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Abstract

In this paper we generalize a theorem of M. Hilsum and G. Skandalis stating that the C*-
algebra of any foliation of non zero dimension is stable. Precisely, we show that the C*-
algebra of a Lie groupoid is stable whenever the groupoid has no orbit of dimension zero. We
also prove an analogous theorem for singular foliations for which the holonomy groupoid as
defined by I. Androulidakis and G. Skandalis is not Lie in general.

1 Introduction: Statement of the theorem and the steps
of the proof

The aim of this paper is to generalize Theorem 1 of [4] stating that the C*-algebra of any
foliation (of non zero dimension !) is stable.

Theorem 1. Let G be a Lie groupoid with o-compact G, Assume that at every z € G
the anchor b, : go — ToG” is nonzero. Then C*(Q) 1is stable.

In other words, C*(G) is stable whenever G has no orbit of dimension 0.

The converse is also true if G is s-connected. Indeed, if G is s-connected and the anchor at
x is the zero map, then the orbit of x is reduced to x. Therefore C*(G) has a character: the
trivial representation of the group G;.

Since the reduced C*-algebra C}(G) of G is a quotient of C*(G), it follows that it is also
stable when G has no orbit of dimension 0.

Here however, the converse may fail for the reduced C*-algebra: the reduced C*-algebra of
the group PSLy(R) is stable!

Our proof is not very different from the one of [4] and based on Kasparov’s stabilisation
theorem ([5]). Note that, unlike in [4], we do not assume the space G'” to be compact - but
this is actually a rather minor point.

The proof is as follows.

!The authors were partially supported by ANR-14-CE25-0012-01.
AMS subject classification: Primary 58HO05. Secondary 46189, 58J22.



. Let © € GO, There is a section Y of the algebroid 2(G) whose image under the
anchor is a vector field X satisfying X (x) # 0. Taking a local exponentiation of X we
obtain a relatively compact open neighborhood W diffeomorphic to U x R where X is
proportional to the vector field along the R lines {u} x R.

This step will be clarified in section [2.1
We thus choose a locally finite cover (W,,) by relatively compact open subsets and
diffeomorphisms f, : U, x R — W, such that W/ = f,(U, x R) cover G with U’

relatively compact in U,. Let p, : W, — U, be the composition of f, ! with the
projection U, x R — U,,.

. One may then construct a locally finite family of open subsets V; of G such that:

e Every Vj sits in a W,,(;) and its intersection with each line f,(;)(u xR) is an (open)
interval. More precisely, fu(;)(V;) is of the form {(z,t) € Upn) X R; ¢ (7) <t <
o) (x)} where ¢, ¢F : Uy — R are smooth and ¢ — ¢} is nonnegative with
compact support.

e The VJ are pairwise disjoint and locally finite: every compact subset of M meets
only finitely many V}’s.
e For every n, the p,(V; NW,,) cover U, : we have U,, C U pa(V; N W),
J; n(g)=n

The details of the constructions of the V;’s are given in section

. Let then g; be the characteristic function of V;. We prove that ¢; is a multiplier of
C*(G). By local finiteness, the characteristic function ¢ = Z g of V= U V; is also a
multiplier of C*(G).

See section section [3.3]

. We show that ¢C*(G) is a full Hilbert submodule of C*(G) (see corollary [J] - section
)

. Considering a natural diffeomorphism V; ~ p,(V;) x ]0, 1], it follows that the Hilbert
C*(G)-modules ¢;C*(G) and ¢C*(G) are stable.

. Using Kasparov’s stabilisation Theorem ([5]), it follows that C*(G) is stable.
This follows from corollary [6] - see section [3.4]

In section , we prove an analogous theorem for singular foliations in the sense of [1]. We
prove:

Theorem 2. The C*-algebra of a singular foliation (as defined in [1]) which has no leaves
reduced to a single point is stable.

The main steps of the proof are the same as for theorem [I] Using vector fields along the
foliation, we construct the same small open subsets V;. Note that, in proving that the char-
acteristic functions of these V; are multipliers of C*(M,F), we chose to take a somewhat
different path in order to shed a new light to it. This led us to construct groupoid homomor-
phisms between singular foliation groupoids (section . Of course, we could have used the
same kind of proof as for the Lie groupoid case.
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2 Geometric constructions

2.1 Nonzero vector fields in the algebroid

Let M be a smooth (open) manifold, z a point of M, and let X € X(M) be a smooth vector
field with compact support on M such that X (z) # 0. Denote by Wx = (W% );cr the flow of
X. One can find a codimension one submanifold U of M and a neighborhood I of 0 in R such
that the restriction of Wy to U x [ is a diffeomorphism onto an open (tubular) neighborhood
W of U in M. In other words, U is a codimension one submanifold of M which contains x
and which is transverse to the integral curves of X.

