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Abstract: Sacrificial bonds have been observed in several biological materials and structures and can
increase their toughness, i.e., their resistance to fracture. They provide a reversible mechanism for
dissipating mechanical energy before the possible system rupture. From a structural point of view,
sacrificial bonds consist of short polymer chains that short-circuit parts of a main macromolecular
chain (generating hidden lengths) and absorb energy by breaking them instead of the main chain.
The toughness increase due to the presence of sacrificial bonds is typically named extra-toughness.
Here, we developed a statistical mechanics and thermodynamics-based theory able to estimate the
force–extension relation for chains with sacrificial bonds and to calculate the corresponding extra-
toughness. The model is useful to better understand the sacrificial bond effects in biomaterials but
also to apply the biomimetic paradigm and foster the development of high-performance artificial
polymeric materials.

Keywords: sacrificial bonds; statistical mechanics; force–extension relation; spin variables

1. Introduction

Several materials and structures of biological origin have much higher toughness
than most artificial materials. The explanation for this exceptional property lies in a
particular microstructure observed at the molecular level and recently probed by means of
force spectroscopy techniques. Many studies have indeed revealed that the toughening
mechanism is based on sacrificial bonds and hidden lengths [1–3]. Sacrificial bonds are
defined as polymer chains designed to break when the system is subjected to mechanical
action before the main macromolecular chain [4,5]. In this sense, they protect the main
system from breakdown by sacrificing themselves in its place. Considering the main chain,
sacrificial bonds are rather short chains that short-circuit much longer sections of the main
chain and, therefore, generate the so-called hidden lengths in the system (see Figure 1).
These sacrificial bonds are typically weaker from the mechanical point of view with respect
to the covalent bonds of the main macromolecule. So, when the force is applied to the
system, it can break by adsorbing a large amount of energy and releasing the hidden
lengths. Then, when the force is removed, they are typically self-repaired because of the
reversibility of the process. The characteristic force–extension relation of a chain with
sacrificial bonds is characterized by a series of peak forces (corresponding to the breaking
of a sacrificial bond), which is named the sawtooth pattern [6,7].

Concerning biological materials, a complex microstructure (including calcium-mediated
sacrificial bonds) has been observed in the organic matrix of bones [8,9]. Scientists proved
that the time necessary for these sacrificial bonds to reconstitute after the stress-removing
corresponds to the time necessary to recover the original bone toughness, as measured
by atomic force microscope indentation testing [10]. Moreover, it has been observed that
the recluse spider (Loxosceles genus) spins its silk ribbons into sacrificial micro-loops,
which are very efficient to improve the toughness [11]. Interestingly, sacrificial bonds
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provide the strong adhesive properties of gastroliths (or stomach stones) as well [12]. Other
hierarchical microstructural strategies can be observed in different natural materials, such
as nacre shells, muscle sarcomeres, and collagen fibrils, which are remarkable examples of
high-performance systems [13–15].
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Figure 1. Simplified sketch of a polymer chain or macromolecule with sacrificial bonds. The main
chain is composed of N. elements with the equilibrium length ` and elastic constant k. Each sacrificial
bond is composed of nj elements with equilibrium length d � ` and elastic constant h, and is
characterized by fracture energy Ej (where j = 1, ..., s, with s being the number of sacrificial bonds).
The chain is studied within the Gibbs ensemble (with an applied force) and within the Helmholtz
ensemble (with prescribed extension). The main chain elements short-circuited by the sacrificial
bonds correspond to the hidden lengths of the system.

The study of the properties of systems with toughening sacrificial bonds is not only
important for the deep understanding of the biological structures but also for developing
bio-inspired artificial polymeric materials with exceptional mechanical properties [1,16].
Indeed, mimicking the biological structures by following the biomimetic approach is
one of the main avenues for developing new high-performance synthetic polymeric
materials based on hierarchical structures and various types of organic and inorganic
molecules [17–21]. For example, sacrificial metal–ligand bonds can be added into elas-
tomers [22], elastomer/graphene composites [23], glycogen-based hydrogels [24], or a
composite double network ionic hydrogel (CDN-gel) [25]. Moreover, bioinspired tunable
sacrificial bonds are successfully introduced into the tetra-poly(ethylene glycol) (PEG)-
based polyurethane (PU) (TP) hydrogel network [26]. It has been proven that an acrylate
polymer, typically showing a brittle solid state fracture, can become defect-tolerant by
adding energy dissipating supramolecular interactions [27]. Moreover, artificial muscles
have been developed through sacrificial coordination networks [28]. To toughen the epoxy
resin, a renewable system of sacrificial bonds has been prepared with a modified tung
oil [29]. These are just some examples, and many others can be found in the literature. The
beneficial effects of sacrificial bonds in several materials have been observed by means
of chemiluminescent cross-linking molecules, which emit light when they break. They
have been used to directly follow (in real-time) the propagation of a crack in a given
structure [30,31].
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Although some mathematical models and numerical analyses on systems having sac-
rificial bonds can be found in the literature [3–7,17], a complete theory based on statistical
mechanics and thermodynamics has not been formulated for the moment. The purpose
of this paper is to fill this gap by proposing a theory based on equilibrium statistical me-
chanics and on the so-called spin variables method. The need to use statistical mechanics
and thermodynamics to approach this problem comes from the fact that, given the size
and energies involved, thermal fluctuations are crucial in determining the behavior of the
system. In other words, entropic forces are of the same order of magnitude as enthalpic
forces and cannot be neglected. The theoretical modeling of the thermomechanical response
of macromolecules (polymers, proteins, nucleic acids, and so on) [32–34] has been strongly
stimulated by the advent of force spectroscopy methods (AFM, optical tweezers, magnetic
tweezers, MEMS, and NEMS) which offer the possibility of directly probing the force–
extension response of single chains [35–39]. Classical theories include the freely-jointed
chain (FJC) model [40–42] (describing, e.g., single-stranded DNA and RNA) or the worm-
like chain (WLC) model [43–46] (well representing the double-stranded DNA behavior).
Further, these models have been generalized in order to take into account the conforma-
tional transitions in proteins and other two-state (or multi-state) macromolecules [47–55].
Indeed, many chains of biological origin are composed of domains that exhibit the possible
switching between two or more states or conformations, depending on the mechanical
action applied and on the system temperature [56–58]. Moreover, it is interesting to note
that other artificial mechanical systems show similar transitions, induced by a multi-basin
energy landscape [59–62]. A particularly efficient method to model the force–extension
relation of two-state systems is the so-called spin variables approach. In order to distin-
guish the two states of a chain domain (typically named folded and unfolded) a discrete
variable—assuming only two values—is introduced (it behaves as a bit or a spin). Then,
the statistical mechanics of the system is developed by considering the classical continu-
ous variables (position of domains) and the additional spin variables (state of domains),
allowing for the calculation of the pertinent partition functions and the elaboration of the
macroscopic thermodynamics. This approach was first introduced to model the behaviors
of muscle fibers [63,64], and is still used to study the muscle system [65–67]. Today, it has
been generalized to study different biophysical phenomena, including macromolecular
elasticity [68–75] and adhesion mechanisms [76,77].

