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Abstract

The aim of this note is to give a geometric insight into the classical
second order optimality conditions for equality-constrained minimiza-
tion problem. We show that the Hessian’s positivity of the Lagrangian
function associated to the problem at a local minimum point x* cor-
responds to inequalities between the respective algebraic curvatures
at point z* of the hypersurface My« = {z € R"| f(z) = f(z*)}
defined by the objective function f and the submanifold M, = {z €
R™|g(z) = 0} defining the contraints. These inequalities highlight
a geometric evidence on how, in order to guarantee the optimality,
the submanifold M, has to be locally included in the half space
M}rx* = {x € R"| f(z) > f(«*)} limited by the hypersurface M ;.
This presentation can be used for educational purposes and help to a
better understanding of this property.

1 The classical second-order conditions
We consider the optimization problem with equality constraints :

min f(zx)
r e R" (1)
and g(z) =0

defined by the objective function f and the vector function g = (g1, , gm), m <



n, for the constraints. We suppose that f and g are C? differentiable func-
tions defined on R". !

We suppose that 0 € R™ is a regular value of g, i.e. the Jacobian Jg(z) is
full rank for every z € g~'({0}). Thus, M, = g~ '({0}) = {x € R"| g(z) = 0}
is a closed embedded (n — m)-dimensional submanifold of R", and we know
that, for every z € M,, the tangent space T, M, at x to M, is equal to

Ker(Jg(z)).

We recall the classical first-order and second-order optimality conditions
for the problem (1) (see [3] and [4]).

If the point z* € M, is a local minimum of (1), the first-order necessary
conditions are given by

V(") - Z AiVgi(a™) = Vf(a*) — Jg(a®)" A" =0, (2)

where V f(z*),Vg;(z*),i = 1,...,m, are the gradients of f and g¢; at z*,
Jg(x*) the Jacobian matrix of g at z*, and \* = (A}, - ,\5) € R™ the
Lagrange multipliers vector.

Equation (2) says that the orthogonal of the tangent spaces T« My .« and
Ty« M, at z* satisfy the inclusion

(Tﬂﬁ*‘/\/lfﬁv*)l - (Tx*Mg)L»

or equivalently
TpeMg C T My .

Notice that for m = 1, the tangent spaces at z* are equal.
By introducing the Lagrangian function L(z, \) associated to the con-
strained optimization problem (1)

Lz, A) = f(x) = Z Aigi(@),

the conditions (2) are given by

V,L(z",\*) = 0,

'In the same way, we could consider that the functions f and g are defined on an open
set Q C R™, Q # 0.



where V. is the gradient of L with respect to z.
The second-order necessary conditions are the following (see [3] and [4])

vT <V2f(x*) - Z /\ZVZQZ»(x*)> v >0, Vv € Ker(Jg(z")), (3)

with V2f(z*) and V?g;(z*) the Hessian matrices of f and g; at x*, and
supposing that first-order conditions (2) are verified.

Again, the Lagrangian function L allows to formulate concisely conditions

(3) :
vIV2 L(x*, \)v > 0, Vo € Ker(Jg(x¥)),

where V2 L is the Hessian of L with respect to z.

Moreover, conditions (3) with strict inequality for all v € Ker(Jg(z*)),v #
0, along with first-order conditions (2), are sufficient conditions for z* € M,
to be a local minimum of the problem (1).

In an introductory course in optimization it makes sense to illustrate the
first-order conditions (2) with a drawing, at least in the simple case n = 2
and m = 1 (curves on the plane): the two curves My ,« and M, in the
plane R? have a common tangent at point z*. Naturally follows the question
for second-order conditions : how conditions (3) impose a new geometric
contraint to first-order equation (2) ? How should the picture be in the
simple case n = 2 and m = 1 7 Furthermore, since second-order conditions
(3) with strict inequality combined with first-order conditions (2) also give
sufficient conditions for 2* € M, to be a local minimum, it must garantee
that M, is locally on the half space M7 . = {z € R"| f(x) > f(z%)}.

