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ABSTRACT. Let M be a complete Riemannian manifold satisfying the
doubling volume condition for geodesic balls and L? scaled Poincaré
inequalities on suitable remote balls for some ¢ < 2. We prove the in-

equality ‘AI/QfH S IV S, for all p € (g,2], which generalizes previous
P

results due to Auscher and Coulhon. Our conclusion applies, in particu-
lar, when M has a finite number of Euclidean ends. The proof strongly
relies on Hardy inequalities, which are also new in this context and of
independent interest.

1. INTRODUCTION

Throughout the paper, if A(f) and B(f) are two nonnegative quantities

defined for all f belonging to a set FE, the notation A(f) < B(f) means
that there exists C' > 0 such that A(f) < CB(f) for all f € E, while
A(f) = B(f) means that A(f) S B(f) and B(f) S A(f).
Let M be a complete connected noncompact Riemannian manifold. Denote
by p the Riemannian measure, by V the Riemannian gradient and by A
the Laplace-Beltrami operator. The volume of a geodesic ball B will be
denoted by V(B) instead of u(B). In this work, we consider the following
three inequalities for p € (1,00) (where the LP-norms are computed with
respect to the measure p):

Date: today.



2 BAPTISTE DEVYVER AND EMMANUEL RUSS

A2, S [IVaull, S N[AY 2]l Yu e CF°(M) (Ep)
IVull, S [|AY2ull,,  Yu e C3°(M) (Rp)
HAl/QUHp SIVullp,  Vu e Cg° (M) (RRy)

It follows easily from the Green formula and the self-adjointness of A that

IVul3 = (Au,u) = [|JA2[[5, Vu € C5°(M).

Consequently, (E,) holds for p = 2 on any complete Riemannian manifold.
The inequality (R,) is equivalent to the LP-boundedness of the Riesz trans-
form # = VA~1/2. A well-known duality argument, originally introduced
in [3], shows that (R,) implies (RR,) for ¢ = p’ the conjugate exponent, but
the converse implication does not hold (see Section 1.1 below). The present
work focuses on the inequality (RR,), which we establish for suitable ranges
of p in situations where inequalities of the form (R,/) do not hold. The
proofs are strongly related to the geometry of the underlying manifold and
to the behaviour of the heat kernel p;, namely the kernel of the semigroup
generated by A.

We consider the case where p; satisfies Gaussian type pointwise upper esti-
mates, and prove that, if a scaled L? Poincaré inequality holds on remote
balls of M for some ¢ € [1,2), then (RR,) for p € (¢,2] (see Section 1.1
below for precise statements).

1.1. Previously known reverse Riesz inequalities. In [2], P. Auscher
and T. Coulhon have studied the inequality (RR,), and the relationship
between (R,) and (RRy), ¢ = p'. In order to recall some of their results, we
need to introduce some geometric inequalities about M.

For all z € M and all r > 0, let B(z,r) be the open geodesic ball with center
x and radius r and set V(x,r) := u(B(xz,r)). Say that the doubling volume
property holds if and only if, for all z € M and all r > 0,

V(x,2r) S V(z,r). (D)

By iteration, this condition implies at once that there exists D > 0 such
that for all x € M and all 0 < r < R,

V(e R) < (f)DV(a:,r). (VD)

An easy consequence of (D) is that for every 0 < r < R, and for every
x,y € M such that d(x,y) < r, one has

V(z,R) ~ V(y, R). (1.1)
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We also consider a reverse doubling volume condition: there exists v > 0
such that, for all z € M and all 0 < r < R,

R v

<r> V(z,r) SV(z,R). (RD)
It is known that since M is non-compact and connected, (D) implies (RD)
for some v > 0.

Let p € [1,00). We consider the scaled LP Poincaré inequality on balls,
namely :

Hf_fBHLp(B)STHVfHLp(B)a fGCOO<B),VB:B((IZ,T)CM, (Pp)
where fp denotes the average of f on B, that is fp := V(B)™! Izt

Among other things, Auscher and Coulhon prove in [2] that

(i) if the Hodge projector onto exact 1-forms I := Z%* is LP-bounded,
then (RR,/) implies (R,),

(ii) if (D) holds, as well as (P,) for some ¢ € [1,2), then, (RR,) holds
for all p € (¢,2).

As a consequence of (ii), one can see that the implication (RR,) = (R,)
is false in general. Indeed, let M be a complete Riemannian manifold of
dimension n > 3, such that M has only one end, and this end is asymptot-
ically conic (see [12]); assume furthermore that the first eigenvalue of the
cross-section of the corresponding cone is strictly less than n — 1. Then,
according to [12, Theorem 1.4], (R,) holds on M if and only if p € (1,p*),
where n < p* < 400 only depends on the first eigenvalue of the cross-section
of the cone. However, such a manifold M satisfies (P1), so that (RR,) holds
for all p € (1,2] according to (ii).

Observe that (i7) above does not apply in the case where M is, for instance,
the connected sum of two copies of R", since (P,) does not hold in this case
([10, Appendix]). As far as the Riesz transforms are concerned, it was shown
in [5] that (R,) holds on M if and only if 1 < p < n if n > 3, and if and
only if 1 < p < 2 if n = 2, which implies that (RR,) holds when p > .
However, the validity of (RR,) for 1 < ¢ < "5 remained open in that case.

1.2. New results. In the present work, we extend statement (ii) above to
the case where the L? Poincaré inequality only holds on some “remote” balls
of M.

Let us fix once and for all a point o in M. For z € M, we will denote
r(z) = d(z,0). We let By = B(o,rp), where 79 > 0 is large enough and will
be determined later.

Definition 1.1. Let x € M and r > 0.

(1) The ball B(z, ) is called remote if r < T(Qx).
(2) The ball B(z,r) is called anchored if x = o.
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(3) The ball B(z, ) is called admissible if either B is remote, or B(x,r)
s anchored and r < rg.