If G is a Lie groupoid and Y a section with compact support of its Lie algebroid such that
the vector field X := §(Y") doesn’t vanish on a point = € G'%, let Zy be the associated right
invariant vector field on G and W, its flow. We have ro ¥}, = U'or.

Applying the construction above, one finds a codimension one submanifold U of G and a
neighborhood I of 0 in R such that the composition map

v T
UxI-2%a-1 a0
is precisely the restriction of the flow Wy of X to U x I and thus a diffeomorphism onto an
open neighborhood W of z in G(*). Note that s o Wy, is the projection U x I — U.

Now the following maps are diffeomorphisms :

GUx1 — G" and GUXxIxI — Gy
(77 t) = \IJZY (’l“(’}/), t)’}/ (7, t> )‘> = \IIZY (7‘(’7), t)’Y\IJZY (S(’Y)v >‘)_1

2.2 Construction of the family V;

In this section, we explain the construction of the V;’s.

The construction above yields a locally finite cover (W,,) by relatively compact open subsets
and diffeomorphisms f,, : U, x R — W, such that W/ = £, (U’ x R) cover G\* with U/
relatively compact in U,. We will often identify W,, and U, x R under f,.

Let p, : W, — U, be the composition of f, ! with the projection U, x R — U,. As (W,) is
locally finite and G'* is o-compact, the set of indices is countable; we identify it with N.

e First, choose a (Riemannian) metric d on G©.

e For every n € N let ¢, > 0 be small enough so that, for every m € N such that
W, "W, # 0, and every x € U, , d(fm(x,—1), fm(x,1)) > &,. Thus if W,, N W,,, # 0,
for every z € U/ : diam(f,,({z} x R)) > &,.

e Let n € N. Assume that we have already constructed a finite set J, with a map,
j—n(j) from J, to N with n(j) < n and a family of open sets (V}),;e,, with pairwise
disjoint closures satisfying,

Vi <n, U/ C U pe(V;), diam(V;) < ey

g n(4)=¢



By the diameter assumption, for every x € U, the set f,,({z} X R) is not contained in

a Vj with j € J,; therefore f,({r} x R) is not contained in U V; (by connectedness
J€JIn

of R).
By compactness, we may then construct a finite cover (Ay)ses, of U’ by open subsets of
U,, and open intervals I, in R such that f,, (A4, x I;)N U VJ = () and diam(f,, (A, x I)) <

J€In
En-

Replacing the I,’s by smaller intervals, we now further assume that the I, with ¢ € J/
are pairwise disjoint. One then constructs for each ¢ € J two smooth functions gozt :
U, — I, such that ¢} > ¢, and such that A, = {x € U,; ¢, (z) < ¢ (x)}.

Let then J,,; be the disjoint union of J,, end J!. For ¢ € J, put V, = f.({(z,t) €
U xR ¢, (x) <t <) (x)}) and define n(f) = n.

e We will also use the diffeomorphism h; : A; x |0, 1] — V; given by
hy(,8) = fui (2, (1 = 5 () + tf () ). ()

e We thus construct the family (V) inductively. Every compact set meets only finitely
many W,’s and therefore finitely many V;’s since V; C W) and {j; n(j) = n} is
finite.

3 Hilbert modules

3.1 Stable Hilbert modules; full Hilbert modules

We start by briefly recalling some now classical general facts on Hilbert modules. The basic
reference for them is [5]. See also e.g. [, [6].

Let A be a separable C*-algebra.
Definition 3. A separable Hilbert A-module F is said to be

Stable if it is isomorphic to /*(N) ® E.

Full if the vector span of the set of products (x|y) with z,y € E is dense in A.

We have:

Proposition 4. 1. Let J be a countable set and (E;)jcs a family of (separable) stable
Hilbert A modules, then @ E; is stable.

jedJ

2. A separable Hilbert A-module E is stable if and only if the C*-algebra K(E) is stable
(see e.g. [3, Facts 4.7]). O

Let us also recall Kasparov’s stabilization Theorem. Put H 4 = ¢*(N) ® A.

Theorem 5 (Kasparov’s stabilization Theorem). For every separable Hilbert A-module E,
the Hilbert A-modules Ha and E ® Ha are isomorphic. O
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The following statement is an immediate consequence of Kasparov’s stabilization theorem.
We outline a proof for completeness.

Corollary 6. 1. A separable full and stable Hilbert A-module is isomorphic to Ha (cf. [0,
Prop. 7.4, p. 73]).