Let us start by considering the second-order conditions (3) in the case
n=2andm=1:

VIV f (2% )o > N ol Vig(a* ), (4)
for every tangent vector v € R? of the curve M, at point z*. We can take
0 =0, = (Drgl(6), =00, g @) 0r v = v; = (D (&), —D, f(&)T = X',
since first-order conditions (2) are satisfied. We suppose that V f(z*) # 0,
and consider the unit vectors u, = v,/||vy|| and ur = vs/| vyl

A classical result of elementary differential geometry (see [2]) gives the
algebraic curvatures r¢(z*) and k,(z*) of the curves My - and M, at a



regular point x* :
up V2 f(a*)uy ul V2g(x*)ug
IV f ()] IVg(z)]]

Now, if we divide inequality (4) by ||V f(z*)]|, take v = u; and use first-order
conditions (2), we obtain

Ke(z") = — and k,(z") = —

Tv2 * Tv2 * % TvQ *
uf fa*)us _ _)\*uf g(x*)uy _ N u, Vig(a )ug' 5)

70 IV I Vg

Therefore, the algebraic curvatures satisfy

rp(a?) < Erg(a), (6)

with +1 if the vectors V f(z*) and Vg(z*) have the same orientation and
—1 otherwise. We can easily verify that inequality (6) on the curvatures is
necessarily satisfied if M, is locally on the half space ./\/l+x Figure 1 gives,
according to the sign of the algebraic curvatures, the four situations for which
the curves M« and M, satisfy inequality (6).

To my knowledge, in the classical litterature on the subject, inequality
(6) is not explicitly presented despite its intuitive and natural aspect.

In fact inequality (6) and more generally inequality (3) directly appears
by requiring positivity of the second derivative of the function (f o v)(t) at
t = 0 (like for unconstrained minimization), for every regular curve (t) in
M, such that v(0) = z* (see [3]).

By elementary calculus we obtain

(f 09)"(0) =~ (0)" V2f(")7'(0) + V f(2")" 7(0).

In the particular case m = 1, the constraint v(t) € M, Vt, gives

(907)"(0) =7 (0)"Vg(2")'(0) + Vg(a")"7"(0) = 0. (7)

Combining inequality (fo~v)"”(0) > 0 with (7), dividing by ||V f(z*)]|, and
using first-order conditions (2), we obtain

YOV (E)A0) A A (0)VEg(x*)y'(0)

IV f ()] Y IVg(a)ll

which is equivalent to (6) in the particular case n = 2.

(8)
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(c) kp(x*) >0 and ky(z*) < 0. (d) kp(z*) <0 and Ky(z*) > 0.

Figure 1: Algebraic curvatures of My, and M,.

The purpose of this note is to show how (8) can be seen, in the case m = 1,
as an inequality on the respective curvatures of the intersections of M .-
and M, with the affine plane £ = {z* + av/(0) + bV f(2z*), V(a,b) € R?*},
and extend appropriately this property for any value of the codimension
m,1 <m<n.

2 The curvature of the submanifolds M -
and M,

The curvature of a manifold is a fundamental concept in differential geometry.
It describes the way a curve or a surface deviates from being a straight line
or a flat plane. A distinction exists between the notion of extrinsic curvature
adapted for submanifolds embedded in an euclidean space and the notion of
intrinsic curvature defined for Riemannian manifolds without reference to an
ambiant euclidean space. As we deal with the submanifolds M - and M,,
we will consider the first notion of curvature.



In this paragraph we introduce the notion of second fundamental form
and show its essential relation to the curvature (see [6]) of a submanifold.
Then, we determine the second fundamental forms of the submanifolds M ;-
and M, at point 2*. Finally we show how second-order necessary conditions
(3) correspond to inequalities between the curvatures of the submanifolds
M- and M, at point x*.

2.1 The second fundamental form

Let M C R" be a submanifold. For x € M, there are different ways to
define the second fundamental form at x. For instance, when M is an hy-
persurface, this can be done by using the Weingarten map (also called the
shape operator - see [7]). We will use a more general presentation based on
the orthogonal projection II(x) onto the tangent space T, M (see [6]). This
formulation is particularly adapted to compute the second fundamental form
on the submanifolds My ,- and M, which are defined implicitly.

Let us consider the orthogonal projection II(z) onto the tangent space
T, M. For each x € M, II(x) € R™" verifies

and the equivalence
H(zx)v=v<svel, M.

The second differential form is given by differentiating the map II : M —
R™™ at point x.

The derivative
dll(x) : TyM — R™",
of IT at a point z is defined by dIl(z)v := (Il o~)'(0), where v : [ =] — €, e[—
R™, (with € > 0) is a parametrized curve such that (1) € M, v(0) = z, and

7 (0) =w.
dll(x)v is a matrix and can therefore be multiplied by a vector u € R™.
We easily check the map (dII(z)v)u satisfies the following properties.