In this work, the spin variables are used to distinguish the intact state and the bro-
ken state of the sacrificial bonds included in the system. The chain is represented by a
generalization of the classical freely-jointed chain (FJC), with an additional distribution of
sacrificial bonds. This approach is able to automatically show the transitions between the
states as functions of the applied load and thermal conditions. Interestingly, this method
allowed us to investigate the force–extension relation in both the Helmholtz ensemble
(with the prescribed extension of the main chain) and the Gibbs ensemble (with an applied
force to the main chain), see Figure 1 [68]. The partition functions for both cases can be
calculated in closed form and the corresponding thermodynamics (macroscopic behavior)
can be directly investigated. In particular, the multi-plateau behavior of the force–extension
response was obtained for the Gibbs ensemble and the sawtooth pattern with peaks of force
was observed for the Helmholtz ensemble. As expected, the two statistical ensembles show
different force–extension responses for a finite number N of elements of the chain [68]. We
studied these curves for an arbitrary number of sacrificial bonds within the main chain and
for an arbitrary distribution of sacrificial bond lengths and fracture energies. Indeed, each
sacrificial bond is characterized by its length and fracture energy, representing the amount
of energy necessary to break the bond itself. The knowledge of the force–extension curve is
important to evaluate the extra-toughness, defined as the increase in the area under the
curve by moving from the case without sacrificial bonds to the case with sacrificial bonds
(see Figure 2).
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Figure 2. Sacrificial bonds increase the toughness of a material. The extra-energy (or extra-toughness)
adsorbed and dissipated through the sacrificial molecules (shaded area in the curve) is a measure
of the increase in toughness of the material. Moreover, the initial slope of the pulling curve can be
modified by the sacrificial bonds (dash–dotted line with the sacrificial bonds and dotted line without
the sacrificial bonds). We can also see the sawtooth pattern of the force–extension response. Reprinted
with permission from Reference [3]. Copyright 2006 Elsevier.

It basically represents the energy that the system is able to absorb and dissipate
without breaking the main structure of the chain. Therefore, this parameter measures
the enhancement in the resistance to the fracture. Interestingly, the model can be used to
optimize the chain microstructure in order to have the maximal or the desired toughness.
Eventually, it can be used to investigate the sacrificial bond features in biomaterials and to
analyze and synthesize new artificial polymeric materials.

2. Force–Extension Response of a Chain with Sacrificial Bonds

In order to have a complete description of the sacrificial bond mechanics and ther-
modynamics, we will develop an analytic formalism for both the Gibbs ensemble (with
applied force) and the Helmholtz ensemble (with prescribed extension), as discussed in
the Introduction [68]. The system under consideration is a chain composed of N identical
elements or segments described by the so-called extensible freely-jointed chain (FJC) in-
teraction scheme. These elements, in the simple chain without sacrificial bonds, will be
described by the elastic stiffness k and the equilibrium length ` (see Figure 1). The chain
is supposed to fluctuate in the three-dimensional space and is placed in a thermal bath at
temperature T. Of course, several chains of biological origin exhibit a given persistence
length, which could be taken into account only through the worm-like chain (WLC) model.
However, we neglect here this issue in order to simplify the analysis and better focus on
the sacrificial bond features.

We will now introduce the structure and geometry of the sacrificial bonds. Let s be the
number of sacrificial bonds considered within this system. Each sacrificial bond connects
two points of the original chain that include nj elements, with j = 1, ..., s. Moreover, each
sacrificial bond is composed of nj elastic segments with a defined stiffness h and a defined
equilibrium length d � ` (see Figure 1). This means that the part of the original chain
(nj elements characterized by k and `) short-circuited by a sacrificial bond (nj elements
characterized by h and d) practically does not participate in the elasticity of the whole
chain. The sequence of numbers nj, with j = 1, ..., s, represents the size of the bonds,
which can be heterogeneous in the most general case. Only when nj = n for all j = 1, ..., s
the system of sacrificial bonds is homogeneous. We consider the simplifying assumption
that sacrificial bonds are never overlapping; that is, they never cross. This means that we
must assume that ∑s

j=1 nj < N. A chain without sacrificial bonds shows an equilibrium
contour length equal to N`. However, a chain with all sacrificial bonds intact shows an
equilibrium contour length equal to (N − ∑s

j=1 nj)`+ ∑s
j=1 njd. The difference between

these two quantities, equal to ∑s
j=1 nj(`− d) is called the hidden length since it is a length
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that cannot be measured when all sacrificial bonds are intact, i.e., at the beginning of any
traction experiment (see Figure 1). Moreover, it is necessary to define a sequence Ej, with
j = 1, ..., s, representing the rupture or breaking energies of the sacrificial bonds. It means
that the value Ej represents the energy necessary to break the j-th sacrificial bond. It is
important to underline that the system is able to adsorb the energy ∑s

j=1 Ej before the
breaking of the main chain. In this sense, sacrificial bonds act as mechanical fuses. During
the traction of the chain, one or more of the sacrificial bonds may break; therefore, it is
necessary to distinguish the broken bonds from the intact ones. Let yj be a sequence of
binary or spin variables defined, such that yj = 0 when the j-th bond is broken and yj = 1
when it is intact. We discuss below the separate analysis of the Gibbs and the Helmholtz
boundary conditions.

