauge adiabatic deformation DNC4(GY, V) xR = (GV)gq by the map p : SN — V.

In order to get SBlup, (G, V), we then may glue (DNC(GY,, V) R’ )P with G in their common

WA\V
open subset ((Gg)g)wsv = GMW/S?

Upon arguing locally, we can assume that V' is compact.

3.3.5 Inclusion Gg C G for a transverse hypersurface V of G: b-groupoid

If V' is a hypersurface of M, the blowup Blup(M x M,V x V') is just the construction of Melrose of the
b-space. Its open subspace Blup, s(M x M,V x V') is the associated groupoid of Monthubert [30, 31].
Moreover, if GG is a groupoid on M and V is transverse to G we can form the restriction groupoid
GK C G which is a submanifold of G. The corresponding blow up construction Blup, (G, G“f)
identifies with the fibered product Blup, (M x M,V x V) Xpxm G (cf. remark 2.4.1).

Iterating (at least locally) this construction, we obtain the b-groupoid of Monthubert for manifolds
with corners - ¢f. [30, 31].

Remark 3.5. The groupoid Blup, (G,V) corresponds to inflating all the distances when getting
close to V.

The groupoid Blup, (G, G“f) is a kind of cylindric deformation groupoid which is obtained by
pushing the boundary V at infinity but keeping the distances along V' constant.

Remark 3.6. Intermediate examples between these two are given by a subgroupoid I' = V of G“f.
In the case where G = M x M, such a groupoid I' is nothing else than the holonomy groupoid
Hol(V, F) of a regular foliation F of V' (with trivial holonomy groups). The groupoid SBlup, s(M x
M, Hol(V,F)) is a holonomy groupoid of a singular foliation of M: the sections of its algebroid. Its
leaves are M \ V and the leaves of (V, F). The corresponding calculus, when M is a manifold with
a boundary V' is Rochon’s generalization ([38]) of the ¢ calculus of Mazzeo and Melrose ([25]).

Iterating (at least locally) this construction, we obtain the holonomy groupoid associated to a
stratified space in [11].

3.3.6 Inclusion G}, C G for a saturated submanifold V of G: shriek map for immersions

Suppose now that V is saturated, thus G}, = Gy = GV.
In such a situation the groupoid GV acts on the normal bundle Ngv =r* (N‘(/;m)) and DNC(G,GY) =
\4

DNC(GY | V) coincides with the normal groupoid of the immersion ¢ : GY, — G. This construction
was defined in the case of foliation groupoids in [21, section 3] and was used in order to define ¢y as
its associated K K-element.
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3.3.7 Inclusion G; C G5 with Ggo) = Géo)

This is the case for the tangent and adiabatic groupoid discussed above. Let us mention two other
kinds of this situation' that can be encountered in the literature:

a) The case of a subfoliation F7 of a foliation F3 on a manifold M: shriek map for submersion.
As pointed out in remark 3.19 of [21] the corresponding deformation groupoid DNC/(Ge, G1)
gives an alternative construction of the element ¢, where ¢ : M /F; — M/F, is a submersion
of leaf spaces.

b) The case of a subgroup of a Lie group.

e If K is a maximal compact subgroup of a reductive Lie group G, the connecting map
associated to the exact sequence of DNC(G, K) is the Dirac extension mapping the
twisted K-theory of K to the K-theory of C;(G) (see [18]).

e In the case where I' is a dense (nonamenable) countable subgroup of a compact Lie group
K, the groupoid DNC(K,T") was used in [19] in order to produce a Hausdorff groupoid
for which the Baum-Connes map is not injective.

3.3.8 Wrong way functoriality

Let f: Gy — G2 be a morphism of Lie groupoids. If f is an (injective) immersion the construction
of DNC4 (G2, G1) gives rise to a short exact sequence

0 — C*(G2 x R}) — C*(DNC4(Ga,G1)) — C*(NG?) — 0.

and consequently to a connecting map from the K-theory of the C*-algebra of the groupoid N, Gf,
which is a VB groupoid over G, to the K-theory of C*(G2) (cf. Appendix, def. A.1 for a discussion
on VB groupoids). This wrong way functoriality map will be discussed in the next section.

More generally let G = Ggo) X Go X Ggo) be the product of G2 by the pair groupoid of Ggo). Assume
that the map = — (r(x), f(x), s(x)) is an immersion from G; — G.

The above construction gives a map from K,(C* (Ng1)) to K.(C*(G)) which is isomorphic to
K, (C*(G2)) since the groupoids Gy and G are canonically Morita equivalent.

3.3.9 Some more recent examples

Since the present paper appeared as a preprint, several papers have used it and applied our DNC
and Blup constructions in order to build interesting groupoids illustrating important geometric
phenomena. See e.g. [1, 28, 29, 36, 40, 42, 41].

4 The C*-algebra of a deformation and of a blowup groupoid, full
symbol and index map

Let G = M be a Lie groupoid and I' = V' a Lie subgroupoid of G. The groupoids DNC,(G,T)
and SBlup, (G,T') that we constructed admit the closed saturated subsets N/ x {0} and SN{/
respectively. We apply results of [14] in order to compute various K K-elements involved in index
theory for such situation.

In order to shorten the notation we put M = M \ V.
The full symbol algebras are the quotient C*-algebras:

e Ypnc, (G.T) =¥ (DNCL(G,I))/C*(G x R+7);

Note that in this case Blup(GY”, G{”) = 0, whence Blup, (G2, G1) = 0.
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[ ] ESBlup(G7 F) == \Il*(SBlupr,s(Ga F))/C*(G%)

They give rise to the exact sequences
0 — C*(GM) — C*(SBlup,s(G.T)) — C*(SNF) — 0 (E251u,)

and
0 — C*(G x R%) — C*(DNC4(G,T)) — C*(NF) — 0 (Edne,)

of groupoid C*-algebras as well as index type ones
0 — C*(GY)) — U*(SBlup, +(G,T)) — Sspup(G,T') — 0 (B8

and ~
0 — C*(G x R%) — U*(DNC4+(G,I")) — Epne, (G, T) — 0 (EBSe,)

We will compare the K-theory exact sequences given by DNC and by SBlup.

If V is 2AG-small (see notation 4.5 below), we will show that, in a sense, DNC' and SBlup give rise
to equivalent exact sequences - both for the “connecting” ones and for the “index” ones.

We will then compare these K K-elements with a coboundary construction.

We will compute these exact sequences when I' = V' C M. Finally, we will study a refinement of
these constructions using relative K-theory.

4.1 “DNC” versus “Blup”

Let I' = V be a submanifold and a subgroupoid of a Lie-groupoid G = M. We will further assume
that the groupoid I' is amenable. We still put M=M \ V and let N ¢ be the restriction of the
groupoid N to the open subset NV = N\ V of its unit space N{¥.

