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Abstract—Consider a symmetric continuous time o stable
process observed with an additive constant error. The
objective of this paper is to give a non-parametric estimator
of this error by using discrete observations. As the time of
process is continuous and the observations are discrete, we
encountered the aliasing phenomenon. Our process sample
is taken in a way to circumvent the difficulty related to
aliasing and we smoothed the periodogram by using Jackson
Kernel. The rate of convergence of this estimator is studied
when the spectral density is zero at origin. Few long memory
processes are taken here as examples. We have applied our
estimator to the concrete case of modeling noise of a bird
captured under stress.
Index Terms—spectral stable
processes.

density, Jackson kernel,

l. INTRODUCTION

This work is interested in the class of symmetric alpha
stable signals which are known for being infinite energy
signals. These processes have been developed in recent
decades by several authors, including [1]-[12] to name just
a few.

The Gaussian density distribution remains a particular
cases of alpha-stable distribution (o =2).

Alpha stable distribution can be considered as the best
model for signals that are normlly impulsive. It is used for
modeling many phenomena where the Gaussian is not a
reasonable choice(when variance is very large). Signals in
this class contain high-pitched bursts or occasional spikes.

Symmetric alpha stable processes are used for modeling
many phenomenons in several fields: physics, biology,
electronic and electrical engineering, hydrology,
economies, communications and radar applications and
signal image processing,... see [13]-[24].

In this work, we consider a symmetric a stable
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harmonizable process Z = {Z,:t € R}. Alternatively Z
has the integral representation:

Ze= | expliceads )

where 1 < a < 2 and ¢ is a complex valued symmetric
a -stable random measure on R with independent and
isotropic increments. The paper [4] defined the measure
m(A) = |E(A)|¢ called "control" measure or spectral
measure. Suppose that this measure is absolutely
continuous with respect to Lebegue measure: md(x) =
¢ (x)dx. The function ¢ is called the spectral density. The
estimations of the spectral density are given: in [4] when
the time of the process is continuous, in [25] when the time
of the process is discrete and in [26] when the time of the
process is p-adic.

This paper considers a case frenquently encountred in
event where we can not directly observe the process Z but
we observe such process with an unknown additional
constant error. The observed process is X, =a+Z,
instead of the process Z alone.

The objective of this work is to give an estimator of this
constant a, in the specific case when the spectral measure
is mixed : the sum of an absolutely continuous measure
and a discrete measure:

q
du(d) = ¢(x)dx + ) c;iby,
2

where § is a Dirac measure, ¢ is nonnegative integrable
and bounded function. c; is unknown positive real number
and w; is unknown real number. Assume that w; # 0. [27]
gives the estimation of the error “a” when the time of the
process is discrete. In this paper, we consider that the time
of the process is continuous.We can not use the same
estimator given for discrete time because we will enconter
aliasing phenomenon. Our objective is to propose a
nonparametric estimator of the error “a” after discrete
sampling of the process X (t). This work is motived by the
fact that it is pratically impossible to observe the process
over a continuous time interval. However, we sampled the
process at equidistant times, i.e. t, =nt, 7>0. It is
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known that aliasing phenomenon occurs. For more details
about aliasing phenomenon, see [28]. We assume that the
spectral density ¢ is null for |1] > Q where Q is a
nonnegative real number. Moreover this assumption is
verified for the alpha stable density. We give an estimate
of the addive error and study the convergence rate where
the spectral density is zero at origin, particularly at ¢ (1) =
sin?k (2) g(2) and ¢(2) = |21#g(2). We proove that
the of convergence rate is improuved following the value
of .

This paper is organized as follows: The second section
gives some definitions and proprieties of symmetric stable
processes and an estimator of the constant a that we show
to be converging in probability to a and to be converging
in L, (p < a) to replace the convergence in mean square
because the second moment of the processes is infinite. In
third section, we improve the rate of convergence when the
spectral density of Z is assumed zero at origin
preciselyg (1) = |1|# g(1). The fourth section, is devoted
to numerical studies. The last section, deals with the
conclusion and perspective of the work.

