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Assessment of two Harmonic Balance Method-based numerical strategies for
blade-tip/casing interactions: application to NASA rotor67

T. Vadcard1,2, Y. Coläıtis1, A. Batailly1, F. Thouverez2

Abstract
The study presented in this paper focuses on the analysis of rubbing interactions —including unilateral contact and
dry friction— between a rotating fan blade and a rigid casing by frequency domain methods. Two previously published
Harmonic Balance Method-based methodologies are assessed: 1) an approach relying on augmented lagrangians and
2) a second method using a regularized penalty law combined with a Lanczos σ-approximation filter. As a reference
point for this comparison, a time-domain numerical strategy relying on a Lagrange multiplier-based contact treatment
is considered. All computations are run with the NASA rotor 67 fan blade, an open industrial blade geometry. As it
undergoes structural contacts, this blade features an intricate dynamics response, thus making it a challenging case
study for nonlinear iterative solvers. The contact scenario is chosen to be an ovalization of the casing with no external
forcing. This scenario induces highly nonlinear reponses of the blade and complex phenomena such as isolated frequency
response curves. The results presented underline a very good agreement of the different strategies with the reference time
marching approach. An in-depth comparison is made with an emphasis on nonlinear frequency response curves and time
signals. Finally, a physical analysis of the encountered isolas is presented through an in-depth investigation of the main
modal contributions for each computed solution. In the end, this paper provides new qualitative elements allowing for a
better understanding of rubbing interactions that may not be efficiently obtained with time marching procedures.
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Évaluation de deux stratégies numériques basées sur la méthode de
l’équilibrage harmonique pour les interactions aube/carter : application au
NASA rotor 67

T. Vadcard1,2, Y. Coläıtis1, A. Batailly1, F. Thouverez2

Résumé
L’étude présentée dans ce papier se focalise sur l’analyse des contacts frottants aube/carter—incluants contact unilatéral
et frottement sec—entre une aube de soufflante en rotation et un carter rigide par des méthodes fréquentielles. Deux
méthodes précedemment publiées basées sur la méthode d’équilibrage harmonique sont évaluées : 1) une approche se
basant sur des lagrangiens augmentés et 2) une deuxième méthode utilisant une loi de pénalité régularisée combinée
avec un filtre à σ-approximation de Lanczos. Une méthode numérique du domaine temporel basée sur un traitement du
contact par multiplicateurs de Lagrange est considérée comme point de référence pour la comparaison. Tous les calculs
sont réalisés avec l’aube de soufflante du NASA rotor 67, une géometrie d’aube industrielle ouverte. Lorsqu’elle subit
des contact structurels, cette aube présente une réponse dynamique complexe, en faisant un cas d’application difficile à
traiter par des solveurs non-linéaires itératifs. Le scénario de contact choisi est une ovalisation du carter avec aucun
forçage extérieur. Ce scénario entrâıne une réponse hautement non-linéaire et des phénomènes complexes tels que des
branches de solutions isolées. Les résulats présentés soulignent un très bon accord entre les différentes stratégies et la
méthode de référence du domaine temporel. Une comparaison approfondie est faite en mettant l’emphase sur les courbes
de réponse en fréquence et les signaux temporels. Finalement, une étude physique des isolats rencontrés est conduite
à travers une enquête approfondie sur les contributions mdoales principales pour chacune des solutions calculées. En
conclusion, ce papier fournit de nouveaux éléments qualitatifs permettant une meilleur compréhension des interactions de
contacts frottants aube/carter qui ne pourraient pas être obtenus par l’usage de méthodes du domaine temporel.

Mots-clés
Méthode d’équilibrage harmonique, contact unilatéral, interaction aube/carter, aube de soufflante, isolat
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Assessment of two Harmonic Balance Method-based numerical strategies for blade-tip/casing interactions:
application to NASA rotor67

INTRODUCTION

With the recent evolution of environmental regulations for commercial aviation, aircraft engine manufacturers are
commited to designing more efficient turbomachines. Among the avenues considered to lower aircraft engines’
environemental footprint, the reduction of operating tip clearances yields a significant gain in performance by
decreasing parasitic leakage flows. However, this design choice yields new challenges for designers particularly
because phenomena that were once considered as purely accidental now occur within nominal operating conditions.
Among these critical phenomena, blade-tip/casing structural contacts are of particular interest [1, 2, 3, 4, 5, 6, 7, 8,
9, 10]. Since these situations are now expected in non-accidental configurations during the lifetime of engines, they
must be accounted for in the design phase.

Full-scale experimental setups for blade/casing contact interactions are extremely costly. Hence, the developpe-
ment of predictive numerical strategies in order to accurately describe these interactions is an active field of research
[11, 12, 13, 14]. To this day, the industrial state-of-the-art strategies are based on the time domain paradigm [3, 15,
16]. However, the development of methods relying on the frequency domain has known a renewed interest [9, 10, 14,
17, 18, 19]. Indeed, such methods have the potential to provide a qualitative understanding of a blade’s response
that would be extremely costly to get with time domain solution methods.

The present article focuses on the assessment of two previously published Harmonic Balance Method (HBM)-based
strategies to evaluate nonlinear contact forces in a blade-tip/casing interaction configuration: on the one hand, the
recently proposed Regularized-Lanczos HBM [14] and on the other hand the Dynamic Lagrangian Frequency Time
HBM [20], an industrial standard for the characterization of friction damping for blade/disk assemblies. These two
methodologies mainly differ by the way contact constraints are numerically handled.

Both Harmonic Balance (HB) methods are applied in a highly nonlinear configuration in order to validate the
robustness of the strategies. The sophisticated responses also exacerbate modeling differences thus highlighting the
specificities of each algorithm. The second section Sec. 1 focuses on presenting the classical HB approach, the specific
developpements of each contact model, as well as the blade model and the contact scenario. The third section Sec. 2
presents a detailed comparison of the HB strategies with each other and the time-marching reference algorithm. The
in-depth comparison covers: nonlinear frequency response curves, sophisticated isolated frequency response curves
uncovered by frequency sweeps and time signals associated with some harmonic solutions as a validation. Finally, a
specific isola is analyzed in terms of both modal and harmonic contributions to better underline the intricacy of the
blade’s dynamics.