4.1.1 The connecting K K-element

As the groupoid I' is amenable we have exact sequences both for the reduced and for the maximal
C*-algebras: ]
0 — C*(GY) — C*(SBlup,+(G,T)) — C*(SNF) — 0 (E2B1up)

and
0 — C*(G x R%) — C*(DNC4(G,T)) — C*(NF) — 0 (Edne,)

By amenablhty, these exact sequences admit completely positive cross sections and therefore define
elements 8SBlup € KKl(C’*(NG/R* ), C*(GM)) and 8DJSC e KKY(C*(NF),C*(G x R* 1)

With the notation of section 3.2, write DNC, for DNC restricted to Ry and DNC'; for DNC
restricted to R;..

By [14, section 5.3], we have a diagram where the vertical arrows are K K'-equivalences and the
squares commute in K K-theory.

0 C*(GM) C*(SBlup,.+(G,T)) — C*(NF /R}) —0 (BSb1up)
8’ B B
0——C*(GM x RY) ——= C*(DNC4(G.T)) C*NG) ——=0 (B2 )
+

Denote by 9% the connecting K K-element associated to (Ec?/v ). We thus have, according to
DNC DNC4
[14, prop. 5.3]:

Fact 4.1. 05}, ® 8 = —3" © 0L e KK (C*(SNE),C*(GM x RY)).
+
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We also have a commutative diagram where the vertical maps are inclusions:
00— C*(GM x RY) —= C*(DNC(G.T)) —> C*(NF) —=0
lj’ j J" (4.1)
0 ——=C*(G x R}) ——= C*(DNC(G,T)) — C*(NF) —=0
We thus find
Fact 4.2. (j")* (8540, ) = 7L(09E ) € KK (C*(NE), C*(G x RY)).
+ DNC4

4.1.2 The full symbol index
—~ar .
We now compare the elements indgpy,, € KK (X581,(G,T), C*(G%)) and
—~ G,I . .
indpye, € KK'(Spne, (G,T),C*(G x R%)) defined by the semi-split exact sequences:
0 — C*(GY) — U*(SBlup,«(G,T)) — Sspip(G,T) — 0 (B85
and

0 — C*(G x RY) — U*(DNC(G,T)) — Spne, (G, T) — 0 (EBde,)

Put Eﬁmu (G,T') =U*(DNC4(G, F))/C*(G% x RY ). By [14, prop. 5.4], we have a diagram where

the vertical arrows are K K '-equivalences and the squares commute in K K-theory.

0 C*(G%) U*(SBlupy,s(G.T)) —— XsBiup(G,I') —0
B Bw Bs
0 —C*(GY X RY) —— ¥*(DNCL(G,T)) — Y5re, (G 1) —=0

—~G,I’ y . .
We let ind e € KK! (21%+ (G,T), C*(G% xR7)) be the connecting map induced by the second
exact sequence. We thus have:

G

—~ G, P * Y *
Fact 4.3. indgpy,, ® 8' = —fs @ indpye, € KK (Zspup(G, 1), C (G X RY)).

We also have a commutative diagram where the vertical maps are inclusions:

0——C*(GM x R}) —= U*(DNC(G,TI") — Spie, (G.1) —=0
lj' Ju ljz (4.2)
0 — C*(G x R%) —= W*(DNC4 (G,T)) — Spne, (G,T) —= 0
We thus find:

Sk .NG7F . .NGVF * *
Fact 4.4. j5(indpne, ) = j;(lndﬁj\v/ar) € KKl(EBNaF(G,F),C (G xRY)).

4.1.3 When V is 2G-small

If V is small in each G orbit, i.e. if the Lebesgue measure (in the manifold G*) of Gy is 0 for
every z, it follows from prop. 4.6 below that the inclusion 7 : C*(G%) — C*(@G) is an isomorphism.
Also, if M meets all the orbits of G, the inclusion 7 is a Morita equivalence. In these cases 3335@

. ar
determines 8SBlup.
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Definition 4.5. We will say that V is G-small if, for every x € V, the composition AG, h
T.M — (N{'), is not the zero map

If V is AG-small, then the orbits of the groupoid ng are never contained in the 0 section, i.e.
they meet the open subset N‘]y , and in fact the set V' x {0} is small in every orbit of the groupoid
DNC(G,T). It follows that the map j is an isomorphism - as well of course as 5" and j” of diagram
(4.1). In that case, 83}50+ and 8?;;@ correspond to each other under these isomorphisms.

Proposition 4.6. (cf. [20, 13]) Let G =Y be a Lie groupoid and let Z C'Y be a (locally closed)

submanifold. Assume that, for every x € Z, the composition AG, LN T.Y — (NY), is not the

zero map. Then the inclusion C’*(g}t\\g) — C*(G) is an isomorphism.

Proof. For every x € Z, we can find a neighborhood U of z € Y, a section X of 2AG such that,
for every y € U, t,(X(y)) # 0 and, if y € UN Z, 1,(X(y)) &€ Ty(Z). Denote by F the foliation
of U associated with the vector field X. It follows from [20, Lemme 4] that Co(U \ Z2)C*(U,F) =
C*(U,F). As C*(U, F) acts in a nondegenerate way on the Hilbert-C*(G) module C*(GY), we
deduce that Co(U \ Z)C*(GY) = C*(Gy). We conclude using a partition of the identity argument
that C.(Y \ 2)C*(G) = C.(Y)C*(G), whence Cy(Y \ 2)C*(G) = Co(Y)C*(G) = C*(G). O

Proposition 4.7. We assume that I' is amenable and that V is AG-small.

Then, the inclusions jy, : 2157\16+ (G,T') = Ypnc, (G, 1), jo : ¥ (DNCL(G,I')) = V*(DNC(G,T))

and Jsymp CO(SQl*(EZ\\f_E’+(G, I)) = Co(SA(DNCL(G,T))) are KK -equivalences.

Proof. We have a diagram

0—= C*(DNC4(G,T)) —= ¥*(DNC4(G,T)) —= Co(SA*(DNC (G, T))) —= 0

\L] l]\lf jsymb

0 — = C*(DNCL(G,T)) — U*(DNC(G,T)) — Co(SA*(DNC(G,T)) —= 0

CO(SQl*le X R+)

As j is an equality, we find an exact sequence
0 — U*(DNC(G,T)) 2% W (DNC(G,T)) — Co(SA* Gy x Ry) — 0.

As j' - C’*(G%: x RY) = C*(G x RY) is also an equality, we find (using diagram (4.2)) an exact
sequence

0— Sz, (G.1) 22 e, (G, V) — Co(SA' Gy x Ry) — 0.

