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Abstract
The Variable Stator Vane (VSV) bushings wear in turbojet engine maintenance is a significant problem re-
quiring adapted models. The VSV bushings are located in a complex system and are exposed to combined
and time-varying loadings. This study aims to predict the wear evolution of the VSV bushings, taking into
account the complexity of the geometry of the system and the loadings with adapted computational time.
This paper presents a three-dimensional semi-analytical formulation of this highly nonlinear wear problem
solved with the Newton-Raphson method.

1. Introduction

Predicting the wear of turbomachinery components is a significant issue for aircraft manufacturers to extend their
service life. We are particularly interested in the following elements: the plain bearings located at the heart of the
Variable Stator Vanes (VSV) system. Subject to high thermal-mechanical stress, these wear parts guide the VSV shaft
rotation. They continuously adjust the airflow orientation of the several compressor stages (Figure 1). Excessive wear
can lead to high maintenance costs due to compressor disassembly, reduce the engine performance due to inadequate
blade orientation, and in extreme cases, lead to the compressor surge.2 Thus, to minimize these risks, it is necessary to
predict the bushings’wear, especially during the in-service support phase.

The VSV bearings are subject to combined and time-varying loading. The aerodynamic loading adds to the oscillat-
ing loading due to the vane’s orientation regulation. We distinguish the large vanes’rotations from the small rotations.
Large rotations occur during a significant and rapid change of altitude and speed, such as during take-offs, landings,
and complex flight maneuvers. The small rotations result from the regulation system’s continuous optimization of the
vanes’ orientation during minor variations of altitude and speed. Thus, this loading transmitted to the bearings causes
wears in contact areas between the vanes’ shaft and the bearings, as shown in Figure 1.

The prediction of this wear is carried out in a complementary way by experimental tests and numerical means.
Among the experimental tests, we distinguish the tests on technological benches and the engine tests. The firsts are
representative of the bearing thermo-mechanical loading mounted on a fake blade. These tests make it possible to
test multiple materials and bearings geometries but do not account for the impact of the system and the other bear-
ings’wear mounted on the vane. The second tests validate the experimented configuration at the end of the process.
They represent the real loading and the system better but are extremely expensive and complex to implement. As for
the numerical means, different approaches have been developed previously: two-dimensional9 and three-dimensional3

simplified analytical models for estimating the contact pressure and wear applied to a conformal contact, as well as
two-dimensional6 and three-dimensional74 finite element models for calculating of contact pressure and wear depth.
Simplified approaches have the advantage of being fast and giving satisfactory results compared to wear testing ma-
chines but require calibration to predict wear in the engine environment. Approaches based on finite element models
provide an increased accuracy; however, they are too expensive to simulate thousands of cycles.
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Figure 1: Wear formed on a VSV bearing and the loading applied to the vane

Therefore, this work aims to develop a numerical model for a reliable prediction of the VSV system bearings’wear in
an engine environment and in calculation times adapted to the pre-sizing in a design office. Thus, the model is based on
a global analytical description of the problem to achieve suitable calculation times. Also, to take into account the out-of-
plane evolution of the aerodynamic loading generated by the large rotations, it is necessary to have a three-dimensional
model. As for the oscillating loading induced by the small rotations, it is taken into account by a hypothesis of small
sliding through the Archard law for wear. The numerical model is under the hypothesis of non-deformable rigid bodies
where local deformation can occur at the contact zones. This configuration implies resolving an evolutionary problem
with strong non-linearities applied to a multi-body system under combined and variable loading.

We first consider this contact problem with wear of one 3D plain bearing. A classical local-global approach Figure 2
is applied, and the resulting nonlinear problem is solved by the Newton-Raphson method. An initial configuration of the
vane’s shaft is determined according to the clearances and relative positions of the parts. It determines the initialization
of the iterative process and ensures convergence in the considered cases. A 2D limited pre-sizing tool developed by
Safran Aircraft Engines is used for the model validation for planar loading configurations. An extension of the model
for a multiple bearings system will be proposed. The validation of the complete model in perspective will be based on
results from experimental test benches, then on results from engine tests and fleet data.

Figure 2: Approach for solving the wear problem applied to the vane-bearing contact
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2. Archard wear model

The Archard model developed in 19531 is currently the most commonly used wear model. The classical formulation
expresses the worn volume Vu as a function of the normal loading N and the relative total sliding distance L between
the two surfaces according to the following relationship:

Vu = k N L (1)

With k the wear rate, expressed in [mm3.J−1].