2. If E is a separable Hilbert A-module and p € L(E) is a projection such that pE is full
and stable, then E is isomorphic to Hy.

Proof. 1. Put B = K(F) and E* = K(E, A) considered as a Hilbert B module. Since
E is full, we find K(E*) = E* @ E = A. Since E is stable, the Hilbert B-module
B is isomorphic to Hp, therefore, using Kasparov’s stabilization theorem, we find an
isomorphism u : B — B @ ((*(N) ® E*). We thus obtain an isomorphism of Hilbert
A-modules u ®p 1 between E = B®p E and E® (*(N) ® E* @p E) ~ Ha.

2. Write E=pE®(1—p)E~Hs® (1 —p)E ~Ha. O

3.2 Hilbert module associated with a transverse map

We now recall the rather well known construction of generalized smooth transverse maps
M — G from a manifold M to a smooth groupoid GG. This construction is useful in steps
and |5 of the proof of our theorem as explained in section 1. Note that we actually only use
it for a (locally closed) submanifold M C G'© transverse to G.

Definition 7. Let M be a smooth manifold and G a smooth groupoid with algebroid 2 and
anchor §. A smooth map f : M — G is said to be transverse to G if for every x € M,
dfo(To M) + 85025 = T G-

The graph of a smooth map f : M — G© is the set IV = M xq0 G = {(z,7) € M x
G; f(x) =r(y)}

Equivalently, f is transverse if and only if the source map sy is a submersion, where sy :
I/ — G is the map (z,7) — s(v).

We will in fact only use the case where f : M — G© is the inclusion of a (locally closed)
submanifold M of G, Then, I'' = GM = {y € G; r(y) € M}.

For the sake of completeness, we recall also the notion of a generalized transverse map.

Let G be a smooth groupoid, M a smooth manifold. A generalized morphism f : M — G is
given either by:

A cocycle : An open cover (U;);e; of M, smooth maps f; : U; — G and smooth maps
fi; : UinNU; — G satisfying r o f;; = fi, so fi; = f; and, for all x € U; N U; N Uy,
fiw(x) = fij (@) fir ().

The graph of f : A set I'V which is a G-principal bundle over M. We therefore are given
maps 7y : I'Y — M which is a smooth surjective submersion and Sf I — GO with
a right action of G' which is a smooth map (z,7) — 2 from I'V x40 G = {(z,7) €

I'V'xG; sp(x) = ()} to IV, This action is assumed to be proper and free with quotient
M:

Proper means that the map (z,7) — (z,27) is proper from I'V x40 G to I'V x T/,
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Free means that the map (x,v) — (z,x7) is injective.

The quotient is M means that for a pair (z,y) € T/ x T/ there exists v € G with
xy =y if and only r¢(z) = r¢(y). Note that by freeness, this v is unique. We will
denote it by = y.

These three conditions altogether mean that the map (z,7) — (z,27) is a diffeomor-
phism from TV x 5w G onto I x5 IV = {(x,y) € IV x I'/; r¢(z) = r;(y)} - whose
inverse is (z,y) — (z, 27 'y).

Given a cocycle (f;), (fi;), we obtain the graph I'V by gluing the graphs I'/i thanks to the
fi;'s. Conversely, we obtain a cocycle out of I/ by means of local sections of the submersion
rp: 7 — M.

The generalized morphism f is transverse to G' (or a submersion from M to the ‘bad manifold’
GO JG) if sp I — G© is a submersion. This is equivalent to saying in the cocycle vision
that the maps f; are transverse to G.

If f is transverse to G, the map (x,7) — = is a submersion from r/ X a0y G into G, whence
the map (z,y) — =~ 'y is a submersion from I'/ x,, TV to G

It then defines a Hilbert-C*(G)-module C*(T'Y): this is the completion of C,(I'') with respect
to the C*(G)-valued inner product given (using 1/2-densities) by

e =[ g

Let us state the following easy fact which is important for our constructions:

Proposition 8. Let f : M — G be a generalized transverse morphism with graph T'V. The
module C*(TY) is full if and only if s; : TS — G is onto.

Proof. The image of the submersion sy : 'Y — G is an open subset U of G, Using the
action of G on I'/, we deduce that U is saturated in G - i.e. if r(v) € U, there exists 2 € T/
with 7(y) = s¢(x); then s(y) = s¢(zy) € U.

The image of the map (z,y) + 2~ 'y from (defined on TV x,, TV) is G¥.
It follows that the inner products (g|h) with g, h € C°(I'Y), span a dense subset of C>°(GY).

If U = G, these scalar products span a dense subspace in C*(G); it U # GO they all sit
in the kernel of a regular representation associated to any point = ¢ U. O]

Note that if M is a submanifold of G, this condition means that M meets all the G orbits.