In this article, instead of LP Poincaré inequalities (P,) for all balls of M,
we will consider the following assumption that LP Poincaré inequalities hold
only for certain balls:

Definition 1.2. We say that the LP Poincaré inequality holds in the ends
of M if, for every admissible balls B,

IIf = fBllersy STV fllzem), f € C™(B) (PF)
where 7 stands for the radius of B.

For p = 2, an assumption similar to (P)’) has been considered in [14]. It
follows from [13, Theorem 2.1] and the Hélder inequality that if p < ¢, (P))

= (Pf). See also the beginning of [13, Section 4]. Let us also point out that
if the Ricci curvature has a quadratic lower bound of the form:

9
—m, (QD)

where g is the Riemannian metric on M, then (P}') holds for all p > 1 (this
follows from [19, Theorem 5.6.5]). In particular, (P}') holds for all p > 1 in
the case where M is the connected sum of two copies of R™.

Before stating our main theorem, we need to introduce the heat kernel
pt(x,y), which is the kernel of the heat semigroup e~ '™, Say that p; satisfies
pointwise Gaussian upper bounds if

Ric, >

1 d*(z,y)
S — ’ M. UE

It is well-known (see [7, Theorem 4]) that (UE) implies analogous estimates
for the time-derivatives g%: for every n € N,

o" d*(z, y)
—pe(z,y) | S ————exp | —

T y)‘ V(@ )T < ct
Sometimes we will use a slightly different (but equivalent, under (D)) version
of (1.2), which we record here:

) , Vt>0,Ve,ye M. (1.2)

" 1 d*(z,y)
(the constants that we call ¢ in (1.2) and (1.3) not necessarily being the
same).
Say that M has a finite number of ends if there exists an integer N > 1
such that, for all R > 0, M \ B(o, R) has at most N unbounded connected
components. It is known ([4, Section[2.4.1]) that condition (D) implies that
M has a finite number of ends.

) , Vt>0,Vr,ye M. (1.3)
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We also consider the following geometric condition.

Definition 1.3. We say that (M, g) with a finite number of ends satisfies the
Relative Connectedness in the Ends (RCE) condition, if there is a constant
6 € (0, 1) such that for any point x with r(x) > 1, there is a continuous path
c:1]0,1] — M satistying

e ¢(0) =x.

e the length of ¢ is bounded by @.

e ¢([0,1]) € B(o,0~'r(x))\ B(o,0r(x)).

e there is a geodesic ray 7 : [0, +00) — M\ B(o,r(x)) with v(0) = ¢(1).

When M only has one end, the (RCE) condition is nothing but the (RCA)
condition introduced in [11]. Let us also recall ([4, Theorem 2.4]) that, if
(QD) and (RCE) hold, as well as the volume comparison property, namely

V(o,R) SV (m 1;) (Vo)

for all R > 1 and all z € 0B(o, R), then the relative Faber-Krahn inequality
holds, hence (UE) and (D) hold.
The main purpose of this article is to show the following result:

Theorem 1.4. Let M be a complete Riemannian manifold satisfying (D),
(UE), (RD) for some v > 1 and (RCE). Assume that for some q € (1,2]
such that ¢ < v, the LY Poincaré inequalities in the ends (Pf) hold. Then,
for every p € [q,2), (RR,) holds on M.

Question 1.5. Is the assumption (RCE) in Theorem 1.4 really necessary?

Remark 1.6. Let us compare Theorem 1.4 with [2, Theorem 0.7]. Assume
that (D), (Pg) for some ¢ € [1,2] and (RD) for some v > ¢ hold. Then
(P2) holds as well; together with (D), it follows that (UE) holds (see [19,
Theorem 4.2.6]). Moreover, [18, Proposition 0.3] shows that the conjunction
of (D), (P,) and (RD) for some v > ¢ imply the (RCA) condition. Since it
is clear that (P,) = (PY), it follows that for every p € (¢,2), (RR),) holds on
M. In other words, under the condition (RD) for some v > ¢, assumptions
in Theorem 1.4 are weaker than those of [2, Theorem 0.7].

Note also that, in Theorem 1.4, the conclusion (RR,,) holds for all p € [¢,2),
while the corresponding conclusion in [2, Theorem 0.7] under the assumption
that (P,) holds, is only stated for p € (¢,2) (actually, a weak form of (RR,)
is proved for p = ¢ is proved in [2, Section 1.2]). However, when (P,) holds,
there exists € > 0 such that (P,_.) is also satisfied ([15, Theorem 1.0.1]), so
that [2, Theorem 0.7] yields (RR,,) for p = g¢.

Corollary 1.7. Let M be a complete Riemannian manifold satisfying (QD),
(VC), (RCE) and (RD) with v > 1. Then, for every p € (1,4+00), (RR,)
holds on M.
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Proof. We are going to show that the assumptions of Theorem 1.4 are sat-
isfied with ¢ = 1. The L' Poincaré inequality in the ends follows from [19,
Theorem 5.6.5]. Now, as we have mentioned before, (QD), (VC) and (RCE)
imply (D) and (UE). Thus, the assumptions of Theorem 1.4 are satisfied,
and therefore we get (RR,,) for all p € (1,2). The reverse inequalities (RR,)
for p € [2,+00) follow from [6] and the implication (R,) = (RRy), ¢ =p'.
U

The proof of Theorem 1.4 relies on three major ingredients: the first one
(Proposition 3.1 below) is the covering of M by admissible balls (Bg)aen
and the existence of an associated smooth partition of unity (xa)aen. The
second one (Theorem 2.3 below) is an LP Hardy inequality on M, obtained
(roughly speaking) by “gluing” together local Poincaré inequalities thanks
to a suitable covering. Our approach also uses a localized version of the
Calderén-Zygmund decomposition in Sobolev spaces as in [2], already en-
countered in [9] (see Lemma 3.2 below).