1 HARMONIC BALANCE METHODOLOGIES

The time and space-normalized nonlinear equation of motion for a n-dof (degrees of freedom) system with respect to
time reads:

α

β2
Mẍ(t) +

α

β
Cẋ(t) + αKx(t) + fnl(x(t), ẋ(t), ω) = 0 (1)

where x is the unknown displacement field, M, C and K respectively stand for the mass, damping and stiffness
matrices, fnl is the nonlinear forces vector and ω the fundamental pulsation of the contact forces. The overdots
refer to time derivatives. Since no external forces are considered in this study, the related term is ommited in the
equations. The time and space quantities are normalized thanks to the terms α and β chosen beforehand such

that ∥αx∥ ≃ 1 and
ω

β
≃ 1 on the whole frequency range, this normalization yields a significant improvement in the

overall numerical performance and convergence of the nonlinear iterative solvers.

1.1 Harmonic balance method

The HBM relies on the assumption that the displacement field solution to (1) can be expressed as a Nh-truncated
Fourier series of fundamental pulsation ω.

x(t) ≃ 1

2
a0 +

Nh∑
k=1

(ak cos(kωt) + bk sin(kωt)) (2)
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where the vectorial quantities ak and bk are the real Fourier coefficients. These vectors of size n are organized such
that, {

ak = [a1k, a
2
k, . . . , a

n
k ] for k ∈ J0, NhK

bk = [b1k, b
2
k, . . . , b

n
k ] for k ∈ J1, NhK

(3)

(4)

The same harmonic decomposition is used to express the nonlinear forces fnl(x(t), ẋ(t), ω). Fourier coefficients are
gathered in the so called multiharmonic vectors of dimension n(2Nh + 1), as written in (5).

x̃ =

[
1

2
a0, a1, b1, . . . aNh

, bNh

]⊤
f̃nl =

[
1

2
anl0 , anl1 , bnl

1 , . . . , anlNh
, bnl

Nh

]⊤ (5)

By substituting the new expressions of the displacement vector given in (2), its derivatives, ẋ(t) and ẍ(t), and
the nonlinear forces in the differential equation of motion (1), it is possible to apply a Fourier-Galerkin projection
yielding the n(2Nh + 1) nonlinear algebraeic equations (6) where x̃ is the new unknown.

H(x̃, ω) = Z(ω)x̃+ f̃nl(x̃) = 0 (6)

with Z(ω) is the dynamic stiffness matrix, accounting for the linear behaviour of the structure. The matrix Z(ω) is
block diagonal and its blocks Zk∀k ∈ J0, NhK are expressed as,

Z0 = αK, Zk(ω) = α

K−
(
kω

β

)2

M
kω

β
C

−kω

β
C K−

(
kω

β

)2

M

 (7)

In order to reduce the size of the nonlinear system, an exact condensation on the nonlinear dof is conducted
on the frequency domain nonlinear system (6). This strategy is commonly used on localized nonlinearities such as
contact interactions and detailed in [14]. It relies on the property that linear dof do not withstand nonlinear forces
by definition. The subscript •r refers to this condensation in further equations, such that the condensed equation of
motion in the frequency domain reads:

Hr(x̃r, ω) = Zr(ω)x̃r + f̃nl,r(x̃r) = 0 (8)

1.2 Iterative resolution

The HBM system (8) is nonlinear due to nonlinear forces that nontrivially depend on the displacement field x̃r. It is
then necessary to use dedicated algorithms in order to find solutions to this system, such as the Newton-Raphson
algorithm. This method computes iteratively a solution to the nonlinear equations, starting from an initial iterate
x̃0
r . The methodology relies on the following iterative step:

x̃k+1
r = x̃k

r +∆x̃k
r where

∂Hr

∂x̃r
(x̃k

r , ω)∆x̃k
r = −Hr(x̃

k
r , ω) (9)

In order to use this procedure, it is necessary to compute the jacobian matrix
∂Hr

∂x̃r
(x̃k

r , ω) at every step, its expression

reads:

∂Hr

∂x̃r
(x̃k

r , ω) = Zr(ω) +
∂ f̃nl,r
∂x̃r

(x̃k
r , ω) (10)
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Once the objective function ∥Hr(x̃r, ω)∥2 has reached a sufficiently low value, a solution has been found and the
iterations stop.

The presence of nonlinear forces in the frequency domain leads to specific numerical challenges. In fact, the
laws governing nonlinear forces are usually tailored for time domain strategies. For the case of contact forces, it
is even more challenging since no explicit expression exists nor for the Hertz-Signorini-Moreau conditions or the
Coulomb’s law. In order to model such nonlinear phenomena, one has to use dedicated strategies for the evaluation
of the contact forces. Two methodologies are proposed in this paper for this purpose, the first one is based on the
augmented lagrangian formalism and the second one relies a regularized penalty law associated with a Lanczos
σ-approximation filter. Each of these strategies are thoroughly presented in Sec. 1.4 and Sec. 1.5. Both methods
rely on the Alternating Frequency/Time (AFT) scheme that is explicited in Sec. 1.3.