2.1. Isotensional Gibbs Condition

We start by writing the total potential energy of the system under the Gibbs condition.
Let Kb be Boltzmann’s constant, T the temperature of the system, and~ri, i = 0, ..., N the
sequence of positions delimiting the elements of the chain. We consider that the first
element of the chain is tethered at the origin of the reference frame; thus, we assume
~r0 = 0. In addition, let ~f be the force applied on the last element of the chain. Under these
assumptions, it is possible to write the total energy of the system as

E({~ri}, {yi}) =

N−∑s
j=1 njyj

∑
i=1

1
2

k(‖~ri −~ri−1‖ − `)2

+
N

∑
i=N+1−∑s

j=1 njyj

1
2

h(‖~ri −~ri−1‖ − d)2

+
s

∑
j=1

Ej(1− yj)− ~f ·~rN . (1)

Here, depending on the values of the spin variables yi ∈ {0, 1}, we can take into ac-
count all the possible configurations of the chain, represented by all combinations of broken
or intact sacrificial bonds. We did not consider the kinetic energy entering the Hamiltonian
of the system since it merely produces a non- influential multiplicative constant in the
partition function. Indeed, due to the use of orthogonal coordinates, the kinetic energy
depends only on the linear momentum variables and the potential energy only on the
geometrical variables. Therefore, the two contributions are fully uncoupled and the integral
over the momentum variables simply generates a multiplicative constant. Moreover, it
is important to point out that in Equation (1) we considered all sacrificial bonds at the
end of the chain but this does not affect the generality (since in the considered extensible
freely-jointed chain model the order of the elements does not affect the overall elastic and
thermodynamic responses) [69]. This is because there are no interactions between the
adjacent elements in the chain.

The expression for the total energy of the system allows us to introduce the partition
function for the Gibbs ensemble of the statistical mechanics [32,41]

ZG(~f ) = ∑
~y∈{0,1}s

∫
R3N

e−
E({~ri},{yi})

KbT d~r1...d~rN , (2)

where ~y = (y1, ..., ys) is the vector of the spin variables. The integral can be elaborated by
means of the change of variables ~ξ1 =~r1 −~r0, ~ξ2 =~r2 −~r1,..., ~ξN =~rN −~rN−1, leading to
∑N

k=1
~ξk =~rN −~r0 and d~r1...d~rN = d~ξ1...d~ξN . By fixing~r0 at the origin of axes, we obtain

ZG(~f ) = ∑
~y∈{0,1}s

∫
R3N

e−
E({~ξi},{yi})

KbT d~ξ1...d~ξN , (3)
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where

E
({

~ξi

}
, {yi}

)
=

N−∑s
j=1 njyj

∑
i=1

1
2

k
(
‖~ξi‖ − `

)2

+
N

∑
i=N+1−∑s

j=1 njyj

1
2

h
(
‖~ξi‖ − d

)2

+
s

∑
j=1

Ej(1− yj)− ~f ·
N

∑
i=1

~ξi. (4)

This expression can be rewritten as follows, in order to simplify the following calculations

E
({

~ξi

}
, {yi}

)
=

s

∑
j=1

Ej(1− yj)

+

N−∑s
j=1 njyj

∑
i=1

(
1
2

k
(
‖~ξi‖ − `

)2
− ~f ·~ξi

)

+
N

∑
i=N+1−∑s

j=1 njyj

(
1
2

h
(
‖~ξi‖ − d

)2
− ~f ·~ξi

)
. (5)

Then, it is possible to substitute Equation (5) into Equation (3) to obtain the expression

ZG(~f ) = ∑
~y∈{0,1}s

e−∑s
i=1

Ei
KbT (1−yi)

× [F (k, l)]N−∑s
j=1 njyj [F (h, d)]∑

s
j=1 njyj , (6)

where we introduce the function F (x, y), defined below

F (x, y) =
∫
R3

e−
x

2KbT (‖~ξ‖−y)+~f ·~ξ d~ξ. (7)

To evaluate this integral, we assume (without limiting the generality) that the force is
aligned to the third axis of the reference frame, ~f = (0, 0, f ). Indeed, the chain behavior is
isotropic in the three-dimensional space. In addition, we change the variables according
to ~ξ = (ξ cos ϕ sin ϑ, ξ sin ϕ sin ϑ, ξ cos ϑ). Since d~ξ = ξ2 sin ϑdξdϕdϑ, ‖~ξ‖ = ξ and ~f · ~ξ =
f ξ cos ϑ, we obtain the following simpler form for the function F (x, y)

F (x, y) = 4π
∫ ∞

0
e
− x

2kbT (ξ−y)2 sinh
(

f ξ
kbT

)
f ξ

kbT

ξ2dξ. (8)

From now on, we assume that the elastic constants k and h are large enough to justify
the use of the freely-jointed chain scheme (without extensibility). To this aim, we can use

the Dirac delta function property
√

α
π e−α(x−x0)