The structure of the paper is as follows. Hardy inequalities are proved in
Section 2. We then turn to the proof of Theorem 1.4 in Section 3. An
appendix is devoted to the clarification of some properties of the Calderén-
Zygmund decomposition.

2. HARDY INEQUALITIES

Before stating the Hardy inequalities required for the proof of Theorem
1.4 and for the convenience of the reader, we feel it is worthwile to write
down a more self-contained proof of the LP Hardy inequality in the case
where M is a connected sum of the Euclidean spaces of dimension > 2. It
is well-known that on R™ the following optimal Hardy inequality holds:

<”—p)p/R @ g/M|df|p, Ve CoR™). (Hgn)

P n T
Hence, the Hardy inequality on a connected sum of two Euclidean spaces
follows from the following result, which we think is of interest by itself:

Proposition 2.1. Let M and N be two Riemannian manifolds, such that
M and N are isometric at infinity: there exists Ky € M, Ky € N compact
sets such that M\ Ky is isometric to N\ Ky. Let p € (1,00). Then, the
Hardy inequality

1Y <
daf|P 5°(M). H
[ (25) = [ e, wrecan (1)
holds on M, if and only if it holds on N.

Corollary 2.2. Let M = R™R"™ be a connected sum of two Euclidean spaces
of dimension n > 2. Let 1 < p < n. Then, M satisfies the LP Hardy
inequality (H).
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Proof. (of the proposition)

Assume that (H) holds on N. We are going to show that it holds on M as
well. By assumption, there exists two relatively compact, open sets U C M,
V C N such that M \ U is isometric to N \ V. Let 0 < x <1 be a smooth,
compactly supported function on M, which is equal to 1 identically in an
neighborhood of U. Let K € M be a compact set containing the support
of x. Let us take f € C§°(M), and write f = xf + (1 — x)f. The function
(1 — x)f identifies naturally with a smooth, compactly supported function
defined on N \ V', hence the Hardy inequality on N yields:

/N <‘“ff)f‘) S /Nld (L=

Since d ((1 — x)f) = —(dx)f+ (1 —x)df, upon using the elementary inequal-
ity (a + b)P < 2P~(aP + bP) one gets:

G- 0flY
SN2 < [ [ -
s [ [ e

On the other hand, one clearly has

M 1 —+7r ~ K ’
so that, finally, one arrives to
[HLY < [ (LY g [ l0ry
M 1 +7r M 1 —+7r M rP
s [1srs [ qae
K M

Now, the assumed Hardy inequality on NN implies that N is p-hyperbolic
(see [8, Prop. 2.2]), and since M and N are isometric at infinity, it follows
that the ends of M are p-hyperbolic, hence M itself is p-hyperbolic. For
details, see [8, Section 2|. Therefore, there exists a constant C'x such that

for every u € C§°(M),
/ lulP < CK/ |du|P.
K M

Combining this inequality with the previous one, one obtains that

()< e

which is precisely the sought for Hardy inequality (H) on M.

IN
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Let us now state a more general result on LP Hardy inequalities that
essentially stems from the work of V. Minerbe [18]:

Theorem 2.3. Let M be a complete Riemannian manifold satisfying (D),
(RCE) and (RD) for an exponent v > 1. Let 1 < p < v, and assume that
(P') holds. Then the LP Hardy inequality (H) holds on M.

Proof. Note first that the (RCE) assumption implies that every end of M
satisfies the (RCA) condition considered in [18]. Next, (D) and (Pf ) implies
that the proof of [18, Lemma 2.10], which provides LP Poincaré inequalities
for subset of annuli, applies mutatis mutandis in our context. Given (RCA)
in each end of M, one can then construct a “good covering” of M (in the
sense of [18, Definition 1.1]) for the pair of measure (fi’;’i,,dvol) as in [18,
Section 2.3.1], and a weighted graph associated to this covering. The LP
Poincaré inequalities for subset of annuli then implies that the good cover-
ing satisfies continuous LP Sobolev inequalities of order oo, in the sense of
[18, Definition 1.3]. In fact, an LP Sobolev inequalities of order oo is just
another terminology for an LP Poincaré inequality. The proof of [18, Theo-
rem 2.23] shows that the weighted graph satisfies an isoperimetric inequality.
According to [18, Theorem 1.8], the continuous Sobolev inequality for the
covering, together with the isoperimetric inequality for the weighted graph,
imply the global LP Hardy inequality (H).

O

Question 2.4. Let M be a complete Riemannian manifold satisfying (D),
(UE), (RD) for an exponent v > 1, and (P}) for some 1 < p < v; does
the LP Hardy inequality (H) hold for 1 < p < v 7 In other words, can the
assumption (RCE) be replaced by (UE) in the statement of Theorem 2.37
For p = 2, it is proved in [16, Theorem 1.2] that, under (D), (RD) for some
v > 2 and (UE), an L? Hardy inequality holds, however the proof does not
extend easily to the case p # 2 unless one knows a priori that (RR,) holds
(which of course we do not want to assume in the present paper).

3. PROOF OF THE LP REVERSE INEQUALITY

To begin with, let us recall that, under the assumptions of Theorem 1.4,
there exists a covering of M by admissible balls, as well as an associated
partition of unity. The following statement can be found in [9, Section 2.1]:

Proposition 3.1. There exists a covering (Ba)aen of M by balls and an
associated smooth partition of unity (Xa)aen Such that:

(1) for every a € N, the ball B, is admissible,
(2) the covering is locally finite: there exists N € N such that for every
a €N,

Card{8 € N; B, N Bg # 0} <N,
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(3) for every R > 0, the set

{a eN; B,NB(o,R) # 0}

1s finite,

(4) foralla € N, 0 < xq <1 and xqo has support in B,,. Moreover, there
exists a constant C > 0 such that, for every a € N, ||[Vxalloo < %,
where 1o s the radius of By,

(5) for all a # 0,

2_107“(:):a) <ry, < 2_9r(xa). (3.1)

One can assume that By = B(o,7), and up to enlarging the value of 7
and discarding a finite number of balls intersecting By, one can also assume
that each of the remaining balls B of the covering is such that 14B is remote.
In the sequel, we thus assume that the balls have been relabeled in such a
way that By = B(o,70) and for a # 0, 14B,, is remote.