Starting with the introduction of some basic notations
and properties of alpha stable distribution and process. A
random variable X is symmetric a-stable (SaS), 0 < a <
2, if its characteristic function is defined by:

$x(6) = 71"

where « is the characteristic exponent and o is the
dispersion of the distribution. When « takes the values 1
and 2, we obtain two important special cases of (SaS)
distribution, namely Cauchy distribution and Gaussian
distribution.

The random variables X, ..., X, are jointly (SaS) if
there is a single positive measure I'y ) on Sy, unit sphere
of R%, where its characteristic function is of the form:

THE ESTIMATE OF THE CONSTANT ERROR

|615; + -
d

+ Hdsd |“dFX(d) (Sl,

(01, 00) = exp {— f
S

,Sd) .
When X; and X, are jointly (SaS), the covariation of
(X, X3) is defined in [1] by

[X1, X2]e = f

Sz

S1- (52)<0(_1>drx1,x2 (s1,52)

where  s<f> = sign (s).|s|? . Since the moment of
second order is infinity, The covariation plays the same
role as the covariance.

From the definition of the covariation, [8] defined the
following norm on the linear space of (SaS) random
variables:

Xl = [X,X]/¢

The process & = (&, t € R) is symmetric a-stable if all
linear combinations %I, 4;¢;, are (SaS) variables.
This paper considers a (SaS) process where its spectral
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representation is
Ze= | etas,

where ¢ is a isotropic symmetric a -stable with
independent increments. The measure defined by:
u(s, t]) =€) — &(s)|S is Lebesgue-Stiel measure
called the spectral measure (see [1] and [4]). When u is
absolutely continuous du(x) = f(x)dx, the function f is
called the spectral density of the process Z.

As in [29], [12] and [25], we give the definition of the
Jackson polynomial kernel: Let Z;, ..., Zy N observations
of the process, where N satisfies:

N —1=2k(n—1)withn €N,
ifk=% then n=2n, —1,n, €N.

The Jackson’s polynomial kernel is defined by:
IHy(A)|% = |AyH™ (D)|* where

cenufl
2

()"
HMQ) = — — N with
Bn \ sin (3) N
. (nA
i n sm(T) L

Gkn = T e\ sin (%)

In addition, we have Ay = (B,y)™'* with B,y =
ST | H®™ )| da.

We give the following lemmas proved in [25] [29],
which are used in the reminder of this paper.

Lemma 1.
There is a nonnegative function h;, such as:

k(n-1)
m
) = —
HO@ = > (%) cosimd)
m=-k(n-1)
Lemma 2.
T may |2ke
’ SLTL(7)
Lethv:j < ,1> dA and Jyo =
' sin(3) '
-
S Tl |Hy (D)|* dA, where y €]0,2].
Then
B,a,N > (Z/H)Zkanzka—l if 0O<a<?
B < ka1 a2
a’N_Zka—ln if T a
and
< 7-[V+2ka 1 . 1 § g ]/+ 1
Jna = 2%ka(y — 2ka + 1) n2ka-1 if 2k %S T2k
< 2kam* 2 1yttt
Ina < gty DERa—y - w2k <
<2

In this paper, we propose an estimate of the constant
error a defined by:

TAN

k((n-1)
Hy(0) )

n'=—k(n-1)

a=

hy, (n;,) X(Tn’ +1k(n — 1)). (1)
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Theorem 3.
Let p a real number such that 0 < p < a. Then

14
la—alP =0 (n‘a)
Proof
From the spectral representation of the process, the
estimator proposed becomes
k((n—1)
n'=—k(n-1)

a= %(NO) W(n") + a, where
W) = [ (2) 1%, explifen’ + th(n — 1ID]ER)|

Using [1], the characteristic function of (& — a) can be
written as:

Eexp[iRer(d — a)]

I

where r = r; + ir,. Itis easy to show that:

T“sz de()|.