1.3 Alternating frequency/time strategy

Since the governing laws related to the nonlinear forces can solely be expressed in the time domain, dedicated
methodologies are required in order to deal with nonlinear forces in the frequency domain. As suggested in [21],
the AFT scheme allows to evaluate nonlinear forces and their derivatives for each iteration of the Newton-Raphson
algorithm. This strategy requires the choice of a time discretization beforehand: the period is chosen to be divided
in Nt evenly spaced time instants. The AFT method is usually divided in three main steps: 1) the Inverse Discrete
Fourier Transform (IDFT) on the multiharmonic vector x̃r in order to obtain the time-discrete vector {xr(ti)}i=1...Nt

,
2) the evaluation of the time-discrete vector of nonlinear forces {fnl,r(ti)}i=1...Nt

using a methodology dedicated to
the type of nonlinearity, and 3) the Discrete Fourier Transform (DFT) to compute the multiharmonic vector of

nonlinear forces f̃nl,r and then evaluate the objective function Hr(x̃r, ω). The first and last steps are realized by
using the IDFT matrix F and DFT matrix F, expressed as follows:

F =


1

2
cos(ωt1) sin(ωt1) . . . cos(Nhωt1) sin(Nhωt1)

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
1

2
cos(ωtNt ) sin(ωtNt ) . . . cos(NhωtNt ) sin(NhωtNt )

⊗ In (11)

F =
2

Nt


1 . . . 1

cos(ωt1) . . . cos(ωtNt )

sin(ωt1) . . . sin(ωtNt )

.

.

.
.
.
.

cos(Nhωt1) . . . cos(NhωtNt )

sin(Nhωt1) . . . sin(NhωtNt )

⊗ In (12)

These matrices allow to transfer any quantity •(t) from the time domain to the frequency domain •̃ (F) or vice-versa
(F), as represented in (13).

•̃ = F {•(ti)}i=1...Nt
{•(ti)}i=1...Nt

= F•̃ (13)

This methodology is very efficient when it comes to nonlinearities that can be written as analytical expressions.
However, in the case of contact a direct use of the AFT is not possible since no analytical expression links the
displacement field xr(t) to the nonlinear forces fnl,r(t). In this paper, two very different approaches are given in
Sec. 1.4 and Sec. 1.5 in order to evaluate the normal contact forces. In the next sections, the time-discrete vectors
notations are lightened such as {•(ti)}i=1...Nt

= •.

1.4 Dynamic Lagrangian Frequency Time Harmonic Balance

The Dynamic Lagrangian Frequency Time associated with the HBM (DLFT-HBM)[20] is widely used to compute
the nonlinear response of blade/disk assemblies due to the dry friction at the root of the blades [22, 23]. This
methodology relies on augmented lagrangians and uses a prediction-correction procedure in the time domain in
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order to satisfy unilateral contact conditions. The augmented lagrangians strategy consists in writing the contact
forces as follows,

f̃Nnl,r = −Zrx̃r − ε(g̃x,r − g̃y,r) (14)

where g̃x,r = x̃r − Fd and g̃y,r = ỹr − Fd are the gap functions in the frequency domain, d is the time-discrete
function that contains the distance d(t) between the undeformed structure and the obstacle at each instant of
the time discretization, ε is a numerical weighting factor and x̃r the estimation of the solution provided by the
Newton-Raphson algorithm at one iteration. One may note that even if it is often referred to as a penalty parameter,
it is not equivalent to a penalty stiffness. The strategy relies on the introduction of a new unknown ỹr that is
implicitely calculated through the AFT procedure under the hypothesis that ỹr is strictly admissible in terms of
unilateral constraints. In order to compute f̃Nnl,r, it is necessary to use a prediction-correction scheme, such as

f̃Nnl,r = f̃Nnl,pre + f̃Nnl,cor where f̃Nnl,pre = −Zrx̃r − εg̃x,r and f̃Nnl,cor = εg̃y,r. The calculation of the correction term is

conducted in the time domain, it is then necessary to use an IDFT on f̃Nnl,pre and apply the unilateral contact
contraints at each time instant ti of the discretized period:

• if fNnl,pre(ti) > 0, contact is detected then gy,r(ti) = 0 implying that fNnl,cor(ti) = 0,

• if fNnl,pre(ti) ≤ 0, contact is not detected then gy,r(ti) ̸= 0 implying that fNnl,r(ti) = 0 thus the correction should

be fNnl,cor(ti) = −fNnl,pre(ti).

The correction implies that the contact forces fNnl,r(t) and the gap function gy,r(t) strictly respect the Hertz-Signorini-
Moreau conditions in the time domain:

0 ≤ fNnl,r ⊥ gy,r ≥ 0 (15)

A DFT is then applied on fNnl,r(t) in order to compute the residual function Hr(x̃r, ω):

Hr(x̃r, ω) = Zr(ω)x̃r −Zrx̃r − ε(g̃x,r − g̃y,r)︸ ︷︷ ︸
f̃nl,r

(16)

= −ε(g̃x,r − g̃y,r) (17)

The expression of the DLFT-HBM residual (17) underlines that once the displacement field x̃r satifies Hr(x̃r, ω) = 0*,
the enforcement of the unilateral contact constraints is ensured by (17). The equation of motion is also satisfied,
since if g̃x,r − g̃y,r = 0 is true, as (14) stands for the equation of motion by construction. The unilateral conditions
( ) approximated by the DLFT-HBM are represented in Fig. 1. In this article, the weighting parameter ε is set at
1 · 107 N·m−1.

1.5 Regularized-Lanczos Harmonic Balance

The RL-HBM, which is the association of a regularized penalty law with the Lanczos filtering in a HB framework,
was recently introduced [14].