As the algebra Co(S21*G|y x Ry ) is contractible, we deduce that jg;,, and then jy and js are
K K-equivalences. O

As a summary of these considerations, we find:
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Theorem 4.8. Let G = M be a Lie groupoid and I' = V' a Lie subgroupoid of G. Assume that I'
is amenable and put M = M \'V. Let i : C’*(G%) — C*(@) be the inclusion. Put 3" = j'(8") €
KKl (C*(SNIQ)7 C*(NIG)) and BE = (32)*(62) € KKl(ESBlup(Gv F), EDNC+ (G7 V))

a) We have equalities
G, AN G,I' 1 * G *
® Ogppy @ i} = B" ® Opye, € KK (C*(SNY),C*(G)) and
—~ G,
o lndSBlup ® [i] = Pz ® lndDNc € KK (C*(Zsp1up(G,T),C*(G)))

b) If V is AG-small, then i is an isomorphism and the elements B" and Bg are invertible.

4.2 The KK-element associated with DNC

The connecting element 81%]56; can be expressed in the following way: let G be the restriction of
DNC(G,T) to [0,1], i.e. G = NE x {0} UG x (0,1]. We have a semi-split exact sequence:

0— C*(G x (0,1]) = C*(G) =& C*(NF) =0 .

As C*(G x (0,1]) is contractible, evg is a K K- equlvalence Let evy : C*(G) — C*(G) be evaluation
at 1 and let 65 = [evg] ' @ [ev1] € KK (C*(NF),C*(G)). Let [Bott] € KK*(C,Cy(R%)) be the
Bott element.

We then have a diagram:

0 —— C*(G(0,1)) —= C*(DNC(G,T)) C*(NF) ——0 (Edne,)
0—=C*(G(0,1)) CH(G) — 22 CHNE) @ C(G) —= 0
0 —= C*(G(0,1)) C*(G(0,1)) C*(G) 0 (E_Bott)

It follows that, [evg] ®8g}50+ +[ev1] ® O—pott = 0. As O_pott define the opposite of the Bott element
in KK'(C*(G),C*(G x (0,1)), we find

Fact 4.9. 9}y, = 0f @ [Bott].
C

Consider now the groupoid G = g([l%’l]. It is a family of groupoids indexed by [0, 1] x [0, 1]:
. - . ~[0,1],
e its restriction to {s} x [0,1] for s #0is G ;"
. - GA[0,1]
e its restriction to {0} x [0,1] is (NF), ) s
e its restriction to [0,1] x {s} for s # 0 is G;

e its restriction to [0, 1] x {0} is the algebroid AG which is the restriction of DNC(AG,2T") to
0,1].

For every locally closed subset X C [0,1] x [0, 1], denote by G the restriction of G to X.
For every closed subset X C [0,1] x [0,1], denote by ¢x : C*(G) — C*(G*) the restriction map.
We thus have the following commutative diagram:
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oA ) e R— =c(e)

7 7 T (I(o,l) /
E d10,1]x {1}
q
-

) ) q
lnle_G C*((NFG)([IOC%H) {0}x[0,1] C*( {I}X[O 1]

G
q10,1]x {0}
4(0,0)
o(A*G

[ 1] 1ndG

O (Ngi) ==

For every locally closed subset T C [0,1], the C*-algebras C*(GUXT) and C*(GT*O1y are
contractible as well as C*(G[O’lp\{o’o)}). It follows that qroyx[0,1], 9[0,1x{0} and gg(o,0)} are KK-
equivalences.

Now [q(o,o)]_l ® [q0,1)] = indyre and it follows that [q(o,o)]_l ® [qa,)] = indye ® o<,

In the same way, [q(0,0)] " ® [g(1,0)] = g and it follows that [g(,0)] " ® [g1.1)] = 04 ® indg.
Finally, it follows from example 3.3.1 that dqu is associated with a morphism ¢ : Co(2A*(NT)) —

Co(2*@) corresponding to an inclusion of A*(NVF) in A*G as a tubular neighborhood.
We thus have established:

Fact 4.10. indy¢ ® 6% = [p] ® indg.

Similar groupoids and commutative diagrams for the special case of V being the normal bundle of

the inclusion of a manifold M into some R", G =V x V and I' =V x V appeared in section 6.1 of
M

[10] in order to give a K-theoretical proof using groupoids of the Atiyah-Singer index theorem.

4.3 The case of a submanifold of the space of units

Let G be a Lie groupoid with objects M and let I' = V' C M be a closed submanifold of M. In this

section, we push further the computations of the connecting maps and indices i.e. the connecting

maps of the exact sequences (EgBlup), (EgNCJ, (ESBlup) and (EiDnj‘{,CJr).

Let N = N& and N’ = N be the normal bundles. We identify N’ with a subbundle of N by
means of the inclusion M C G. The submersions r,s : G — M give rise to bundle morphisms
N, sV . N — N’ that are sections of the inclusion N’ — N. By construction, using remark A.3.a),
the groupoid DNC(G, V) is the union of G x R* with the family of linear groupoids N,~ o~ (N).

It follows that SBlup, (G, V) is the union of G%@ with the family (SN,r",s") of spherical
groupoids.

If V is transverse to G, the bundle map ¥ — sV : N = N¢ — N’ = N is surjective; it follows
that

o N~ ¢v(N) identifies with the pull-back groupoid (Ql(GV)) where ¢ : N’ — V is the projection,

e (SN, sV) with the pull-back groupoid (QL(GV) x RY ) where p : S(N') — V is the projec-
tion.

4.3.1 Connecting map and index map

From prop. A.6, [14, propositions 4.1, 4.6, 4.7] and fact 4.10, we find
Proposition 4.11.  a) The index element indye € KK (Co(A*NE), C*(NF)) is invertible.

b) The inclusion j : EN‘]/\/IX{O}(DNC+(G, V) <= Epnc, (G, V) is invertible in KK -theory.
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c) The C*-algebra Xpnc, (G,V) is naturally K K'-equivalent with the mapping cone C, of the
f(x,0) difxeM xRy

map x : Co(A*G x RY) = Co(DNC(M,V)) defined by x(f)(x) = {0 Y
V .

d) The connecting element 8DNC € KK'(C*(NE),C*(G x RY)) = KK(C*NT),C*(Q)) is
oG = mch; ® [¢] ® indg where ¢ : Co(ANG) — Co(A*G) is the inclusion using the tubular

nezghborhood construction.

e) Under the KK equivalence of c), the full index element
GV * * *
indpye, € KK'(Spne, (G, V), C*(G x RY)) = KK (Cy,C*(@))
is ¢" ([Bott]| ® indg) where q : C,, = Co(A"G x RY) is evaluation at 0. O
C

The element [x] € KK (Co(A*GxR’}), Co(DNC(M,V))) is the Kasparov product of the “Euler ele-
ment” of the bundle A*G which is the class in KK (Co(A*G), Co(M)) = KK(Co(A*GxR%), Co(M x
R )) of the map z — (x,0) with the inclusion Co(M x RY) — Co(DNC(M,V)). It follows that
[x] is often the zero element of KK (Co(A*G x RY),Co(DNC(M,V))). In particular, this is the
case when the Euler class of the bundle "G vanishes. In that case, the algebra Xpyc, (G,V) is
K K-equivalent to Co(2A*G) & Co(DNCL(M,V)).