= exp [ ~Cylrl®)
V@)

oo 4N

Eexp[iRer(a — a)] = exp(—C,|7r|*Py),

where ¥y = Py, + Py, With
a
R L]
Hy (Twy)|*

|Hy(0)|*
" Zq
= T —_—
n2 THy (O]

Putting T4 = x, we have

="

$(X)da and

[Hn @)%
IHN(O)I“

Z f2]+1)rr |H (x)la
iy O ?
Hy is 2m-periodic, we get

Z j |Hy ()|*

1Hy(0)]« I“
xX—=2mj

( )dx. On the other hand,

e

(e

). Let j be an integer such that

where ¢;(x) = ¢>(
—0 <X < . Since TQ < w and |x| < , we get |j| <

Bilc 1andthen
27 2
j = 0. Therefore

_ (7 HN®I®
Yna =L, HN(0)]*

¢ (%) ax. @)

The function ¢ being bounded on [—m, ] and |Hy ()|
being a kernel, it can be shown that [ |Hy (1)|*$(2)dA

is converging to ¢(0). On the other hand, from lemma 2,

we have:

1 1

— Bl 2ka — (_)
Hy(Oe D™ =0

Therefore ¥, ; converges to 0.
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!
B an
2ka nzka'

lan Z B’aN

i=1 sm[ TWl”

1
¥z =0 (1)

As 2kA > 1, we obtain
Yy =0(3) 3)

Consequently, the characteristic function of @ —a
converges to 1 when N tends to infinity. Hence a
converges in probability of to a.

We study now the convergence of @ to a in L,, where
0 <p < a, which replaces the convergence in mean
square, because the second order moment of X is infinity.

Let
Tr/241
D, = SRef f
/4
® 1 _ o=Calt|™n

N T
DEla-alP =) [

Therefore

chose

— gy drde.

e

Letu = t[z/;N]é and using (3), we obtain

2

14
CoaEla = al? = @)% = 0 (%), @
na
where
Cpa = RyFy2(C) @
with
(1 - cos(u))
Rp = f —|u|1+p du
1_e_|u|a
and Fpu=J —I |1+_,, du.
ul a

I1l. THE IMPROVEMENT OF THE RATE OF

CONVERGENCE

In order to improve the convergence rate of the
estimator @, we consider the cases where the spectral
density is zero at the origin.

Theorem 4.Assume that the spectral density is satisfying:

o) = AP g(D)
where €]0,2ka — 1[, A € [-m, ], Tw; € 2nZ and g(1)

is a bounded function on [—m, ], continuous in
neighborhood of 0 and g(0) # 0. Then

2%kp p(B+1) kp

L<limn « Ela—allP < L,

‘[ﬂ N-o T‘B

where L is the following constant:
|2ka pa
sm
2

p a
Proof:
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From the definition of Hy and (2), the function i, can
be written as:

2ka

™ [sin—- VI
— pn—2ka 2 - (—)dﬂ.
Yy =n _f A |T| 9\7
n‘rwi] 2ka

-7 | sin 7

sin
TW,:]

“ sin[ >

i=1

Using the following inequality:

|sinf|zf 0<x<m, (5)
2 T

we maximize 1y, as follows:
= f
- 1
-2k
+n “Z ci |-
sin

™wW;
i=1

2

4ka |51n ) |

M|2ka B g

n-
8

YA

Yy < <A) d

2ka

Putting nA = u, we have

—2ka+1+

2ka
n4kan—1—ﬁ

B

|sir11—t|
2
|u|2ka—,8

g (%) du

a
= sm

On the other hand, using Lebesgue’s dominated
convergence theorem, we show that:

g(%)du+n

2ka

Yy <
2ka

7-[4ka

. © |sinE|2ka Zhat
lim [ 2

N-oo

—2ka+1+f 1

q
sin[%]

i=1 Ci

[e¢] |u|2ka—[i mika

w [sin|

|u|2ka B

(6)

P
du) .