2 →
α→∞

δ(x− x0), eventually yielding

F (x, y) = 2(2πKbT)
3
2

y
f
√

x
sinh

f y
KbT

. (9)

To lighten the expression of the Gibbs partition function, we introduce the follow-
ing notations

A( f ) =
l

f
√

k
sinh

f `
KbT

, (10)
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B( f ) =
d

f
√

h
sinh

f d
KbT

, (11)

Cj = e−
Ej

KbT , (12)

and we obtain

ZG( f ) = AN ∑
~y∈{0,1}s

(
s

∏
i=1

C
1−yj
j

)
A−∑s

j=1 njyj B∑s
j=1 njyj (13)

=

(
s

∏
i=1

Cj

)
AN ∑

~y∈{0,1}s

(
s

∏
i=1

C
−yj
j

)(
B
A

)∑s
j=1 njyj

. (14)

Please note that, in the definitions of A( f ) and B( f ), we left out the multiplicative

constant 2(2πKbT)
3
2 , which is irrelevant in the subsequent calculations. To conclude, it is

necessary to note that, for each binary parameter yi, there are two possible values yi = 0 or
yi = 1. Therefore, we obtain the final result in the form

ZG( f ) =

(
s

∏
i=1

Cj

)
AN

s

∏
j=1

(
1 + C−1

j

(
B
A

)nj
)

. (15)

This is the main achievement concerning the behavior of the ideal chain with sacrificial
bonds under the isotensional Gibbs condition.

In order to study the Helmholtz ensemble, we have to further develop the second
product in Equation (15). Let φi be a sequence of real numbers; we attempt to calculate the
following product

P =
s

∏
i=1

(1 + φi). (16)

By developing the expression, we directly have

P = 1 + ∑
j

φj + ∑
i 6=j

φiφj + ... +
s

∏
i=1

φi, (17)

where the sum contains 2s terms. To simplify this expression, it is possible to use the bits
of a number t between 0 and 2s − 1, written in base 2. If~t = (t1, ..., ts) is the vector of the
binary representation of the number t, then we can write

s

∏
i=1

(1 + φi) =
2s−1

∑
t=0

(
s

∏
j=1

φ
tj
j

)
. (18)

A trivial generalization of this result follows

s

∏
i=1

(a + φib) =
2s−1

∑
t=0

(
s

∏
j=1

φ
tj
j

)
as−∑s

i=1 ti b∑s
i=1 ti . (19)

The application of this approach to Equation (15) immediately leads to

ZG( f ) =
2s−1

∑
t=0

(
s

∏
i=1

C1−ti
i

)
A( f )N−~n·~tB( f )~n·~t, (20)
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where ~n = (n1, ..., ns) is the vector of the sacrificial bond lengths. The force–extension
response for the chain with sacrificial bonds within the Gibbs ensemble can be found
through the standard relation [32,41]

〈r〉 = kBT
∂ log ZG( f )

∂ f
, (21)

which will be used in the following developments to discuss the behavior of the system
with an applied force. In this case, the average value of the extension is written as a function
of the deterministic applied force.

2.2. Isometric Helmholtz Condition

The Helmholtz ensemble is characterized by the prescribed extension r of the chain,
which assumes a deterministic character. Consequently, we will determine the average
value 〈 f 〉 of the force, which is a random variable subjected to statistical fluctuations. We
determine the Helmholtz partition function on the base of the previously evaluated Gibbs
partition function. Indeed, it is possible to write the relationship [32,41]

ZH(r) =
∫ +∞

−∞
ZG(iη)

η

r
sin
(

ηr
KbT

)
dη, (22)

where ZG(iη) represents the analytic continuation of ZG( f ) over the imaginary axis. Please
note that the Fourier or Laplace relation between ZH and ZG is always true whereas the
Legendre transform between the Helmholtz and Gibbs free energies is correct only when
N → ∞ (thermodynamic limit) [32,41]. By substituting the Gibbs partition function in
Equation (22), we obtain

ZH(r) =
2s−1

∑
t=0

(
s

∏
i=1

C1−ti
i

) ∫ +∞

−∞
A(iη)N−~n·~tB(iη)~n·~t sin

(
ηr

KbT

)
η

r
dη

=
2s−1

∑
t=0

(
`√
k

)N−~n·~t( d√
h

)~n·~t( s

∏
i=1

C1−ti
i

)
1
r

×
∫ +∞

−∞
sinN−~t·~n

(
η`

KbT

)
sin~t·~n

(
ηd

KbT

)
sin
(

ηr
KbT

)
1

ηN−1 dη. (23)

The function to integrate in Equation (23) is regular on the real axis and analytical on a
strip |= η| < M of the complex plane, for an arbitrary M ∈ <. Then, instead of integrating
on the whole real axis, we can use the path Γ shown in Figure 3. With the change of variable
y = η`/(KbT), we then have

ZH(r) = −i
(

`

KbT

)N−2 2s−1

∑
t=0

(
`√
k

)N−~n·~t( d√
h

)~n·~t( s

∏
i=1

C1−ti
i

)

× 1
r

∫
Γ

sinN−~t·~n (y) sin~t·~n
(

d
`

y
)

ei r
` y 1

yN−1 dη. (24)

"

=η

<ηΓ

0

Figure 3. Definition of the contour Γ on the complex plane.
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By developing the powers of trigonometric functions in the previous expression by
means of the expansion [68,70,74]

sinm y =
1

(2i)m eimy
m

∑
t=0

(
m
t

)
(−1)te−2ity, (25)

and by using the integral [68,70,74]

∫
Γ

eiay

ym dy =

{
0 if a > 0
−2πim am−1

(m−1)! if a ≤ 0
, (26)

after straightforward calculations, we obtain the final result

ZH(r) = c
2s−1

∑
t=0

(
`√
k

)N−~n·~t( d√
h

)~n·~t( s

∏
i=1

C1−ti
i

)
1
r

×
N−~n·~t
∑
p=0

~n·~t
∑
q=0

(
N −~n ·~t

p

)(
~n ·~t

q

)
(−1)p+q

×
(

N −~n ·~t− 2p +
d
`
~n ·~t− 2qd

`
+

r
`

)N−2

×1
(
−N +~n ·~t + 2p− d

`
~n ·~t + 2qd

`
− r

`

)
, (27)

where c = π
2(N−2)!

