N
N

N

HAL

open science

Stable schemes for second-moment turbulent models for
incompressible flows

Martin Ferrand, Jean-Marc Hérard, Thomas Norddine, Simon Ruget

» To cite this version:

Martin Ferrand, Jean-Marc Hérard, Thomas Norddine, Simon Ruget.
moment turbulent models for incompressible flows. Comptes Rendus. Mécanique, 2023, 351, pp.337-

353. 10.5802/crmeca.202 . hal-03776133

HAL Id: hal-03776133
https://hal.science/hal-03776133
Submitted on 7 Jul 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Stable schemes for second-


https://hal.science/hal-03776133
https://hal.archives-ouvertes.fr

Comptes Rendus
Mécanique
Draft

Stable schemes for second-moment turbulent
models for incompressible flows

Martin Ferrand® %, Jean-Marc Hérard® ?, Thomas Norddine
and Simon Ruget?

@ CEREA, EDF R&D, Ecole des Ponts, Chatou, France
b CEREA, EDF R&D, Ecole des Ponts, Chatou, France and I2M, Marseille, France
¢ CEREA, EDF R&D, Ecole des Ponts, Chatou, France

4 Ecole des Ponts, Champs-sur-Marne, France

E-mails: martin.ferrand@edf.fr (M. Ferrand), jean-marc.herard@edf.fr (J.-M. Hérard),
thomas.norddine@edf.fr (T. Norddine), ruget.simon@gmail.com (S. Ruget)

Abstract. A stable scheme is proposed in this paper in order to obtain approximate solutions of second-
moment turbulent models for incompressible flows with or without thermal transport equation. The analysis
of the convective terms, which includes the solution of the associated Riemann problem, enables to propose
a standard projection scheme, and to get rid of spurious oscillations.
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This article is a draft (not yet accepted!)

1. Introduction

Reynolds-averaged Navier-Stokes models are commonly used in the industrial and environmen-
tal applications in order to predict incompressible or compressible flows (see e.g. [1,2]) due to the
high Reynolds numbers or Grashoff numbers encountered. These equations require closure on
the Reynolds stress tensor (covariance of velocity fluctuations), but second-order closures, which
consist in solving a transport equation on this symmetric tensor, are less used. Temperature or
pollutant averaged transport equations also provide turbulent thermal/scalar fluxes to be mod-
elled. All these second-order models contain first-order non-conservative terms (see e.g. [3-6]).
When focusing on turbulent compressible flows, a stable numerical strategy has been proposed,
which is grounded on the hyperbolic structure of the full-convective system embedded in the
model (see [7-10]). More recently, this methodology has been extended to shallow-water mod-
els [6,11-13].

The main purpose of the present work consists in applying similar ideas, while considering
incompressible flow models including second-moment closures, in order to get rid of non-
physical oscillations which occur in many practical situations (see e.g. [14]).
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We first recall the set of equations and the realizability constraint on the Reynolds stress tensor,
which is mandatory to guarantee the hyperbolicity of the system. Then, we propose a basic time-
stepping and a special focus is given on the analysis of the full-convection part of the models.
Finally, the strategy is demonstrated using a Rusanov-like solver on a wall bounded flow. This
strategy is extended to anisothermal flows.

1.1. Set of equations

The governing set of equations involves mass and momentum conservations and Reynolds stress
tensor R :=u’ ® v’ transport equation:

div () =0, (la)

01+ (- V) W+ div (R) - div (2) =0, (1b)

0R+(u-V)R+R-Vu+Vu' -R+div (Gr)-® =0, (10)

with, for Newtonian fluid and incompressible flow, X := —%1 + v (Vﬁ+ Vl_lT) the mean stress

tensor per mass unit, and p denotes the mean mechanical pressure.

As a covariance matrix, the Reynolds stress tensor is symmetric positive and half-definite. This
refers to the so-called realizability constraint (see [1, 15]).

Models for Gg = u'®u'®u’ usually rely on a classical first gradient assumption Gr =
—Crv¢ (R, T) VR, where Cp, is a positive constant, v, is the turbulent viscosity, and T is the time
scale related to turbulent dissipation.