If V is G small, then, by theorem 4.8, 823‘; and ind Sé‘;up are immediately deduced from propo-
sition 4.11.

Proposition 4.12. Let G = M be a Lie groupoid and let V. C M be a AG small submanifold.
Then the algebra C*(NG) is naturally KK -equivalent to Co(U) where U is a tubular neighborhood
of V. in A*G. Under this KK -equivalence, the connecting element of the exact sequence (EgBlup)
is the composition of the index element [indg] € KK (Co(2A*G), C*(Q)) with the inclusion Co(U) —
Co(2A*Q). O

Remark 4.13. Let M; be a manifold with boundary and V = dM,. Put M = My \ V. Let G be a
piece of Lie groupoid on M, in the sense of section 3.2.4. Thus G is the restriction of a Lie groupoid
G = M, where M is a neighborhood of M;. Recall that in this situation, SBlup(M,V) = My M_,
where M = My, UM_ and M N M_ =V, and we let SBlup, (G,V) = M, be the restriction of

SBlup, (G, V) to M.

Let us denote by /\/ & the open subset of NV made of (normal) tangent vectors whose image under
the differential of the source and range maps of G are nonvanishing elements of NV pointing in the

direction of M;. The groupoid SBlup, (G, V) is the union NS/R* U G%.

We have exact sequences
0 — C*(GY) = C*(SBlup,+(G,V)) = C*(NF/R%) = 0

0 = C*(GM) = U*(SBlup,s(G,V)) = Sspuup(G. V) — 0.

As V is of codimension 1, we find that V is AG-small if and only if it is transverse to G. In that case,
Proposition 4.11 computes the K K-theory of C* (./\/"g/Ri) and of Ygpy(G,V) and the K K-class
of the connecting maps of these exact sequences.

In particular, we obtain a six term exact sequence

Ko(C(My)) —— Ko(SsE1up(G, V) — K1(Co(A*GM))

] ]

Ko(Co(A*GM)) <— K1(Ssp1up(G, V) Ko(C(Mp))
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and the index map K.(Xspup(G,V)) — K*H(Gg) is the composition of K.(Xgpup(G,V)) —
K*+1(CO(QL*G%)) with the index map of the groupoid G%.
This holds, in particular, if G = M} x M, since the boundary V = 0M, is transverse to G=MxM.

Note that if M, is connected with nonempty boundary, x = 0 (in KK (Co(T*M),Co(My))) so that
we obtain a (noncanonically) split short exact sequence:

00— K.(Co(My)) — Ku(Ssp1p(G, V) — Kog1 (Co(A*G)) —0.

4.3.2 The index map via relative K-theory
It follows now from [14, prop. 4.8]:

Proposition 4.14. Let Ypne @ Co(DNCL(M,V)) — UV (DNCL(G,V)) be the inclusion map
which associates to a (smooth) function f the order 0 (pseudo)differential operator of multiplication
by [ and opyy : W (DNCL(G,V)) = Xpnc,(G,V) the full symbol map. Put ppnc = Ofun ©
Ypne. Then the relative K-group K.(pupne) is naturally isomorphic to K.y1(Co(A*G)). Under
this isomorphism, ind,¢; : K«(upne) = Kio(C*(G x RY)) = K1 (C*(Q)) identifies with indg. O

Let us say also just a few words on the relative index map for SBlup, ((G,V), i.e. for the map
psBlup = Co(SBlupy(M,V)) = Espiup(G, V) which is the composition of the inclusion ¥gpip :
Co(SBlup(M,V) — V*(SBlup,s(G,V)) with the full index map oy : V*(SBlup, (G,V)) —
YsBiup(G,V)), and the corresponding relative index map ind,e; : Ki(psBiup) — K*(C*(G%)) We
restrict to the case when V' is 21G small. Equivalently we wish to compute the relative index map

indrel : K*(HD/TV/C) — K*_H(C*(G%)), where ’uD/TV/C : Co(DNC+(M, V)) — ED/TV/C’+(G’ V)

We have a short exact sequence
0 ——= Co(DNC4 (M, V)) —= Co(DNC (M, V)) —= Co(V x R}) —= 0

and it follows that the inclusion C’O(EZ\V_E’+(M, V)) = Co(DNC(M,V)) is a K K-equivalence.

Since the inclusions ¥*(DNC,(G,V)) — V*(DNC4(G,V)) and EWJ+(G, V) = Ypne, (G,V)

are also K K-equivalences (prop. 4.7), it follows that the inclusion C“HN& — Cupne of mapping
cones is a K K-equivalence - and therefore the relative K-groups K*(MD/NE) and K,(upnc) are

naturally isomorphic. Using this, together with the Connes-Thom isomorphism, we deduce:
Corollary 4.15. We assume that V is AG small

a) The relative K-group K.(pnpxc) is naturally isomorphic to Ki11(Co(A*G)). Under this iso-

morphism, indye : Ki(pips) = Ko (CT(G X RY)) = Kiy1(C7(G)) identifies with indg.

b) The relative K-group K,(puspip) is naturally isomorphic to K.(Co(A*G)). Under this iso-
morphism, ind,¢; 1 Ky (pspiup) = K«(C*(G)) identifies with indg. O

5 Application: a Boutet de Monvel type calculus

Recall (see [4, 5, 15, 39]) that if M is a manifold with boundary 9M, the Boutet de Monvel algebra
o, +S P

T oQ

e ® is a pseudodifferential operator on M (a smooth neighborhood of M) satisfying a property
called the transmission property, and ®, the corresponding operator on smooth functions on
M;

consists of matrices of the form < > . Without entering details, let us say that

e S is a singular Green operator acting on M;
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e P is a singular Poisson (or Potential) operator mapping functions on M to functions on M;
e T is a singular trace operator mapping functions on M to functions on OM;

e () is a (usual) pseudodifferential operator on OM.

