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Boltzmann mean-field game model for knowledge growth: limits to
learning and general utilities

M. Burger* L. Kanzler! M.T. Wolfram*

Abstract

In this paper we investigate a generalisation of a Boltzmann mean field game (BMFG) for

knowledge growth, originally introduced by the economists Lucas and Moll [23]. In BMFG the
evolution of the agent density with respect to their knowledge level is described by a Boltzmann
equation. Agents increase their knowledge through binary interactions with others; their increase
is modulated by the interaction and learning rate: Agents with similar knowledge learn more in
encounters, while agents with very different levels benefit less from learning interactions. The op-
timal fraction of time spent on learning is calculated by a Bellman equation, resulting in a highly
nonlinear forward-backward in time PDE system.
The structure of solutions to the Boltzmann and Bellman equation depends strongly on the learning
rate in the Boltzmann collision kernel as well as the utility function in the Bellman equation. In
this paper we investigate the monotonicity behavior of solutions for different learning and utility
functions, show existence of solutions and investigate how they impact the existence of so-called bal-
anced growth path solutions, that relate to exponential growth of the overall economy. Furthermore
we corroborate and illustrate our analytical results with computational experiments.

Keywords: Boltzmann-type equation, Hamilton-Jacobi-Bellman equation, mean-field games

AMS subject classification: 35Q89, 35Q20, 35Q91, 49J20, 49N90, 70H20

1 Introduction

In this paper we investigate a Boltzmann mean field game (BMFG) model for knowledge growth in
large societies, originally introduced by Lucas and Moll [23]. In this model agents are characterised
by their knowledge level z (in Q@ = Ry or Q = [0,z] with z € RT), and the time they spend on
learning /increasing their knowledge level. Agents learn through interactions with others, and deter-
mine the best amount of learning time solving an optimal control problem. This leads to a coupling
of a Boltzmann type equation, describing the interactions of agents, to a mean field game; hence a
Boltzmann mean-field game. There has been a significant interest in the analysis and simulation of
BMFGs in the last years, see [5, |4} 22} 19].

Boltzmann type equations have been used successfully to describe the interactions of large interacting
agent systems in socio-economic sciences, for example in wealth distribution |11} |21} |17], price forma-
tion [6], opinion formation [24, [13] or ranking in sports [15]; see [20] for a more general introduction
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to kinetic models. Mean-field games were originally introduced by Lasry and Lions |16] and Caines
et al |7]; an introduction from the PDE perspective can be found in [9]. Classical mean-field games
correspond to the Nash equilibrium configuration of a differential game of infinitely many players. It
consists of a forward Fokker-Planck equation describing the evolution of the player distribution, which
is coupled to a backward Hamilton-Jacobi Bellman equation for the value function of a single player.
For certain types of cost the coupled MFG system can be interpreted as a parabolic optimal control
problem, so called variational or potential mean field games, see for example [2]. Potential mean-field
games have a similar structure as the Benamou-Brenier formulation for optimal transport, see [3]. We
will see in Section @ that the proposed BMFG converges (formally) to a specific type of potential MFG
in a suitable scaling limit; establishing a first formal connection between BMFGs and MFGs.

Note that the form of the Boltzmann equation in BMFGs resembles to some extend the one from the
Smoluchowski coagulation equations, see [26]. However, the equation’s fundamental structure is differ-
ent since in the case of the Smoluchowski coagulation models symmetric and homogeneous kernels are
considered. In our case we either consider an homogeneous, with index 0, but not symmetric kernel or
a symmetric kernel without any homogeneity property. Moreover, the aforesaid coagulation equation
models the fusion of a particle with size y with one of size x — y, resulting in the gain of a particle
of size x. Hence, the sum of the states remains constant within each binary interaction, which causes
together with the symmetry property of the kernel that the mean value is conserved. This is not the
case in our model since during a binary interaction the individual with smaller knowledge increases
it, while the on of the interaction-partner remains unchanged, which causes increase of the mean with
time. Therefore, analytical techniques and results as developed in [14, [18] can not be applied.

1.1 The Boltzmann mean-field game

Lucas and Moll proposed several generalisations of the proposed basic BMFG model in [23]|. In this
paper we will investigate two of them - how limits to learning as well as the change of the utility
function effects the qualitative behaviour of solutions.

We start by considering limits to learning and recall that agents are characterised by their knowl-
edge level z € €. In the original BMFG model, agents learned from others with a higher knowledge
level. Now we assume that an agent with knowledge level z interacts with another individual of lower
knowledge level y with a certain rate

k(2 y),

which is assumed to be decreasing as the difference between the knowledge levels increase. Hence
agents learn less, if the difference in the knowledge level is too big. We will focus, among the more
general case, on two special cases of the interaction function, a polynomial kernel

Hevy) =3+ (1-0) (2) (1)
for § € (0,1) and k > 0 and an exponential one
k(z,y) = pe™ ¥ with p, x> 0. )

In case of the polynomial kernel, agents always learn at the minimum rate §, no matter how big
the knowledge gap is. This is not the case for the second choice , in which the knowledge gain
in interactions approaches zero exponentially fast as the difference in knowledge grows. We will see
that the different decay behavior of the kernel k can have an influence on the long time behavior.
In particular, we are able to show that balanced growth path (BGP) solutions might degenerate to



constant states in the case of the exponential kernel . We will discuss BGPs in more detail in
Section Bl

Let f = f(z,t) denote the distribution of agents with respect to the knowledge level. Then the
evolution of agents can be described by a Boltzmann-type equation of the form

0f(211) = £(.0) [ () M=) (0:0) dy — a(s(2,) Fet) [ kw2 f@0) dy (3)

where a = a(s(z,t)) : [0,1] — [0,1] denotes the learning rate. The function s = s(z,t) € [0,1]
corresponds to the fraction of time an individual with knowledge z spends on learning. The first term
on the right-hand-side of are the gains due to interactions of an agent with knowledge level z with
others having a lower knowledge level. The second term is the loss due to interactions of agents with
knowledge level z with others having a higher knowledge level (at rate a(s(z,t))).

Agents determine what fraction of their time they should spend on learning, modelled by the function
s(z,t), or working, that is 1 — s(z,t), by maximising their productivity. This corresponds to an
optimal control problem, resulting in a coupling to a Bellman equation. Let V' = V(z,t) denote the
value function, which corresponds to the outcome that an agent with initial knowledge level z can
expect when optimizing over the time horizon [¢,00). The value function V satisfies the following
Bellman equation:

WV (z,t) —rV(z,t) = —max |U((1 — s)z) + a(s) /:O (V(y,t) = V(z,t)) fy,t)k(y,2) dy|, (4)

seS

where p = (1 — s)z is the individual productivity, i.e. productivity is proportional to the knowledge
level times the spent actually working, and the maximum is taken over the set

S:={s:[0,00) x [0,T] — [0,1]},

of possible time-fractions spent on learning. The function U is the so-called utility, which relates the
individual productivity y to the expected gain. Possible choices include the linear utility

Up) =p ()
or the logarithmic utility
U(p) = In(p)- (6)

The linear utility and the logarithmic utility @ correspond to the limits, ¢ = 0 and { = 1, of the
class of isoelastic utility functions

p¢
U(p) = ¢ with ¢ € (0,1). (7)
Note that the isoelastic utility @ is often stated with an additional —1 in the nominator, that is
U(p) = pll_fgl. However, this additive constant does not change the optimal decision. We prefer

to work with the positive version of the utility and will consider utility functions of the form
throughout this paper. Function is a constant relative risk aversion (CRRA) function, which

means that the quantity n = —p IUJ/’/((;;)) is constant. Note that the logarithmic utility @ relates to high
risk aversion, while the linear utility is risk neutral that is n = 0.