Moreover @ := u’ @ div (2') + div (') ® u’ is classically split into two parts:

®=0" (Vu, R)+®° (R, T), 2)

where the so-called rapid contribution verifies: ®" (0,R) = 0 and ®" (Vu, 0) = 0. Moreover ®” is
linear with respect to Vu (see e.g. [1] for a review of the turbulence models).
1.2. Total kinetic energy tensor

The evolution equation on R can be combined with the kinetic energy of the mean velocity field
u®u to give the total kinetic energyu®u=u®u+ R evolution :

dueu+div(usueu)-uediv () +div(Z)eu=0. 3)

Equation (3) can also be deduced directly from the mean of the instantaneous kinetic ener:
tensor, and emphasise that the so-called non-conservative production term — (R- Vu+Vul -R
acts as energy transfer between kinetic energy of the mean velocity field and turbulent kinetic
energy (note that the transfer may not be in the same direction) but is transparent with respect
to the total kinetic energy. This is analogous to what happens to compressible flows with the
non conservative term pdivu term which cancels out between internal energy and kinetic energy
balance. Therefore, the total kinetic energy tensor will be used in the following to derived jump
conditions when dealing with non regular solutions.

1.3. Realizability constraint

To examine the realizability of the Reynolds stress tensor, we use the following Lemma:
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Lemma 1. Assume that the governing equation of a symmetric second-rank tensor R € R3 x R3 is:
oR+(u-V)R+R-H+H' -R=0.

Let R be the determinant of the latter tensor R. Then the governing equation of 6 g is:
0:6p+(w-V)6p+2tr(H)6g=0.

A proof can be found in appendix 1 of [16]. H is deduced from the terms R-Vu + Vu' R, @'
and ®¢, and the boundedness of the trace of H must be examined to ensure positivity of dz. In
case of the basic Lumley model examined in section 3 where ¢¢" = 0 and for incompressible flows,
we have ¢r(H) = divu = 0 which implies that ;0 p remains strictly positive for suitable initial and
boundary conditions, thus all the eigenvalues of R remain strictly positive. This is also true for
the same model in the comrpessible framework if divu is bounded.

2. Afirst order time scheme

Starting with initial conditions (z", R") and using suitable boundary conditions, (ﬁ”“, R
arises from the following first-order time scheme:

div (@"*') =0, (4a)

—n+l  —n —n+1
u —Uu
+Vp

~div (voVu™*!) = - ((u- V) u+div (R)", (4b)
At Po

Rl’H—l _ Rn

o —div (CpveVR™) - @ (R",7) = - (@ V)R+R-Va+Va' R-0' (V&R)|".

(4c)

A Stokes-like step has been applied in the scheme (4a) and (4b) (see, among others, [17-19]).
The space discretization associated with right-hand-side of (4b), (4c) is derived from the analysis
of the evolution system (5), which involves all convective terms:

du+(u-V)u+div®R) =0, (5a)
0R+(u-V)R+R-Vu+Vu' -R-®" (Vi,R) = 0. (5b)

3. Analysis of the evolution step

In the following, we restrict to the simple Lumley’s model which does not contain so-called
rapid terms ®@" = 0. We also restrict from now on to the two-dimensional framework to ease the
presentation. We first recall that the latter system (5) is hyperbolic if the Reynolds stress tensor
is realizable (see [20]). Eq. (5) is invariant under frame rotation, so we can rewrite it in the (n, T)
reference frame (where n, T are some unit orthogonal vectors), defining x, := x-n, u, = u-n,
U; =u-T, Ry, :=n’Rn, R,; := n'Rr and R;; := TTRr. We now define the evolution step in the
n—direction, by neglecting the transverse derivatives, which yields:

OtUn+ UpOnUn+0,Rnn =0, (6a)
Oty + UpOnur +0,Ryy =0, (6b)
0tRpp+ up0pRypn+2Ryn0, Uy, =0, (6¢)
0¢tRrr + Uun0nRyr + 2Ry 0n s =0, (6d)
0¢tRnr + Uun0nRyr + RypnOnuy + RpyrO0n iy =0. (6e)

We set W:= (uy, Ur, Ryn, Rer, Ruz).
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3.1. Hyperbolicity of the evolution system

We assume from now on that initial and boundary conditions comply with the strictly realizability
constraint, which will imply that R remains strictly realizable (see [21]). As system (6) preserves
the realizability, it implies that R;,;, > 0 whatever the unit vector n is.