The Boutet de Monvel algebra has two symbol maps:

e A “usual” symbol ((I)+; s g) — o(®P) (often called “interior symbol”) whose kernel is the
algebra of operators of the form <§ g)

o, +S P> . <0’Green(‘1>+ +9) O'Poisson(P)> (where

e A non-commutative one of the form
( T Q OTrace (T) OoM (Q)

oan is the usual symbol of OM).

In this section, we consider the SBlup construction in the special case of a transverse submanifold of
the unit space of a groupoid. We use the bimodule that we constructed in [12] in order to obtain an
algebra resembling the algebra of 2 x 2 matrices in the Boutet de Monvel pseudodifferential calculus
(of order 0) on manifolds with boundary.

From now on, we suppose that V' is a transverse submanifold of M with respect to the Lie groupoid
G = M. In particular V is 2AG-small — of course, we assume that (in every connected component
of V'), the dimension of V' is strictly smaller than the dimension of M.

5.1 The Poisson-trace bimodule

As V is transverse to GG, the groupoid G¥ is a Lie groupoid, so that we can construct its “gauge
adiabatic groupoid” (GY/)sq (see section 3.3.3).

In [12], we constructed a bimodule relating the C*-algebra of the groupoid (GY,) 4, and the C*-algebra
of pseudodifferential operators of G“f.

In this section,

e We first show that the groupoid (Gg)ga, is (sub-) Morita equivalent to SBlup,s(G,V) (cf.
also section 3.3.4 for a local construction).

e Composing the resulting bimodules, we obtain the “Poisson-trace” bimodule that relates the

C*-algebras C* (S Blup, (G, V)) and ¥*(GY,).

5.1.1 The SBlup,s(G,V) — (G}/)sa-bimodule &(G,V)

Define the map j : M U (V x R) — M by letting jo : M — M be the identity and j; : V x R — M
the composition of the projection V x R — V with the inclusion. Let G = G;. As V is assumed to
be transverse, the map j is also transverse, and therefore G is a Lie groupoid.

It is the union of four clopen subsets

e the groupoids Gﬁg =G =G} and Gﬁ =Gy x (RxR) =Gy 5.
e the linking spaces Gg(l) =GM o =Gy xR and G;(l] =g =G xR,

By functoriality, we obtain a sub-Morita equivalence of SBlup,. s(GYxRxR,V) and S Blup, s(G,V)
(see section 3.2.3).

Let us describe this sub-Morita equivalence in a slightly different way:

Let also I' = V x {0,1}?, sitting in G:

V x {(0,0)} € G =% ; V x {(0,1)} € Gy x {0} € GP ;

Vx{(1,0}c G x{0}C G Vx{(L1)}CGYx{0,0}cc.

Jo ?

24



It is a subgroupoid of G. The blowup construction applied to I' C G gives then a groupoid
SBlup, s(G,T") which is the union of:

SBlup, s(G,V) ; SBlup, s(Gy xR, V) ;
SBlup, (GY xR, V) ;  SBlup, (G} x R xR, V) .

Recall that SBlup(V xR,V x{0}) ~ V x (R_URy). Thus SBlup, s(G,T') is a groupoid with objects
SBlup(M,V)UV xR_UV x R;.

The restriction of SBlup, s(G,T') to V xR, coincides with the restriction of SBlupr,s(G“f xRxR, V)
to V x Ry it is the gauge adiabatic groupoid (GY)ge of GV, (cf. section 3.3.3).
SBlup(M,V)

Put SBlup, s(Gy xR, V) = SBlup, s(G, F)VX[R+ . It is a linking space between the groupoids
SBlup,.s(G,V) and (GY)ga. Put also SBlup, s(G x R, V)1 = SBlup,+(G,T) g sy

With the notation used in fact 3.3, we define the C*(SBlup,s(G,V)) — C*((GY)ga)-bimodule
E(G,V) to be C*(SBlup,s(Gy x R,V);). It is the closure of C.(SBlup,s(Gy x R,V);) in
C*(SBlup, 5(G,T)). Tt is a Hilbert-C*(SBlup,.s(G,V)) — C*((GY/) ga)-bimodule.

The Hilbert-C*((GY,) ga)-module &(G, V) is full and K(&(G,V)) is the ideal C*(SBlup, (GS,V))
where 2 = r(Gy) is the union of orbits which meet V.

Notice that Q@ = M\ VUV x R* and F = SN‘]/M LUV UV gives a partition by respectively open
and closed saturated subsets of the units of SBlup, ¢(G,I"). Furthermore SBlup, (G, N2 =g and
C*(GS) = C*(G) according to proposition 4.6. This decomposition gives rise to an exact sequence
of C*-algebras.

0 — C*(G) — C*(SBlup,5(G,T)) —= C*(SN{) —=0

This exact sequence gives rise to an exact sequence of bimodules:

0 C*(@) C*(SBlup,s(G,V)) C*(SNE) 0
E(G,V) E(G,V) &2(G.I)
0—=C*(Cy?) C*((GY)ga) C*(AGY, 1 R%) —0

where £(G, V) = C*(G/)%. ) and 67(G,T) = C* (SNON) = £(G.v) /4G, V).

5.1.2 The Poisson-trace bimodule &pr

In [12], we constructed, for every Lie groupoid H a C*(Hy,) — V*(H )-bimodule &y .

Recall that the Hilbert ¥*(H)-module &% is full and that IC(&x) C C*(Hy,) is the kernel of a
natural *-homomorphism C*(Hy,) — Co(H® x R). We also showed that the bimodule &y gives
rise to an exact sequence of bimodules as above:

0 C*(H) U (H) Co(SA*H) 0

Putting together the bimodule &(G, V') and éDG‘x; we obtain a C*(SBlup,. (G, V))—¥*(GY,) bimodule

E(G,V) B+ ((GY)ga) éaGg that we call the Poisson-trace bimodule and denote by &pr(G,V) - or
just &pr. It leads to the exact sequence of bimodule:
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0 — = C*(G) — C*(SBlup,.+(G,V)) —= C*(SNG) —=0
(o;opT(G,V) éaPT(va) ggT(va)

0—C(GY) - (GY)

Co(SA*GY) —=0

The Poisson-trace bimodule is a full Hilbert ¥*(GY,)-module and K(&pr (G, V)) is a two sided ideal of
C*(SBlup, s(G,V)). Denote by &pr(G, V)* its dual module, i.e. the U*(GY,) —C* (S Blup,. s(G,V))-
bimodule K(&pr(G, V), ¥*(GY))).