The incremental formulation of Archard’s law presented by8 allows us to connect the increment of the wear depth
∆u = u(t) − u(t−∆t) by :

∆u
∆t

= k p vg (2)

With p the pressure, vg the sliding speed, and ∆t the time increment.

The real sliding velocity describing the oscillatory motion associated with the small rotations induced by the position
control of the blade is complex. As a first approximation, it can be assumed that it is sinusoidal with amplitude vg,max

and frequency fHz. Moreover, the amplitude of the oscillating motion γmax being very small, of the order of ±1[deg],
we suppose, for further simplifications, that the sliding speed at the contact follows the form of a square signal so that
|vg| = vg,max (cf. Figure 3(a)).

(a) Large rotations of the shaft and zoom on the small oscillations due to the control and on the approxi-
mate sliding speed vg as a function of time

(b) Small oscillations of half angle of
rotation γmax

Figure 3: Rotations of the shaft during a flight cycle and approximation of the corresponding slip speed

The local behavior law from Archard’s wear law that links the local pressure field at the M point of the contact
surface to the wear depth over a time increment is then written:

p(M) =
∆u

k vg,max ∆t
(3)

We introduce the wear parameter which links the local pressure and the wear depth through the relation: p(M) =
1
Pu

∆u. The wear parameter is then written Pu = k vg,max ∆t , and we express the wear rate k as a function of the wear

kinetic parameter Γ, in [mm3.J−1], and of the equivalent friction coefficient µe such that k = Γµe. These parameters are
determined experimentally by tribological tests for a given couple of materials. As for the sliding velocity vg,max, it is
written as a function of the half-angle of rotation γmax, the shaft radius r and the frequency of the oscillating loading
fHz:

vg,max =
L
T

=
r 4γmax

T
= r 4γmax fHz (4)

Indeed, over a period of time T , the sliding is 4 times the half angle of rotation γmax multiplied by the radius of the
shaft r (cf. Figure 3(b)).
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Thus, under the assumption of a constant sliding velocity in norm and a constant loading per time increment, the
adjusted formulation of Archard’s law allows us to consider the contribution of the oscillating loading through the wear
law. This behavior law links the pressure field to the wear variation using the wear parameter such as:

p(M) =
∆u
Pu

avec Pu = Γµe 4rγmax fHz ∆t (5)

3. Three-dimensional analytical formulation of the wear problem

The global analytical description of the wear problem associated with the shaft-bearing joint starts with the formula-
tion of the contact problem associated with this joint according to the approach illustrated in Figure 4. Thus, to express
the local forces at the points described by a torsor of mechanical transmissible actions, we first write the local relative
displacements using the small displacements torsor. Then, the wear is introduced through the local behavioral relation
and by the evolution of the solid interpenetration over time.

Figure 4: Approach for the problem global analytical formulation: direct method

3.1 From the small displacements torsor to the normal displacement

To represent the field of small relative displacements between the bearing and the vane shaft, considered as two rigid
bodies, we classically define the following torsor at time t, such that the point O is the center of the rotational guidance
in the initial position. Under the assumption of rigid bodies with elastic deformation only at contact, this representation
is possible for infinitely small relative displacements. We write the torsor of small displacements such that :

{
D(sha f t/bearing)

}
=


−→α (sha f t/bearing)
−→
d (O,sha f t/bearing)


O

(6)

We project the reduction elements in the fixed reference frame R0 =
(
O;−→x 0,

−→y 0,
−→z 0

)
, associated with the bearing:

{
D(sha f t/bearing)

}
=


−→α (sha f t/bearing) = αx

−→x 0 + αy
−→y 0

−→
d (O,sha f t/bearing) = dx

−→x 0 + dy
−→y 0


(O,R0)

(7)

In order to define the displacement of a point belonging to the contact zone, we start by defining the displacement of
the center C0 of a section of the axis (O,−→z 0) illustrated in Figure 5:

−→
d (C0,sha f t/bearing) =

−→
d (O,sha f t/bearing) +

−−−→
C0O ∧ −→α (sha f t/bearing)

=
(
dx + zαy

)
−→x 0 +

(
dy − zαx

)
−→y 0

We introduce the angle Φ(z) by:

Φ(z) =


arctan

(
dy − zαx

dx + zαy

)
tel que cos Φ =

dx + zαy

e(z)
et sin Φ =

dy − zαx

e(z)

π + arctan
(

dy − zαx

dx + zαy

) (8)

Where e(z) =

√(
dx + zαy

)2
+

(
dy − zαx

)2
> 0.
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This allows us to rewrite:

−→
d (C0,sha f t/bearing) = e(z)

(
cos Φ−→x 0 + sin Φ−→y 0

)
= e(z)−→x (9)

Figure 5: Parameterization of the shaft-bushing contact section

We project the displacement onto the inward normal at the current point M(θ, z) in polar coordinates, which is split
into two parts:

−→
d (M,sha f t/bearing) ·

−→n (M) = −(g(M) + g0(M)) (10)

where g(M) corresponds to the virtual interpenetration of the shaft and the bearing (Figure 5), and g0(M) the initial
distance along the normal between the two surfaces in contact.

The local displacement of a point M (Equation 10) of the contact surface along the contact normal −→n (M) is then
written:

g(M) + g0(M) = −
−→
d (M,sha f t/bearing) ·

−→n (M)

=

(
−→
d (M,sha f t/bearing) +

−−−→
MC0 ∧

−→α (sha f t/bearing)

)
·
−→er(M)

=

(
−→
d (C0,sha f t/bearing) − R−→er(θ) ∧ −→α (sha f t/bearing)

)
·
−→er(θ)

= e(z) cos θ

Thus, g(θ, z) reduces to:

g(θ, z) = e(z) cos θ − g0(θ, z) (11)

3.2 Transmissible mechanical forces torsor

The surface force density defined as the local contact action between the shaft and the bearing at any point on the
contact surface is split into a tangential component along (M) and a normal component along (M), such that:

~fbearing→sha f t(M) = p(M)~n(M) + τ(M)~t(M) avec ~t(M) · ~n(M) = 0 (12)

The normal pressure distribution, p(M), is defined by the local behavior law at the contact (Equation 5), and the
tangential component, τ(M), is defined by the Coulomb’s model.
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Thus, the contact mechanical actions torsor of the shaft on the bearing is written by integration of the local actions
on the entire surface of the bearing:

{
T(bearing→sha f t)

}
=


−→
R (bearing→sha f t) =

∫
S

p(M)−→n (M) + τ(M)−→t (M) dS

−→
M(O,bearing→sha f t) =

∫
S

−−→
OM ∧

(
p(M)~n(M) + τ(M)~t(M)

)
dS


O

(13)

3.3 Wear implementation

Wear is taken into account through the definition of the normal contact pressure distribution; this is the behavior law
obtained in Equation 5. The wear variation ∆u corresponds to the interpenetration of the shaft and the bearing between
two consecutive time steps.

The incremental wear depth, ∆ut at time t, is defined as the positive part of the gap at time t :

∆u(θ, z)t =< g(θ, z)t >+ (14)

where :
g(θ, z)t = e(z)t cos θ − g0(θ, z)t (15)

The "clearance" at time t, g0(θ, z)t is then equal to the half diametrical clearance added to the wear at the previous
step:

g0(θ, z)t =
j
2

+ u (t−∆t) (16)

4. Resolution

We write the non-linear equilibrium of the system, which results from the difference between the local forces defined
from the wear (cf. Equation 13) and the known external mechanical actions. This problem is a non-linear problem
where the unknown is the current position defined by the small displacement torsor and the wear. We solve this
problem using the Newton-Raphson method, which consists of the residual iterative minimization at each instant. This
resolution corresponds to the resolution of the inverse problem where we search for the torsor of the transmissible
actions which balance the external loading; the direct problem being the one described by the Figure 4 and which
allowed the global formulation of the problem.

4.1 Resolution algorithm

The Newton-Raphson method is a robust method for solving non-linear problems that nevertheless requires an
initialization of the solution that is sufficiently accurate to allow rapid convergence. Thus, in the first step, we initialize
the solution by a geometrical estimation of the shaft position relative to the bearing. An initial interpenetration of the
shaft and the bearing is necessary to allow the forces to be transmitted. Similarly, at the following time steps, the shaft
position is initialized using the solution at the previous time step with an interpenetration defined by the variation εD of
the current configuration.