Equation is supplemented with a terminal condition of the form

V(2,T) =0,



while the Boltzmann equation is initialised at time ¢t = 0, in particular f(z,0) = f7(z).
In summary we obtain the fully coupled system:

0uf (1) = f (= >/ @ (s(5, 1) k(29 (,) dy (8a)
- Ook y:t) dy,
atv<z,t>—rv<z,t>——ggx[ )+ o) [ (Vi) = Vi) fu kw2 o (5)

S(z.t) = argmax [U(p) + (s / (Vpot) = Vet £ Ok 2) dy], (50)

f(2,0) = fi(2) (8d)
V(z,T) =0, (8¢)

where f7 is the initial distribution of agents.

We conclude this subsection by discussing the notion of balanced growth path (BGP) solutions for
system . Assume there exists a constant v € R and define z = ze™"" as well as the functions

Fz8) = e Mo(ze™), V(z,t) = u(ze ) and s(z,t) = o(ze~ ). 9)
Then the Boltzmann mean field game (8) in the new variables (¢,v,0) = (¢(x),v(z), o(z)) becomes
~6(2) =928 (@) = 6(@) [ (o)t 2,9)8() dy — (o)) [ty 2)o() dy (10)
(7 = 2)0(@) + 20/ (2) = max [U(p) + alo) [~ [o(w) = v(@)E (k9. 2)0(0) dy (10b)
2(a) = argmax {U() + al0) [ loly) = o(@)E(t v 2)0(0) dy} (10¢)

where = := {o : [0,00) — [0,1]} and where for the polynomial learning kernel we have

) = o) =6+ (1—0) (L)'
while the exponential learning kernel inherits a time-dependency in the BGP variables

]::(tu Y, ‘/L‘) = M€7H67t|1'7y|'

Then the overall productivity of an economy, defined as
— /OOO U((1 = S(z,0)2)f (2 1) dz, (11)
can be written in the new variables as
Y(t) = /0 TU (- D)) da)de,

where we defined the maximizer in BGP variables by ¥ (ze™7") = S(z,t). So if a rescaling of type
@ with v > 0 exists, then the overall productivity grows exponentially in time. Economists relate



to the gross domestic product (GDP) of an economy, which is known to grow exponentially for
most developed countries (in the long time run). This is why economists are particularly interested in
the existence of such a rescaling and the respective BGP solutions (¢, v, o). In the original model
with £ = 1 a necessary assumption for the existence of such a rescaling is that the initial cumulative
distribution function of agents with respect to their knowledge level has a Pareto tail, meaning that
there is enough high knowledge so that the individuals with lower knowledge levels can learn, see
[4]. Knowledge diffusion, as considered in |22} [19], also ensures the existence of BGPs. In this case
the diffusivity enters as a multiplicative constant in the knowledge growth. Note that the growth
parameter ~ relates to the wave speed of travelling wave solutions to the problem in logarithmic
variables, see [22] for further details. The magnitude of the growth parameter v is influenced by the
interaction function k (as individuals learn less if the difference in their knowledge levels is too big).
We will present first results in Section

1.2 Our contribution

In this paper we present analytical and computational results investigating the behavior of system
for different interaction kernels k& and utility functions U. We briefly recall the main analytical results
of system in the case of the trivial learning function k = 1 and linear utility , see Burger et al.
[5, 4]
e The value function V is a non-decreasing function of the knowledge level z for all times ¢ > 0.
e The optimal learning time fraction S is a non-increasing function of the knowledge level z for
all times t > 0.
o Pareto tails of the initial cummulative distribution function are preserved in time.
e The existence of a Pareto tail ensures the existence of BGP solutions.
We will show that general learning kernels k(z,y) and utility functions U(y) have a significant impact
on the monotonicity behavior of solutions as well as the existence of BGPs. In particular
e The value function V' is non-decreasing for all choices of learning kernels and utility functions
considered in this paper.
e The optimal learning time fraction S is non-increasing in case of the isoelastic utility functions
if
1—(¢<k(l-9).
e Pareto tails of the initial cummulative distribution function are preserved in time, but the tail
index can get arbitrarily close to zero in case of the exponential learning kernels. The existence
of such a growth parameter v remains is open, but should follow the lines of [4].

This paper is organised as follows: We start by investigating the decoupled equations first. Section
focuses on the analysis of the Boltzmann equation for a given learning function «, while
Section (3| analyses the Bellman equation for different interaction kernels k& and utility functions
U. Existence of solutions to the full system is presented in Section @l Section [ focuses on BGP
solutions, before concluding with a discussion of a local mean field games model in Section [} This
formal connection between BMFGs and MFGs is derived by considering the formal limit of a localised
interaction kernel k. We finish by illustrating the behavior of solutions with various computational
experiments in Section [7]

1.3 Notation and assumptions

Throughout this paper we make the following assumptions (unless stated otherwise).



Assumption 1 (Assumptions on the learning kernel k). The learning function & € C! is non-
increasing in the difference between knowledge levels, in particular k(z,-) € C*(Ry) for all z € Ry
and

Oyk(z,y) >0, forz>y. (12)

Assumption 2 (Assumptions on the utility U). Non-linear utility functions U : Ry — R,
U € C?((0,00)) are assumed to be increasing and concave, that is

U >0on [0,00), and U” <0 on (0,00), U” <0 on [0,0).

Assumption 3 (Assumptions on the learning rate ). The learning rate o : Ry — Ry,
a € C%(]0,00)) satisfies

a:Ry =Ry, ae C™([0,1]), a(0) =0, &/(0) = 0o, o < 0, and o > 0,

Assumption 4. The initial condition for the distribution function f of individuals fulfils
f(Z,t:O):f[(Z),Z€R+, with fleLl(R-i-)v / fI(Z) dz =1, f](Z)ZO, Vz > 0.
0

Note that the considered polynomial and exponential learning kernel and , as well as the
utility functions , @, satisfy Assumption |1 and

2 Investigation of the Boltzmann equation

We start analyzing the Boltzmann equation

o0

0f(0) = (=) | Ty, k(2 9) Ft) dy — alz8) f (1) | kw20 ay .

subject to the initial condition f(z,t = 0) = fr(z), fulfilling Assumption {4| for a given learning
function, i.e. a = «a(z,t) € L™ (Ri) Note that boundedness of « holds if s : Ry x [0,7] — [0, 1] and

if Assumption |3|is fulfilled, which implies an upper bound & = «a(1) > a(s(z,t)), for all z € Ry and
t<TeR;.

Remark 1. Note that the Boltzmann equation can be investigated considering probability density
functions fr, f € P(R4) as initial condition, in which case more careful consideration in the definition
of the integral operator in ([13)) is needed.

Multiplying the right-hand-side of with a test-function ¢ and integrating over the state space
(0, 00) we obtain the weak formulation of the collision operator

[T Qun@ee iz = [T [T 100006 pa. (66 - o) dydz (14)
0 0 0

In what follows we will also use the cumulative distribution function

F(Z,t) = /OZ Flz1) dz. (15)



From we can easily deduce the following time evolution of F

Z Z

O.F(Z,1) = /

0

f(z,1) /Oza(y,t)k(z,y)f(y,t) dy dz —/0 oz, t)f(2,t) /:O E(y,2)f(y,t) dy dz.

(16)

Note that in the case k = 1 equation can be transformed using the function G = 1 — F, which
satisfies

G =G(1-G). (17)

The viscous version of exhibits travelling wave solution, which relates to BGP solutions, see |4,
22| for more details.

2.1 Conservation laws and properties of the collision operator

If we set p =1 in , we see that the total mass is conserved, that is
d o0 o0
ﬁ/ f(z,t) dz =0, and therefore / f(z,t) dz =1 for all times t > 0. (18)
0 0

This is consistent with the modelling assumption that no individuals are gained or lost; only a change
in their knowledge level occurs. Moreover, the mean knowledge level of the population is defined as

m(t) = /OOO 2f(z, 1) dz, (19)

which one finds to be monotonically increasing in time. Indeed, setting ¢(z) = z for all z € Ry in
we obtain that

Zm)i= [ [ 101000l 0k ) — ) dy dz >0 (20)

In the weak formulation of the collision operator the asymmetry of the individual’s learning interac-
tions, characteristic for this dynamics, can be seen clearly. This is the crucial property which causes
the mean knowledge level to be non-decreasing. Moreover, one notices immediately, that the above
expression on the right-hand-side can only vanishes, if we have f(z,t) = d,, for some z, € (0,00),
meaning that the mean knowledge level will always increase until knowledge in concentrated at one
level. Moreover, a special case of the following lemma ensures that no blow-up in finite time can occur
for the first moment. More generally we have

Lemma 1. Let the initial data fr fulfill as well as

| w@ie) dz < o,
0

with a measurable, positive non-decreasing function w : Ry — Ry and o € Lw(Ri). Moreover,
assume k(z,y) < k for all y < z. Then the integral of a solution f = f(z,t) to weighted by w is
non-decreasing with respect to time and bounded by

/OOO w(z)f(z,t) dz < ekt /OOO w(z) fr(z) dz.