Proposition 2 (Hyperbolic evolution step). System (6) is hyperbolic. It admits five real eigenval-
ues which are:

M =up— V2R, A2=up—vRup, A3 =uy, %
/14=Ltn+ Rnn, /15=un+ 2er.
and the associated right eigenvectors spanR>.
We refer to [20,22] for a proof. This can be extended to the three-dimensional framework.
3.2. Wave structure
Right eigenvectors are:
T
R V2R? 2R
r= lr nT; _\/ZRnny _—n:;[r _Q ) (Sa)
Run (Run)? Rnn

2Rpr —\"
r; = (0) l) 0) === Rnn) ’ (Bb)

VRun'
r3=(0,0,01,07, (8c)
2Ry; )T
r;=[0,1,0, » VRun| 8d)
T
Ryr = V2R:, V2R,
s = lr - 2R y T 30 . (Be)
( Rnn " (Rnn)% VRnn

Fields associated with eigenvalues 1,3 4 are linearly degenerate (LD). The 1-field and 5-field
are genuinely non linear (GNL).

3.3. Riemann invariants

The Riemann invariants I ;'? associated with the i-th field (f € I i v f-r;=0) are:

R RZ 2
I}?:{un+ vV 2Rup, ﬂerr_ﬂv Ur + Ryq _} (9a)
Rnn Rnn Rnn
R
1123 =< Un, Run, ur + \/%;n; Ri:Rpp _an} (9b)

Un, Uz, Run, Rnr} (9¢)

V Rnn

Ryr R, 2
Un—V2Run, — Ry — , Ur — Ryg (9e)

R
I;lg = {un; Ryp, ur — i; Ry Rpn —Rf”} (9d)
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3.4. Shock waves

Due to non-conservative terms in eq. (6), shock relations cannot be derived in a classical way.
Following (3, 4] approximate shock relations can nevertheless be proposed. These relations are
valid in the limit of weak shocks. Assuming a linear path from left to right with respect to the
variable W = (uy, ur, Run, Rrr, Rnr), these relations write:

olup] = Uplunl + [Runl, (10a)
oluz] = Uplug] + [Rygl, (10b)
0[Rnn] = 2Rpnlttn) + Un[Rpn), (10¢)
0[Ry7] = 2Rz [Ur] + n[Ry7), (10d)
O[Rnr) = Rz [Un] + Ry [Uz] + U [Rpz), (10e)

where [x] := x, — x; denotes jump and X := @ is the arithmetic mean between left and right
states of the discontinuity travelling at speed o.

Approximate relations (10) can also be obtained from transport equations written in pseudo-
conservative variables R+ u# ® u instead of R introduced in Section 1.2, as explained in [22], page
18 and appendix 4.

3.5. An approximate solution of the one-dimensional Riemann problem

Theorem 3 (Existence and uniqueness of the approximate solution). For the approximate
shock relations (10), there exists a unique self-similar realizable solution (W(x,, t) = w(x—t”), with
W = (uy, Ur, Ryn, Rrr, Rur)) to the Riemann problem associated with system (6) supplemented with
strictly realizable initial conditions W(x,,0) = wi for x, <0 and W(xy,0) = whk forx,, >0, if and
only if the following condition holds:

ug—uﬁ<(\/2R£n+\/2R§n). (11)

As in the compressible framework [7-10], the Riemann problem structure of system (5) allows
to specify wall, symmetry and inlet/outlet boundary conditions.

Proof. The proof follows the main guidelines recalled in [23]. A detailed expression of interme-
diate states are fully given in the sequel for the anisothermal case in Section 6.

Let us consider two initial realizable states WX and WZ.