The solving algorithm of the wear problem applied to the contact of a VSV bearing with the shaft is detailed in the
Algorithm 1. For the notations simplification, we write:

• the small displacement torsor:
{
D(sha f t/bearing)

}
→ {D},

• the local forces torsor at contact:
{
T(bearing→sha f t)

}
→ {T }.
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The subscripts applied to a quantity X correspond to the time step considered, such as Xt, and the exponents to the
Newton-Raphson resolution iteration, such as Xi.

Input Geometry, clearance, material parameters, external loading, total simulated time and time increment

Output Evolution of wear and contact pressure

Geometric initialization: {D}11 ; u0 = 0 ;

while t < total time do

Time step initialization: {D}1t>1 = (1 + εD) {D}t−∆t ;

Initial gap: g0(θ, z)t =
j
2

+ ut−∆t ;

while residual {R}it < εc do

Gap: g(θ, z; {D}it) = e(z; {D}it) cos θ − g0(θ, z)t ;

Wear variation: ∆ui
t = < g(θ, z; {D}it) >+ ;

Local forces and moments: {T }it =

∫
S

f
(
∆ui

t

)
dS ;

Residual: {R}it = {T }it − {Text}t ;

Jacobian: Ji
t =

∂ {T }it
∂ {D}it

;

Resolution: Ji
t {∆D}

i
t = − {R}it ;

Correction of the solution: {D}i+1
t = {D}it + {∆D}it ;

end

Time step solution: {D}t ;

Wear actualization: ut = ∆ut + ut−∆t.

end
Algorithm 1: Algorithm for solving the 3D wear problem applied to the shaft-bearing contact

4.2 From a formal to a numerical resolution

An initial resolution using the formal calculation capacities in Mathematica5 was performed. The expressions of
the cumulative wear and the incremental wear were expressed in a formal form throughout the computation. This
resolution is fast for the first time steps, then becomes very computationally expensive due to the complexity of the
analytical expressions. Nevertheless, we use the results of this formal resolution as a reference for the following.

The numerical resolution consists of a discretization of all functions that depend on z and θ, as the incremental wear
and the local forces and moments. A parametric study of the z and θ discretization led us to set a fixed discretization
of a regular grid. We fix the discretization such as the deviation from the formal resolution results regarding maximum
pressure and wear is lower than 0.1% and the computation time lower than 3 seconds per time increment.

4.3 The Jacobian computation

The computation of the Jacobian requires multiple integration operations in polar coordinates, which are very ex-
pensive. The Jacobian is numerically estimated by finite differences, corresponding to a computational cost equivalent
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to 4 times the estimation of a residual (in relation to the 4 geometric parameters). To avoid these calculations, a semi-
analytical estimation of the Jacobian is possible if we consider the problem without wear. Developing the Equation 13
by analytical integration is possible by determining the exact contact area. This calculation is performed using the
formal calculation software Mathematica5 and is not detailed here. The expression of the semi-analytical Jacobian ob-
tained is implemented in the algorithm, which minimizes its computational cost and is equivalent to a Newton-Raphson
method where the search direction is approximated without considering the wear. This implementation reduces the time
allocated to the Jacobian estimation from 76% to 23% of the total time and divides the total computation time by 3.

Besides, the Jacobian is initially recomputed at each iteration of Newton-Raphson resolution and at each time step.
Although the semi-analytical Jacobian implementation has significantly reduced the computation time of the Jacobian,
it corresponds to 20% of the total computation time. Nevertheless, after the second step, the wear progresses slowly,
and the search direction varies slightly. Thus, after having tested multiple strategies, we opted for an update of the
Jacobian at the first 9 iterations in the first time step, then at the following time steps, the Jacobian is updated at the first
2 iterations. This strategy reduces up to 10% the part related to the Jacobian computation while decreasing the total
computation time.