Let us state this proposition in the precise way we will need to use it:

Corollary 9. Let G be smooth and V an open subset of G, Consider Cy(V) as sitting in
Co(G©) and therefore in the multiplier algebra of C*(G). Assume that every orbit of G has
a nonempty intersection with V.. Then Co(V)C*(G) is a full submodule of C*(G). O



3.3 The characteristic function of V; is a projection

We prove here that the characteristic function g; of V; is a multiplier of C*(G), i.e. that
Co(V;)C*(G) is orthocomplemented in C*(G).

Indeed, put n = n(j). We may write ¢; = v,¢;9; where 9; is a smooth real valued function
on G(O with support in W, which is equal to 1 on V It is then enough to prove that
g; € L(C*(G"™)) viewing 9; as an element Ty, € E(C*(G); C*(G™)) and write ¢; = 135,97y,

Using the identification between W,, and U,, x R coming from the diffeomorphism f,,, we may
write C*(G"") = (Cy(U,) ® L*(R)) ®c,w,) C*(G™).

The characteristic function of V; is given by a (x-)strongly continuous map from U, to
L(L*(R)), and therefore is an element Q; € £(Cy(U,) ® L*(R)). Therefore ¢; = Q; @cy(v) 1
is in £(C*(G™"™)).

Note also that @); is the x-strong limit of a sequence (6) of smooth functions on U, x R:
put O (z,t) = ¢(k(t — o~ (2)))o(k(p™ (x) — t)) where ¢ : R — [0,1] is a continuous function
vanishing for ¢ < 0 and equal to 1 for ¢ > 1. It follows that the range of ¢; is (the closure
of) Co(V;)C*(@). Tt is the Hilbert C*(G)-module C*(G"7) corresponding to the inclusion
v, — GO

Now the projections ¢; are pairwise orthogonal and, by local finiteness, the sum qu is

strictly convergent. Indeed, the sum qu§ has only finitely many nonzero terms for £ €
C.(G).

3.4 Stability

Stability of ¢;C*(G). Using the diffeomorphism h; x 10,1 — V; (see section
formula (<)), we deduce a diffeomorphism G"7 ~ GAJ x 10, 1], Whence an 1som0rphlsm
of Hilbert C*(G)-modules C*(G"7) ~ C*(G4) @ L*(]0, 1]).
module ¢;C*(G) is stable.

Therefore, the Hilbert C*-

Stability of ¢qC*(G). Since ¢ = qu (x-strong convergence), it follows that ¢C*(G) =
@QJC*(G). Therefore ¢qC*(G) is stable too.

Conclusion. It then follows from corollary [6] that the Hilbert C*(G)-module C*(G) is iso-
morphic to Hex(ey. The C*-algebra C*(G) = K(C*(GQ)) = K(Hce=()) is stable.

This ends the proof of theorem [1]

4 Stability of the C*-algebra of a singular foliation

4.1 The holonomy groupoid of a singular foliation

The C*-algebra of a singular foliation was defined in [1]. Let us briefly recall a few facts and
constructions from [1J.



Recall that a foliation on a manifold M is defined in [I] to be a (locally) finitely generated
submodule F, stable by Lie brackets, of the C°°(M)-module X.(M) of smooth vector fields
on M with compact support.

A bi-submersion of F is the data of (N, ry, sy) where N is a smooth manifold, ry, sy : N —
M are smooth submersions such that :

v (F) = sy (F) and sy'(F) = C°(N; ker dsy) + C°(N; ker dry) .

The inverse of (N,ry,sy) is (N, sy, rn) and if (T, 77, s7) is another bi-submersion for F the
composition is given by (N, ry,sy) o (T, rr,st) := (N Xsyrp Ty7n © DN, ST 0 pr) , Where py
and pr are the natural projections respectively of N X, T on N and on T

A morphism from (N, ry, sy) to (T, rr, st) is a smooth map h : N — T such that spoh = sy
and rr o h = ry and it is local when it is defined only on an open subset of .

Finally a bi-submersion can be restricted : if U is an open subset of N, (U,ry, sy) is again
a bi-submersion, where r;; and sy are the restriction of ry and sy to U.

For x in M, we define the fiber of F at x to be the quotient F, = F/I,F. Let X =
(Xi)iep,n) € F" be such that X, = ([X;],)ic,n) is a basis of F,. For any § = (&)icpi,n] € R”,

we consider the vector field X, := ZSZX, and we denote by W¢ its flow at time s. We

=1
consider the two smooth submersions from M x R™ to M :

(sx,ra) : M XR" — M x M ; (2,€) = (z, Ug(x)) .