Let us mention that point (5) of Proposition 3.1 will play an important
role in the last part of the proof of Theorem 1.4 in which the Hardy inequality
will be utilized. See Lemma 3.7. The assumptions of Theorem 1.4 imply
that, for all « € N, all balls inside 14B,, support the L?-Poincaré inequality;
in particular, if B C 2B,, then 7B supports the LI-Poincaré inequality.

The idea for the proof of Theorem 1.4 is as follows: first, decompose f
into

[ = }Z:Xafzzzjijf@~
aeN aeN

We are going to estimate separately the “diagonal terms” ||AY2f,|| LP(4B.)
and the “off-diagonal” terms |]A1/2fa\|Lp(M\4Ba) for all o € N.

3.1. Estimates of the diagonal terms. We first explain how to deal with
the “diagonal” term ||AY2f,|| LP(4By), Using ideas from [2]. The main tool is
a precise localized Calderén-Zygmund decomposition for gradients of func-
tions, which is a variation on [2, Prop. 1.1]. Define the (uncentered) maximal
function .Z by

1
A u(x) = sup / lu| du,
B

for all functions u € L} (M) and all x € M. The required Calderén-
Zygmund decomposition is as follows:

Lemma 3.2. Let B be a ball in M, and uw € C§°(B). Let 1 < q < 0o, and
assume that, for all balls B C 2B, the Poincaré inequality with exponent q
holds in TB. Then, there exists a constant C' > 0 depending only on the
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1
. . . C | Vullg\
doubling constant, with the following property: for all A > W ,

let

Q:={xeM;. #(|Vu)(z) > \}.

Then, Q C 2B, and there ezists a denumerable collection of balls (B;)i>1 C
Q C 2B covering Q, a denumerable collection of Ct functions (b;)i>1 and a
Lipschitz function g such that:
(1) u=g+> b,
i>1
(2) the support of g is included in 2B, and |Vg(x)| S A, for a.e. x €
M. Moreover, there exists a bounded vector field H € L*(TM)
vanishing outside €, such that

Vg=Vu -Iyng+H ae, |[[Hle I (3.2)
(3) the support of b; is included in B,

[ wittdu st [ (vulrdn,
Bi Bi

and
[ 19bftd < 3V (By).
B;

@) S ViB) S X [ [Vultdp,
i>1

(5) there is a finite upper bound N for the number of balls B; that have
a non-empty intersection,

(6) if BiN B; # 0 and we denote by r; (reps. rj) their radius, then

1
grj <r; < 37"]',

(7) for everyi e N,

3Blﬂ(M\Q)7é®

The construction of the covering and of the functions (b;);>1 has been
explained in details in [9, Appendix BJ; property 3 is an easy application
of the Poincaré inequality which holds for every ball B;. It turns out that
property (2) is subtle, in fact the proof of Proposition 1.1 in [2] has a gap,
which has subsequently been addressed in the unpublished note [1]. For
the sake of clarification of this point, we provide a proof of points 2-4 from
Lemma 3.2 in the Appendix.
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Let us now turn to the estimate of HAl/Qfa
prove:

I Lo(4B,)- Following [2], we first

. C I vh|
Lemma 3.3. For alla € N, all p € C°(B,) and all A > VB |

1
il € 4B 1AV2p(a)| > ) S 57 [ IVeltde (33

ClVelq
V(Ba)
balls (B);>1 included in 2B,, a Lipschitz function g, and a collection of C*
functions (b},);>1 sharing the properties listed in Lemma 3.2. In particular,

Sozga'i_zbg'
[

Note that, for all @« € N and all i > 1, B!, C 2B, and the balls B! then
satisfy the L9 Poincaré inequality.
In the sequel of the argument, we use the following integral representation

of A1/2:
A2 = c/+<><> Ae_mﬁ
0 Vit
where ¢ > 0 is an unimportant constant. As in [2, Section 1.2], it is enough
to prove the required estimates for fER Ae*m% for 0 < e < R < oo, with
constants independent of €, R. In what follows, we ignore this issue and
write directly f0+°°. The meaning of Al/2g, and AY 2p¢, is analogous to
the one given in [2, Section 1.2] and relies on the pointwise Gaussian upper

Proof. For every A > < ) , Lemma 3.2 provides a collection of

bounds (UE) and (1.2) for p(x,y) and ‘% (z y)‘ respectively.
We first claim that

o <{£U € 4B,;

Indeed,

A2, ()] > g}) <o Vo) dula). (34

w({ream |praw]>51) < 5 [ 8700 die)
< 3 ) IV dua)
S ¥ Vel duta)
S 5 [ Vel duto).
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The last line is due to the fact that

f,[2 dua) < 3 [ V@ duta)

S XY V(BY)

< /M V(@) du(z),

which implies in turn that

IVgall, < Vel +

> Vi,
g q
IVellg -

~

To cope with the terms involving AY/ 2b! , decompose

AI/ng — / Ae —tAbl ﬂ
(re)? +oo
= c/ Ae —mbgﬁ tef Ae —ing 2
0 Vi Vi

= TLb, + ULbL.
We therefore have to establish

I:=pu ({CL‘ € 4B,;

J =y ({x € 4By; ZU%Z

Let us first consider (3.6). The quantlty I is easily estimated by

[ (U 2Bg> + ({x € 4Bo \ | J2Bl;

=: I, + Ja.