5.2 A Boutet de Monvel type algebra

The C*-algebra C5,,(G, V) is the algebra IC(C*(SBlupr,s(G, V))& Epr(G, V)*) of compact opera-
tors of the Hilbert C*(SBlup, (G, V))-module C*(SBlup, ((G,V)) @ Epr(G,V)*. Its elements are

matrices of the form (IJ{ g) where

o K € C*(SBlup,s(G,V)) = K(C*(SBlup, (G, V))),

e Peépr(G,V)=K(Epr(G,V)*,C*(SBlup:+(G,V))),
o T € &pr(G, V)" = K(C*(SBlup, (G, V), Epr(G,V)")),
e Q € U*(GY) = K(&pr(G,V)).

We have an exact sequence (where MUV % M denotes the topological disjoint union of M with
V):
. c*
0= CH(GYOV) = Chn(G.V) ™5 S5,4(G, V) =0,

where the quotient Zg;md(G, V) is the algebra of the Boutet de Monuvel type boundary symbols.
It is the algebra of matrices of the form (]z 5) where k € C*(SNT), ¢ € C(SUA*GY), p,t* €
Epr(G, V) := Epp(G,V) ) C(SA*GY)). The map " is of the form

o 9-(9 50)

e the quotient map oy is the ordinary order 0 principal symbol map on the groupoid GK;

where:

e the quotient maps 737, 757, 737 are restrictions to the boundary N/ :
77 C*(SBlup, (G, V)) = C*(SNF) = C*(SBlup,.+(G, V))/C*(GAA:;‘[’),

1S Epr(G, V) — ENp (G, V) = Epr(G, V) /C*(GM),
and 7 (T) = ri7~(T7)".

The map rg* is called the zero order symbol map of the Boutet de Monvel type calculus.
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5.3 A Boutet de Monvel type pseudodifferential algebra

We denote by ¥5,,(G,V) the algebra of matrices (; g) with ® € U*(SBlup,s(G,V)), P €
&pr(G,V), T € &pr(G, V)" and Q € U*(GY).

@ P) has two symbols:

Such an operator R = <T 0

e the classical symbol o : Uiy (G, V) — Co(SA*SBlup, s(G,V)) given by o, <(;i g) = 0.(P);
its kernel is Ci,,(G, V).

e the boundary symbol rEM - W, (G, V) = 2L (G, V) defined by

- <q> P) _ <r$(q>) r;<(P)>
T Q 7 (T) ov(Q)
where r$ . U*(SBlup, (G, V)) — U*(SNT) is the restriction.

Here 20 (G, V) denotes the algebra of matrices of the form <§tb 2) with ¢ € U*(SNG), p,t* e
&Epr(G,V) and g € C(SA*GY)).
The full symbol map is the morphism

opm - Vi (G, V) = Spum(G, V) = Co(SA*SBlup,s(G, V) X cysu-sng) Shound(G: V)

defined by opp(R) = (0¢(R), v (R)).

We have an exact sequence:

0= C*HGMWY) = W5, (G,V) 24 Spar(G,V) — 0. (Epar)

We may note that U* (S Blup,. (G, V)) (resp. U*(SNE)) identifies with the full hereditary subalgebra
of Uiy (G, V) (resp. of Xpp(G,V)) consisting of elements of the form (g 0).

5.4 K-theory of the symbol algebras and index maps

In this section we examine the index map corresponding to the Boutet de Monvel type calculus and
in particular to the exact sequence (Eppr). We compute the K-theory of the symbol algebra Y pas
and the connecting element indgas € KKY Sy, CHG)) (3.

We then extend this computation by including bundles into the picture i.e. by computing a relative
K-theory map.

As the Hilbert ¥*(GY,) module &p7(G, V) is full,

0

e the subalgebra { 0 0

); K e C*(SBlup,s(G, V))} is a full hereditary subalgebra of

e the subalgebra{ <((I)) 8

) ; & € U*(SBlup, (G, V))} is a full hereditary subalgebra of ¥,,(G,V);

e the subalgebra { <§ 8) ;€ Xspiup(G, V)} is a full hereditary subalgebra of X g (G, V);

*We use the Morita equivalence of C*(G) with C* (G%EK)
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e the subalgebra { (lg 8

> ke C*(SNS)} is a full hereditary subalgebra of X5, (G, V);

o the subalgebra { (qg 8) ; ¢ € \I/*(SN‘C/;)} is a full hereditary subalgebra of ). (G, V).

We have a diagram of exact sequences where the vertical inclusions are Morita equivalences:

full

00— C*(GM) —— W (SBlup, (G, V)] ™= Ssp1p (G, V) — 0

|

00— C*(GMI_IV)

MUV Uy (G, V) —25— g (G, V) ——0

We thus deduce immediately from theorem 4.8 and prop. 4.11 (with the notation of prop. 4.11) :

Corollary 5.1. The algebra Ypn(G,V)) is KK -equivalent with the mapping cone C, and, under
this K -equivalence, the index indpyy is ¢*([Bott|®@cindg) where g : C,, = Co(A*G xRY) is evaluation
at 0.

A Bundle groupoids

In this section, we describe the structure of the normal groupoid ./\/'19 , i.e. the restriction of
DNC(G,T) to its singular part N{y , as well as the projective normal groupoid Png , the restriction
of Blup,,(G,T") to its singular part IPN‘J}/[ . The groupoid NF is a VB groupoid in the sense of
Pradines [37, 23]. In the particular case where I' = V' is just a space, the groupoids NFG and PNFG
are bundles of linear and projective groupoids over the base V in a sense defined bellow. In that
case, a Thom-Connes isomorphism computes the K K-theory of C*(NS) (prop. A.6).

A.1 VB groupoids

In [37], Pradines introduced the notion of a VB groupoid (see also [23]). Such groupoids naturally
appear in our construction, as well as their projective and spherical analogues.

Recall from [37, 23] that a VB groupoid is a groupoid which is a vector bundle over a groupoid G.
More precisely:

Definition A.1. Let G —% ;GG(O) be a groupoid. A VB groupoid over G is a vector bundle

p : F — G with a groupoid structure FE = ;EE(O) such that all the groupoid maps are linear

vector bundle morphisms. This means that E© ¢ E is a vector subbundle of the restriction of F
to G and that rg, sg, € — ¢ * and the composition are linear bundle maps:

G:;G(O)

We also assume that the bundle maps 7 : E — r5(E©) and sp : E — s5(E©) are surjective.

When I is a closed Lie subgroupoid of G, the projection NFG — I' is a groupoid morphism and it is
easily seen that NFG is a VB groupoid over I'.

In fact every VB groupoid £ — I' can be seen as a normal groupoid: the normal groupoid to the
inclusion I' — F.