According to Proposition 2.10 and 3.11 of [I], one can find an open neighborhood W of (x, 0)
in M x R"™ such that (W, rw, sy ) is a bi-submersion, where the map ry and sy are the
restriction to W of the maps ry and sy defined above. Such a bi-submersion is called a path
holonomy bi-submersion minimal at x.

Notice, that any restriction around (z,0) of a path holonomy bi-submersion minimal at z, is
again a path holonomy bi-submersion minimal at x.

Let U = (Uj, 714, 8i)icr be a family of bi-submersions of F. A bi-submersion (U,ry, sy) is
adapted to U if for any u € U there is a local morphism around u from U to a U; for some 1.

A family U = (U;, 14, 8i)icr of bi-submersions of F which satisfies M = Usi(Ui) and the
iel

inverse of any element in U/ is adapted to U together with the composition of any two elements

of U is an atlas.

The path holonomy atlas is the family of bi-submersions of F generated by the path holonomy
bi-submersions.

The groupoid of the atlas U is the quotient G(U) = U U;/ ~ where U; 5 u ~ v € U, if and
only if there is a local morphism from U; to U; sending u on v. When (U, ry, spy) belongs to
U and u € U, let us denote by [U, 7y, syl, its image in G(U). The structural morphisms of
G(U) are given by :

source and range : s([U,ry, sylu) = su(u), v([U, ru, sula) = rv(u),

2If h: N — M is a smooth submersion h~'(F) is the vector space generated by tangent vector fields fZ
where f € C2°(N) and Z is a smooth tangent vector field on N which is projectable by dh and such that
dh(Z) belongs to F.



inverse : [U, TU,SU];1 = U, sy, 0w,

product : [U,ry,sulu - [V.rv,sv]e = [U X Viru o pu, sv © pv]we) when sy(u) = ry(v).

The groupoid of an atlas is endowed with the quotient topology which is quite bad, in
particular the dimension of the fibers may change.

The holonomy groupoid of F is the groupoid of the path holonomy atlas.

4.2 Subfoliations

A subfoliation Fi of a foliation F is a submodule of 5 which is a foliation i.e. it is locally
finitely generated and stable by Lie brackets.

In this section, we fix a foliation J5 and a subfoliation F; of F5.

4.2.1 The atlas of compatible bi-submersions

Definition 10. A bi-submersion (U, r, s) of F is said to be compatible with Fy if r~1(F,) =
S_l(fg).

Proposition 11. 1. Foreveryxzg € M, there is a bi-submersion (W, r, s) of F1 compatible
with Fy such that xy € s(V).

2. If f: (U,ry,su) = (V,ry, sy) is a morphism of bi-submersions for Fy and (V,rv, sy)
is compatible with Fy, then (U, v, sy) is compatible with F;.

3. The bi-submersions of F1 compatible with F form an atlasE]

Proof. 1. Fix vector fields Xi, ..., X,, which generate F; in a neighborhood of xj. For
y=(y1,...,yn) € R", put p, = exp(Zini) € expF. On R" x M, put so(y,z) =«
and to(y, x) = p,(z). It is proved in [Il section 2.3] that there is a neighborhood W of
(0,2z9) in R™ x M such that (W,t,s) is a bi-submersion for F; where s and ¢ are the
restrictions of sy and tg.

Let Y be the vector field on R" x M given by Y (y,z) = (0, Zin@') eR"xT,M =
Ty (R™ x M). Since Y € s F, © s7'F,, it follows that s™'F, is invariant under
expY. We find that s~ (F,) = (soexpY) " (F;) as desired.
2. Asry = ryof and sy = syof, we find i, (F) = f 1 (ry}(F)) = fH(sy1(F)) = s (F).
3. Let (U,ry,sy) and (V, 7y, sy) be bi-submersions (for F;) compatible with Fo.

(a) Obviously, the inverse (U, sy, ry) of (U, ry, sy) is compatible with Fo.

(b) Recall that the composition (W,rw,sw) of (U,ry,sy) and (V,ry,sy) is con-
structed as follows: define W = {(u,v) € U x V; sy(u) = ry(v)} and for

3To make it a set, take only bi-submersions defined on open subsets of RY for all N. Note that a
bi-submersion (U, r, s) of F; is then adapted to this atlas if and only if r i F, = s .



(u,v) € W, set sy(u,v) = sy(v) and ryy(u,v) = ry(u). As py @ (u,v) — u
and py (u,v) — v are submersions on W, and sy o py = ry o py, we find

ry (F2) = py' (g (F2) = py (sp' (F2))

]

Proposition 12. The composition of a bi-submersion of Fi compatible with Fo with a bi-
submersion of Fy is a bi-submersion of Fs.