Proof. From the weak formulation with the choice ¢ = w we immediately observe due to the
monotonicity assumption on w that

% /Ooow(z)f(z,t) dz — /OOO /OZ f(z, 0 f(y, H)k(z, y)a(y, t)(w(z) —w(y)) dy dz > 0.

From here we can further estimate
% /Ooo w(z)f(z,t) dz < ak /00 /z f(z,t) fly, t)(w(z) —w(y)) dy dz
&k‘//fzt (y,t)w(z) dy dz,

where we used the boundedness of o and k as well as the positivity of w. This provides the exponential
bound on the first moment. Hence, blow-up in finite time cannot occur. O

2.2 Existence and uniqueness of a solution

Due to mass conservation , we can deal with the quadratic nonlinearity in the collision operator.
This together with the boundedness of the collision kernel k and the learning function « allows us to
formulate the following existence result:

Theorem 2. Let the initial data fr fulfil (@), « € L®(R%) and k(z,y) < k for ally < z. Then
has a unique global solution f € C([0,00), L}F(RJF)).

Proof. Let f,g € L1 (Ry) such that || f|[,1(r,), ll9]lz1r,) < 1. We aim to perform Lipschitz estimates
on the collision operator in order to be able to apply a Picard iteration argument. We treat the gain
term G and the loss-term L defined in separately. We calculate

z

G 1) =Gl Dl = [ | [ ale k(e w) (£ 0(0.0) = gz 09(0.1) dy] oz
<ak/ /Ifzt (y, 1) — g(z,1)g(y, 1)| dy dz,

where we used that a(z,t) < a =

AX(; )R a(z,t) and the fact that k(z,y) < k for y < z. We
further estimate

G = Glog)lm < ak [ [ (£ OI#w.0 = 901+ lotw L1 — g(=,1)]) dy do
< 2ak|f — gllprry)-

Similarly, we proceed with the loss-term

IL(f ) = L(g,9) | 11 my = /0” Z°°a<y,t>k<y,z><f<z,t>f<y,> 9(2,D)g(y,1)) dy| dz

<ak [ U000 - gt g0.0)] dy d

where we used again the boundedness of o and here the fact that k(y, z) < k for z < y. As before, we
obtain

1D = Lol <a [ [T 100100 = o0.0] + g0 0) = o(z.0)]) dy d=

< 2ak|| f — gllzrr,)




from which we conclude

1Q(f, f) = Q9. D)l ry) < 40k|f — gllrrr,),

and, hence, Lipschitz-continuity of () uniform in time. From here, we can conclude the existence of a
unique global solution by Picard iteration. Nonnegativity and conservation of mass follow immediately,
the latter implying global existence by an iteration argument. O

2.3 Asymptotic behavior

We aim to show that under the assumption of limited initial knowledge, i.e. supp (f;) = K, where
IC C Ry is compact, knowledge will concentrate at z, := arg max,cr, fr(2).
The first result shows that under this assumption the creation of more knowledge is impossible.

Lemma 3. Let supp(fr) = K, where K is a compact subset of Ry and the solution to be
continuous, i.e. f € C([0,00) x Ry). Then supp (f(-,t)) C K for all t > 0.

Proof. This result is based on a maximum principle argument, similar to [5][Proposition 3.1]. O

The increase of mean knowledge together with Lemma |3 implies that knowledge will accu-
mulate at the largest initial knowledge level, that is z, = supsupp(f7), or at oo if f7 is positive
everywhere. In particular, if we can ensure that learning is always possible, i.e. the kernel k£ and the

learning function « have a positive lower bound, the knowledge will accumulate at the highest level
possible.

Theorem 4. Let z, := sup (supp (f)). Let further a(z,t) > a >0, k(z,y) > k>0 for all z < y < 2,
t>0. If z, < o0, i.e. the support of fr is bounded, we have

f(,t) =% 6., for t — .

In the case where the f(-,t) does not have compact support the knowledge accumulates at z = oo for
t — 00.

Proof. For the cumulative distribution function of we compute

_iF(Z,t) — %(1—F(Z,t)) = (i/zoof(z,t) dz

at
).

- /OZ a(y, t)k(z,y)f(y)f(z) dy dz

Z

z

| a0k ) s w0500 dy = [ aly Ok n) ()7 () dy) dz
0 A

[e'e) 7
Z@J /f@ﬂa@w:@m—ﬂzmﬂzm
7 0

where from the first to the second line we used with ¢(2) := 17 ) and the estimate is due to
a(z,t) > a for all z,t € Ry and k(z,y) > k for all z > y. This is equivalent to

d

EF(Z¢ t) < _%(1 - F(Za t))F(Za t)v
from which we can conclude uniform convergence F'(Z,t) — 0 for all Z < z, as t — oco. Convergence
of the distribution function f to the Dirac mass centric at z, follows. O

The full support condition of the initial datum is crucial to ensure that the overall knowledge level
is increasing. In particular a Pareto tail condition on the initial datum is needed to ensure exponential
growth of the overall economy as required in case of BGP solutions.



3 Investigation of the Bellman equation

Next we investigate the Bellmann equation for a given distribution function f € C ((0,T], L (R4)),
which is of the form

0V(z,t) —rV(z,t) = —max [U((l —5)z) + a(s(z,t)) /:O (V(y,t) = V(z,t)) f(y,t)k(y,2) dy|,

seS (21)
V(z,T)=0.
To ease notation, we define
Bleit)i= [ (V{git) = V(1) S0l 2) dy. (22)

which measures the benefit from search at time ¢ > 0 of an individual with knowledge level z. First,
we make sure that the maximization problem in has a solution for a fixed B € R.

Lemma 5. Let o : [0,1] — Ry, satisfy Assumptz’ons@ and U : Ry — Ry satisfy Assumption @ Then
for every z > 0 and B € R there exists a unique solution S = S(B) to the optimization problem

max [U((1 - s)2) + a(s) B], (23)

and we denote S = S(B) := argmax,cg [U((1 — 5)z) + o(s)B].

Proof. Defining ¢ := a(s) and a~! := 3, we can rewrite as

max [U((1 = 5(£)))z + B¢

£€[0,a(1)]
Calculating the optimality condition we obtain

B

z

=U'((1 - B(£)2)B'(€)- (24)
The assumption on « (strict concavity) and hence § (strict convexity) imply

9 (U'(1 = B(€)2)B'(€)) = =U"((1 = B(£))2)87(€)z + U'((1 — B(£))2)8"(€) >0, VB(E) #1
and, hence, existence of a unique solution S € [0, 1) to . ]

Lemma 6. Let o : Ry — Ry, U : Ry — R fulfil Assumptions [ and [3, respectively. Let further
S = S(B) be the optimal solution to for a given z € Ry and B € R. Under the condition

Lo (SB)U((L = S(B))2) + o/ (S(B))U" (1~ S(B))>)
B=0 U'((1-5(B))z)3

<0,

the maps B — S(B), B — «a(S(B)) and o(S(B))B are Lipschitz-continuous.
Proof. We distinguish between the following cases

1. B < 0: For non-positive B we see immediately that S(B) = 0 has to hold.

10



22.0< B< Zg,/((l(;): In this case there exists a unique solution S(B) given by S(B) = H™'(%),

where we defined H(S(B))) := %. The invertibility of the function H(-) = ey (Cé(_').)z)
is secured since it is strictly monotonically increasing due to the monotonicity assumptions we

made on o’ and U’. Derivation of S(B) yields

2U'((1 - S(B))z)?