(
l

2KbT

)N−2
is an irrelevant multiplicative constant and the Heaviside

step function 1(x) is defined as 1(x) = 1 if x ≥ 0, and 1(x) = 0 if x < 0. This is the final
result describing the thermoelasticity of the ideal chain with sacrificial bonds under the
isometric Helmholtz condition.

The knowledge of the partition function allows us to obtain the force–extension
response within the Helmholtz ensemble through the expression [32,41]

〈 f 〉 = −kBT
∂ log ZH(r)

∂r
, (28)

which will be used to discuss the behavior of the system with the prescribed extension. In
particular, it will be adopted to show the characteristic sawtooth pattern and to evaluate
the extra-toughness.

An interesting point concerning the thermomechanics of polymeric chains is the
equivalence of the ensembles in the thermodynamic limit (i.e., for N → ∞) [41,78–81].
Two conjugated ensembles (for instance, the Gibbs and Helmholtz ones) are said to be
equivalent when the macroscopic behavior described by the force–extension relation is the
same for N → ∞. In general, it is difficult to prove for a given system if two statistical
ensembles are equivalent. Although there are some particular rules, there are no general
criteria or theorems for determining whether a system satisfies such an equivalence [80].
Several examples of non-equivalence are well-known in the literature [82–87]. However,
in our system, which is a generalization of the extensible freely-jointed chain [69], it is
not difficult to prove that the equivalence of the ensembles in the thermodynamic limit
is verified.

3. Results and Discussion

Here, we present some examples of applications of previous results in order to better
understand the role of the different parameters of the system on the mechanical perfor-
mances (particularly on the extra-toughness). The force–extension curves were obtained by the
implementation of Equations (15) and (21) for the Gibbs ensemble and of Equations (27) and (28)
for the Helmholtz ensemble. While the partition functions have been implemented in closed
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form, the derivatives to obtain the averaged macroscopic quantities have been calculated
numerically. It is important to observe that if we plot the force–extension curves in terms
of the adimensional force f `/(KbT) and adimensional extension r/(N`), then the curve
only depends on the adimensional parameters d/`, h/k, nj and Ej/(KbT), ∀j = 1, ..., s. We
should also note that in all of the following plots we have written the quantities f `/(KbT)
and r/(N`) on the two axes. However, this is not very accurate in that we should have
written f `/(KbT) and 〈r〉/(N`) for the Gibbs ensemble and 〈 f 〉`/(KbT) and r/(N`) for
the Helmholtz ensemble. The choice comes only from the fact that we superimposed the
two curves in the same graph. We leave correct interpretation of the axes to the reader.

To begin, in Figure 4, we show the mechanical response of a chain with only one
sacrificial bond (left panel) and with s = 5 sacrificial bonds (right panel) under both
Gibbs (blue curves) and Helmholtz (red curves) conditions. In addition, the green curves
correspond to the case of a chain without sacrificial bonds. The sacrificial bonds are homo-
geneous, i.e., with the same length and fracture energy. On the left panel, we observe that
the rupture of the sacrificial bond corresponds to a force plateau in the Gibbs ensemble,
representing the releasing of the hidden length. In the same panel, we also note that
the Helmholtz response is described by a peak of force in the same region of the Gibbs
plateau. The same behavior can be observed on the right panel where we see one plateau
for the Gibbs response and five force peaks for the Helmholtz response. It means that in
the Gibbs case the ruptures are synchronized when the force reaches a given threshold
value. In contrast, in the Helmholtz case, breaks occur sequentially as the chain exten-
sion progresses continuously. The synchronized versus sequential transitions are well
known in the protein folding/unfolding process [68]. The value of the plateau force in the
Gibbs ensemble turns out to be temperature independent, as already observed in other
investigations [68,69,72–75]. This result can be simply explained in the framework of the
Bell relation f = E/∆r, discovered in the context of cell adhesion [88,89], where ∆r is the
hidden length in our system. This plateau force can be explained as follows. We consider
two potential energies U1(r) = 1

2 k(r − nd)2 − f r and U2(r) = E + 1
2 k(r − n`)2 − f r, cor-

responding to the intact and broken states of one sacrificial bond under force f , when
h/k = 1. In both cases, the equilibrium lengths are defined by ∂U1/∂r = 0 and ∂U2/∂r = 0,
and we obtain r1 = nd + f /k and r2 = n`+ f /k. Finally, the broken configuration is more
favorable than the intact one when U2(r2) < U1(r1), which corresponds to f > f ∗ = E/∆x,
with ∆x = n(`− d) being the hidden length of the bond. This force plateau value can be
written in an adimensional form as f ∗`/(KbT) = 1

n
E

KbT
1

1−d/` , perfectly corresponding with
the values in Figure 4. The previous argument can be easily generalized also for the case
with k 6= h, but let us skip this detail for the sake of brevity. We see that the introduction
of the sacrificial bonds increases the toughness of the system. This improvement can be
measured quantitatively by means of the following definition of the extra-toughness

E =
1

NKbT

∫ +∞

0
[ fs(r)− f0(r)]dr, (29)

where fs(r) is the force–extension curve with s sacrificial bonds and f0(r) is the same curve
without sacrificial bonds. For the Gibbs case, it corresponds to the area between the blue
and green curves, divided by KbT. Similarly, for the Helmholtz case, it corresponds to the
area between the red and green curves, divided by KbT. The integral always converges
since fs(r) ∼ f0(r) for r → ∞ (when all sacrificial bonds are broken). In the following, we
will evaluate this quantity for the Helmholtz condition, which is the most widely used in
this type of analysis (the integral will be performed numerically).
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Figure 4. Force–extension response of a chain with only one sacrificial bond (left panel) and with
s = 5 sacrificial bonds (right panel) under both Gibbs (blue curves) and Helmholtz (red curves)
conditions. We also added the response of the same system without sacrificial bonds in order
to compare the different behaviors (green curves). The plots are represented with adimensional
quantities. We adopted the parameters N = 50, h/k = 1, d/` = 1/10, n = 5 and E/(KbT) = 75 for
all sacrificial bonds.