Step 0: Preliminary calculation. To connect left and right states W>" across the 15 and 5"
waves we set z ;= Rf‘” > 0. To select the physical solution for shocks (10), we use [u,] = u}, - u,ll <0

(see [22], appendixni). We can also write from Section 1.2:
—0 [U? + Rpp| + (13, +3unRnn] <0,

in shocks, and therefore, using (10), we get: (u/% + E,;) [u,] <0, and thus once more [u;] <0.
For the 1-shock connexion (z > 1):

(RL)?

r I r I 1-2z 1 r l 1-2z Rll’lT r l r )
R,,=2zR,,; u,=u,+———=\/Ry,; U;=u;+ ; Ry =zR,;; Ry =R +(z-1)—/——.

vVz+1 z+

!
&'

R
(12)
For the 5-shock connexion (0 < z< 1):

l
R

(R%)?

1
R = Rl . ro_ l+ z—1 /Rl . r_ l+ z—1 Rnr . RT. = Rl . RI _Rl +(z-1)
nn = Ztpp Up =Up nny Up = Ug =zl 7 = i T2 .

vz+1
(13)

l
Ryp
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To connect the left and right states through the 1-rarefaction wave (respectively 5-rarefaction
wave) we use the Riemann invariants (9a) (respectively (9e)) still following [23].

Step 1: Solution in terms of u, and R, variables. A glance at (9b), (9c), (9d) shows that u,
and R, are constant across the three LD waves. First we can focus only on u, and R, variables.
We denote their intermediate values by u% and Rgm, and link these to initial states W3L:

f

ul = u%, — hy(z1)\/2RE,, with z; := R—’Lm,
;" (14)
ult = U, + hs(25)\/2RR,,, with z5 := ;m,
Rnn
R
h1,5(z) are defined using egs. (9a), (9e), (12) and (13), following [23]. Note that z; z5 = gf" . We set:
W(z5) == ull —uk —\/2RR, hs(z5) —\/ 2R, 11 (21(25)) = 0. (15)

Solving eq. (15) gives z5, hence Rfm and ui The solution is unique since W is a strictly monotonic
function. Its lower and upper bounds enable to conclude that ui and R?m exist if (11) holds.
Step 2: Solution in terms of u;, R;,;, and R;; variables. For these variables, the connexion
from left to right can be done using z; and zs, and exploiting the Riemann-invariants across the
2nd 3rd and 4" LD waves. Ry, and Ry, Ryr — R2, remain constant across the 274 and 4" waves
(see (9b),(9d)), thus R is realizable. Moreover u; does not vary across the 374 wave (see (9¢)).
g

4. Numerical scheme for the evolution system

The objective of the present work is to obtain a stable numerical scheme (unlike those usually
used as presented in [14], which may use partial upwinding which respect to the material mean
velocity). Therefore we restrict the presentation to low order schemes such as Rusanov scheme.
Other approximate Godunov schemes and MUSL techniques might also be considered.

For the sake of brevity the scheme is presented in a one dimensional framework. The evolution
step (5) can be written (using the incompressibility constraint):

oW o oW
— (UnW) +CW) =0 (16)
ot 0xy, 0xy,
er_;+1 will be computed using the following Rusanov-like [24] scheme:
Ay (W W)+ AL (g;gl —9?_1)+At”./v§’ ~o, 17)
2 2

where the time step At" satisfies the CFL condition max; (I/l?Jrl I) . ﬁ—f: < %,
2 1
of cell i. The numerical flux % ;’+ , and the non-conservative contribution .AY' are:
2

Ax; denotes the size

n

gn . n W?+W;l+l i+% Wn wn h/ln _ A, I C wn
oy = Wy =~y Wi~ Wi with A7, = max max ([ (ual + € WD),
(18a)
wt  —wn
ﬂ?::C(w,'-’)(—l“z "1), (18b)

where the discrete divergence free condition on (u")?Jr , holds.
2

Unlike scheme (17) and (18), standard schemes only consider material convection upwinding

for stabilization: 1" | =[(u;)" ||
i+ i+5
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5. Wall bounded flow test case

The following test case describes a flow in the vicinity of a wall, while prescribing shear stress.
The initial states W-® and the intermediate states (I, I1, I1I, IV) arising in the 1-dimensional
Riemann problem associated with (6) are given in table 1. Computations have been performed
using code_saturne finite volume platform [25]. The CFL parameter is set to 0.5 and the meshes
contain from 250 to 32000 cells. The L1-error and the behaviour of W are shown in fig. 4, using
material-upwind scheme and scheme (17) and (18) accounting for all convective effects.