Thus ), converges to zero. Using the following
inequality

du.

90 [,
Lemma 2 gives:

2ka
|51

u
ng]
|u|2ku B

limn a
N->oo

(IPN)“ <—<g( )2,

[sinx| < |x| Vx€[-mm], @)

I

+ n—zk(x
i=1

we obtain:

u|2ka

2
|u|2ka B

24—kan—2ka

8

|sin g( )du

ntw;

i

Yy 2

] 2ka

G

21

2ka
24ka -p-1 s]n2|
Yy > | oGt r,),
q12ka
n—2ka+p+1 q sin[nrwl] A
where R, = —mm—Xi, CiLm[@] Since R,

converges to zero, the equality (5) gives:

. p(B+1) r
limn e @py)e 2
|2ka pa
+°° sm
2
0O | o

The first equality of (4) reaches the result of this

theorem.
Theoem 5. Assuming that the spectral density satisfies:

o = sin®*= (2) g(2)

where the function g is integrable on [—m, ] and g(0) #

0. Then
T T /A %
cte f g (—) dl) < limn?PkE|a —alP <
20 \J " \1 N—co
2ka\ 5
a (04
T f” i
[ gnyar+ Z o l—
2Cpa\ Jn = |sin [T;V‘]

Proof: From the definition of v and (2), we have
2ka

I, o (i)

TlTWL] 2ka

2ka |gin =—

2
SlI’lZ

. ni
sin—

q
+ n—zkd Z

i=1

le =n 2ka

sin
sin [—]

As 1 < ka and the sinus function is increasing in
[/2,m/2], the next expression is bounded by

2

T A
Yy < n‘z"“f sin=-| g (E) da
-1
12k
+ n—2ka i Sin[ ;/l] ’
2" ]
sin [254]|™

s
Yy < n2ka f gDda + c;

B [‘rwl]
So, from lemma 2, we have:

2ka

lim 2t < j g + Z ¢
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Using the fact that the sinus function is between —1 and
1 and that ka < [ka] +1 where [ka] represents the
integer part of ka, we obtain
RIOE
g T

—Zkaf [ sm— ]
q . TlTWi 2ka
sin
+n‘2"“z ¢ |—2-
sin

th]
o(5)

i=1 2
n‘rwi] 2ka

[ka]+

Yy > n‘2k“ f [1 - cosnﬂ]
N= 2B 4y

! si
—2ka
+n Z c; TW;
sin

=1 2

The binomial formula gives:
2[1{0{]+11/)1V > n—zkaJ. g(/l)d/l

[ka]+1

™ 2
n-2ka Z (=1 Clraia j cos™(nA)g <;>d/1
r=1 n

q ntwi] 2ka
+ n~2ka Z ¢

i=1

sin

sin [% 2]

We know thatf cos"(nl)g ( )d/l is converging to a
constant. Indeed, using the binomial formula we obtain:

ind —ind
+e _
COSr(n/D — ( > ZTZ CJ Unl i(r—=j)na
Hence
T A
J- cos"(nl)g (;) dA =

-7

1V (™ ]
z_rz c) f cos((2j — Pynd)g <;) da.
j=0 7"

The right side of the last equality converges to

2—1r _"ng (%) dA when r is even, and converges to 0 when r

is odd. Consequently,

[ka]+1
2

T A
Z (1) g | cos"adg () a2 =
[ka 1+1

Z (—D?P(, ka " 22Pf g(At)dA if [ka]l+ 1 iseven

and

Lim

N—->oo

[ka]+1

z G Cka]ﬂf cosr(n/l)g( )d,l:

ka]z

n
Z (~DPC 55 f g(5)ar etse.