Proposition 1. For all x € M and u,v € T, M, we have

1.
(dIl(z)v)u € (T,M)*,



(dlI(z)v)u = (dll(z)u)v.
Proof. See [6], Chapter 3. ]

The family of symmetric bilinear maps
he : ToM X T,M — Ty M

defined for every x € M, by h,(u,v) = (dlI(z)u)v, with u,v € T, M, is called
the second fundamental form on M.

b

Remark. The terminology “second fundamental form ” suggests that the

value h,(u,v) is a scalar. In fact, to be consistent with the terminology, the

second fundamental form is generally defined as the scalar product (h,(u,v),n)
of hy(u,v) with a vector n € T, M=*. (h,(u,v),n) is then called second fun-

damental form along the normal vector n (see [1]).

The following result gives the fundamental relation between the second
fundamental form h, and the curvature at a point x € M.

Proposition 2. Consider x € M, a unit tangent vector v € T, M, and L
the affine space defined by

L,={r+tv+w|teR, we T M}

Let ~
v e, e[ MNL,,

a second-order differentiable arc length parametrized curve which wverifies
7(0) =z, v'(0) = v, and ||/ (s)|| =1, Vs €]e, ¢, (e > 0).
Then
7"(0) = hy(v,v).

Proof. See [6], Chapter 3. ]

The existence of such curves v will be given in section 3.



2.2 Inequality of the curvatures

Let us determine hy«(v,v) for M = M« = {z € R"| f(z) = f(2*)} and
M =M, = {z € R"|g(x) = 0}. To simplify the notations we consider a
generic point € M and M = M; = {z € R"| f(z) = 0} instead of M.
This last choice is supported by the fact that the second fundamental form,
as we are going to see, is identical for the hypersurface My definied by a
function f and the hypersurface My« = M;_~) defined by the translated
function f — f(z*).

Let us consider II¢(x) the orthogonal projection onto 7,,M ¢. We suppose
that = is a regular point. The vector V f(z) generates the normal space
(T, M;)*. By taking the normalized vector v;(x) = %, the orthogonal
projection onto (T, M )* is given by the matrix v;(z) v (z)" where vs(x) is
a column vector. By complementarity we obtain :

y(x) = In — v(z) vy(z)".

For the orthogonal projection II;(x) onto T, M,, we have to consider
the transposed Jacobian matrix Jg(z)? whose columns generate the normal
space (T, M,)* at point x. The orthogonal projection onto (7, M,)* is then
given by

Jg(x)" (Jg(x) Jg(x)") ™" Tg(x),

from which we deduce

y(z) = I, — Jg(x)" (Jg(z) Jg(x)") " Jg(x).

Let us determine the second fundamental forms.

By differentiating v(z), taking v € T, M and using v¢(z)Tv = 0, we get
VIV f(z)v
(dIlf(x)v)v = hfi(v,0) = —vp(2) —=—.
! ! PV

The second fundamental form at x € M, along the normal vector vy(x) is
thus given by

vIV2f(z)v

IVf(@)]

In the same way, by differentiating Jg(z), taking v € T, M, and using
Jg(x)v =0, we get

(dIl,(z)v)v = hy (v, v) = —Jg(2)" (Jg(x)Jg(x)") v V2g(z) v,

(9)

i), hio(v,0)) = vi(@) hya(v,v) = —
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where v V2g(z) v is the R™ column vector with coefficients v V2g;(z) v, i =
L,...,m.

The second fundamental form at x € M, along the normal vector v(z)
is then given by

(Vr(), hya(v,0)) = vy (2) hga(v,0)
= —vg(2)" Jg(x)" (Jg(x)Jg(x)") " 0" Vig(x)v.

We can state the main result.

(10)

Proposition 3. If 2* € M, is a local minimum, the second-order optimality
conditions (3) are equivalent to

(Ve("), hpae(v,0)) < (vp(x™), by (v,0)), Yo € Ker(Jg(x™)) = Tx*Mg(il)

Proof. By multiplying equality (2) on the left by Jg(z*), we get

Jg(z*) V f(z*) — (Jg(z*)Jg(a)")A\" =0,
and thus
X = (Jg(a") Tg(x)") 7! Tg(a*) V f(a”). (12)
Equality (10) becomes therefore
(s (@), hg o (v,0)) = —romr (W) T Vig(a") v

1

TIVIE
| (13)
(

=TIV (ZA*V?Q )

We otain the result by dividing inequality (3) by ||V f(z*)|| and using equal-
ities (9) and (13).
[l

Remark. 1. Inequality (11) is the generalization of (6) to any values of
the dimension n of the space and the codimension m (1 < m < n) of
the submanifold M.



2. Since second-order conditions assume first-order conditions, we have
v € Ty My« for any v € T M.

3. Proposition 3.2.1 in [5] also presents the second-order optimality con-
ditions using the second fundamental forms. However, the parametric
form used in [5] to represent the submanifolds seems inappropriate.
Moreover, the presentation does not highlight the geometric interpre-
tation in terms of curvature inequalities.