zone L 1 11 111 1V R
Un (msil) Up(=0) Un Un Un Un Up(=0)
Uy (ms™) ukb(=1) | uk ”’Lguf —Rf\f/;%?’ ”52”5 —Rzlﬂ\’/;%f’ ulf | uf=1)
Rnn(m2 3_2) Ry, (=0.5) | Ryy Ryp Run Ryupn | Run(=0.5)

(”'%_uf) VRnn + Rl%T+R£L?T (uﬁ_uf)V Run + R%T+Rl}’ff Rﬁl’ (: 05)

Ry (mz 572) szr (=0.4) Rf” T2 5L 22
B R —(R
R‘[‘[ (mz s 2) R‘%‘[ (= 03) R-%T R-%T + Rpr = Ryr)

R (RITZ_(RE.)?
RTT + nr R nr

nn nn

RR | RR(=0.4)

Table 1. Analytical solution for the tangential flow in the vicinity of a wall.

6. Extension to anisothermal flows with second-order turbulence models

System (1) is now supplemented with mean temperature 0 conservation eq. (19a), turbulent heat
fluxes 8’u’ and temperature variance governing eqs. (19b) and (19¢):

0,0+ (- V)0 +div (0'w) - div (25) =0, (19a)
owe o _ P
+ (- V)00 + 00 - Vi + R- VO + div Gy - @5 (ROW,07, T, T5) = 0, (19b)
ot o' o'w’ 0
aﬁ+(ﬁ.v)0_'2+2(W).v§+divG 2= 05, (ROW,07,7,T;) =0 (19¢)
t @ @2 ) ) yLrdg) — Y

Focus is still given on first-order gradient closure laws for G_» and G We consider the one
dimensional Riemann problem involving eq. (5) with ®" = 0, supplemented with the first-order
terms of egs. (19a) to (19¢) (thus getting rid of Gyz, Gy (I)fl 7 CI% , and 25).

Using the invariance under frame rotation, the counterpart of (6) can be derived by setting to
zero the transverse derivatives, which yields:

Oty + UpOpty+0,Ruy =0, (20a)
O¢lir + UpOplis +0nRyr =0, (20b)
0¢Ryn+ up0yRyy+2Ry,,0,uUy, =0, (20c)
0tRrr + upOn Rt + 2Ry 0nliy =0, (20d)
0¢Ryu; + Uun0nRyr + RpynOnuy + Ry 05Uy, =0, (20e)
0,10 + updn 0 + 1),0'0, Uy + Ryndnb =0, (20)
0, 1L0 + Updnul0' + uly0'0, Uy + Rpr0,0 =0, (20g)
0,07 + 1,0,0" +21/,0'0,,0 =0, (20h)

0,0 + 10,0 +0,ul,0 =0. (20i)
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We set W:= (uy, Ur, Ry, Rer, Rug, u;10’r u;@’, ﬁ, 5)

Proposition 4 (Hyperbolic evolution step). System (20) is hyperbolic. It admits nine real eigen-
values which are:

M =up— V2R, A2,3 =Uu—vVRun, A4s5,6=Un, 1)
A78=Un+ VR, Ao =ty +v2Rn.

and the associated right eigenvectors spanRS.

,,,,,

field are genuinely non linear (GNL).

We refer to [20,22] for a proof.

6.1. Wave structure

Right eigenvectors are:

- N N T
Ryr = V2R, 2 V2p0)  V2Wn0)R.  V2,0)* w0’
rl = 1! - ZRnn; T 3 _Rnr - y T 3 y T 3 )
Rnn (Rnn)? Rnn VRnn (Rnn)? (Rpn)2  Bnn
(22a)
Ru: 2u),0’
Iy = OJOJOJOJOJ_VR y T T —)» )1 (22b)
" Run VRun
T
2Rp: 5 u’,,H’
Ir3 = 0; ]-y 0; - y T R ) O) Ip— 0; 0 (22C)
VRun " VRun
r4=00,0,0,1,0,0,0,0, 07 22d)
r5=(0,0,0,0,0,0,1,0, 07 (22e)
r6=(0,0,0,0,0,0,0, 1,07 22f)
—_— T
2Ry; u,,0'
r7; = 0! 1) 0) TV R ) O) y— 07 0 (Zzg)
VR " VRun
—_— T
Ry 2ul0’
Irg = 0; 0; 0) 0) 0) R y T — ’ (22h)
" VRun' vVRun
—_— — T
R 2R? 2 2(u,6' 2(u.0)R 2(u’.6N% u.e
ro=|1, nr, /_ZRnn» \/__ng, Rnr\/_, \/_(un )’ \/_(un )5 nr’ \/_(un 3) , uy, , (22i)
Rnn (Rnn)? Rnn Rnn (Rnn)? (Run)2 Bnn
(22j)