ZT’ b (

)\ 1
— IVoll?
}) IVl

and

1 bl (x

IN

)\ q
}) S 5 el

(3.7)

1-3))

First, (D) and the properties of the Calderén-Zygmund decomposition yield

at once

In < ) V(2B))
S Y VI(BY)

< A /M V()| dpz).
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As far as J, is concerned, one has

Z TV (x

p(z)

JO( S 92/
A JaB.\U, 2B;,

o),
A Jug,

IN

where

Tiv |

U = lyp \2Bi

To estimate the right-hand side in (3.8), we argue by duality. Pick up a
fonction v € L?*(4B,) with |lv]|, = 1 and decompose

- Ty / (2)du(x)

i g>1

= D) Ay, (3.9)

i j>1

4By

where
Cj(B) :=2/"'B\ 2B

for all open balls B C M and all j > 1. In order to estimate AZ], we need a
pointwise ‘upper bound for ‘m —tAp! ! in C;(B.), j > 1. So, let j > 1 and
z € Cj(BY). Denote by z¥, the center of B, and notice that (VD) and (1.1)

1mply, for all z € B!, and all te (0,(r o¢)2)7

M _ V(‘rz)m\/i) . V(.Z‘Z,T’é) ) V(Z7Tg¢)
V(z,V1) V(ah,rh)  V(zrh) V(z Vi)

Bearing in mind that b%, has support in BY,, that, for all z € C;(B) and all
z € B!, one has

d(z,2) > d(z,z}) — d(z,2}) > (27 = 1)rl, >

(recall that j > 1) and using (1.3), one obtains, for all z € C;(B),
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O R N A il

‘(% ba()| < t<\/i> VD a|b()\dﬂ(2)
< <\/,;>D ”M / (2 dut2)
S 3 (ﬁ)D e (]@ !bz<z>\qdu<z>>l/q
< ?<(T%)2> GCWW”W”L%%)

i iy2\ D 4jw‘)2

where, in the third line, we have used (VD) and Holder’s inequality, while
the fourth one follows from point (3) in Lemma 3.2. As a consequence, using
doubling again, one obtains

NS

IN

HLz(c (B) n(Ci(BL))' 2 [|Ae" 20,

HLoo C;(BL))
S V@B

7?)4 (7“&) 6_044](201)2 \
t t

From thus, we infer that

H’U’OCHL2 (Bz )) = ”Tg[bZ HL2 ))
el dt
—tAi
S /0 HA b HLQ CJ BZ )) %
. (ri)? i inoaN D i g2
S V(2jB;)1/2)\/ Ta <(7°a) > i) dt
0 t t NG
1 D .
< V(QJ'Bi)l/Q/\/ 1(1\7 e du
~ @ ) u " \/a
S VB (3.10)

where, in the fourth line, we made the change of.variables t = (7 )%u.

On the other hand, for all y € B,

(/ ,\v<z>12du<z>> < (/ _\v<z>rzdu<z>>
C;(BL) 2415,
1/2

S VIPEBLY) (b)) (311

(NI
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Gathering (3.10) and (3.11) and using Cauchy-Schwarz and (D), one there-
fore obtains

Ay < V@B £ (aPw) du
D/2,—54 o 1/3
< A, (oPw) " anw),

Summing up over i, j and recalling (3.9), one deduces

AB > ta(@)v(@)du(@)| S AAB PIRIAC) (//l(!vlg)(y)>1/2du(y)

A

w [ (i)
Za ‘ 1/2 12
Nu (U Bg> | (P
Z 1/2
NAu (U Bé) HI7J\2H1
Z 1/2
< N (U Bé) : (3.12)

where the second line follows from the finite overlap property for the balls
B!, (recall that N is given by Lemma 3.2), the third one is due to the
Kolmogorov inequality ([17, Lemma 10, Section 7.7]) and the fourth one
to the weak (1,1) boundedness of .Z. Finally, taking the supremum over
all functions v € L?(4B,,) such that vl 2(ap,) = 1 and recalling (3.8), we

conclude
9
< =
Joo = A2 /43a

N

N

2
dp(z)

PIRACY

S u(l IB(Z>
1
< q

Thus, (3.6) is proved.

Let us now turn to the proof of (3.7). We follow ideas in [2, Section 1.2],
however we estimate the LY norm of ULb:, for each a separately, instead of
considering the L%-norm of > ULb. asin [2]. We write

« [e2ge

o 00 ) 0
Uaby, = c/ tAe A (b°‘> da_ c/ tAe 2D, @7
(r3)? Vi)t t
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with

o

bt = %1[(7‘3)2,—&—00[(75)'

Let g € LY (4B,) with %4— % =1 and [|g/[; p,) = 1. Since q € (1,+00),
Littlewood-Paley-Stein estimates ([20, Chapter 4, Theorem 10]) yield

w(a@@m4 - /“@Afmmgﬂ

I
o\

bt, tAG_tA > ‘

dt 1/2 oo B dt 1/2
(L) L v
0
q

dt 1/2
([Te) | ol
q
dt 1/2
H(/ |be] > — )
0

IN

ql

A

It is easily seen that

= EHbqua
q
hence

o 1.
[ @ioan] < L1kl S 190l
Ba To
where the last line is derived from point (3) in Lemma 3.2. Taking the
supremum over all functions g € LY (4B%) with gl o (apiy = 1, we get

|UabellaBa) S Vel Loy -

Summing up on i and using the finite overlap property of the balls BY,, one
obtains

A

Z 0%l agas.,
S 190l zaes)

S HV(PHL(I(4BQ)’

which entails at once that (3.7) holds. Gathering (3.4), (3.5), (3.6) and (3.7)
concludes the proof of Lemma 3.3. O

> Uiy,

L9(4By)

IN
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As a consequence of the weak type estimate provided by Lemma 3.3, we are
now going to prove:

Lemma 3.4. Let p € (q,2). There is a constant C' > 0 such that for every
a €N,

I8l <€ [ 198l

Proof. Let C' > 0 be given by Lemma 3.3. We first claim that

i /<cvfa||p e W u({x € 4Ba; |AV2 fo(@)] > A} dA S / IV fal dp.
V(Ba)p> Bao
(3.13)

This estimate will be established through an interpolation type argument
borrowed from [2, Section 1.3]. Noticing that, since f, is supported in B,
and by the Holder inequality,

VAl _ (195l ?
VB ) =\ VB

and using the Calderén-Zygmund decomposition given by Lemma 3.2 again

a\ 1/q
for A > (C‘H,?sz;‘q> , fa 18 decomposed as

fa =: go + ba,

which yields

o0 _ A
I < /<C|vfa|g)1/p A1y, <{:c € 4B,; |AY?g,(z)| > 2}) X

V(Ba)

o _ A
+ /(Clvfalg)l/p AP=Ly, <{ZE € 4By; |AY?by(2)| > 2}) X

V(Ba)

< / AP~ 1H’v9a’”2d)\

Vb,
B UL
0 A

= I1 + Is.