SB) =~ B S E)O(1— 8(B))2) + B0 (1 =SB (5(B))

Furthermore, we compute

4 o(5(B)) = o/(5(B))S'(B) = 2U'(1 —BS(B))Z)S,(B)
2U'((1 - 8(B))2)?

1
B a"(S(B)U'((1 - 5(B))=) + o'(S(B))zU"((1 - S(B))2)]’

from which together with the assumption

U'((1 - S(B))2)*

A% B [ (S(BYUN(1L = S(B))2) + &/ (S(B)=0"((1 = S(B)A)] "

we obtain positivity of S’(B) for small B. This gives piecewise continuous differentiability of S
as a function of B. Since due to the aforesaid assumption also

i 2@ (SEBNU (L= S(B))2) + o (S(B)=U" (1~ S(B))2)
B—0 U'((1-S(B))z)3

= 0

has to hold, we conclude (using Assumption [2 for U’) that

lim S'(B) = 0.
B—0

Therefore S is continuous at 0. Continuity at 2({;((1(;) for finite U’(0) follows from the continuity

of o/, ", U, U" on (0,00). Thus, we can deduce Lipschitz-continuity for B — S(B), which
moreover ensures Lipschitz-continuity of B — «(S(B)) and B — Ba(S(B)). We want to point
out that the condition U’(0) finite is not a restriction, since if U’(0) = oo the control S can never
reach the value 1, which can be seen from the optimality condition .

. B> z()({]/’((lc;): This case is only relevant if lim,_,o U’'(y) < oo, as it is the case for the linear utility
function (5). Taylor-expansion of the concave functions « around 1 and U around 0 in the
subjective function of gives

U(2(1 —s)) + Ba(s) <U(0) +U'(0)z(1 — s) + Ba(1l) + Ba/(1)(s — 1)

(0)Ba(1) + (1 — s)(U'(0)z — Ba/(1)) < U(0) + Ba(1),
which is equivalent to

U(2(1 —s))+ Ba(s) <U(0) + Ba(l), Vse]0,1].

2U’(0)
a/

Hence, the maximum is attained at s = 1, form which we conclude S(B) =1 for B > -

O]
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With the existence of an optimal time allocation for every fixed benefit from search B we further
aim to investigate the qualitative behaviour V' and S. For ease of notation recall the definition

S(z,t) 7= argmax,es | U((1 = s(2,1))2) + a(s(2,1)) /:o (V(y,t) = V(z,1) f(y, )k(y, 2) dy|,  (25)
and write for at its minimum
OV (z,1) =1V (2,t) = =U((1 = 5(z,1))2) — a(5(2,1)) /:O (V(y,t) = V(z,1) f(y, )k(y, 2) dy.  (26)
This allows us to rewrite as
OV (z,t) —rV(z,t) = =U((1 = S(z,t))z) — a(S(z,t))B(z,t).

Moreover, we compute the derivative w.r.t. z of B , which has the following form

0.5(2,1) = =0V (=,1) | T F Ok, 2) dy + / T (V) = V() f D0k, 2) dy. (27)

Lemma 7. Let U(p) > 0 for all p € [0,00), then a solution V (-, t) of is non-negative.
Proof. Let zp be a minimal point of V(-,t), i.e V(z,t) > V(20,t) for all z € R4. Then we have from

(26)

OtV (20,t) — 1V (20,t) < —=U(1 — S(20,t))20 — @(S(20,1)) /oo (V(20,t) = V(20,t)) f(y,t)k(y, 20) dy
=—-U(1— S(z0,1))z0,
which can be written as

rV(zo,t) > U(1 — S(z0,t))z0 + 0V (20, t).

Since the above differential inequality evolves backward in time, nonnegativity of V(zg,t) hence of
V(z,t), for all z € Ry is preserved. O

Remark 2. Since the logarithm does not fulfill the crucial positivity assumption, the above Lemma
fails in the case of the logarithmic utility function @ Indeed, the value function V' cannot be expected
to be positive for small z, which will also be confirmed by the numerical simulations in Section[7] We
will see in the following that a condition for the knowledge level zy at which the value function V'
equals zero (and changes sign) can be given (see Lemma [10| below).

To show monotonicity of the value function V(-,t),t > 0 we need the following observation:

Lemma 8. Let h = h(y, z,t) > 0 for all z,y,t € Ry and let u = u(z,t) fulfill

atu(zat) < _/ u(y,t)h(y,z,t) dy? f07" all Z7t > 0
u(z,T) >0, forall z>0, for atimeT > 0.

Then u(z,t) > 0 for all t € [0,T].

12



Proof. We write u = v® 4 e, with € > 0 and ¢ fulfilling

o) = 1= [ plw. Dby, .0) dy
o(-,T) = 0.
For v® it holds v*(-,7") > 0 and further
0pv° (2,t) = Oru(z,t) — eOrp(z,t)

< —/ v (y, t)h(y, z,t) dy — €.

Let us now assume that v® can become negative. Hence, we assume that there exists a tg € [0, 7] such
that v®(z,t9) > 0 for all z > 0 and a zp with 9;v(29,%tp) > 0. Then the above inequality yields

0< at’Ua(Z(),t()) < —&,

which is a contradiction to € > 0. Hence, the time-derivative of v can never become non-negative,
which together with the terminal condition implies the desired non-negativity of v*. Non-negativity
of u(z,t) for all z> 0, t € [0, 7] follows since the above arguments hold independently of € > 0. [

Theorem 9. A solution V(-,t) of is non-decreasing for all times t € [0,T).
Proof. Differentiating the Bellman equation evaluated at its minimum S with respect to z, we
obtain the following equation for W (z,t) := 0,V (z,1):
atW(Za t) - TW(Z7 t) = _(1 - S(Zv t))U/((l - S(Z> t))Z) + Oé(S(Z, t)) / W(Za t)f(ya t)k(ya Z) dy
~a(S(z0) [ (V) = V(= 0) Sy, 00:k(y. 2) dy.

where we used the optimality condition of S(z,t)
-1

o/(8(:41)) = 2U'((1 = 8(:002) ([ (V(00) = Vi) S0 Db, 2) dy

Since

o0

LwW@ﬁ—V%ﬂU@ﬁ@M%@@—éwW@ﬁL Fy,0)0:k(y, 2) dy da

and defining

o0

Alet) =+ a(S(0) [ F0.0k(.2) dy = 0,

T

we have
OW (2,8) — AW (2,8) = — (1 — S(=, ) U (1 — S(z,1))2)
— a(S(z,1) / W, t) / Fly,0)0:k(y, 2) dy dz.

13



Setting u(z,t) = exp (ftT A(z, 1) dT)W(z, t), we obtain

exp (— /tT A(z,T) dT) Owu(z,t) = —Aw(z,t) + 0 W (2, 1)

= —(1= S OU((1 = 5 )2) ~ oS 1) [ Wat) [T 5,00k, ) dy do

< —a(8(t) [ Wt) [T 500k, ) dy do

z

< —a(S(z,t)) /OO exp <— /tT Az, T) d7'> u(x,t) /;O f(y,t)0.k(y, z) dy dz,

which is equivalent to

[e'e) T [e%)
Bu(z, 1) < —a(S(z,1)) / exp ( /t (A(z,7) — Az, 7)) dT)U(x,t) / Fly, 00k (y, 2) dy da.

By defining
T 00
h(z.,) 1= exp ( | (A7) - Awm) dT> | 1w 00k, 2) dy
t T
we can use Lemma 8| to conclude non-negativity of u(z,t) and, hence, of W (z,t) := 0,V (z,t). O

With this monotonicity result for V(-,¢) we are also able to state the condition where V()
changes its sign for logarithmic utility @

Lemma 10. For equation with U(p) = In(p) let us further assume that there exists a zo € R4,
s.1.

In ((1 = 5(z20,1))20) = —a(S(20,1)) B(20, t)-
Then the solution V (-,t) of is non-negative for all z > zp and V (zo,t) =0, for allt € [0,T].