In Figure 5, we show two examples of force–extension curves with two kinds of dis-
tribution of heterogeneous sacrificial bonds. On the left panel, we have a heterogeneous
distribution of lengths but a homogeneous distribution of fracture energies (nk = k∀k
and Ek/(KbT) = 75∀k). Conversely, on the right panel, we have a homogeneous distri-
bution of lengths but a heterogeneous distribution of fracture energies (nk = 5∀k and
Ek/(KbT) = 35k∀k). We note that in this case with heterogeneous distributions of sacrificial
bonds, we have in the Gibbs response a multi-plateau pattern where each plateau corre-
sponds to the threshold force for breaking a given sacrificial bond. Indeed, we could repeat
the previous argument in order to obtain the expression f ∗k `/(KbT) = 1

nk

Ek
KbT

1
1−d/` , giving

the adimensional form of the threshold force for a given sacrificial bond, with length nk
and fracture energy Ek. It is possible to verify that this simple result perfectly corresponds
with the plateau values in Figure 5. It can be seen from these examples that the sawtooth
curve of the response in the Helmholtz case is strongly dependent on the distribution of
sacrificial bonds. Before analyzing how extra-toughness varies as different parameters
change, let us look at a few more examples.
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Figure 5. Force–extension response of two chains with s = 5 and different heterogeneous distri-
butions of sacrificial bonds under both Gibbs (blue curves) and Helmholtz (red curves) conditions.
We also added the response of the same system without sacrificial bonds in order to compare the
different behaviors (green curves). On the left panel, we assumed nk = k∀k and Ek/(KbT) = 75∀k,
while on the right panel we adopted nk = 5∀k and Ek/(KbT) = 35k∀k. The plots are represented
with adimensional quantities. The other parameters are given by N = 50, h/k = 1, and d/` = 1/10.
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Since the adimensional threshold forces are given by f ∗k `/(KbT) = 1
nk

Ek
KbT

1
1−d/` , it is

possible to have a heterogeneous distribution of sacrificial bonds (but with a homogeneous
distribution of threshold forces). It is sufficient to set all fractions Ek

nk
to the same value.

Two examples following this criterion can be found in Figure 6. On the left panel, we
considered a chain with s = 3 and we assumed nk = 3 + k∀k and Ek/(KbT) = 35nk∀k,
while on the right panel, we analyzed a chain with s = 4 and we adopted nk = 3 + k∀k
and Ek/(KbT) = 30nk∀k. We clearly observe that in these two cases the Gibbs response is
described by a single plateau that corresponds to the synchronized breaking of all sacrificial
bonds. In fact, the threshold-breaking strength is the same for all sacrificial bonds. We
move then from the multi-plateau case to the single plateau case. However, the Helmholtz
ensemble is more complicated since, in addition to the s main force peaks, we note the
emergence of some smaller force peaks. The origin of such minor peaks can be explained
as follows. If we look at the curves in Figure 5 and imagine deforming them in order to
bring all the Gibbs plateaus to the same level, we see that in the Helmholtz curves we have
to make a folding that generates exactly the minor peaks observable in Figure 6. From the
physical point of view, it means that there is an interaction between the rupture process of
the different sacrificial bonds. This fact is consistent with the general principle that in the
Helmholtz ensemble the chain segments are not independent because the constraint on the
total extension creates an implicit interaction between them (the distance between the ends
is fixed) [68]. In contrast, in the Gibbs ensemble, they are always independent because the
application of force does not create constraints between the chain segments [68]. From the
point of view of statistical mechanics, this fact is evident from the structure of the partition
function: in the Gibbs ensemble, it is given by the product of the partial functions of the
segments, see Equation (15), while this simple form cannot be identified for the Helmholtz
ensemble, see Equation (27).
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Figure 6. Force–extension response of two chains with s = 3 (left panel) and s = 4 (right panel)
and different heterogeneous distributions of sacrificial bonds under both Gibbs (blue curves) and
Helmholtz (red curves) conditions. We also added the response of the same system without sacrificial
bonds in order to compare the different behaviors (green curves). On the left panel, we assumed
nk = 3 + k∀k and Ek/(KbT) = 35nk∀k, while on the right panel, we adopted nk = 3 + k∀k and
Ek/(KbT) = 30nk∀k. The plots are represented with adimensional quantities. The other parameters
are given by N = 50, h/k = 1, and d/` = 1/10.

We now begin to analyze the behavior of extra-toughness as the system parameters
change. We start with the simple case in which there is only one sacrificial bond with a
variable braking energy. The results can be found in Figure 7. On the left panel, one can find
the different force–extension curves with an increasing rupture energy E, while in the right
panel, we plot the extra-toughness E defined in Equation (29) versus Ek/(KbT). Of course,
we observe an increasing extra-toughness with increasing braking energy. Nevertheless, it
is interesting to note that there is a threshold value of energy below which extra-toughness
is zero, and beyond this value, the behavior is perfectly linear.
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Figure 7. Helmholtz force–extension response (left panel, red curves) and extra-toughness (right
panel, black curve) for a chain with s = 1 and n = 5 and an increasing value of the rupture
energy E. We also added the response of the same system without sacrificial bonds in order
to compare the different behaviors (green curve). On the left panel, we assumed E/(KbT) =

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, while on the right panel, we varied Ek/(KbT) continuously be-
tween 0 and 100. The plots are represented with adimensional quantities. The other parameters are
given by N = 50, h/k = 1, and d/` = 1/10.