In order to lift the indeterminacy of the contact forces with respect to the gap function, an explicit expression
for the contact forces is used. Among existing contact laws, the penalty law reads:

fN
nl(t) = −κmax(0, g(t)) (18)

Where κ is the penalty stiffness and g(t) = x(t)− d(t) the gap function. This law allows some residual penetration
between the structures since the gap function has to become negative for contact forces to appear. The penalty
stiffness must be chosen as high as possible in order to approach the unilateral law, however in general κ can not
take too high values since it also degrades the numerical stability of the algorithm. Thus, its value is related to a
compromise between numerical stability and model accuracy. This bilinear contact law is actually still too severe
numerically to be used in an AFT procedure, mainly because of its non-differentiability around g(t) = 0. For that
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reason, the RL-HBM relies on a regularized approximation of this law ( ), see Fig. 1. In order to smoothen the
non-differentiability, a regularization parameter γ [14] is introduced in (18):

fN
nl(t) = −κ

g(t)

2
+

√(
κ
g(t)

2

)2

+ γ2 (19)

Thanks to the introduction of γ, the non-differentiability vanishes. While it may be convenient from a numerical
standpoint, this formulation implies that contact forces are always nonzero, even for a positive gap. It underlines
that γ should not be too high in order not to deteriorate the quality of the contact treatment. It is possible to note
that the classical penalty law (18) is the particular case γ = 0 of the regularized law (19). In this paper, the penalty
stiffness κ is 1 · 109 N·m−1 and the regularization parameter γ is 600N.

In addition to the regularization of the contact law, the RL-HBM features a filtering of the normal contact forces
conducted by means of a Lanczos filter. This filtering is done during the transformation back to the frequency
domain thanks to the introduction of the σk coefficients in the Fourier decomposition,

fnl(x, ẋ) ≃
1

2
anl0 +

Nh∑
k=1

σk

(
anlk cos(kωt) + bnl

k sin(kωt)
)

(20)

where:

σk = sinc(χk) where χk =

 0 for k < 1
k

Nh + 1
for 1 ≤ k ≤ Nh

(21)

1

κ

(0, γ)• g

fN
nl

Figure 1. Contact laws: penalty law ( ), regularized penalty law ( ), unilateral law ( ).

1.6 Path following

The nonlinear forces in the equation of motion usually induce sophisticated vibration responses. It was shown that,
in the case of contact interactions, turning points appear [14, 24]. These limit points imply that the nonlinear
equations admit coexisting solutions at a given pulsation ω. In order not to miss portions of the nonlinear frequency
response curves (NFRC), one must employ a so called path continuation technique [24, 25] allowing to capture a
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greater number of solutions than a regular frequency sweep. Continuation techniques are built upon the hypothesis
of local continuity of the solution branches with respect to the control parameter, the pulsation ω in the present
case. Among the multiple path continuation techniques that may be found in the literature, arc-length continuation
may be the most commonly used in the field of nonlinear dynamics, this technique is considered in this paper. This
prediction/correction methodology is defined by three key elements: the local parameterization of the curve, the
prediction step and the correction steps.

Parameterization

The arc-length continuation relies on a local parameterization of the curve based on the arc-length parameter s,
usually referred to as the curvilinear abscissa. The control parameter ω is considered as a new unknown of the
problem, requiring the addition of (22) in order to close the system of equations:

P(x̃k
i , ω

k
i ) =

∥∥x̃k
i − x̃i−1

∥∥2 + (ωk
i − ωi−1)

2 −∆s2i−1 (22)

The solutions are then found at the intersection of the space of solutions and the hypersphere of radius ∆si−1

centered around the previous solution point yi−1 = (x̃i−1, ωi−1)
⊤. The parameterization strategy ( ) is displayed

in Fig. 2a.

Prediction

In order to provide a good estimate of the solution to the nonlinear solver, a secant prediction is obtained using the
last two points of the NFRC yi and yi−1:

y0
i+1 = yi +∆si

∆yi

∥∆yi∥2
, with ∆yi = yi − yi−1 (23)

This prediction is a relatively good estimate of the solution at no expense if ∆si is sufficiently small, which is
generally the case. The distance ∆si should be the same as the one appearing in the parameterization (22) such
that the prediction (23) is already on the hypersphere of research. This prediction ( ) is illustrated in Fig. 2a.

Correction

Once a prediction has been made, it is necessary to correct the guess y0
i+1 to the actual solution. A Newton-Raphson

algorithm is employed on the augmented system, including ω as a new unknown. The resulting nonlinear system
reads, (

H(y)

P(y)

)
= 0 (24)

This system is solved iteratively as follows,
∂H

∂x̃
(yk)

∂H

∂ω
(yk)

∂P
∂x̃

(yk)
∂P
∂ω

(yk)

∆yk+1 = −
(

H(yk)

P(yk)

)
(25)

With yk+1 = yk +∆yk+1 being the next iterate of the algorithm. The same criteria as given in Sec. 1.1 is used in
order to assess the convergence of the solution. An illustration of the iterates ( ) is displayed in Fig. 2a.

Closed loop control

When dealing with highly nonlinear phenomena, isolated solution branches can appear. In order to ensure that
the continuation procedure does not loop over an isolated branch, it is a good practice to implement a closed loop
detection throughout the calculation of the NFRC. A simple geometric condition is used in this paper. At the start
of the continuation procedure, the point y0 = (x̃0, ω0) is chosen as a reference point, then if two successive points are
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calculated such as ωi < ω0 < ωi+1 (or the other way around), a closed loop test is conducted. In order to carry out
this test, it is necessary to interpolate between x̃i and x̃i+1 at the pulsation ω0, such as this interpolation x̃int reads:

x̃int = x̃i +
ω0 − ωi

ωi+1 − ωi
(x̃i+1 − x̃i) (26)

The relative distance dint between the interpolated point x̃int and the reference point x̃0 is calculated such as,

dint =
∥x̃int − x̃0∥2

∥x̃int∥2
(27)

If this distance is smaller than the value dmin given by the user, then the continuation stops as the NFRC has gone
through the first point y0 again, thus forming a closed loop. This procedure is shown in Fig. 2b. An alternate
method consists in correcting the interpolated x̃int point onto the NFRC thanks to a Newton-Raphson algorithm,
but it induces an additional computational cost and the success of the method depends on the basin of attraction of
the nonlinear function. For these reasons, the latter is not considered in this article.

x̃𝑖−1

x̃𝑖
x̃𝑖+1

x̃0
𝑖+1

Δ𝑠𝑖

H(x̃, 𝜔) = 0
𝜔

| |x̃| |

(a) parameterization and prediction

x̃𝑖+1

x̃𝑖 x̃0

x̃int

H(x̃, 𝜔) = 0

𝜔0 𝜔

| |x̃| |

(b) isolas detection strategy

Figure 2. Continuation strategy, solutions subspace ( ), direction of research ( ), solutions ( ), prediction ( ), correction
iterations ( ).