Proof. By definition we have that equation at z = zp reduces to
0V (z0,t) = rV(20,1),

and therefore V(zg,t) = 0 follows from the terminal condition V(-,7) = 0. Monotonicity of V (-, )
(Lemma [9)) then implies that V(z,t) > 0, for all z > z. O

We conclude the investigation of the value function V with an existence result of for given
population density f. Indeed, due to the structure of the benefit from search and the Lipschitz
properties (Lemma @ we are able to prove the existence result for the Hamilton-Jacobi-Bellmann
equation:

Theorem 11. Let f € C((0,T); L*(Ry)) be given and assume the search function o satisfies Assump-
tion@ and the utility function satisfies Assumption@ with U € C([0,00)). Then there exists a unique

solution V- € C((0,T); L>*(R4+)) of . Moreover, if V is a solution to with f, then there exist
constants m and D (independent of V and f), such that

IV = Vlze < De™ | f = Flleqomyzr@onV e

14



Proof. The proof can be performed in similar manner as in [5][Theorem 3.9]. One can see easily that
the mapping V' — B(V) is Lipschitz continuous in L*(Ry) due to the boundedness of the learning
kernel and f € L'(R;). Moreover, thanks to the properties proved in Lemma |§| we see that the
mapping B(V) — S and B(V) — «(S)B inherit these Lipschitz-continuities. Hence, the right-hand-
side of is Lipschitz and the claim follows from a Picard argument. The contractive estimate of
the can be seen by careful estimation of 8;(V — V). O

Remark 3. We would like to point out that the above existence result is not valid for the problem
with logarithmic utility due to the lack of control at z = 0, which can be seen in Figure [

The remainder of this section we consider the polynomial and exponential learning kernel &, defined
in and , and discuss their effect on the qualitative behaviour, especially on the monotonicity, of
the control S.

3.1 Polynomial Learning Kernel

First we focus on the polynomial learning kernel k and recall its definition

k(z,y) =6+ (1 —0) (‘Z)H 5e (0,1, x>0

Lemma 12. Let Assumption [3 on the search function a be satisfied. Then the benefit from search
B(-,t), defined in , is non-negative and

By(2,t) == 2 "1 B(2,t) 2 € [0,00), (28)
18 NON-Increasing.

Proof. From its definition and the monotonicity of V(-,t), c¢f. Lemma |§|7 we can see immediately
that B(-,t) > 0. Since
k(1 —9)

0:k(y,z) = .

we can write (27)) as

0(1—=9)k

z

@B@¢r=—@vw¢ylwfwxnﬁhady—
n k(1 —0)

z

| 0w = Ve0) f0 dy
B(z,1),

which is equivalent to

We defined

g(z,t) == 0,V (z,t) /:O fly,)k(y, z) dy + 0(1—0)k

z

| 0w - Ven) fn dy

which is non-negative, since V(+,t) is non-increasing for all ¢ € [0, 7). Multiplying by the inte-
grating factor z=*(1=9) we obtain

9.B(z,1)z7"079) — (1 — §)z7" =071 B (2 1) = 9,(z "D B(z,t)) = —2 "1 g(2,1) <0,

and therefore B, (z,t) is non-increasing. O
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With this preliminary result we are able to conclude monotonicity of the learning function S
depending on the choice of the utility function U. For our considerations we restrict ourselves to the
isoelastic utility functions for ¢ € [0,1), including the limiting linear case ¢ = 0.

Corollary 13. Let all assumptions of Lemma[IQ hold; furthermore, assume that the constants k, 8 for
the polynomial interaction kernel as well as ¢ € (0,1) for the the isoelastic utility and ¢ =0
for the linear utility satisfy

1-¢>k(1-9). (30)

Then the maximizer S(-,t) is non-increasing for all t € [0,T"). Moreover, S(-,t) is strictly decreasing,
whenever 0 < S(-,t) < 1.

Proof. As in Lemma [6] we distinguish between the three cases:

o If B(z,t) > ,((1)), only relevant if U’(0) < oo, we showed in Lemma@that S(z,t) =1.

e For 0 < B(z,t) < % we have

1—¢ S1—C—r(1-5) H1—C—r(1-3)
S(zt)y=H" (= —H ' (== |=F'(Z——— |,
(1) (B(z,t)) <z—“(1—5)B(z,t)> By(z1)

where, as in the proof of Lemma [6], we used the notation

H(S) = a/(S)(1 - 9),

which is strictly decreasing due to Assumptions [3] and Hence, we can conclude the desired
strict monotonicity of S(-,t), since also H~! is strictly decreasing as well as its argument under

assumptions .

o If we start with B(0,t) = 0 then B,(0,¢) = 0 and therefore B,(z,t) < 0 for all z > 0. This
implies that B(z,t) < 0. Then it is clear from that S(z,t) = 0 has to hold for all z,¢ > 0.

O

Remark 4. We want to point out that the restrictions on the constants are sufficient for the
monotonicity of S(-, ), but not necessary. We will see in Section |7| that the bounds are not sharp and
that we observe monotonicity of solutions for parameter sets violating condition .

Remark 5. Again the limiting logarithmic case (i.e. ¢ = 1) is not covered by the above result. In

the regime 0 < B(z,t) < ,((1)) the optimality condition of ( . reads as

(5= )1 = S(2.0) = 5 5

Since both o/(S) and 1— S are monotonically decreasing, the function S(-,¢) inherits the monotonicity
of B(-,t) completely.
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3.2 Exponential Learning Kernel

In this section, we assume that the learning kernel k is of the form
k(y, z) = pe ™Y k>0,

which encodes that the learning benefit from a meeting of two individuals decays exponentially to 0
as their knowledge difference increases.

Lemma 14. Let Assumption [3 on the search function o be satisfied. Then the benefit from search
B(-,t), defined in , s non-negative and

Be(z,t) := €™ B(z,t), z€0,00), (31)
18 MON-INCTeasing.

Proof. From its definition and the monotonicity of V (-, t), Lemma@, we can see immediately that
B(-,t) > 0. Since
0:k(y, 2) = Kk(y, 2),

we can write as
0.B(2,t) = 0.V (2,) [ f(y.0h(y.2) dy + nB(=.0)
which is equivalent to
0.B(z,t) — kB(z,t) = —g(z,t). (32)
We defined ~
9(:0) = 0.V () [ F(u k(. 2) dy,

which is non-negative, since V'(-,¢) is non-increasing for all ¢ € [0,7"). Multiplying by the inte-
grating factor e™"*, we obtain

0:(e”"*B(z,t)) = —e "g(z,t) <0,
and hence, B(z,t) := e "*B(z,t) is non-increasing. O

Corollary 15. Let the same assumptions as in Lemma hold, then the mazimizer S(z,t) (21))
with isoelastic utility , including the limiting case ( = 0, is non-increasing for all t € [0,T) and
z € [0, %]

Proof. Again we distinguish between the three cases:

o If we start B(z,t) > %(g(;), assuming that U’(0) < oo, which is only the case for the linear utility

, we proved in Lemma that S(z,t) = 1.

2U’(0)
/(1)

o Using the same notation as in the proof of Lemma |§| we have for 0 < B(z,t) < that the

maximizer is given by
1-¢ Zl—Ce—mz
H=H" (= - B m—
Sz 1) (B(z,t)) e B(z, 1)

Since H~! is a monotonically decreasing function, we can conclude that S(z,t) is monotonically

decreasing in z, if z < IZ—C
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o In the case B(0,t) = 0 we can see that B(0,t) = 0 and hence B.(z,t) < 0 for all z > 0, which
implies, since e™"* > 0, that B(z,t) < 0, hence S(z,t) = 0 has to hold for all z,¢ > 0.

O]

Remark 6. Since also here we just worked with knowing the monotonicity of the integrating factor
e"?B(z,t), we assume that the conditions for monotonicity of the control S, stated in in Corollary
are very likely too strong.