In order to complete the discussion we have to show the local existence
of curves 7 in the submanifolds M ,- and M, verifying the hypotheses of
proposition 2. This is obtained in the following paragraph by using implicit
function theorem. Moreover, in section 4 a geometric proof of the theorem
on second-order sufficient optimality conditions is given.

3 Implicit curves on M« and M,.

We consider first the case of the hypersurface M, = {x € R"| f(x) =
f(z*)}. We suppose that 2* € R™ is a regular point of f, i.e. V f(z*) # 0.

Let V € R™(™=1) 3 matrix whose columns vy, - - - ,v,_1 generate the tan-
gent space Ty« My «. We define the function f:R*!xR— R by

fla,b) = f(z* + Va+ bV f(z")),

for a € R" ! and b € R. Since abf(070) = Vf(@)TV f(z*) # 0, by using
the implicit function theorem, we can define an open ball B(0,r) C R"! of
radius 7 > 0, a centered open interval I, =] — 7/, 7/[C R (with ' > 0), and
an implicit function ¢ : B(0,r) — I,» such that

(a,b) € B(0,7)xI, and f(a,b) = f(0,0) = f(z*) @ a € B(0,r) and b= ¢(a).

The implicit function ¢ satisfies ¢(0) = 0, and V(0) = 0. The first equality
is due to the unicity of the implicit function. The second is deduced from the
equality Vo(0)T = —(V f(z*)TV f(2*)) "t V f(2*)TV, satisfied by the gradient
of the implicit function ¢ and Vf(2*)TV = 0, since the columns of V are
vectors of T My -

The restriction of the implicit function ¢ to a line Rv generated by a
fixed tangent vector v € T« M, defines an implicit curve of M ,«. More
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precisely, if v = Va for some a € R"!, a # 0, we can define the function
©a(t) = p(ta) for all t € R such that ta € B(0,r). Let L, the normal section
defined by the tangent vector v, L, = {z*+tv+ bV f(z*), V(¢,b) € R x R}.
The curve (t) = a* + tv + p,(t)V f(x*) defined for all ¢ € R such that
ta € B(0,r) lies in the intersection M« N Ly, and satisfies 7(0) = 2* and
7'(0) = v since ¢,(0) = 0 and ¢/, (0) = 0. By taking v € T Mo, |Jv]| = 1,
and re-parametrizing the curve v by arc length, we get a curve satifying the
hypotheses of proposition 2.

For the submanifold M, the results are obtained in the same way.
Let V € R™ (™ ™) 4 matrix whose columns vy, --- ,v,_,, generate the
tangent space T,-M,. We define the function g : R"™™ x R™ — R™ by

g(a,b) = g(z* + Va+ Jg(z*)"b),

for a € R*™™ and b € R™. The Jacobian matrix J,g(0,0) of the function g
relatively to the variable b is given by

J1g(0,0) = Jg(a*) Jg(z*)",

and thus, since Jg(z*) is full rank, J,§(0,0) is invertible. We can apply again
the implicit function theorem : there exist an open ball B(0,7) C R*™ of
radius 7 > 0, an open ball B(0,7) C R™ of radius 7 > 0, and an implicit
function ¢ : B(0,7) — B(0,7) such that

(a,b) € B(0,7) x B(0,7) and g(a,b) =0« a € B(0,7) and b= (a).

Again, the implicit function 1 verifies 1(0) = 0, and J(0) = 0.

Finally, the restriction of the implicit function v to a line Rv generated by
a fixed vector v € T,- M, defines an implicit curve in the intersection M, N
L, ., where L, is the affine subspace L,, = {z* + tv + Jg(z*)Tb, V(¢,b) €
R x R™}.

4 Second-order sufficient conditions

In order to show the sufficient second-order sufficient conditions, we consider
the function F': B(0,7) — R, defined by

F(a) = f(2" + Va+ Jg(z") " (a)), (14)

11



where as above, the implicit function ¢ : B(0,7) — B(0,7), with B(0,7) C
R"™™ and B(0,7) C R™, verifies

d(a,v(a)) = g(z* + Va+ Jg(z*)(a)) = 0, Va € B(0,7). (15)

Using the properties of ¥, we get VF(0)” = V f(2*)TV. But, from first-order
optimality conditions, we have T,- M, C T,» M ~, and thus VF(0) = 0,
since the columns of V' are vectors of the tangent space T« M,.

By derivating twice we get the Hessian matrix V2F(0) :
VIR(0) = VIV f(a")V + Z V(@) Vgi(a") V2y;(0),  (16)

where V%9, is the Hessian matrix of the jth component of the implicit func-

tion ¥ (Y = (Y1, -+, ¥m)).