2 BLADE TIP/CASING INTERACTION ON NASA ROTOR 67

2.1 Blade model

The industrial case study used to analyze the methodologies is the NASA rotor 67 [26]. It was initially designed at
the NASA Lewis research center (Cleveland, Ohio, USA) as a reference geometry for research in fluid dynamics [27].
This geometry was recently used in a structural mechanics study [28] where its sophisticated dynamical response
was exhibited. The material properties of this blade are not explicitly given in the initial report, however several
articles make the assumption that this rotor is made out of the classical alloy composing fan blades: a titanium
alloy TA6V of grade 5 (Ti 6Al 4V). The material properties retained for this study are given in Tab. 1

The full finite element mesh of the blade is composed of 129181 quadratic pentahedron elements for a total
of 201287 nodes1, see Fig. 3b. The nodes belonging to the root of the blade ( ) are clamped. A reduced-order

1mesh available at https://lava-wiki.meca.polymtl.ca/public/modeles/rotor_67/
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Young modulus E Density ρ Poisson coefficient ν

108GPa 4400 kg·m−3 0.34

Table 1. Material properties retained for TA6V.

model is computed with the Craig-Bampton method [29]. The reduced-order model is composed of nb = 9 boundary
nodes ( ) retained for contact management purposes and η = 12 modal dof. The size of the reduced-order model
is n = 3nb + η = 39 dof with a total of 27 nonlinear dof. The structural damping is ξ1−3 = 1 · 10−3 for the first
three modes (first bending mode (1B), second bending mode (2B) and first torsional mode (1T)) and ξ4+ = 5 · 10−3

for all the other modes. The eigenfrequencies for the modes of interest are given in Tab. 2. The full bladed disk is
represented in Fig. 3a. For this study, a single blade is considered.

mode 1B 2B 1T

ω(rad·s−1) 2039.6 6339.7 10735.1

f(Hz) 324.6 1009 1708.5

Table 2. First eigenfrequencies of the blade.

(a)
𝑦

𝑥

𝑧
Ω

LE
TE

(b)

Figure 3. NASA rotor 67: full bladed disk [30] (a), finite element mesh (b).

2.2 Contact scenario

Rubbing interactions were experimentally observed under vacuum [31], for that reason, no aerodynamic forcing
is considered. In fact, contact initiation is usually attributed to both centrifugal loads on the blades lowering the
radial gap at the tip and thermal effects distorting the casing. Moreover, experimental observations underlined that
the vibration amplitudes of the casing can be considered as negligible, justifying that the casing can be modeled as
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a rigid profile. Considering the arguments presented, the casing is represented by a distorted and perfectly rigid
mathematical profile. In agreement with previously published investigations on blade-tip/casing interactions [14,
16], the casing is ovalized thus privileging two symmetrical contact areas along the circumference of the casing for
contact interactions. Due to the distortion of the casing, rubbing interactions occur at any angular speed. Moreover,
the absence of external forcing allows to highlight contact-induced multiharmonic, multimodal and highly nonlinear
responses. To the contrary, an harmonic external forcing usually favors responses on the pulsation of excitation
around a specific mode of the structure, thus simplifying the type of dynamical response. The range of angular
speeds Ω investigated in this paper is Ω ∈ [400, 2000] rad·s−1. In the frequency domain framework, the angular
pulsation of resolution is the angular pulsation associated to the rotation of the blade such as ω = Ω.

2.3 Casing distortion

In order to take the casing distortion into account in the harmonic simulations, the latter is represented as a
T-periodic distance function. This distance function is different for each boundary node j ∈ J1, nbK and it reads:

dj(τ) = cj − (cj + pj) exp

−
 (τ + θj)(2π mod nl)−

π

nl

wl


2 (28)

where τ is the normalized time related to the angular speed of the blade, θj is the angular shift of the boundary
node due to the twist of the blade measured on the mesh, cj is the operating clearance, pj is the penetration of
the lobes with the blade’s circular trajectory corresponding to its linear behaviour, wl is a weight standing for the
angular width of the lobes and nl is the number of lobes. For this study, the following values are used: nl = 2,
wl = 0.15 and for all boundary nodes cj = 4 · 10−4 m and pj = 1.25 · 10−4 m. The shape of the casing is similar for
all contact nodes, it is only angularly offset with different values of θj to compensate the twist of the blade, since
the lobe is aligned with the axial direction. The shape of one lobe is shown in Fig. 4.

cj

pj

Ω

j

dj,i

Figure 4. One lobe distortion of the casing ( ) in front of the j-TH boundary node ( ).

2.4 Friction management

Normal contact is assumed to be solely along the radial direction, which makes the radial displacement of the
boundary nodes rj(t) with j ∈ J1, nbK the quantities of interest. Moreover, for both DLFT-HBM and RL-HBM,
whenever a radial contact is detected, say at time ti, it is necessary to compute the dry friction forces in the
tangential directions (θ, z). Given the very high relative speeds between the blade tip and the casing, permanent
sliding is assumed thus simplifying the computation of friction forces. Both circumferential fθ

nl and axial fz
nl forces

can be expressed according to the Coulomb’s Law in sliding such as,

fθ
nl,j(ti) = µ

vθ(ti) + ρjΩ√
(vθ(ti) + ρjΩ)2 + vz(ti)2

fN
nl(ti) (29)
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fz
nl,j(ti) = µ

vz(ti)√
(vθ(ti) + ρjΩ)2 + vz(ti)2

fN
nl(ti) (30)

where the friction coefficient µ is 0.15, vθ is the circumferential vibration velocity, vz the axial vibration velocity,
and ρj the radial position of the j-th boundary node with respect to the axis of rotation.