Remark 7. We conclude this section with pointing out that due to the optimality condition

zl_c

S(z,t)=H" (B(Z’t)> . HTU() N\,

the monotonicity of S strongly depends on the monotonicity of B. Moreover, investigating
leaves the strong indication that the monotonicity of B(-,t) strongly depends on the monotonicity of
0,V (-,t), hence the sign of 92V (-, t). However, we fail to determine either of these with the techniques
and conditions presented in the framework of this article.

4 Analysis of the coupled system

Similar as in [5] we use a fixed-point argument to prove existence and uniqueness of a solution for
the fully coupled Boltzmann mean-field game system in a specific parameter regime, compatible
with the results of Section |3 The utility term in suggests that V grows w.r.t. z at a rate that

is proportional to U. Hence, we expect that 11(5’8) is in C((0,T), L>*(R4)), where again we have to

exclude the case of the logarithmic utility. We introduce the weighted spaces

u
L (RT) = {u : Ry = Ry: o € LP(R+)},

and define .#>°(R™) for the weight w; = 1+ U(-) and p = oo and .Z*(R") for wy = ﬁU() and p = 1.

Remark 8. Lemma [1| ensures that f(-,t) € #!(R.), where f is a solution to with initial data
satisfying [y°(1+ U(z))f1(z) dz < oo and non-negativ utility fulfilling Assumption

For the existence proof, we further need a bound on the solution V' of the Bellman equation
stated in the following lemma.

Lemma 16. Let V(z,t) be the solution to with non-negative utility function U € C(]0,00)),
which furhter fulfills Assumption @ Then V (-, t) is bounded in £*°(R*) for allt € [0,T).

Proof. We will write B(V, f) to emphasize the dependence of the benefit function B, defined in ,
on V and f. Then

B(V.f) < l_f/:o V(y, t)f(y,t) dy < k|[V (-, 1)]| 2= /:0(1 +UW)f(y,t) dy
<KV Olle=ll ()] 2

The coordinate transform ¢ — —t in together with the non-negativity of V' as well as the mono-
tonicity of U and S € [0, 1] yield

OV (2,t) < U(2) + a(S(z,8)B(V, f)(z,1).
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After division of the inequality above by 1 + U(z) and using the estimate on the benefit from search
function we obtain

Vi(z,t) U(z)
Yo STrom 1+U()Hf( Dl V(1)

<Lak (1+ ™ frllgn) V1)L 2,

where we used Lemma [I] in the last step. O

We are now able to prove the main theorem of this section:

Theorem 17. Let fr fulfill Assumption[§ as well as

/OOO U(z)f1(z) dz < 0.

Moreover let the search function o satisfy Assumption [3 and the utility function U be non-negative
and fulfill Assumption @ Then there exists a unique solution (f,V) € C ((0,T); Z1(RT) x £>*(RT))
of the fully coupled system for final time T small enough.

Proof. We define the mapping
Fo (012" RY)) = € (0.7 2'(R)),
_F
g=1r
given by first solving

OV (2,1) = 1V (2,1) — max [U((1 - )2) + a(s(2, ) BV, )(2,)], (33)

for V and determining the maximizer S € S. For this optimal time allocation S we solve

of(2,t) = f(2,t) /0 a(S(y,1)k(z,y) f(y,t) dy — a(S(2,1)) f(z,1) /:o k(y,2)f(y,t) dy (34)

for f. That F is a self-mapping is obvious due to Lemma [I, Theorem [2] and Theorem What
remains to show is that F is a contraction. Taking the difference on the right-hand-side of ( . ) for
data g, € C ([0,T); Z*(R")) we obtain at their maxima S(B), S(B)

OV = V) =r(V = V) + (U((L = S(B))2) ~ V(= S(B)2) ) + (alS(ENBT.9) - alS(B)B(V.g)
<oV = V) + (U((1 - SBYASE) - SB)) + (a(SBNBT.3) - alS(B)EV.))
<r(V-V)+ <L1zU/((1 — S(B))2) + L2> (B-B). (35)

where we used the concavity of U from Assumption I 2| as well as the Lipschitz continuity of B — S(B)
and B — «(S(B))B from Lemma @ The difference |B — B| can be controlled in the following way

1:2) (Vs Dalt) = V(0. 0300:1)) ]

zt/ k(y,2)g(y,t) dy — Vzt/ ky,)(,t)dy'

2k (V2= llg = gllr + IV = Vil o= |3ll 21 ) -

|B - B| <
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Division of by 1+ U(z) and taking the sup,cp, we obtain the following estimate

OV = Vg < (r+[1gllg) [V = Vg

. Li2U'((1 - S(B L
+ 2|V g sup L2 WL =5B))2) + Lo

— g|| o1.
R, 1+ U(Z) ”g g”g

We notice that (2)) ensures that zU’((1 — S(B))z) < oo holds. Hence, if I 1lg — gl dt is sufficiently
small, the same holds true for ||V — V|| g=. For we estimate

d _
EW — fllen
< [T ka4 UG (alS(B)E 1)1 05 (1) ~ a(S(B) e 0)F .0 f0,1)) do] d
<k [T [ @+ U [0l 001w, — aSB) = ) 0F(0,0)] dy dz
< [ [+ UEnas®0) 160500 - Fefw.] dy s
0 0
+ [T [0+ UE[a(sB) 1) a(SB)= )] 7 0F(0.) dy d=
<ka (I fllzillf = flor + 1 Flllf = Fller)
+ 2B L) fllr | Pl (IVLelg = dller + 1V = Tl ]2 )

where we used the Lipschitz continuity of B — «(S(B)) from Lemma@ Since control over ||V — V|| ge
by ||lg — gll.¢1 is ensured due to the previous estimate, we also see that ||f — f||.&1 can be controlled
by |lg — g||.&1. Choosing the time interval [0,7") small enough we can enforce

If = fller < Lllg = gllgn, L <1,

which proves that F is a contraction concluding the proof. O

5 Balanced growth path solutions

In this section we discuss possible existence of balance growth path solutions, which relate to expo-
nential growth of the overall economic production function . We recall that we wish to find a
growth rate v > 0 to investigate the problem in the rescaled variables

flz,t) = e Mo(ze™ ), Viz,t) = v(ze ™), s(z,t) =o0(ze™ ), z=ze ", (36)

where (¢, v,0) are solutions to ((10)).

Burger et al [5] showed that BGPs exist for £ = 1 and linear utility (5]) if the initial CDF F(Z,0) =
fOZ fr(y) dy has a Pareto tail. A crucial criterion for the existence of BGP solutions was the
preservation of the Pareto tail property with time, from which existence of a growth parameter + can
be deduced. In this section, we investigate the extension of these results to the case of non-constant
learning kernels.

We assume that the initial CDF has a Pareto tail, that is

30,8> 0 s.t. (1-F(Z,0)Z5 = 8. (37)

lim
Z—00
The first Lemma shows that under these assumptions on the initial data, the Pareto tail property will
be preserved in time, has the same decay 6, but a different tail index (.
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Lemma 18. Consider the Boltzmann mean-field game under assumption for the initial data
and let further the learning kernel be bounded from above and below by

k<k(zy) <k, 0<k<k,

for all z > y. Then for all t € [0,T] the cumulative distribution function F(-,t) solving has a
Pareto tail with the same decay rate 0 as F(-,0).

Proof. We use the reformulation from

—F Z,1) / / z,y)f(y: 1) f(z,t) dy d=

obtained by interchanging the order of integration in the loss-term. It further follows

%( / / (z,9)f(y, 1) f(2,1) dy dz

and by using that £k < k < l%, we obtain that

_ t Z
(1-F(Z,t)) <k(1-F(Z,0))exp (/0 /0 a(s(y, s))f(y,s) dy d8>

as well as (1 — F(Z,t)) > k(1 — F(Z,0))exp (fg fOZ a(s(y,s))f(y,s) dy ds) . Multiplication by Z#
yields

1 1 t Z
Z(1 = F(Z,1)) < kZ¥ (1 — F(Z,0)) exp (/0 /O a(s(y, ) f(y, s) dy ds>

and, hence, the respective expression for the lower bound. The integral fOZa(S (y,8))f(y,s) dy is
strictly increasing in Z and bounded by a(1) for a fixed time s. Furthermore the integrability of f(-,t)

ensures that Z %(1 — F(Z,t)) is monotonically decreasing for large Z, and therefore the limit
limy Z%(l — F(Z,t)) =: B(t) exists. This implies

ke < B(t) < ke*Mp.
O

Remark 9. The bounds on k are given by k = 6 < & and k = 1 for the polynomial kernel and by
k =0 and k = p for the exponential learning interaction . For the polynomial kernel we obtain
the concrete lower bound for §(t),

setet) < B(t) < ete) g.

for the exponential kernel we only have
0 < B(t) < pe*Mp.