6.2. Riemann invariants

The Riemann invariants I ;'? associated with the i-th field (fe I i v f-r;=0) are:
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—_— = —2

Rur RunRir—R? [ 2 63 ull 602Ry,—u,0 - —

I}zz{un+mr RnT! T nT) uT+RnT R ) 3 ’ u ’ i I )0+u,nQ,
n nn

nn RVl Rnn Rnn Rnn
(23a)
— = —2
133 = {u Rt + 0 R R B2, g 200 PR =m0, } (23b)
R — n» ftpn, Yt \/R_nn’ TTlnn nr’ Rnn, R » 23
458 = {un Uz, Run, Rz, 0, u’,,@’} (230)
—_— — —2
158 = {u Rt — -0 o Ry B2, g 00 "R — w6, } (23d)
R — n» tnn, Ur \/R_nn, 1tilnn nt’ \/R_nn’ Rnn 7,8
—_ —2
Rur RunRyr—R? 2 0 9" 02R,,—und - ——
Igz{un_,/ggnm ST AT Ty Ry | —, —, “n , T 9-ule
RVH’Z Rnn erﬂ RVH’Z RVH’Z erﬂ
(23e)
with
Wy3:=\/Rom (uge/ + uré) + 1,0/ ts + Rp20, (24)
Wy =~/ Rom (uge' + uTE) +1,0"Us + Ruz0, (25)
03:= GTannRTT +2(up,0") (ur0") Ry — Rnn(u;'e’)z - RTT(MZH’)Z _G_QREIT' (26)
Approximate shock relations (10) are supplemented with:
o[0] = 0] + |, 9'] (27a)
une’] = [0 + 10 ) + Ry [9 (27b)
o [u 9’] =u, [ure’] +u 9’[uT] +Rm 9] (27¢)
o [9'2] -, [9'2] 20 9] . 27d)

. . . . > 72 .
These relations can also be obtained from pseudo-conservative variables 02 =0 +0' instead of
0’2 and Qu = 0u+0'v’ instead of O'u’.

Theorem 5 (Extension of theorem 3 to anisothermal flows). Let
W= (uy, Ur, Run, Rz, Rug,s u;ﬂ’, u'T@I,e_IZ’@)’

and consider the approximate shock relations egs. (10) and (27). Assume strictly realizable initial
conditions W(x,,0) = WE for x, < 0 and W(x,,0) = wHR for x,, > 0, then there exists a unique
self-similar realizable solution: W(x,, t) = w(*2 ) to the Riemann problem associated with the
evolution step involved in eqs. (5) and (19) zfcmd only if condition (11) holds.

Proof. The proof follows the main guidelines recalled in [23] and is only partially detailed in [22].
We consider two initial realizable states WX, WE. We look for the four intermediate states labelled
I, 11,111, IV from left to right separating the 5 distinct waves.
Step 0: Prellmlnary calculation. To connect left and right states W/" across the 1% and
waves we set z := ﬁ”” > 0. To select the physical solution for shocks (10), we use [u,] = u),— u <0.
For the 1-shock connection (z>1):

Sﬂ’l

R, =zR,;

Rl
nn u2=u111+ Rilm» up = .

VT m\/RT (28)
R, =Rl +(z- 1)(R"T)

nn

Rl =zR.;

nt’
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For the 9-shock connection (0 < z < 1):

_ 1 R
Rr =le. urzul+z1 Rl ur:ul+z1 nt_.
nn nn’ n n \/m nn» T T \/m 1 ’
V Run (29)
1 52
(R,,;)

Rrrlr = 'ZR}l’lT; RTrT = R‘f’r +(z-1) ]
Rnn

To connect the left and right states through the 1-rarefaction wave (respectively 9-rarefaction
wave) we use the Riemann invariants (9a) (respectively (9e)).