3 NUMERICAL RESULTS

In order to confront the different solution methods on the presented problem, a time integration (TI) analysis is
carried out in Sec. 3.1, then the analysis of the HB strategies’ results is conducted in Sec. 3.2, in the end a thorough
analysis is done on the isolated frequency response curves in Sec. 3.4.

3.1 Time-domain reference results

The reference time integration strategy is a state-of-the-art methodology used in the turbomachinery industry to
evaluate the criticity of rubbing interactions [3, 15]. It is used in this paper for a frequency sweep on the angular
speed range in order to provide the nonlinear frequency response curve in the light of the time domain paradigm.
This frequency sweep is represented in Fig. 5. Each point represents a simulation over 200 revolutions starting from
null initial conditions with a time step dt = 1 · 10−7 s. The order of magnitude associated with the calculation of
each point is around two minutes of CPU time on a 8 cores i7 CPU.

400 800 1,200 1,600 2,000
0

1

2

3
·10−3

Ω (rad/s)

||r
1
(t
)||

∞
(m

)

Figure 5. NFRC obtained through TI at the LE, fundamental pulsation ω: ω = 2Ω ( ), ω = Ω ( ), subharmonic (ω < Ω) ( ),
no periodicity or ω < Ω/10 ( ).

From the perspective given by the time-marching results, the dynamical response of the system seems to be
complex, and no trend can be easily identified in terms of amplitude. A periodicity analysis is conducted on the
time signals in order to have a better understanding of the complex dynamics involved. Several behaviours are
detected through TI. Firsly, periodic responses synchronized with the periodicity of the casing ω = 2Ω ( ) are
obtained. Periodic solutions of fundamental pulsation ω = Ω ( ) are also detected, these responses are technically
period-doubled relative to the periodicity of the casing. The third type of responses are subharmonic with respect to
the angular speed Ω ( ), that may have emerged through multiple period-doubling bifurcations. Also, solutions
featuring no periodicity are found ( ) i.e. quasi-periodic, aperiodic or even chaotic responses. The fact that the
blade’s response features a variable periodicity lays out a very challenging context for the use of frequency domain
methodologies. In this paper, the fundamental frequency of resolution for the HB strategies is chosen to be ω = Ω,
thus categories ( ) and ( ) cannot be captured. Though, should subharmonic responses ( ) be of interest, it would
be possible to lower the resolution frequency such as ω = Ω/ν with ν > 1 in order to capture them. In the rest of
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Figure 6. NFRC obtained through HB methods, DLFT-HBM ( ), RL-HBM ( ), RL-HBM isolas ( ), IT of fundamental
pulsation ω: ω = 2Ω ( ), ω = Ω ( ), subharmonic (ω < Ω) ( ), no periodicity or ω < Ω/10 ( ).

the article, since the emphasis is put on 2Ω-periodic solutions ( ), all other three categories are colored in gray for
the sake of readability : ( ),( ),( ).

3.2 Harmonic analysis of the interactions

In this section, both HB strategies are used to obtain NFRC for the considered rubbing interactions. Both
methodologies use the same number of harmonics Nh = 40 and number of time instants Nt = 1024. The results are
displayed in the form of amplitude curves at the leading edge in the radial direction in Fig. 6 and are obtained by a
path continuation procedure. The time domain NFRC is also superimposed in order to provide reference results.
The order of magnitude associated with both HBM computations of the NFRC is between 30 and 60 minutes of CPU
time on a 8 cores i7 CPU. Computation times are similar for both methods. Firstly, the DLFT-HBM ( ) and
RL-HBM ( ) show a very good agreement between each other over the whole NFRC. Three areas of discrepancy
are identified and are shown in the i , ii and iii frames. In these frames, the DLFT-HBM captures portions of the
NFRC that RL-HBM does not. In order to investigate these differences and to verify that the DLFT-HBM solutions
are valid, the RL-HBM was initialized with DLFT-HBM solutions on these specific frequency ranges. The obtained
curves ( ) are displayed in Fig. 6. The identified areas of discrepancy are in fact isolated frequency response curves
for the RL-HBM. This phenomenon is more clearly observed on frame iii where it may be seen that the curve is
forming a closed loop. This shows that the results are highly sensitive to contact laws. Indeed, both methodologies
give similar results on the whole frequency range, even though both strategies use different contact laws. However,
these differences of contact treatment have the impact of disconnecting solution branches from the primary NFRC in
the case of RL-HBM. These disconnections are not easily attributed to one aspect or another of the methodologies
and would require a dedicated study. Indeed, no convergence or parametric study was led beforehand on the contact
law parameters (ε for DLFT-HBM and (κ, γ) for RL-HBM) or even on the influence of filtering. The excellent
correlation of the strategies with each other as well as with the time paradigm results—without any prior convergence
analysis—underlines their robustness. On another aspect, the areas of discrepancy also highlight the sensitivity of
the numerical solvers to the contact treatment related parameters. This sensitivity must be addressed in future
work and is not critical since an excellent agreement is achieved everywhere but on these few areas.

Even if these disconnections seem to cause significant deviations from one method to the other, it must be
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reminded that the branch continuity is one of the new qualitative aspects provided by harmonic strategies. Indeed,
this type of conclusions would not be available with the sole use of time-domain methodologies. Indeed, time-marching
algorithms are usually restrained to a single pulsation of resolution with no influence of previous points as no
continuation is employed.

In order to assess the performance of the methodologies close to the nonlinear resonances, a zoomed and rescaled
vision of the iv frame is represented in Fig. 7. This view underlines the presence of the spurious oscillations around
the peak (also known as aliasing phenomenon [32]) for DLFT-HBM, whereas the filtering used in RL-HBM mitigates
this numerical problem associated to the time discretization inside the AFT procedure. This phenomenon is usually
responsible of a slowdown of the continuation procedure around nonlinear resonances and should be mitigated by
increasing the time discretization which increases the overall computational cost.