The previous results allow us to deduce the existence of a growth parameter v for bounded learning
kernels, which defines the BG P solutions.
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Lemma 19. Let the initial CDF satisfy and let the learning kernel be bounded from above and
below by - -
k<k(z,y) <k, 0<k<k,

for all z > y. Then there exists a growth parameter v > 0 which can be estimated by the following
conditions

= [T atownew dy<a < [T alou)otw) a

Proof. Lemmaensures that F'(Z,t) has a Pareto tail for all times ¢t > 0. We introduce the cumulative
distribution function in BGP variables by defining F(Z,t) = ®(Ze "), X = Ze " and calculate for
every fixed time ¢t > 0

lim X0 (1 —®(X)) = e 7 8(t) = A(t),

X—o00

as well as
Xe”t
—xex)=- [ f O)k(z, y)f (g D) f (2, 1) dy d=.

If we now multiply this inequality by X 7 and pass to the limit X — oo, we obtain due to L’Hoépital’s
rule

%B(t) = — lim <X9/XW /Xev O)k(z,9) f(y, £) f(2,1) dy dz).

X—o0

Since k(z,y) < k for z > y, we see that

1 Xe'Yt _ Xet
xi [ ] O 0) S, 0 (0) dy de < BXFA=6(X) [~ alS(,0)/(0.0) dy
Xet 0

and is therefore bounded from above by k3(t) [5° a(S(y,t)) f(y,t) dy, as X — co. On the other hand,
since k(z,y) > k, we have the lower bound

l Xent 1 Xent
X /X / )k(z,y)f(y,t) f(2,t) dy dz > kX o (1 — <I’(X))/O a(S(y, ) f(y,t) dy,
which gives the lower bound k3(t) [; Xet a(S(y,t))f(y,t) dy, as X — oo. Furthermore, we calculate

ox [Xe [ a0k 5w 050 dy dz]

1

= (1) [é / / 2 0) (. )f (=.1) dydz]
= - [ [ s 0k S S0y s

+ Zha(S(Z)F(2.) /Z "kl 20 ) dz - ZH1(200) [ (S 0IK(Z) 1) dy]

- ,
21— F(Z1) | s w0111 ay

< ewt(l_é)

+ ke (78) 28 (1 - F(Z,4)a(S(2,0)f(Z,1) — ke (73) 23 f(2,1) /Ozaw(y,t))f@,t) dy]‘
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Both positive terms include Zs (1-F(Z,t)), which (due to Lemma can be bounded by C'3(t), with a
constant C' > 0 for all Z > Z’. This implies, together with the boundedness of fOZ a(S(y,t)) f(y,t) dy,
a(S(Z,t)) and limyz_,o f(Z,t) = 0, that the above expression is negative for large values of Z € Ry.
We further observe that X o St erV a(S(y,t)k(z,y)f(y,t)f(z,t) dy dz is non-increasing for large
X, from which together with the bounds we are able to conclude the existence of a limit

Xe'“
i [ f D)k(2,9) )/ (2,1) dy =
X—00 JXevt
The bounds on the growth parameter v follow trivially by the preceding estimates. O

In the case of the exponential learning kernel we have k£ = 0, which implies that the growth
parameter v can be arbitrarily close to 0. Thus, the exponential growth can be very small and the
BGP solutions very close to steady states.

The existence of BGP solutions is still an open problem. We expect that the proof follows the
arguments of Burger et al. [4]. We leave this interesting problem in the future research.

6 Local mean field game model for knowledge growth

We finish considering BMFG models with non-constant learning rate k(-,-), in particular localised
kernels. We will see that this allows us to formally derive a local mean-field game model in a suitable
scaling limit.

We assume that

MZJn::ng*(Z;y>, (38)

where k, should be symmetric and € < 1 is the scaling parameter. Moreover, we assume that

/k: )dz € O(¢?), and / xky(z) dz € O(e)

for € — 0. Hence individuals only learn from others with almost same knowledge level as themselves.
Note that the exponential interaction rate fulfils the aforesaid assumptions. Define x = ¢~ and
p =i then

[z2—yl

1>
I

—R

k(z,y) =

™ \7;1

where &, i = O(1).

We first investigate the Boltzmann equation with the kernel of the form in the limit
€ — 0. We calculate

0tz = £0) | [Ta Sk (F0) ) dy - a(SEo)e [T h (220) £t a]

= f(z,1) l/oa a(S(z —ex,t)ke(z) f(z —ex,t) do — a(S(z,1)) /OOO k() f(z +ex) dx]
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where we first performed the coordinate change = *Z¥ in the gain term and x = == in the loss
term. By expanding f(-,¢) and a(S(-,t)) around z we further obtain

0f (2, 1) = f(2,0) lf(z,t)a(S(z,t)) /0 ku(2) da — 20, f(2, D)a(S(z, 1) /0 oho(z) da
—i—f(z,t)az(a(S(z,t)))/Oz ok (z) do — f(z,t)a(S(z,t))/ooo ko(z) da
~ca(S(.)0: (1) [ k(@) dm} L O(?)
— _ef(=,1) {QOZf(z,t)a(S(z,t)) + f(z,t)@z(a(S(z,t)))} LOE?)
— o). [ f2(z,t)a(S(z,t))] L O,
where we defined
A /O " ok (2) da. (39)

Using in the Bellman equation yields

OV (2,8) — 1V (2,1) = — max {U(a —8)2) + als)e ! /:o V(g t) = V(1) Fy, )k (Z - y) dy} |

seS

Next we expand the integral on the right-hand-side (after the coordinate chage = = ygz ):

[T Wl - Ve sk (20) d
_ /00o (V(z +ea,t) = V(z,8) f(z + ez, ks (2) da
= eAf(2,1)0.V (2,t) + O(e?),
where the constant A is defined as in . We rescale the interaction function
& = ela, (40)

hence individuals interact at a very high rate with others sharing the same knowledge level. We then
obtain (omitting higher order terms and the tilde notation) the local mean field game model

Ouf(2,1) = =0. (£, )als(z:1)) ) (41a)
WV (z,t) —rV(z,t) = — max [U((1—9)z)+ a(s(z,1))f(2,1)0.V(z,1)]. (41b)

We see that the Boltzmann equation formally converges to a Burgers’ type equation. It is well know
that the viscous Burgers’ equation, which corresponds to the case of a constant learning function
a = 1, admits travelling wave solutions. We recall that the rescaled original BMFG model, that is the
system in log-variables with k& = 1, has travelling wave solutions in case of a constant learningfunction
a=1.
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Next we introduce the control variable

with V := {v: Ry — R4}. This reformulation allows us to write as a generalised potential mean
field game with a conservation law constraint. In particular

Oif(z,t) + 0-(f (2, t)v(2,t)) =0, (
OV (z,t) —rV(z,t) = —max [U ((1 —at (;(z,t))) z) + v(z,t)@ZV(z,t)], (42b

veY
f(2,0) = fi1(2), (42¢
V(z,T)=0. (42d

This system can be written as an optimal control problem or potential mean field game

max /OT /OOO e "w (;Z:g , z) f(z,t)dz dt (43)

subject to

atf(zvt) + 0, (v(z,t)f(z,t)) =0, (44)

where due to the choice of the utility of an agent’s productivity U, the function w(-, -) has to fulfil the
following differential equation

w(p, z) = popw(p,z) = =U((1 —a~'(p))2), Vz€Ry. (45)

Note that is a generalisation of a potential mean field game. There is a well established existence
theory for potential mean field games, see [8, 2], and we believe that some of these results can be
generalised for certain utility functions (like the linear utility). However, a general existence result is
an open problem that we will address in the future.