Table 1: Computational CPU time for 10 increments of time depending on the Jacobian estimation strategy and the
percentage of the total time allocated to the Jacobien computation

Numerical Semi-analytical
Jacobian Jacobian

Systematic update Total CPU time 34 [sec] 10 [sec]
Jacobien computation time % 76 % 23 %

Non-systematic update Total CPU time 26 [sec] 9 [sec]
Jacobien computation time % 67 % 13 %

5. Numerical results

The code describing the wear problem formulated in 3D for a bushing is implemented under Mathematica5 with a
dicrete resolution and the optimizes Jacobian computation strategy using the semi-analytical (whitout wear) Jacobian.
The maximum wear and maximum contact pressure results were compared to the pre-sizing tool, limited to 2D, from
Safran for a plane loading configuration over a 100 hour cycle with a time discretization of 1 hour and the spatial
discretization previously set. The comparison shows a very good fit of the results with an average deviation of less than
0.1%.

We display the wear (Figure 6) and the pressure field (Figure 7) on the entire bearing and its evolution in time.
We represent the results in the polar coordinate system where theta corresponds to the bearing’s circumference and z
to its length.

������

Time: 1 [hr]

Time: 5 [hr]

Time: 100 [hr]

Figure 6: Three-dimensional evolution of wear over time for the reference data set
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������

Time: 1 [hr]

Time: 5 [hr]

Time: 100 [hr]

Figure 7: Three-dimensional evolution of contact pressure over time for the reference data set

Moreover, this tool is particularly useful for testing multiple configurations to select the most suitable, i.e., those
inducing the lowest maximum contact pressure. Thus, we present below a parametric study by varying the value of
the shaft-bearing clearance. The evolution of the mean maximum wear (Figure 8) and of the mean maximum contact
pressure (Figure 9) associated with each configuration is presented:

�������

20 40 60 80 100
Time [hr]0.00

0.02

0.04

0.06

0.08

0.10

0.12

Wear [mm]

0.0032 mm

0.016 mm

0.032 mm

0.048 mm

0.064 mm

Figure 8: Evolution of the mean maximum wear as a function of time for several clearance values

�������

20 40 60 80 100
Time [hr]0

5

10

15

20

25

30

Pressure [MPa]

0.0032 mm

0.016 mm

0.032 mm

0.048 mm

0.064 mm

Figure 9: Evolution of the mean maximum contact pressure as a function of time for several clearance values

Similarly, we can show the aerodynamical forces variation impact on the mean maximal wear (Figure 10) and on
the mean maximal contact pressure (Figure 11) :

9

DOI: 10.13009/EUCASS2022-4862



TOWARDS A SIMPLIFIED MODEL FOR PREDICTION OF PLAIN BEARING WEAR IN THE VSV SYSTEM

�������

20 40 60 80 100
Time [hr]0.00

0.05
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0.25
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-15.5 N
-24.8 N
-31 N
-51.7 N
-103.3 N

Figure 10: Evolution of the mean maximum wear as a function of time for several clearance values

�������
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-15.5 N
-24.8 N
-31 N
-51.7 N
-103.3 N

Figure 11: Evolution of the mean maximum contact pressure as a function of time for several clearance values

We can deduce from these studies that wear is more sensitive to aerodynamic forces variation than to the clearance
variation between the shaft and the bearings. A clearance variation of +50% induces a wear increase of approxi-
mately 10%. Whereas for a variation of +50% of the aerodynamic forces applied on the blade, the wear increases by
approximately 50%.

Conclusion

This paper presents the work that led to a 3D model for VSV bearings’wear prediction. Based on a general three-
dimensional semi-analytical formulation, it considers the aerodynamic and oscillating loading due to the small and
large rotations induced by the vane orientation control. Indeed, the adequate writing of the local behavior law makes
it possible to describe the oscillating loading induced by the small rotations based on Archard’s law. As for the
aerodynamic loading, whose orientation changes due to the large rotations applied to the vane, the proposed three-
dimensional formulation of this wear problem enables it to be implemented.

The resolution of this wear problem is first realized using the formal capacities of Mathematica then a numerical
resolution was implemented. Exploring different Jacobian estimation strategies allowed us to optimize the computa-
tional time. Finally, the results from the developed model fit with the results of a 2D pre-sizing tool from Safran for a
two-dimensional configuration. The developed model provides the 3D wear profile and contact pressure evolution and
can be used to generate contact pressure charts for pre-sizing.

The tool developed for the contact of one VSV bearing with the shaft will be extended to the multiple-bearings
computation and include the system’s axial stops. The variation of aerodynamic force orientation made possible by
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a three-dimensional formulation will also be implemented. In the long term, new experimental test benches and fleet
data will be exploited to validate the developed method for more configurations.
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