In Figure 8, we found the behavior of the extra-toughness in terms of the sacrificial
bond length. We consider a simple chain with only one sacrificial bond and we vary n from
1 to 10, by keeping the other parameters constant. We see that the extra-toughness is a
linearly decreasing function of n. This behavior can be explained by observing that since the
Gibbs plateau is given by the formula f ∗`/(KbT) = 1

n
E

KbT
1

1−d/` , we see that it is inversely
proportional to n and, therefore, the area subtended by the curve is also decreasing with
n. The same argument is clearly also valid for the Helmholtz peak, which is related to the
Gibbs plateau. We deduce that short sacrificial bonds are more efficient for improving the
system toughness. This behavior has been obtained by considering a constant value of the
rupture energy E for any value of n.
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Figure 8. Helmholtz force–extension response (left panel, red curves) and extra-toughness (right
panel, black symbols) for a chain with s = 1 and an increasing length n of the sacrificial bond. We also
added the response of the same system without sacrificial bonds in order to compare the different
behaviors (green curve). We assumed n = 1, 2, 3, ..., 10. The plots are represented with adimensional
quantities. The other parameters are given by N = 50, h/k = 1, E/(KbT) = 75 and d/` = 1/10.

Differently, in Figure 9, we consider again only one sacrificial bond but we assume
that the rupture energy is proportional to the bond length. In particular, we suppose that
n = 1, 2, 3, ..., 10 and the corresponding rupture energies are given by E/(KbT) = 20n. In
this case, in contrast to the previous one, we see that longer sacrificial bonds are more
efficient from the point of view of the extra-toughness. This example shows the complexity
of the system and teaches us that the rupture energies are crucial in determining the
toughness of the system.
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Figure 9. Helmholtz force–extension response (left panel, red curves) and extra-toughness (right
panel, black symbols) for a chain with s = 1, an increasing length n of the sacrificial bond, and rupture
energy proportional to the length. We also added the response of the same system without sacrificial
bonds in order to compare the different behaviors (green curves). We assumed n = 1, 2, 3, ..., 10 and
the corresponding rupture energies are given by E/(KbT) = 20n. The plots are represented with
adimensional quantities. The other parameters are given by N = 50, h/k = 1, and d/` = 1/10.

We studied the effects of the length n, and now we can analyze those of the number s of
sacrificial bonds. The results can be seen in Figure 10, where we studied the extra-toughness
by varying both s and n. We consider here a homogeneous distribution of sacrificial bonds.
While on the left panel we represented the force–extension curves for different values of s
with a fixed length n, on the right panel we show the values of the extra-toughness E versus
the number s of sacrificial bonds, by taking n as a parameter. Importantly, we observe that
the extra-toughness is a linearly increasing function of the number s of sacrificial bonds,
and it is a slightly decreasing function of the length n, as predicted by Figure 8. It is clear
that the number of sacrificial bonds is the key parameter to focus on in order to increase
the toughness of the system.
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Figure 10. Helmholtz force–extension response (left panel, red curves) and extra-toughness (right
panel, colored symbols) for a chain with different s and n. We also added the response of the same
system without sacrificial bonds in order to compare the different behaviors (green curve). On the
left panel, we considered a chain with s = 1, ..., 5 with the fixed value n = 3. On the right panel,
the extra-toughness is calculated for n = 1, ..., 5 and n = 1, ..., 5. The plots are represented with
adimensional quantities. The other parameters are given by N = 50, h/k = 1, E/(KbT) = 75, and
d/` = 1/10.

Another analysis concerns the effect of the length ratio d/` on the extra-toughness. In
Figure 11, one can find on the left panel three different force–extension curves characterized
by different ratios d/` = 1/10, 3/10, 1/2 (pink, brown, and red curves, respectively), and
on the right panel, the behavior of E versus d/` for different values of s and n. In general,
we observe a slightly increasing trend of E , which can be justified again by the expression
f ∗k `/(KbT) = 1

nk

Ek
KbT

1
1−d/` , giving the adimensional force plateau for a given sacrificial



Appl. Mech. 2022, 3 949

bond. Indeed, we can see that this value increases as d/` increases and, thus, the areas
under both the Gibbs and Helmholtz curves increase with d/` as well. However, the
variation in extra-toughness is not very large. Moreover, in fact, in real physical systems,
the sacrificial bonds are much shorter than the short-circuited sections of the main chain for
other chemical–physical reasons. In fact, such sacrificial links are often driven by chemical
bonds that are weaker than the covalent bond and, thus, have limited extension.
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Figure 11. Helmholtz force–extension response (left panel) and extra-toughness (right panel) for
a chain with different s and n and varying d/`. We also added the response of the same system
without sacrificial bonds in order to compare the different behaviors (green curve). On the left
panel, we considered a chain with s = 3, n = 4 and d/` = 1/10, 3/10, 1/2 (pink, brown, and red
curves, respectively). On the right panel, the extra-toughness is calculated for n = 3, 4, s = 2, 3 and
1/100 < d/` < 1/2. The plots are represented with adimensional quantities. The other parameters
are given by N = 50, h/k = 1, and E/(KbT) = 75.