In the fourth line, we used Lemma 3.3 with the function b,. Let us first
estimate I;. Lemma 3.2 yields

Vo = Via-1apa, + ha
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where hq is supported in €, and [|ha ||, < A This decomposition provides

00 \V4 o 2
hog [Tl s,
0

00 ha 2
+ / )\pfl H HQd)\
0

>\2
= I+ (3.14)

On the one hand, since p < 2,

nos [ h )i
0 4Bo\Qa

/ IV ful2)]? < / ) )\p3d/\> du(x)
4Bq (A (|V fa])(2))

/ 1V ful @) (A (1Y fal) (2))5 dpa(), (3.15)

[e%

IN

12

where, in order to pass from the first to the second line, we have used that
by definition of Q,,

4By \ Qo = {x € 4By ; (A (|V fa]?) (2))/7 < A}

Since

IV fua(@) P [V fu() 7
IV fal@)P (A (| fal®) (2)) 7 & ez € M,

AG

IN

it follows from (3.15) that

I < /B 1V fal@)P ds() = /B Vi@ P du(z)  (3.16)
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(recall that f, has support inside B,). On the other hand, since h, is
supported in Q, and |hy| < A, we get by using the definition of €2, that

B o< / N, dA
0

_ / -1 (/ 1Qa(:c)du(:z)>d)\
0 4B,
(A (|V fa] ") ()"
/ / NN | du(z)
4B, 0

< / (A (19 fal?) ()P dp(z)
4B,

IN

< |t (1 fal P
S IV ol
= | Nh@Pduto). (3.17)

where the sixth line holds since 2 > 1. Gathering (3.14), (3.16) and (3.17)
shows that

L < /B ¥ fa@)|P dpa(). (3.18)

Our next task is to estimate I5. To that purpose, using Lemma 3.2 again,
one starts from

Vby =V fa —Vga =Vfa 1q, — ha,
which leads to

o0 11V fallll
1 (Qa)
L < /0 N A

o lhallf,
p—1 (f2a)
+ /0 A SV dA
= IJ+13

For I}, one has, arguing as before,

Bos [Tt ([ 9@ i
0 Qa
(A (|V fal ) ()9
< / |V fa(2)|* / NN ) du(x)
4Ba 0

S [, V@ TR0 @) o)
< ([ waer) ([ comnme @ aw)

[e3
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-1

! !
where (g) is such that I%—i— [(5) } = 1. Since

() = (2%

p p—q

4
9
p
one therefore concludes, using the Li-boundedness of .4 )

i s ([ waera) ([ cenretae)
< (/[ eram)\pdm))’q’ (f, war <x>du<m>>15

— [ V@)l )
Ba
~ [ W@ dua).

«

The estimate of I3 is analogous to the one of I, which concludes the proof
of (3.13).

Let us consider now

(cnvmz)l/p
V(Ba

J ;:/ (Fe) N7 u({w € 4Ba s |AY2 fo(x)| > A}) dA.
0

Using a trivial estimate and doubling, one obtains at once

p({x € 4Bo; |AY2 fo(z)] > A}) < V(4B,) S V(Ba),
so that

(cHTfM)Iﬁ)l/p

V(Ba

J < V(Ba)/ ANhax = C/ |V fal?. (3.19)
0 Ba

Putting together (3.13) and (3.19), we get

HAl/QfozlepMBa) = p/o )\pilﬂ({x € 4Bq; ‘Al/Qfa(x” > A}) dA

p(I +J)

/ IV fal?,
Ba

which ends the proof of Lemma 3.4. (|

IN

AN
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3.2. Estimates of the non-diagonal terms. Let us now estimate the L
norm of A'/2f, outside 4B,. As before, we use the splitting

2
Ta O dt * 0 dt
A1/2a:/ O -tay At /—ma:Taa E
Ja= | 3¢ f\/i+,%8te fo ;= TafatUaf

The term U, f,, is easily estimated:

Lemma 3.5. Let s € (1,+00). Then, for every a € N,

1
Wafalls < —Ilfalls-
Ta

In particular, this implies that

1
UafallLs(anaBa)y < — Il falls-

Ta

Proof. We follow ideas in [2, Section 1.2] again, arguing as in the estimate
of (3.7). We write

& dt & dt
wfa = tAe A Ja ) dt :/ tAe A =
Vaf /r2 ‘ <\/i> t 0 e h t’

[e3

with

_Jfo

ft \/El[r?l,-i-oo[(t)'

Using duality and Littlewood-Paley-Stein estimates again, we obtain, anal-
ogously to the proof of (3.7),

Uafalls < —lfalls-

|
Ta
Let is now turn to the terms T, fa:

Lemma 3.6. Under the assumptions (D) and (UE), there exists a constant
C > 0 such that for every s € [1,00) and every a € N,

C
|’TafaHLS(M\4Ba) < Tchst

Proof. The argument is reminiscent of the one for (3.6). Let a € N, and
0 <t < r2. We first estimate ‘%e*mfd pointwise on Cf' := CI(By) =