In the same way, by derivating equation (15) twice, we get, for a = 0,
VIV (a* V+ZV91 VIV g;(z*) V2,;(0) =0, fori=1,--- ,m. (17)

The Hessian matrix V2F(0) is related to the Hessian matrix V2, L(z*, \*).

Lemma 1. If 2* € M, is a local minimum and \* € R™ the Lagrange
multipliers vector associated to x*, we have the following relation :

V2F(0) = VIV2 L(z*, \*)V.
Proof. For any vector a € R"™™ we get from (17)

a' VIV gi(z*) VCH—Z Vyi(x TVg]( ) aTVij(O)a =0, fore=1,---,m,

7j=1

which gives, in vector form,
atVINV2g(x*\Wa+ Jg(z*)Jg(z*)" ¥ V*)(0)a = 0,

where a? VIV2g(2*)Va € R™ is the column vector with coefficients
atVIV2g;(z*)Va,i = 1,--- ,m, and a?V?1(0)a € R™ the column vector

12



with coefficients a? V21;(0)a, i = 1,- -+ , m. From this last equality we deduce
that
a'V*)(0)a = — (Jg(z*)Jg(z*)") o VIV2g(x*)Va. (18)

But equation (16) leads to
a’V?*F(0)a = o VIV2f(2")Wa + V() Jg(x*)" a”V*(0)a.

Using (18), we obtain

a’V?*F(0)a = a" VIV f(2*)Va
= Vf(a")" Jg(a) (Jg(x") Tg(a*)") " a" VIVEg(z")Va.

Using equality (12) given in the proof of proposition 3., we get a” V2F(0)a =
a’VIV2 L(x*,\*)Va, and since this equality is verified for any vector a €
R™™ ™, we can conclude. O

We now give a proof of the second-order sufficient conditions for z* € M,
to be a local minimum. The classical proof of this result is obtained by
a reductio ad absurdum and relies on a compactness argument (see [3]).
The proof presented here is based on the implicit function theorem thanks
to which the problem is transformed into an optimality problem without
constraints.

Proposition 4. If z* € M, satisfies the first-order conditions (2) and

v? (sz(x*) — iAfV%Ax*)) v >0, Vv e Ker(Jg(z¥)),v#0, (19)

then x* is a local minimum of problem (1).

Proof. We have to define a centered open ball B(0, R) C R" such that for
each h € B(0, R) which verifies g(z* + h) = 0, we have f(z* + h) > f(x*).

We use the orthogonal decomposition T« M, & (T,+ M) = R™ to write
h=v+w, with v € T,x M, and w € (T),»M,)*. As above, let V € R™(n=m)
a matrix whose columns vy, - - - , vy, generate the tangent space 7, M,. We
can suppose without restriction that the vectors are normed and orthogonal
to each other, which is equivalent to VIV = I,_,,.
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We can write v = Va, for some vector a € R"™™ and w = Jg(z*)7b, for
some vector b € R™.

In order to consider the implicit function ¢ : B(0,7) — B(0,7) defined
above (see equation (15)), we define R = min(7,v7), where v > 0 verifies
|Jg(z*)Tb|| > v|b]|, ¥b € R™ (the existence of a constant v > 0 verifying
this inequality follows from the fact that Jg(z*) is full rank). We easily
verify that for h = Va + Jg(z*)"b such that ||h|| < R, we have ||a]| < T and
Jbll < 7.

We can now consider the second-order Taylor series at point 0 of the
function F': B(0,7) — R :

F(a) = F(O)+VF(0)Ta+%aTV2F(O)a+o(||a||2) = F(O)+%aTV2F(0)a+o(||a||2).

Using Lemma 1 we obtain

1

F(a):F(O)—I-2

a’VIVE L(z*, X)Va+ o(|a|?).

The second-order strict inequality (19) implies the existence of a constant
4 > 0 such that

a' VIV, (" X)Va > plla])?, Ya € R™™.

o(llall?)

Since lir% iz = 0, we can take 7 sufficiently small such that lal| < 7 =
a—
%\\”22) < &. For each |la| <7, we have

ﬂw2ﬂm+mwé+%%§52ﬂm+wwg

In conclusion, for each h = Va + Jg(2*)Tb such that ||h|| < R, we have
a € B(0,7), b € B(0,7), and if moreover g(z* + h) = 0, according to the
property of the implicit function ¢, we have b = ¢(a). By using the Taylor
series of F' we deduce

F(a) = f(@" + Va+ Jg(@*) (a) = f(a" +h) > f(@*) + [lal* > F(a).

This concludes the proof. O
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