Remark 10. Solving the maximization problem in the Bellman equation gives the following optimality
condition

v(z,t) = f(z O H (271 f(2,00.V (2,1))

with H(r(z,t)) :== U’ ((1 — o~ (r(2,1))) 2) («=!)’ (r(2,t)) monotonically decreasing due to Assump-
tions We see that the monotonicity of 0,V (-, ) has a direct influence on the monotonicity of the

control v(-,t); a similar correlation that we already discussed for the non-local Bellman equation in
Remark [

We conclude by discussing solutions to equation for different utilities and interaction functions.
Differentiating condition with respect to p yields

!/

—pduw(p,2) = 2U'((1—a " (p))2) (a71) (p), (46)

Then the function w, relating to the time discounted running cost of an individual at time ¢
o0 t
/ e "tw <U(Z’ ),z) f(z,t)dz,
0 f(za t)
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can be computed explicitly in some cases assuming that the interaction function « is of the form
1
a(s):==sn, n>1.
In the case of a linear utility equation is of the form
Opw(p, z) = —znp" 2.

Since n # 1 we find that

z
’UJ(p, Z) = _77 — pW + Cl(z)p + 02(2))

1

where ¢1(2), c2(2) € R are suitable integration constants. In case of a logarithmic utility we obtain

-2
2 _ p"
apw(pv Z) - 771 _pn'
For n = 2 it simplifies to
1
2 _
apw(pa Z) - —771 _pz'

Integration gives
n
Gpw(p,z) = =5 (In(p+1) = In(jp — 1)) +ei,

from which we can conclude

w(p,z) =-np+1In(p+1)+(@-1n(p—1])+cr(2)p+ c2(2),

where ¢1(2), c2(2) € R again describe integration constants. Note that w is not defined for p = 1.
We can not give a closed form solution for w in case of an isoelastic utility.

7 Numerical simulations

In this section we present an iterative solver for as well as and computational results support-
ing and exemplifying the presented analysis.

Consider the computational domain Z = [0,10] and a fixed time horizon 7 = [0, 25]; both split
into intervals of size Az = 0.01 and At = 0.01 respectively. We will use superscripts to refer to the
discrete in time functions, for example f" = f(z,t") where t" = nAt.

We choose an initial distribution of agents, which has a Pareto tail

g

o= e

and set the interaction function a(s) = 24/s. Furthermore we set the temporal discount factor to
r = 0.05. We will choose these initial conditions, interaction function and discount factor for all

computational experiments if not stated otherwise.

The numerical solver is based on the following fixed point iteration:
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1. Ezplicit in time finite difference discretisation of the Boltzmann equation : Given A" =
a(S™) for n = 0,... N, starting with S° = 1, solve the Boltzmann equation forward in time:

il = At f"/ A"k (z, y)f" dy — At A" (y) / k(y, 2)" dy.
0 z

We calculate the integrals on the right-hand-side using the trapezoidal rule.
2. Policy iteration to solve the HJB equation : Let V™ and S™ denote the time-discrete solution
to at time ¢" and let A™ := «(S").
(a) Given the terminal condition VY = 0 and A", S and " for every n = 0,1..., N solve
the HJB backward in time

Vn+1 N VAU

TV =—(1-sn:—an [ “(VR(y) = VPE)E () k(y, 2) dy

or equivalently

—(14+rAt) V' + At A" /:(V”(y) — V)" (y)k(y, z) dy = =V — At(1 — S")z.

(b) Given V™ and f" for n =0,... N, update S™ by computing
B" = [Z(V"(y) — V"(2))f"(y)k(y, 2)dy for all time t*, n = 0,... N and calculating (ele-
mentwise) for the linear utility:
e« S"=0for B" <0.
« S"=1ifB"A(1) <=z
o /(S") = gn.
Note that the update of S in (8b) has to be adapted in case of the isoelastic and logarithmic utility.

7.1 Polynomial learning kernel

Linear utility: We start by illustrating the behavior of solutions in case of a polynomial learning
kernel k as defined in ([1)) with parameters

0=05and k=1

and a linear utility U given by . Note that these parameter satisfy condition ; we therefore
expect monotonicity of V and S. Figure [1| shows the expected behavior of the learning function S as
well as the value function V' at different times. We see that agent choose to spend their entire time
on learning, therefore S = 1, up to a certain knowledge level Z. The value of Z decreases as time
increases.

The numerically observed monotonicity behavior does not change even if we choose parameters vio-
lating condition . For example, if we set

0=01land k=3

solutions are still monotone, see Figure 2l We observe that S is still non-increasing, yet the incentive
to learn is lower than in the previous example, as the rate of learning is smaller and decay faster.
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Figure 1: Solution to with linear utility and a polynomial learning kernel with § = 0.5 and
k = 1, which satisfies (30]). The direction of the arrow indicates the increase of time.

0o

Figure 2: Solution to with linear utility and a polynomial learning kernel with § = 0.1 and
k = 3, which violates . The direction of the arrow indicates the increase of time.

Isoelastic utility Next we use the isoelastic utility @ with ¢ = 0.5, in particular

U(p) = /-

Figure [3] shows the value function V" and the optimally allocated fraction of time S for a polynomial
interaction kernel with § = 0.5 and £ = 1. We observe that S only takes the value 1 at z = 0, and
decreases for all z > 0. This can be explained by the fact that we never satisfy the conditions stated
in the first bullet point in the proof of Corollary in particular U’(0) < oo holds for the linear utility
only.

Logarithmic utility Lucas and Moll reported non-monotinic behavior of solutions to for
logarithmic utilities of the form @ We recall that most of the presented analytical results exclude
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20

Figure 3: Solution to with square root utility and a polynomial learning kernel with § = 0.5
and k = 1. The direction of the arrow indicates the increase of time.

log utilities. In the computations we consider the following regularised version of :

max [log((1 —s)(z+¢)+ a(s)B] (47)

with e < 1. Then the first-order optimality condition for S and o = ag+/s reads as

-1 (675}
+ —B=0.
(1—5) 2/s
Hence the maximiser is independent of the regularisation parameter . Figure shows the utility V'
as well as the optimal allocated time. We observe that the value function does indeed take negative
values (as stated in Lemma , and that we cannot expect monotonicity of solutions.

7.2 Exponential learning kernel

We continue by considering exponential learning kernels of the form with k = 1. Although we
were not able to show monotonicity of solutions on Z, we observe a very similar behavior as for the
polynomial learning kernel in Figure 5] The faster decay of the learning rate leads to a faster decay
of S; however, the qualitative behavior of solutions is very similar.

7.3 Local mean-field games

We conclude by showing first computational results, to illustrate solutions to . In doing so we
replace Step 1 in the fixed point algorithm with a solver for a Burger’s equation with general mobility.
In particular

1. Explicit in time finite difference discretisation of Burger’s equation (41a)), see : Given A™ =
a(S™) for n =0,... N solve Burger’s equation forward in time

n+1l _ en AT A"
£l = +)\(Aj+;Jj+é —Aj_le_;>
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20

Figure 4: Solution to with logarithmic utility and a polynomial learning kernel with § = 0.05
and xk = 1.5. The direction of the arrow indicates the increase of time.

140

120

100

Figure 5: Solution to (8)) with linear utility and a exponential learning kernel with kK = 1. The
direction of the arrow indicates the increase of time.

where A = {1, Jj;1isa Godunov flux and A the average of A over the cell I; = [x;— 5%, 2;+5%].

Step 2 of the fixed point iteration is unchanged, except for the definition of B, which is given by
B" = D(V")f?

where D is the discrete gradient operator.

Figure [6] shows the solution to the local MFG model, using the same parameters as in the
previous examples. We observe a very similar behavior to the BMFG - such as monotonicity of
solutions - matter of future research.
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Figure 6: Solution to with linear utility. The direction of the arrow indicates the increase of time.
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