2t1B, \ 2/B,, j > 2. Let j > 2 and « € CJ. As before, (VD) and (1.1)
imply, for all z € B,,

e =G



22 BAPTISTE DEVYVER AND EMMANUEL RUSS

Since f, has support in B, and (1.3) holds, one obtains, for all z € CJ‘?‘,

J=2
L) e () ot >)1/5

Note that the condition j > 2 was used in the last inequality. As a conse-
quence,

\ 0 i fo ()

ot

N

N i\\1/s —tA
[Ae™ fallpoeay < ((CD) |2 fall oo
Jp2
. 1/s 1 7”3 b 6704’5(1 al® y e
5 (V<2j+lBa>) / - <> 71/8 (/ ’f (s)| d,u(z))
ra\t) WB \Us, T
4 2\ D+1 .7'7%‘ S 1/5
< oo ()" () 180 )
AR AR TNO N
< - a —c—= LEAC A
<L () (L )
432 s 1/s
< 16—64t°‘</ |fa(j)|d/£(2)> .
To o Ta

It follows that

1 fa(2)l®  \Y* / Y
Tofollrsimi < 2 d Y
Mafellieeny = 5 </ A T

s /s +00 ,
< L (/ M dz) 277, (/ e ¢ “u_gdu>
Ta “ rS, 47
< e—c”2j </ ’f&(z)’s dZ> /e
~ 7"2 )

. . . 4392
where, in the second line, we made the change of variables u = Z“ There-
fore,

[Tafallps(napyy < Z”TO‘fO‘HLS(Cﬂ;)

Jj>2
. s 1/s
< (s ([ 0,
jEN o Ta
s 1/s
< ([ oy
o Ta
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Summarizing what we have done so far, we get, according to Lemmas 3.4,
3.5 and 3.6:

IAY2 flloary = IAY2D fallp
a€eN
< D A falleapa) + > NAY2 fallo(nas.)
aeN aeN
< Z HAl/QfaHLPMBa) + Z ||Tafa”LP(M\4Ba)
aeN aeN
+ Z Ua follLr(vnaBa)
a€eN
fa
S D IVSallwasay + 3 |55
a€eN a€eN allLp

Recalling that f, = xof and [|[Vxalloo < i, one has

Jfa

IV fallp S

+ IV fllre (Ba)-
p
Since the balls (B,)aen have the finite intersection property, one has

«

S IV AlLesa SVl
aeN
Therefore,

IAY2 £l oany SVl + D (3.20)

aeN
We now rely on the LP Hardy inequality to establish:

Ja
;

[0}

Lp

Lemma 3.7. For allp € [q,2), one has

| fal
2T

Proof. Notice first that (PI’:J ) holds, which entails, by Theorem 2.3, that the

LP Hardy inequality
/ < 7] >pdu</ IV fPdp
M 1+7r ~ M

holds on M. Let o € N. Then
|fal < 1fI1B.,

SV -
p

and, for all z € B,,
11
re ~or(z)+1
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which is easily checked, whether B, is anchored or remote (note that (3.1)
is used in that case). Thus, using the finite overlap property for the balls
(Ba)aen again, one obtains

1
Jfa f(@)P »
S s (f
~ || 7a |, m (r(z) +1)P
S VS,
where the last inequality follows from the Hardy inequality (H) (see Theorem
2.3). O

Finally, combining (3.20) and Lemma 3.7, we conclude that (RR,,) holds,
which concludes the proof of Theorem 1.4.

4. APPENDIX: PROOF OF THE CALDERON-ZYGMUND LEMMA FOR
SOBOLEV FUNCTIONS

In this section we explain the proof of Lemma 3.2; the construction of
the (Whitney type) covering (B;);en satisfying (5), (6) and (7), and of the
functions b;, has already been presented in details in [9, Appendix B]. Here
we intend to explain mainly the proof of points 2-4. We assume also that
Q # (), otherwise the Calderén-Zygmund decomposition simply writes g = u.
We denote by F' the complement of €2 in M. The proof of (4) is easy enough:
according to (5), one has

S V(B) < Nu(@) £ 47 [ [Valtdn

i>1
where in the last inequality we have used the weak (1,1) type of the maximal
function and the definition of 2. This proves (4). Let us now recall how the
functions b; are defined: according to [9], one can find a smooth partition of
unity (x;)ien associated with the covering (B;)ien of €2, and such that for
every ¢ € N|

1
HVXZHLOO fS )
T

where r; denotes the radius of B;. Then, b; is defined by

bi = (u — uB,)x:-
It is clear by definition that b; has support in B;. Moreover, since B; C €2 C
2B (see [9]), it follows that B; satisfies the L? Poincaré inequality. Hence,

1/q
Ioill, < ( [ u- uBmdu) < 1l Vull oz (4.1)
Also,

Vb = (u—up,)Vxi + xiVu,
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so that, again applying Poincaré on B; and the estimate on Vy;, we obtain

IVbillg S 1IVullLas,).-
But property (7) in Lemma 3.2 and doubling imply that
IVl < VUl
< V(3B;)\
S V(B

q
L1(By)

0 (3) holds. Define

b= b
i>0
and let

g=1u—>o.