In Figure 12, we also investigated the variation of the extra-toughness in terms of the
elastic constants ratio h/k for chains with different geometries. We considered a chain with
s = 3, n = 2, 3, 4 (red, black, and blue curves, respectively), and we varied h/k in the interval
(0,1) on the left panel, and the interval (1,10) on the right panel. We can directly infer that
extra-toughness increases as the ratio h/k decreases. This is consistent with the fact that
sacrificial bonds are weak and typically have a lower elastic constant than the main chain.
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Figure 12. Extra-toughness E behavior versus the elastic constants ratio h/k for chains with different
geometries. We considered a chain with s = 3, n = 2, 3, 4 (red, black, and blue curves, respectively)
and we varied h/k in the interval (0,1) on the left panel, and in the interval (1,10) on the right panel.
The plots are represented with adimensional quantities. The other parameters are given by N = 50,
d/` = 1/10, and E/(KbT) = 75.

To conclude, we performed an analysis concerning the stochastic behavior of the
system. In particular, we considered a chain with a given distribution and geometry of
sacrificial bonds, but we assumed that the rupture energies were random variables. The
results of this further study are represented in Figure 13. All rupture energies (normalized,
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i.e., E
KbT ) were generated by means of independent translated exponential distributions

described by the probability density

fX(x) =
1
µ

e−
x−λ

µ , x ≥ λ, (30)

with µ and λ, two real parameters, we suppose that fE(x) = 0 when x < λ. This probability
density is characterized by the average value

〈X〉 =
∫ +∞

λ
e fE(x)dx = µ + λ, (31)

and by a variance

σ2
X =

〈
(X− 〈X〉)2

〉
=
∫ +∞

λ
(x− 〈X〉)2 fE(x)dx = µ2. (32)

From these relations, we can write λ = 〈X〉 − σX and µ = σX. On the left panel, we
assumed an independent exponential distribution of the rupture energies with a fixed
average value and varying variance. More precisely, we assumed

〈
E

KbT

〉
= 60, and σ E

KbT

variable between 1 and 40. Conversely, on the right panel, we assumed an independent
exponential distribution of the rupture energies with fixed variance and varying average
value. We assumed σ E

KbT
= 40, and

〈
E

KbT

〉
varying between 30 and 100. From the left panel,

we deduce that the variance of the rupture energies does not affect the extra-toughness
since E remains quite constant over a large range of σ2

E
KbT

. Moreover, we see on the right

panel that the extra-toughness E increases linearly with
〈

E
KbT

〉
when the variance is con-

stant. This is the same behavior already observed in Figure 7 for a deterministic system.
The important conclusion is that the statistical distribution of the rupture energies does
not affect the system behavior and only the average value of these quantities can induce a
marked improvement of the mechanical performances.
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Figure 13. Extra-toughness behavior E in terms of the stochastic distribution of sacrificial bond
rupture energies. In both examples, we considered a chain with s = 4 and n = 2. On the left panel,
we assumed an independent exponential distribution of the rupture energies with a fixed average
value and varying variance. Conversely, on the right panel, we assumed an independent exponential
distribution of the rupture energies with fixed variance and varying average value (see details in the
main text). The red circles represent the single results (Monte Carlo realizations) and the blue lines the
corresponding average values. The other parameters are given by N = 20, h/k = 1, and d/` = 1/10.

4. Conclusions

We developed a simple model, based on statistical mechanics and thermodynamics
of the elastic behavior of a polymeric chain or macromolecule with sacrificial bonds. The
model takes into account the hidden length and the resulting extra-toughness, which
are the two main ingredients used by biological structures to create high-toughness and
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high-performance materials. The approach is based on the spin variable methods, where
discrete quantities, such as bits, are introduced to identify the state (intact or broken) of
the sacrificial bonds during the load application. It allows the determination of the force–
extension relation of the chain under both Gibbs (with applied force) and Helmholtz (with
prescribed extension) conditions. The knowledge of this force–extension relation permits
obtaining the characteristic sawtooth pattern observed in force spectroscopy experiments
and evaluating the extra-toughness generated by the sacrificial bonds system. The model,
while simple, was developed (exactly and analytically) from reasonable assumptions. Thus,
it allows for studying the effect of key parameters on macromolecular chain performance.
We showed some examples in this regard, to analyze the behavior of the system, as the
lengths of the chain elements, breaking energies, sacrificial bond geometry, and so on,
vary. However, the model can be generalized in a variety of directions to be more closely
tailored to the chemical and physical realities of biological structures. First, we used a
generalization of the FJC model that did not allow for the introduction of a persistence
length in the chains. This point can be remedied by the use of the WLC model, which is
more mathematically complex and, therefore, does not allow for an easy focus on issues
related to sacrificial bonds [43–46]. In addition, we approached the problem with statistical
mechanics at equilibrium, so the results are valid only for static or quasi-static processes, as
in classical thermodynamics. Consideration of dynamics would be an important point to
take into account the true traction velocities used in force spectroscopy experiments. Typical
values in AFM force-spectroscopy experiments range between 10−2 and 102 µm/s [90]
(only recently, high-speed atomic force microscopes HS-AFM attained speeds of about
104 µm/s [91]). In order to take this issue into consideration, the equilibrium statistical
mechanics approaches should be substituted with the methodologies based on the Langevin
and Fokker–Planck stochastic formalism [92–95]. Moreover, other limitations concern the
geometry of the system. First of all, we developed our model only for a single chain, but in
real systems, the material toughness depends on a complex interaction among many chains
coexisting in a given structure (rubber-like materials). In addition, we considered only
sacrificial links that did not overlap and interact with each other in the simple chain. These
structural and geometric limitations should also be reduced with more complex modeling
that would probably have to be studied entirely numerically.
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The following abbreviations are used in this manuscript:

AFM atomic force microscope
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NEMS nanoelectromechanical systems
CDN composite double network
FJC freely-jointed chain
WLC worm-like chain
DNA deoxyribonucleic acid
RNA ribonucleic acid
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