Lim
N->oo

22

sin[mwi] Zka
Since limy_,n 231 ¢ ‘—Tﬁ, 0. The
sm[TL]
similar arguments are used for showing that
11m (z/)N)anz"p > cte (f g ( ) dl) 8)

Theorem 6.
Assume that spectral density satisfies:

o) =14Pg(D)

where 8 > 2ka — 1 and g is measurable positive function
bounded on [—m, ]. Then

cte X R < limn?*’E|a — a|P <R
N-oo

r
where R _2—< [ '“lz,m (A)dl) .
sin

Proof:
Define the function [ as follows:
I(1) = m2ka if 1Al>m
I(1) = |2|?@|sinA2|?k* if 0<|Al<m
1(1) = 22%ka if A=0.

The function ¥, can be written as:
2ka

. n
T |sin —- 1
Yy = n-2ka f —Z| ik (2 )h( )2
- sin7 T
q nrw] 2ka
+ n—Zka 2 ,
sm[ ]

We know that the
Indeed, since the

where h(1) = L(D)|A|F~2k2g(Q) .
function h is integrable on [—m, «].
function g is bounded, we get:

f i h(1)dA < sup(g) f i L(A)|A[F-2kaqa.

Using the inequality (7), we obtain
I(1) < m?*@ Thus

Y Vs
f h(1)dA < 2m?*@sup(g) f (A)f-2kagy,
- 0

Since B > 2ka — 1, the function h is integrable. From
(4) and the theorem 4, the result is obtained.

IV. NUMERICAL STUDIES

In this work, we apply our estimator to the concrete case
of studying the sound of a bird that has just been captivated
and under stress. This sound was observed with an additive
noise supposed to be constant coming from the flapping of
wings. We started by studying the variance of this signal,
we observe that this variance tends to grow indefinitely
following the increasing size of the sample. We also note
that the curve of the characteristic function of the signal
grows exponentially as a function of time, which led us to
modeling by a stable continuous-time alpha process.
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Estimation of the alpha parameter is done by using [30],
the estimator gives a=1.68.

Using [31], we estimate the spectral density ¢.

We modeled our signal by a series representation using
the work [32],

Zy = Co(f p(x)dx)'* Y5, e T t%eitVkei®k where

* &, Is a sequence of i.i.d. random variables such as:
Pleg = 0] = P[g = 1] = 12,

« I, is a sequence of arrival times of Poisson process,

* V. isasequence of i.i.d. random variables independent
of & and of T}, having the same distribution of control
measurem, which has probability density ¢.

Figure 1. Estimation of the density ¢.

* 0, is a sequence of i.i.d. random variables that have
the uniform distribution on [—m, ], independent of g, [}
and V.

Figure 2. The observed signal.

The observations of the signal is taken at instants: t,, =
nthent=20<n<N
Taking k = 4, we calculate the estimator a given in (1)

for different sizes of sampleN = 101,501,1001, 1501,
2001. The result is given in the following table:

N | 101 501 1001 1501 2001 2501 3001

a | 144 12.5 9.2 10.5 9.7 10.2 10.1

From Table I, the estimator a tends to the constant error
a = 10 when the sample size is large.

23

V.

This work gives a way of solving the problem of the
aliasing phenomenon encountered when estimating an
error by using discrete observations of continuous-time
stable alpha signal. This work could be applied to other
processes whose variance is infinite and its observation is
disturbed by constant noise. We her give the following
examples:

» Segmentation of a sequence of dynamic images,
detecting a part of birds in flight;
detection of possible structural changes in the
dynamics of an economic structural phenomenon
according to a constant sampling parameter;
study of the occurrence rate of notes in melodic
music in order to simulate the sensation of
hearing from afar accompanied by an additional
acoustic vibration;
models of transmission rate in indoor
environment for next generation of wireless
communication systems.

The perspectives of this work: give a method to find the
optimal smoothing parameters such as the cross-validation
method.

CONCLUSION

>
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