Proof. Let (U,ry,sy) be a bi-submersion of F; compatible with F5 and (V, 7y, sy) be a bi-
submersion for Fy. As previously let W = {(u,v) € U x V; sy(u) = ry(v)} and denote
by py and py the projections on U and V. We set sy = sy o py, rw = ry o py and
@ =Syopy =Tvopv.

Since (U, ry, sy) is compatible with F» we have :
rw (F2) = a7 (Fa) = sy (F2)

In particular C2°(W; ker dryy) + C2°(Wi ker dsw) C sy (Fo).
On the other hand

CX(Wikerda) = CX(W;kerdpy) @ C(W; ker dpy)

sw(Fa) = p(C(Vikerdsy) + C2(Viker dry))

CX (Wi kerdsy) + C°(W; ker da)

= CX(W;kerdpy) + C(W;ker dpy) + C(W; ker dsw)
C(

Wi kerdry ) + C (Wi kerdsy ) + C°(W; ker dsy)
[

Remark 13. Given bi-submersions (U, ry,sy) and (U’ ry, sp;) of Fy and (V,ry,sy) and
(V' ry, sy) of Fo and morphisms f : U — U’ and g : V — V', we obtain a morphism
(u,v) = (f(u), g(v)) of bi-submersions U oV — U' o V.

4.2.2 Morphism on holonomy groupoids

Let G; be the (path) holonomy groupoids of F; ([I, Example 3.4.3 and Def. 3.5]). Let Gy be
the groupoid associated with the atlas of bi-submersions of F; compatible with F,. Let Gs

be the maximal holonomy groupoid of F; associated to the “maximal atlas” of all possible
bi-submersions ([, Ex. 3.4.1]).

Let (U,ry,sy) in U(F1), u € U and = = sy(u). Choose a bi-submersion (V,ry,sy) and
v € V representing the unit z € G(20) that is :

e v € V satisfies sy (v) = ry(v) = z and

e There is an identity bisection through v. This means that there is an open subset
W C M and a smooth map j : W — V which is a section for both s and r.
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According to proposition |12} the composition of (U, ry, sy) and (V, v, sy) is a bi-submersion
for F,. Let then U’ be the open subset s;;' (W) of U and define ¢ : U — U oV by
¥(u) = (u,j o s(u)).

According to remark the class of ¥(u) in ég only depends on the class of  in G4. Note
also, that taking a bi-submersion (V”, 7%, s.) and v € V" representing the unit r (u) € GI,
we find a bi-submersion V" o U for Gy. As the class of v (resp. v") is the identity at = (resp.
ry(u)), the classes of (v",u) € V" o U (resp. (u,v) € UoV) and (v",u,v) € V'oUoV
coincide.

Finally, for any bi-submersion V; for Fi, bi-submersion V5 for F, the class [(vq, v2)] of (v1,vs) €
VioVy is o([va])[va].

We thus constructed a “smooth” morphism of groupoids ¢ : G — @2. Smoothness means
that for every v, € Gy there is a bi-submersion U associated with G such that v; is the class
of some element in U and a smooth map v from U is a bi-submersion V' for F; such that the

diagram
1] ‘l/

Yoo A
G1——= G
commutes, where the vertical maps associate to elements of the bi-submersions their class in

the corresponding groupoids.

According to [2] and remark 3.13 of [1], the s-fibers G, and @2@ are smooth manifolds. The
restriction of ¢ defines in particular a smooth map Gm — Gag.

¥

_—

By definition of the path holonomy atlas, the corresponding groupoid (; is s-connected, since
it is generated by any small neighborhood of the identity. More precisely, and thanks to [2],
the s-fibers Gy, are connected manifolds. It follows that ¢(G1) C Ga.

It follows that if (U, ry, sy) is a bi-submersion for F; adapted to the path holonomy atlas of
Fi and (V,ry, sy) is a bi-submersion for F; adapted to the path holonomy atlas of F», then
U oV is a adapted to the path holonomy atlas of F5.

4.2.3 The morphism of foliation C*-algebras
For every bi-submersion (U, r,s) of F; (i = 1,2), we denote by Q2U the bundle over U of
half densities on the bundle ker dr & ker ds.

Let (Uy,r1,s1) be a bi-submersion for F; and (Us,rs,sy) a bi-submersion for F,. Put
(W,rw,sw) = (Ui, r1,81) o (U, 79, 82). Denote by p; : W — U; the projections. For
w = (uy,uz) € W, since ry = ry o py, and ker(dp; )., = ker(drsy),,), we find exact sequences

0 — ker(dry)y, — ker(drw )., — ker(dri),, — 0
and in the same way,
0 — ker(dsy )y, — ker(dsw ), — ker(dss)., — 0.