We will see in a moment that b is actually a well-defined, locally integrable
function on M. Since u has support in B and b in 2B, it follows that g has
support in 2B. It remains to prove (2). Since the covering is locally finite by
(5), the sum defining b is merely a finite sum at every point in 2. There is a
subtle point which is that it is possible that the balls B; accumulate near the
boundary of 2, making Vb having a singularity on the boundary of © (think
of the extreme case where b = 1q, for instance). So, despite the fact that
each b; is smooth and has support inside 2, and despite the sum ) .. b;
being locally finite in €2, one must check carefully that b is Lipschitz up to
the boundary of 2. First, let us see that the series defining b converges in
L} (M). Indeed, let K be a compact set in M, and ¢ € L*(M) vanishing
outside of K; then, for every n € N,

i<n i<n
b‘
- Sl
‘ T
i<n
|3
< > il
: T
i<n
< || sup d(z, F)l|ell o
i<n illgzeK
S D IVulliasyllélle
i<n
S NIVullgllelleo-
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Since n is arbitrary, this proves that .- [b;| converges in L} ., hence b €

L} . is well-defined. This yields that g € L}, (M), too. The estimate on
||Vbi||q and the fact that the covering satisfies (4) in Lemma 3.2 easily
imply that Vb, defined as a distribution, actually belongs to L?(M), and

one has the following equality in L4:

Vb= Vbi=> ((u—up,)Vxi+ (Vu)-xi).
i>0 i>0
It is clear that }_,-((Vu) - x; converges in LY to (Vu) - 1o, hence Vg, de-
fined as a distribution, actually belongs to L9(M) and we get the following
equality in LI(M):

Vg=(Vu)-1p — Z(u —upg,)Vyi.

i>0
Define

H=- Z(u - uBi)in7
i>0

which is an L? vector field since the series of the LY norms converge. We
claim that the vector field H is in fact essentially bounded, and that we have
the estimate ||H||p~ < A. This is proven in [1] and we partially reproduce
the proof from there, adding some more details.

Since L'(TM) N LY (TM) is dense in L'(TM), it is enough to prove that
for every vector field X € L' n LY (T M),

[(H, X)[ S AlIX -
Here, ¢’ denotes the conjugate exponent to ¢, that is % + % =1.
Fix such a vector field X, then by LY — L duality,

(H,X) = lim D (u—up,) (Vxi)- X | dp.
i<n
Here, Vx;(x) - X (x) denotes the inner product on the tangent space T, M
defined by the Riemannian metric. Since ), (u—up,)Vx; is a finite sum,
it defines a smooth function with compact support inside Q. Using that
> men Xm = g, we have

S (w—up)(Vxe) - X = 37 S (= up ) (V) - (xnX).

i<n meN i<n
Denote X,,, := x.,»X, which has now compact support in 2. Denote by I,,
the set of indices i for which B; N By, # ), which is a finite set of cardinal
at most N by (5). Then,
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You—up) (Vi) Xm = D (u—up)(Vxi)Xm

i<n i€lmy,i<n
= > (w—up,)(Vx)Xm
1€y, i<n
+ > (us, —uB)(Vxi) X
1€Ly,i1<n

We deal with the first sum in the right hand side: using (6),

SN s IVl Xl < DD fu—up, | [Vl - [ Xl

m i€lm,i<n m i€lm,

>3 s um b 1X

m i€l

N

N

1
N = g [ -1 X
m

Integrating the above inequality, using Fubini-Tonelli and Poincaré on each
ball By, and (5), we get

1
S fu- Vil Xnldn < NS [ S un | X da
m m

(m,i)eN?
1€Lm,1<n

< NIt (= u,)) s 1X ||

S NZHVUHL‘J(Bm)”XHLq’
m
< N?||Vallpe - [|X|] 0 < +00

Since the constant N? is independant of n, the limit

> (w-up,)(Vxi) Xm = lim > (u—up,)(Vxi) - Xm

n—oo
(m,i)EN? (m,i)eN?
i€l i€Lm,i<n

exists in L', and and one can evaluate it using Fubini to exchange the order
of summation; since ), .y xi = 1o, we have by definition of I,,, that for
every m € N, > ../ x; = 1 in restriction to By,. Thus,



28 BAPTISTE DEVYVER AND EMMANUEL RUSS

D (VX)) xm = xmV <Z Xi)

i€lm i€lm
= xm(V1)
= 0.

Therefore, we have the following equality which holds in L':

Z (u—ug,)(VXi) - (XmX) = 0.

(m,i)EN?
€L,

Consequently, we have

—(H,X) = lim_ > (up, —up)(VXi) - X | du.
(m,i)eN?
€Ly, 1<n

We now estimate |up,, — up,| for i € I,,. According to (6), r; < 3r,, and
since B; N By, # 0, we have B; C 7B,,. Also, since B,, C 2B, the LY
Poincaré inequality holds for 7B,,. We now estimate

IN
\
£
=
[
£
3
>
2
L
=
E

lurB,, — uB,|

: </7Bm u(z) — urp,,|* éfzg))y/q

< ([ oo )"

where in the last line we have used doubling and the fact that r; ~ r,,. A
completely analogous argument gives

dp(z) )”‘1
_ < m \V4 q ,

and summing these two estimates we find that

lup, —up,| < rm </ N IVu(z)|? ‘fé‘éﬁ))l/q.

Given that |Vy;| < % < 5, one obtains

~
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du(x))“q
u —u.-v,-g/ Vu(z)|? :
s s - (9l 5 ([ 9ut@

However, (7) entails that 7B,, N F # (). The definition of F' in terms of the
maximal function gives that

¢ dp(z) q
/7 V) <

hence

lup,, —up;| - [Vxi| S A
It follows that

Y lup, —up| Vil [Xm| S NA (Zm) X

(m,i)eN?
€I, i<n

S AKX

Therefore, integrating one finds

D lup, —usl -1Vl - [ Xmldp S M X |-

(m,i)eN?
1€y, 1<n

One thus concludes that

D lup, —up] - [Vl - | Xaldp S M X

(m,i)eN?
i€lm

But one has

[(H, X)| < Y lu, —up| VXl - [ Xmldp,

(m,i)eN?
1€l
which finally yields

[(H, X)| < Al X1
This estimate being valid for every X € LY (TM)N LY (T M), which is dense
in L'(T M), we conclude by duality that H € L> with ||H||p=~ < .

Remark 4.1. Note that the proof actually yields the following representa-
tion for H:

H = Z (up, —up,,)  xm - (Vxi) ae.,

(m,i)eN?
1€1m,
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the right-hand side being an essentially bounded vector field with L°° norm
bounded by CA for some C' > 0.
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