When it comes to the paradigm confrontation, it is clear that the HB and TI strategies do not reflect the same
high amplitude dynamics around the nonlinear resonances. Indeed, around these peaks, the amplitudes differ of a
factor 5, which underlines the difficulties encountered by the time marching strategy to capture high amplitude
solutions starting from null initial conditions. It is observed that the null initial conditions used by TI usually favors
the convergence towards solutions with relatively low amplitudes. However, on the points where a periodic solution
of fundamental pulsation ω = 2Ω ( ) the TI results are in agreement with the HB strategies.

On Fig. 6, two angular speed ranges where significant amplitude discrepancies are observed: Ω ∈ [1400, 1600]rad·s−1

and Ω ∈ [620, 635] rad·s−1. In order to investigate these differences, the periodic solutions of fundamental pulsation
2Ω are used as an initialization for both HB strategies. This leads to the discovery of two isolated solution branches
referred as 1 and 4 on Fig. 8, as already shown in [28] for the same contact scenario. The existence of such
solution branches is obvious for both 1 and 4 because multiple TI periodic solutions are captured in a certain
neighbourhood. However, it is also possible to check for HB solutions on every periodic TI solution available, this
procedure leads to the discovery of the branches numbered 2 , 3 and 8 . In order to have a wider view on
the isolated branches, a specific study is led with the HB strategies: several frequency sweeps are realized with
initialization conditions of different amplitudes A in the range A ∈ [10−3, 10−2], this range is defined using the
amplitudes observed on the primary NFRC. It has been observed that solutions along isolated branches experience
dynamical responses concentrated on high order modal shapes (2B, 1T or higher) on a specific angular speed
harmonic number (engine order). Following these observations, the initial conditions of the HBM solver for the
frequency sweeps are chosen such as:

x0(t) = AΦj cos (kΩt) (31)

where A is the dimensionless amplitude, Φj is the j-th modal shape, k the harmonic number and Ω the angular speed.
This type of initialization allows to capture intersections of engine orders with modes in the angular speed/frequency
response plane (interaction maps). The use of such frequency sweeps allows to find solutions on the already discovered
isolas (without the use of the TI) as well as the discovery of even more isolas 5 , 6 and 7 .

The entirety of the results are represented in Fig. 8, this new NFRC allows for a more extended view of the
initial NFRC represented in Fig. 6 but with the addition of multiple isolated solution branches. It is worth noting
that this view—most probably—does not contain every solution branches since no explicit exhaustive research of
isolated and bifurcated branches is conducted in this study. This constitutes a major roadblock to be addressed in
future work. Several developpements already exist on the subject [10, 33, 34] but the applications are limited to
systems with few degrees of freedom.
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Figure 7. Rescaled view of the first resonance (frame iv ) , DLFT-HBM ( ), RL-HBM ( ).
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Figure 8. Full view of the blade’s response obtained through HB methods with isolas, DLFT-HBM ( ), RL-HBM ( ),
DLFT-HBM isolas ( ), RL-HBM isolas ( ), IT of fundamental pulsation ω: ω = 2Ω ( ), ω = Ω ( ), subharmonic (ω < Ω)
( ), no periodicity or ω < Ω/10 ( ).

Some of the periodic TI solutions of fundamental pulsation ω = Ω ( ) allowed to find what can be qualified of
period-doubled bifurcated branches. These branches are captured through both HB strategies but were not displayed
in Fig. 8 for the sake of readability, except for the bifurcated branch number 3 that appears to be a high amplitude
subharmonic resonance. This branch is subject to significant deviations from one method to the other: one of its two
bifurcation points connecting it to the primary NFRC is not at the same location for both methodologies. However,
this difference is not explored in this paper as the dynamics of the branch at resonance is not affected.

For almost all isolas, both methodologies are in accordance in terms of amplitude. However, two isolas demonstrate
a specific behaviour: 2 in a and 7 in b . Indeed, the isola 2 forms a closed loop in DLFT-HBM, whereas it is
divided in two separated isolas 2 and 2b for RL-HBM. On the contrary, the opposite behaviour is observed for 7

where it forms a single loop for RL-HBM and two isolas 7 and 7b in DLFT-HBM. These facts were verified by
providing one method with initializations on different portions of the isola obtained with the other method. This
behaviour underlines once again the sensitivity of the results to the contact law: the contact model also influences
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how the different solutions belonging to isolas are connected together.
Three points of interest are identified in Fig. 8: ( ), ( ), ( ). These points are used to perform an in-depth

comparative analysis on the time signals in Sec. 3.3

3.3 Time signals

The points displayed in Fig. 8 are located: near the nonlinear primary resonance ( ), on isola 1 ( ) and on the
bifurcated branch 3 ( ). Corresponding time signals of radial displacement and contact forces are represented
in Fig. 9, both at the leading edge (LE) and the trailing edge (TE). In order to compare the HB solutions to the
time-marching strategy, the TI results are obtained by using the RL-HBM solutions to generate initial conditions,
this choice is purely arbitrary and DLFT-HBM solutions could also be used. The solution is then time-marched for
a hundred periods in order to ensure that a steady state has been reached. The results given in Fig. 9 underline
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Figure 9. Time signals of radial displacement and contact forces at the principal resonance ( ), on the isola 1 ( ) and branch

3 ( ) , DLFT-HBM: LE ( ) TE ( ), RL-HBM: LE ( ) TE ( ), TI: LE ( ) TE ( ).

the very good agreement of all three methodologies on the chosen points for both displacement and contact forces.
At the nonlinear resonance and on isola 1 , the DLFT-HBM seems to achieve a slightly higher accuracy on the
amplitude of vibration whereas the RL-HBM is more accurate on the contact forces. Though, it is important to
recall that —as a proof of robustness— no thorough parametric study was led on the contact treatment, thus this
observation concerning accuracy must be mitigated and it may not be true if the contact treatment numerical
parameters were different. In order to make a rigorous conclusion on this aspect, it would require a dedicated
convergence analysis on both methodologies concerning the contact treatment parameters. It is possible to note
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that the solutions on the branch 3 are of fundamental pulsation ω = Ω unlike the other two points where the
periodicity is that of the casing. In order to evaluate the differences generated by the contact law, it is necessary to
investigate the behaviour of the strategies around the contact interface: the casing. A zoomed view around the
casing is provided in Fig. 10 for the first boundary node (LE) and the second boundary node.
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Figure 10. Time signals of radial displacement at the principal resonance ( ) around the contact interface, DLFT-HBM ( ),
RL-HBM ( ), TI ( ), casing ( ).