To any VB groupoid p : E — G we can associate a projective bundle groupoid and a spherical bundle
groupoid.
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Definition A.2. Let p: F — G. Denote by E(O) the complement in E© of the zero-section G(©.
Let E be the restriction EE ) _1(E(0)) (E( )) of E to its open subset EO of its objects.

The natural scaling actlon « of the group R* on the vector bundle F is free and proper on E;
for every A, a is an automorphism of the groupoid E. The quotient spaces PE = E/R* and
SE=E /R are Lie groupoids respectively called the projective bundle groupoid and the spherical
bundle groupoid of E their units are respectively PE® and SE.

A.2 Linear groupoids

An easy case of VB groupoids G — I, relevant to our discussion, is when the base groupoid I' is
just a space. In that case, a natural Connes-Thom isomorphism relates the K-theory of C*(G) with
that of the space Cp(G).

In order to understand this case, we examine linear, projective and spherical groupoids in an even
simple case, when the base groupoid is just one point. We briefly examine examine this situation.
Let E be a vector space over a field K and let F' be a vector sub-space. Let r,s : E — F be linear
retractions of the inclusion F' — F.

A.2.1 The linear groupoid

The space F is endowed with a groupoid structure £ with base F'. The range and source maps are
r and s and the product is (z,y) — (z-y) =  +y — s(x) for (x,y) composable, i.e. such that
s(z) = r(y). One can easily check:

e Since r and s are linear retractions: r(z - y) = r(x) and s(z - y) = s(y).
o If (x,y,2) are composable, then (x-y) - z=z+y+z—(r+s)(y) =2 (y-2).
e The inverse of = is (r + s)(z) — =.

Remarks A.3. a) Note that, given E and linear retractions r,s : E = F, the only possible
linear groupoid structure(g) on F is the one described above. Indeed, for any = € E one must
have z - s(x) = = and r(z) - x = z. By linearity, it follows that for every composable pair

(z,y) = (x,8(x)) + (0,y — s(z)) we have x -y =z - s(z) + 0 (y — s(x)) =z +y — s(x).

b) The morphism r — s : E/F — F gives an action of E/F on F by addition. The groupoid & is
in fact the groupoid E/F x F' = F associated with this action.

c¢) Given a linear groupoid structure on a vector space E, we obtain the “dual” linear groupoid
structure £* on the dual space E* given by the subspace F+ = {£ € E*; {|r = 0} and the
two retractions r*,s* : B* — F* with kernels (kerr)* and (kers)®: for £ € E* and = € F,

r*(&)(z) = &(x — r(z)) and similarly s*(§)(z) = {(z — s(x)).

A.2.2 The projective groupoid

The multiplicative group K* acts on £ by groupoid automorphisms. This action is free on the
restriction € = € \ (kerr Uker s) of the groupoid € to the subset F\ {0} of £0) =

The projective groupoid is the quotient groupoid PE = & JK*. Tt is described as follows.

As a set PE = P(E) \ (P(kerr) UP(kers)) and P¥) = P(F) c P(E). The source and range maps
r,s: PE — P(F) are those induced by r,s: E'— F. The product of x,y € PE with s(z) = r(y) is
the linexz -y ={u+v—s(u); u €z, vey; s(u)=r(v)}. The inverse of x € PE is (r + s —id)(z).

3A linear groupoid is a groupoid G such that G

source, product) are linear.

and G are vector spaces and all structure maps (unit, range,
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Remarks A.4. a) When F is just a vector line, PFE is a group. Let us describe it:

we have a canonical morphism h : PE — K* defined by r(u) = h(z)s(u) for u € x. The kernel
of h is P(ker(r — s)) \ P(kerr). Note that F' C ker(r — s) and therefore ker(r — s) ¢ kerr,
whence kerr Nker(r — s) is a hyperplane in ker(r — s). The group ker h is then easily seen to
be isomorphic to ker(r) Nker(s). Indeed, choose a nonzero vector w in F’; then the map which
assigns to u € ker(r) Nker(s) the line with direction w + u gives such an isomorphism onto
ker h.

Then:

o If r = s, PE is isomorphic to the abelian group ker(r) = ker(s).

o If r # s, choose x such that r and s do not coincide on = and let P be the plane F & x.
The subgroup P(P)\ {ker rN P, ker sN P} of PE is isomorphic through A with K*. It thus
defines a section of h. In that case PE is the group of dilations (ker(r) Nker(s)) x K*.

b) In the general case, let d € P(F). Put E¢ = r~(d) N s~ 1(d).

e The stabilizer (PE)% is the group PES = P(E$) \ (P(kerr) UP(ker s)) described above.
e The orbit of a line d is the set of r(x) for x € PE such that s(x) = d. It is therefore
P(d + r(kers)).

c¢) the following are equivalent:

(i) (r,s) : E — F x F is onto;
(ii) r(kers) = F;
) (r—s): E/F — F is onto;
(iv) the groupoid PE has just one orbit.

(iii

d) When r = s, the groupoid PFE is the product of the abelian group E/F by the space P(F).
When r # s, the groupoid € is Morita equivalent to & since F \ {0} meets all the orbits of £.

If K is a locally compact field and r # s, the smooth groupoid PFE is Morita equivalent to the
groupoid crossed-product £ x K*.

In all cases, when K is a locally compact field, PE is amenable.

A.2.3 The spherical groupoid

If the field is R, we may just take the quotient by R’ instead of R*. We then obtain similarly the
spherical groupoid SE = S(E) \ (S(ker ) U S(ker s)) where S©(E) = S(F) C S(E).

The involutive automorphism u — —u of F leads to a Z/27Z action, by groupoid automorphisms
on SE. Since this action is free (and proper!), it follows that the quotient groupoid PE and the
crossed product groupoid SE X Z/27 are Morita equivalent. Thus SE is also amenable.

As for the projective case, if (r,s) : E — F x F' is onto, the groupoid SE has just one orbit. The
stabilizer of d € S(F) identifies with the group (kerr Nkers) x RY, and therefore the groupoid SE
is Morita equivalent to the group (kerr Nkers) x RY.

A.3 A Connes-Thom isomorphism for families of linear groupoids

We may of course perform the constructions of section A.2.2 (with say K = R) when £ — X is a
(real) vector bundle over a locally compact space X, F' is a subbundle and r,s : E — F are linear
bundle maps. We obtain respectively families £, (PE,r,s) and (SE,r,s) of linear, projective and
spherical groupoids.

Remarks A.5. a) A family of linear groupoids is just given by a bundle morphism o = (r — s) :
E/F — F. It is isomorphic to the semi-direct product F' x, E/F.
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b) All the groupoids defined here are amenable, since they are continuous fields of amenable
groupoids (cf. [2, Prop. 5.3.4]).