Step 1: Solution in terms of u, and R, variables. A glance at (9b), (9¢), (9d) shows that u,
and R, are constant across the three LD waves, as for the isothermal case. First we can focus
only on u, and R, variables. We denote their intermediate values by 1, = ul = u!l = yIIT = IV

and R%, =Rl = RIIl = RIII = RIV and link these to initial states WAL

i

uﬁ = uﬁn —hi(z7) 2R£n, with z7 := RZ” >0,
B (30)
LL5 = u’ﬁ, + hs5(z9) ZR,R;,L, with zg := gm >0,
Rnn
R
h1,9(z) are defined using (23a), (23e), (28), (29), following [23]. Note that z; z9 = ﬁﬁ" . We set:
W (z9) == ull —uk —\/2RR, hg(z9) —\/2R5, 11 (21(29)) = 0. 31)

Solving (31) gives z9, hence Rfm and ui The solution is unique since ¥ is a strictly monotonic
function. Its lower and upper bounds enable to conclude that ui and Rgm existif (11) holds. z; and
z9 enable to compute the remaining components (u;, R;;, Rz, ul,0’, ul0’, 02, 5) of intermediate
states [ and IV. _

Step 2: Solution in terms of u;, R,;, and 5, u,,0’' variables. As u;, Ry, are invariants of 4-5-6
wave, we set uF = ul! = u!'T and R%, = RIL = RII! given by:

RY Rl
L S
Ve, R, 2
R* RIV (3 )
* nt v nt
Up = Up —
V B V B

Equation (32) is obtained from Riemann invariants I }2?‘3, I;'B.

—% =11 —III ——  ——II
And similarly for the thermal part, using I§’5’6, we defined =8 =0 and u,0' =ulf =

——II1 .
u,0" ,obtained through:

—x 1/0’* —I u’@’l
0 +—= + =

=0 ,
VB /B (33)
—
— u%@’* =1V up’
V R V B
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Step 3: Solution in terms of R;;, 0”2 and u.0' variables. Then, we deduce the remaining two
variables R;; and 6’2 for intermediate states II (resp. I11) from Riemann invariants of the 2 — 3
wave (resp. 7 — 8 wave):

I
R?ng _R::%z = (RunRer — an) )
v
Rl R = R3? = (RunRer — RS,)
o™ o\
J 0—/211_ Uy _ ﬁ— uy (34)
W, o
a2 2 v
ﬁlll_ u,6 _|gz_ u,0
w, o

—II ——III
The last component 1,60’  (resp. u,6’ ) is uniquely deduced from the conservation of Riemann
invariant ‘I’g% = ‘Pé 5 (resp. ‘P%IBI = ‘P%). O

One can note that the extension to 3-D for the isothermal case is analogous to the 2-D
anisothermal case treated in this section.

6.3. Numerical simulations

6.3.1. Near wall anisothermal Riemann problem

We present here the solution for the study of the Riemann problem associated to (20) including
passive scalar transport, with initial realizable states:

I L pl pL plL —rai rak amk al\"
W = 0,u;,R,;,,, Ri7, Rypy un0' ,u 6" ,0> .0 ,

nn’
— R ——R —R —R\T
R R pL R R
WE= " (0,uf, RE,, R, RE. un0” w07 ,07,0" )
zone L I 1I 111 v R
Up 0 0 0 0 0 0
u ML LLL u£+u$ + Rﬁr_Rgr u£+u$ + R%r_Rﬁr uR LLR
T T T 2 2VRun 2 2vRun T r
Run Run Run Run Run Run Run
T R T Rk T R VY
ut—ul)y/Rnn | R +R (ut-uf)vR,, | RS +R R R
RVLT RL RL ( T U + ZSnrtitnr T Y1 + Snrtir R R
T T . (RIZ_(RL.)? R (RINZ_(RE.)? r}z?r r;:
nr nr nr nr
Req RTT Rrr RTT + Run Rrr + Ry, RTT RTT
L L] @ 0" Ry 10 +1p0 | @0 Ran 00 +up0 | R | TR
1 7 7 6 -6) u u - u U 7 7
unel unglL unelL > nn +IIn > n > nn +II; > n unglR ul’LHIR
ule' || ulo | ulo’ ul 6’ ul 6’ ul 6’ ul6’
T T T T T T T
— — — — —IT, ——I — ——IIT, ——R — —
072 Q/ZL 6/2L 9/2L+ (unt’ );—(“/n@’ )2 6/2R+ (uyt’ ﬁ—(u;ﬁ' )2 6/2R HIZR
L1 nn
g — — g — —1 R
] 7" 7" 648" | upb” w0’ 040" | up0 -’ a° a"
2 2vRun 2 2V Run

Table 2. General solution for the tangential flow in the vicinity of a wall considering the
transport of a scalar quantity.

The numerical simulation of the current Riemann’s problem is performed using code_saturne.
The length of computational domain is L = 100m and the total time of integration is T = 20s, and
we take Ax/L=0.002, At/ T = 0.005, which satisfy the CFL condition: max (|]A;[) % < %
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The left and right state numerical values considered are: u = u® = 0.0ms™, ul = uf =
L

1.0ms™!, RL, = RR, = RL, = RR =05m2s™2, RL, = —RR = —0.1m%s2,0 =0 =1(0], 1,0’
—WR =—-0.3[0]m/s, WL = WR — 0.1{0lm/s and 67 = 7" = 0.5[012. Both left and right
states are realizable and they satisfy the condition of theorem 5 for existence and uniqueness of
the solution.

The results of the simulation where we applied the Rusanov-like scheme are presented in fig. 2.
As previously we observe the absence of oscillations due to the application of the Rusanov-like
scheme. fig. 2j shows a one-half convergence rate, as expected due to the contact discontinuities.
One can also notice that the Rusanov-like scheme does not recover the exact constant state for

Ryr, 4.0’ and 072, similarly to what one gets on pressure profiles with Rusanov scheme for Euler
equations with perfect gas equation of state. However this artefact disappears with space-time
convergence.

6.3.2. Point-source dispersion of a pollutant

We present here the steady state of a point-source dispersion of a passive pollutant in a steady
and homogeneous dynamic. The following hypotheses were made:
¢ the pollutant is introduced using a Dirac mass and continuously in time at a concentra-
tion value of 1 (computationnaly, it is introduced in a single cell),
« molecular diffusion is neglected in front of turbulent diffusion,
One can observe in fig. 3 the results obtained by applying material-upwind scheme which
present spurious spatial steady oscillations, and are suppressed by the Rusanov-like scheme.

7. Conclusion

A numerical strategy has been proposed to compute incompressible flows with second-order
moment turbulence closures, in order to remove numerical oscillations. It is based on the analysis
of the full convective part of the system. As in the compressible framework, the realizability
of the Reynolds stress tensor is mandatory to obtain the hyperbolicity of the evolution system.
The numerical convergence has been demonstrated on a verification test case using a Rusanov-
like scheme. It is also suitable for anisothermal flows or mean species transport equations with
second-moment turbulence closures.

Of course, more accurate Riemann solvers, or relaxation solvers, and second order extension
can be investigated. This methodology can be applied to projection step methods or Uzawa
algorithms.

Eventually, more complex models involving non-zero contribution ®” (Vz, R) may be consid-
ered, using the same approach (see for instance appendix 2 in [22]).
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Figure 2. Pr(ﬂe of the variables u, (a.),u; (b.), Ry, (c.), Ry (d.), Ryr (e) , 6 (£), u),0'
(g), u-0' (h.), 62 (i.) along with convergence graph (j.) obtained applying the Rusanov-like
scheme.
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(b) Rusanov-like scheme.

Figure 3. Point-source dispersion of a pollutant using a material-upwinding scheme and
the Rusanov-like scheme.
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Figure 4. Profiles of the variables u,, u;, R,,, R:;r, and R,; along with convergence
plots obtained by applying material-upwind scheme and Rusanov-like scheme (500 cells,

CFL=0.5).
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