The results represented in Fig. 10 highlight how RL-HBM and DLFT-HBM behave during a contact event. On
the one hand, in Fig. 10a, the residual penetration is around the same order of magnitude for both contact laws. The
influence of filtering on RL-HBM can be easily identified in comparison with DLFT-HBM. The latter experiences
spurious oscillations that even have higher amplitude than the penetration generated through the penalty law of
RL-HBM. This underlines that even if DLFT-HBM uses an augmented lagrangian formalism, it can experience
larger residual penetrations than penalty laws in some situations. On the other hand, in Fig. 10b, the DLFT-HBM
still experiences the oscillations with the same amplitude, however the residual penetration of RL-HBM is greatly
increased. This phenomenon is related to higher values of the contact forces involved (not shown for the sake of
brevity). This shows that both methodologies have specific behaviours during contact: (1) DLFT-HBM experiences
large oscillations due to the Gibbs phenomenon but it is constant with the level of forces and (2) RL-HBM mitigates
the oscillations with filtering but the residual penetration is a function of the level of the contact forces.

3.4 Dynamical content of isola 1

The isolas and bifurcated branches are usually associated with a specific dynamical content. This sophisticated
content is explored in this section, on the application of rubbing interactions on isola 1 .

In order to evaluate the dynamical content of the different HB solutions, modal coefficients are computed on
each solution where the j-th modal contribution γj at time ti reads:

γj(ti) = Φ⊤
j Mx(ti) (32)

with Φj the j-th modal shape and M the mass matrix. For the needs of representation, the maximum modal relative
contribution is considered:
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||γj(t)||∞,rel =

max
i∈J1,NtK

|γj(ti)|
n∑

k=1

max
i∈J1,NtK

|γk(ti)|
(33)

This formula is used to compute the relative modal contributions of the first four modes of the structure on isola
1 . These coefficients are plotted in the z-direction of Fig. 11.
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Figure 11. Relative modal contributions on isola 1 , 1B ( ), 2B ( ), 1T ( ), 4th mode ( ), all remaining modes ( ),
||γi(t)||∞,rel = 0.5 ( ).

In Fig. 11, a significant 2B contribution is detected around ω ≃ ω2B/4 = 1584.9 rad·s−1. A high participation of
the 4th mode is also detected around ω ≃ ω4/10 = 1483 rad·s−1. In order to verify if these high participations are
actually linked to the intersections of the different engine orders with the modes, the first ten harmonic contributions
of the radial displacement at the LE |ck,0| are plotted in Fig. 12. The harmonic contributions of the j-th dof are
calculated thanks to the Fourier coefficients:

|ck,j | =
√
a2k,j + b2k,j (34)
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Figure 12. Harmonic contributions on isola 1 , DLFT-HBM ( ), RL-HBM ( ), k = 2 ( ), k = 4 ( ), k = 6 ( ), k = 8
( ), k = 10 ( ).
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It is clear that the intersections
ω2B

4
( ) and

ω4

10
( ) are linked to an increase of the contributions of respectively

the 4th harmonic ( ) and the 10th harmonic ( ). This underlines how the isolas are generally associated with
specific dynamical behaviours, whereas on the primary NFRC the blade mainly responds on the 1B mode and 2nd
harmonic.

CONCLUSION

In this paper, two harmonic balance strategies are compared for the analysis of rubbing interactions in aeronautical
turbomachines. Both methods are applied on the open geometry of the NASA rotor67. Due to the flexibility of this
fan blade model, the highly nonlinear responses of the blade highlight some discrepancies between the strategies. The
thorough comparative analysis on the nonlinear frequency response curves obtained through a continuation procedure
shows an excellent agreement between both harmonic balance approaches around primary resonances. Though, some
differences on limited frequency ranges are found in the form of isolas disconnecting from the primary response curve.
Since the test case is identical for both HBM-based strategies, the associated deviation is necessarily linked to the
use of different contact treatments and the addition of filtering for RL-HBM. This type of disconnection can also be
observed when varying physical parameters such as the damping coefficient or the friction coefficient. However, these
differences are of a new kind since the continuity of solutions along branches is not available when using the sole
time marching approach. The use of the start-of-the-art time integration strategy allows to validate the precision of
the frequency domain methodologies on multiple points. The excellent agreement of the three methodologies without
prior contact treatment calibration underlines both the robustness and the industrial applicability of HBM-based
strategies. A time-marching frequency sweep helped on the discovery of isolated nonlinear frequency response curves.
One of these isolas is finely analyzed in terms of modal and harmonic contributions in order to conclude on its nature.
Isolas are shown to experience dynamical responses along high order modes and high harmonics. Thanks to these new
insights, it is possible to identify the intersections of engine orders with modes as areas of particular interest for the
disconnection of isolated branches. Throughout this article, the complementarity of the time domain and frequency
domain paradigms is highlighted since each method provides specific informations about the solutions to the rubbing
interactions problem, and thus both must be used as completing tools. In this work, the DLFT-HBM strategy was
applied to a new contact interface, the latter was already extensively used on friction-damping applications, however
it was never used in the case blade-tip/casing interactions. Both HBM techniques may then be suitable to carry out
original multi-nonlinear structural analyses accounting for various types of nonlinear interfaces.
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