The groupoid £ is a vector bundle F over a locally compact space X, £ ©) is a vector subbundle F
and £ is given by a linear bundle map (r —s) : E/F — F.

Proposition A.6 (A Thom-Connes isomorphism). Let E — X be a family of linear groupoids.
Then C*(E) is KK -equivalent to Co(E). More precisely, the index indg : KK (Co(A*E),C*(E)) is
invertible.

Proof. Put F = E® and H = E/F. Then H acts on Cy(F) and C*(E) = Co(F) x H.
We use the equivariant K K-theory of Le Gall (cf. [22]) KKy (A, B).
The Thom element of the complex bundle H & H defines an invertible element

ty € KKH(C()(X), C()(H ) H))
We deduce that, for every pair A, B of H algebras, the morphism
TooH) | KKn(A, B) = KKp(A®cy(x) Co(H), B @cyx) Co(H))

is an isomorphism. Its inverse is x — ty ® oy () (x) ® t;Il.
Note that for every H-algebra A, the H-algebra Co(H)®¢(x) A is the algebra of continuous sections
of the form (z,&) — ¢(x,§) € A, (where x € X, £ € H, and A, is the fibre of A at z € X) vanishing

at infinity. The fibre of (CO(H) Rc(x) A) is Co(Hy, A;) and the action of H, on the fibre is given

by (§-¢)(n) =&+ (p(n—¢)).

Denote by Ay the Cy(X) algebra A endowed with the trivial action of H. We have an isomorphism
of H-algebras us : Co(H) ®c(x) Ao ~ Co(H) ®c(x) A: put (ua(p))(z,£) =& - (cp(x,f)).

It follows that the restriction map K Ky (A, B) to KKx (A, B) (associated to the groupoid morphism
X — H) is an isomorphism - compatible of course with the Kasparov product.

Let vg € KKpg(Ag, A) be the element whose image in KKx (Ao, A) is the identity. Its descent
Ju(va) € KK(Co(H") ®¢(x) A, Ax H) is a K K-equivalence.

The index map is given by letting G = DNC(E,F)[O’H and putting ind = ev; ® eva1 where
evp : C*(G) —» C*"(AG) = C*(H) ® Cp(F) is evaluation at 0, which is a K K-equivalence and
evy : C*(G) = Co(F x [0,1]) x H — C*(E) = Cy(F) x H is evaluation at 1. Since the evaluation
F x[0,1] — F at 1 is a KKx equivalence, it is also K Ky invertible. It follows that [ev;] is also
invertible. O

List of Symbols

Groupoids, deformation and blowup spaces

G= GO A Lie groupoid with source s, range r and space of units GO

AG The Lie algebroid of the groupoid G

G4, Gg, G4 If A and B are subsets of G, G4 = {z € G; r(z) € A}, Gp = {z € G; s(z) €
B} and G& = G4 N GP, page 10

eem Gg Iff:A—G9 and g: B— G are maps, Gf = {(a,2) € Ax G; r(z) = f(a)},
Gy ={(z,b) € G x B; s(x) = g(b)} and Gg = G7 NGy, page 10

NY The normal bundle of a submanifold V' of a manifold M

DNC(Y, X) The deformation to the normal cone of the inclusion of a submanifold X in a

manifold Y, DNC(Y,X) =Y x R* U N¥, page 6
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DNC, (Y, X) The restriction DNC (Y, X) \ Y x (—00,0)., page 8

Blup(Y, X) The blowup of the inclusion of a submanifold X in a manifold Y, Blup(Y, X) =
Y\ X UP(NY), page 8

SBlup(Y, X) The spherical blowup of the inclusion of a submanifold X in a manifold Y,
SBlup(Y,X) =Y \ X US(NY), page 8

Blups(Y, X) The subspace of Blup(Y, X) on which Blup(f) : Blups(Y,X) — Blup(Y', X")
can be defined for a smooth map f:Y — Y’ (with f(X) C X'), page 9

DNC(G,T) = DNC(G©,T®) The deformation groupoid where I is a closed Lie subgroupoid of
a Lie groupoid G, page 12

Z/DNE'(G, r), Z/DNE‘JF(G, I') The open subgroupoid of DNC(G,T') consisting of elements whose im-
age by DNC(r) and DNC(s) is not in ' x R and its restriction to R, , page 12
Blup, (G,T') = Blup(G® 7)) The blowup groupoid Blup,(G,T) N Blupy(G,T) where T is a
closed Lie subgroupoid of a Lie groupoid G, it is the quotient of DNC(G,T)

under the zooming action, page 12

SBlup, s(G,I')  The spherical version of Blup, s(G,T), it is quotient of BNE'JF(G,I‘) under the
restricted zooming action, page 12

C*-Algebras

C*(G) The (either maximal or reduced) C*-algebra of the groupoid G

U*(@Q) The C*-algebra of order < 0 pseudodifferential operators on G vanishing at
infinity on G(®

Cy The mapping cone of a morphism f : A — B of C*-algebra

V(@) The quotient ¥*(G)/C*(Gw)

Ypnc, (G, T), 25]\\[/6,+(G,F) Respectively the algebras U*(DNC(G,T))/C*(G x R+*) and

U (DNC.4(G,T))/C*(GM x RY), page 17

SsBup(G.T) The algebra U*(SBlup,,+(G,T))/C*(GM), page 17

KK-elements

[f] The K K-element, in KK (A, B) associated to a morphism of C*-algebra f: A —
B
indg The K K-element [evg] ! @ [ev1], which belongs to K K (Co(A*G), C*(G)), associ-

ated to the deformation groupoid GELO&H =G x (0,1]UA(G) x {0} = GO x [0,1]

indg The connecting element, which belongs to K K (C(SA*G), C*(G)) associated to
the short exact sequence 0 — C*(G) — V*(G) — C(SA*G) — 0

oY The connecting element, which belongs to K K*(C*(G|r), C*(G|w)), associated
to the short exact sequence 0 —— C*(G|w) — C*(G) —= C*(G|p) —=0

where W is a saturated open subset of G and F = GO\ W

GT GT GT . N M xR MxR
IS Biup> OpNe, s 85]va+ Respectively the element 0gp;,,,, (1) 8DNC+(G7F) and 81%“&11), page 17
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—~ W . . 1 w * .
ind,;(G) The connecting element, which belongs to KK (X" (G), C*(Gw)) associated to

the short exact sequence 0 — C*(Gy) — ¥*(G) — 2V(G) — 0

~Gr  —~Gr ~Gar . ~ M ~ MxR*
indgpp, ndpye,, ndpye - Respectively the elements ind 7, (SBlup,s(G,T)),indy,,; "(DNC4(G,T))
—~ M R* ——~——
and inds,; (DNC4(G,T))
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