It follows that QY2W identifies with QY2U; @ QY2U,.

The algebra C* (M, F;) is constructed in [Il, section 4.4]. Recall that for every bi-submersion
U in the path holonomy atlas of F; we have a linear map OV : C=(U; QY?) — C*(M, F;),
and that given an atlas (U;);es of bi-submersions adapted to the path holonomy atlas, the
vector span of O : C(U;; Q2?), j € J is dense in C*(M, F;).
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Proposition 14. 1. There is a morphism ® : C*(M, Fy) — M(C*(M, F3)) characterized
by the equality ®(OV(£1))02(fy) = OY°Y2(f1 e f3) for every bi-submersion U, for

fl;

every bi-submersion Uy for Fy, every f1 € CSO(UI;Ql/QUl), f2 € CSO(UQ;QI/ng)

where f1 e fo € C°(Uy o UQ;QI/Q(UI o Uy)) is the restriction to Uy o Uy C Uy X Uy of
fl ® f2 S Ogo(Ul X UQ7 QI/QUl ® QI/QUQ).

2. The morphism ® is non degenerate.

Proof.

1. We prove that, given a (faithful) representation wy of C*(M, Fz), there is a

representation w; of C*(M, Fy) such that @, (O (f1))w:(0V2(f2)) = wa(0Y°V2(f, @

f2)).

Recall from [1, section 5] that the representation ws corresponds to a triple (u, H,m2)
where p is a measure on M which is quasi invariant by Go, H = (Hy)zen is a
measurable field of Hilbert spaces and 75 is a representation of G5 on the field (u, H).

Fix

a a bi-submersion (Uy,r,s;) for Fy. Let (Us, 1, s5) be a bi-submersion for F;,

denote by (W, rw, sw) the composition U; o Uy and let p; : W — Uj; be the projections.

Put

(a)

also ¢ = sy opp = ry 0 pa.

We show that p is quasi-invariant by the groupoid G;. Choose positive smooth sec-
tions of the bundles of 1-densities of the bundles ker ds;, ker dss, ker dry, ker drs.
Thanks to these choices we construct measures o A"™ and po A* on Uy, measures
o A and o A% on Uy and measures po A" and po A" on W. Consider also
the measure poA?. As (W, ry, sw) is a bi-submersion for F, as well as (W, q, sw),
it follows that the measures g o A and p o A? are equivalent. Using a cover
of s1(Uy) by open sets of the form r(Us), we deduce that g o A\™ and po A*! are
equivalent. This being true for every bi-submersion Uj, it follows that the measure
1 is quasi-invariant by the groupoid Gj.

We construct a representation m of the groupoid GGi. Associated with the bi-
submersions (Us, 19, s2) and (W, ry, sy ) for Fy, we have measurable families of
isomorphisms 7y, (u2) : Hsyus) — Hrg(ug) and mw (ur,u2) @ Heyuy) — Hyj(uy)-
We wish to define my, (u1) : Hg ) — Hyu) by putting (almost everywhere)
T, (1) = mw (ug, ug) o Ty, (uz) . To do so, we define the measurable section 7,
over W by setting 7y, (u,us) = mw (u1,us) o Ty, (uz) ! and show it is constant
(almost everywhere) along the fibers of p; : W — Uy. Let (U, 15, s5) be another
bi-submersion for F5. Since the identity of Uj o Uy o Uy is an isomorphism of bi-
submersions between the composions Uj o (Uy o Uy) and (Uj o Uy) o Us, it follows
that, (almost everywhere in U o U; o Us) we have

U, (u2) T 01, (U1, ) = U0l (us ur)mer, (u2)

whence
Tt (U, Uz) © T, (u2) ™ = Ty (u5) ™H 0 Tygorr, (U, ).

This shows that 7y, (u1, us) is independent on us, i.e. is constant along the fibers
of py.

The triple (i, H, 1) yields now a representation w; of C*(M, F;) on the Hilbert space
L*(M, p, H) of L? sections of the bundle H.
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Recall that the representations w; and wsy are defined on any bi-submersion (V, 7y, sy)
of F; by setting w; 0 ©F = 7} where, for f € C°(V;QY?V) and ¢ € L*(M, pu, H), we
have a formula:

i (N)E)(x) = /z(l @ p" () (f (W)} (v)(E(sv (v))) DY ()2,

Recall that:

o V' =1yl (x);
e pV is an isomorphism between QY2 ker dsy and Q% ker dry corresponding to the

choice of a Riemannian metric on M, thus (1 ® p¥ (v))(f(v)) is a 1-density on V*
and thus can be integrated;

e the isomorphism p" is used to compare Lebesgue measures on the fibers of sy and
of rV; using it we obtain the Radon Nikodym derivative DV between the measures
po ANV and po A"V which is used in this formula.

It is an easy check that, under the identification Q2(U; o Us) with QY2(Uy) @ QY2(Us),
we have p"1°Y2(uy, uy) = pY (u1) @ p¥2(uy) and also DYV (uy, ug) = DV (uy) D2 (uy).

One then checks immediately the equality 70" (f1)752(fs) = 752 (f1 ® f3).

2. Take a bi-submersion U; for F, a bi-submersion U, for Fy. Let (uq,uz) € Uy o Uy. If
the class of uy is a unit of Gy - i.e. if U; carries an identity bissection through wy, then
the classes of (up,us) and uy coincide. It follows that the bi-submersions of the form
U, o Uy form an atlas of bi-submersions equivalent to the path holonomy atlas of Fy

and therefore the span of ©°Y2(f, e f,) is dense in C*(M, F,). The result follows. [

4.3 Stability

Since for every x € M there is X € F such that X, # 0, we can find, using the construction
of section [2.1}

e a locally finite open cover (W,,)en;
e for every n € N a submanifold U,, € W, (closed in W,,) and a compact subset U, C U,;

e a vector field X, € F,
such that

o (t,u) — exp,y, (u) is a diffeomorphism f, : |=1,1[ x U, = Wp;

o |Jf(-L1[xU}) =M.

neN

It then follows from section [2.2] that we can construct a family of open sets V; satisfying the
properties explained in step [2}

The vector field X,, defines a subfoliation F,, = {fX,; f € C*(M)} of F. Of course X,
defines also an action 3, of R on M and C*(M; F,) is a quotient of C(M)xz, R (the holonomy
groupoid of (M, F,) is a quotient of M x4, R since M x5, R is an s-connected Lie groupoid
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with associated foliation F,,). Now it follows from the construction above that, if n = n(j),

the characteristic function ¢; of V; is a multiplier of C(M) xp, R and thus of C*(M;F,)

and finally, thanks to proposition , of C*(M,F). The image of g; as a left multiplier of
R

C(M) x5, R is Co(V}) (O(M) x5, R, therefore ¢;C*(M, F) = Co(V;)C*(M, F).

As C*(V;, F,) is stable and acts in a non degenerate way on ¢;C* (M, F), it follows that the
Hilbert-C*(M, F) module ¢;C*(M,F) is stable. Finally, putting ¢ = qu, we find that
qC* (M, F) is stable.

To conclude, we prove that the Hilbert-C* (M, F) module ¢C* (M, F) is full. It follows from

corollary [6] that the Hilbert-C*(M, F) module C*(M, F) is stable, i.e. that the C*-algebra
C*(M, F) is stable.

Proposition 15. Let W C M be open. Assume that W meets all the leaves of F. Then
Co(W)C*(M, F) is a full Hilbert submodule of C*(M,F).

Proof. Note that if z,y € M are in the same leaf, there is a bi-submersion (U, r,s) in the
path holonomy atlas and u € U such that r(u) = x and s(u) = y. It follows that for every
x € M, there is a bi-submersion (U, r,s) in the path holonomy atlas such that « € s(U) and
r(U) c W.

Let U = (U;, 14, 8i)icr be a family of bi-submersions defining the path holonomy atlas of
F. Forie I, put Ul = {u € U; ri(u) € W}. Define then U = (U, ;, 7, 5i) (. j)erz Where
U; = (UZ»’)_IOUJ’- = {(u,v) € U;xUj; ri(u) = r;(u) € W}, and where we put 7; ;(u, v) = s;(u),
and §; j(u,v) = s;(v).

Note that since U]’- o UW is adapted to U, it follows that U” o Uk,g is adapted to U. We deduce

that I is an atlas. It is obviously adapted to U; on the other hand, since ¢ is minimal, it is
adapted to U.

It follows that the subspaces C°(U; ;) span a dense subalgebra of C*(M,F) and therefore
{frg; feC2(U), g € C(Uj)} span a dense subalgebra of C*(M, F). As the image of

7

C(U}) is in Co(W)C* (M, F), the result follows. O

This ends the proof of theorem [2|

Remarks 16. 1. Note also that since the reduced C*-algebra of the foliation is a quotient
of the full one, it is also stable if F vanishes nowhere.

2. As C*(M,F) corresponding to the minimal (path holonomy) atlas is a sub-algebra
of the C*-algebra of any atlas in a non degenerate way, it follows that, under our
assumption that F vanishes nowhere, all these C*-algebras are stable.
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