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Abstract

We take the testing perspective to understand what the minimal discrimination time
between two stimuli is for different types of rate coding neurons. Our main goal is to
describe the testing abilities of two different encoding systems: place cells and grid cells.
In particular, we show, through the notion of adaptation, that a fixed place cell system
can have a minimum discrimination time that decreases when the stimuli are further away.
This could be a considerable advantage for the place cell system that could complement
the grid cell system, which is able to discriminate stimuli that are much closer than place
cells.

1 Introduction

Grid cells are particular neurons in medial enthorinal cortex (McNaughton et al., 2006) that
exhibit a periodic spatial firing pattern. Whereas place cells in the hippocampus fire at a
given location and appear to be associated with an allocentric representation, grid cells fire at
each node of a hexagonal lattice and appear to be involved in a self-localization representation
(Moser et al., 2008). The grid cell system not only encodes spatial position but also direction
and velocity (Sargolini et al., 2006) or sounds (Aronov et al., 2017) and could even be used
by mammals to encode episodic memories (Buzsdki and Moser, 2013). Organized in modules
(one module being dedicated to one lattice scale), the grid cells in each module have a uniform
distribution, while the progression of scales between modules appears to be geometric (Stensola
et al., 2012).

Since their discovery in 2005 (Hafting et al., 2005), which earned O’Keefe and the Mosers
the Nobel Prize, grid cells have been intensively studied from a theoretical point of view in
relation to place cells (O’Keefe and Dostrovsky, 1971). Some authors (see for example (Schwarz
and Koyluoglu, 2019)) are interested in how neural networks can generate such patterns, while
others try to explain the hexagonal lattice (Chen et al., 2018) or the exact geometric progression
of scales (Wei et al., 2015; Stemmler et al., 2015).

In particular, one of the main focuses has been the encoding capacity of the system. More
specifically, the authors focused on a statistical capacity measure: the Fisher information. Ini-
tially, Brunel and Nadal (1998) worked on the relationship between mutual information and
Fisher information for place cells and other types of neurons with receptive fields. Then Fiete
and her co-authors (Fiete et al., 2008; Sreenivasan and Fiete, 2011) showed that for a given
number n of neurons, grid cells can encode many more positions and have a much larger Fisher
information than place cells. In particular, this means that the accuracy of the position estima-
tor that can be done with n grid cells is much more precise than the accuracy that can be done



with n place cells (see also these related works (Vagé and Ujfalussy, 2018; Mathis et al., 2012;
Mosheiff et al., 2017)).

In the present work, we take a different statistical viewpoint from that of simple estimation,
namely a testing viewpoint. Specifically, we believe that estimation accuracy does not reveal
the full extent of what a particular encoding system can do. Indeed, a good encoding system
should be able to discriminate quickly between two stimuli or positions s; and so. If one is able
to estimate the two positions with a system of n neurons with an accuracy of say A, and if
[s1 — sa2| > 2A,,, one could reasonably think that the system is able to discriminate the two
stimuli s; and sy. But the test approach may reveal finer results. On the one hand, it is known
in minimax test theory that a test problem can be easier than an estimation problem, which
means that one may be able to discriminate stimuli at a distance p,, much smaller than A,
(see for instance (Ingster, 1993; Baraud et al., 2003) in different contexts). On the other hand,
when the distance between the two stimuli, p,, is large, the discrimination time between the two
states can become much smaller than the time needed to estimate both s; and s, at resolution
JAVS

Therefore the purpose of the present work is to study the following problems.

Problem 1. (Discrimination) Given n neurons obeying a certain stochastic model parametrized by a
code f(s) in response to a stimulus s € S presented to the system for a duration T, for
which minimal time T}, (f, 81, S2, @) must the system be observed in order to distinguish
s1 from sy with a probability of error less than a € (0,1)7 If this minimal time is infinite,
it expresses in particular the fact that the coding system cannot distinguish s; from ss.
More finely, this quantity also expresses how the minimal discrimination time decreases
when the distance between s; and s, increases.

Problem 2. (Minimax rates) To compare encoding capacities, we equip S with a certain metric d and
we want to find codes that are achieving (up to multiplicative constants) the following
minimax discrimination time

T(F,p,a) = inf sup Tonin(f, 81, 82, ). (1)
FEF 51, 50€8: d(s1,82)>p

This quantity can be seen as the rate at which the best code f in a certain family F (for
instance place cells or grid cells) can discriminate all stimuli at distance p or more. In
particular, this rate is a function of n and p and it is not clear whether the best code f
depends on p or not.

Problem 3. (Adaptation) The previous formulation inspired by classical minimax testing theory (In-
gster, 1993; Baraud et al., 2003) can in particular lead to a fundamental question from a
brain modeling point of view : adaptation. Indeed in minimax theory, one would usually
ask if it is possible for a code f to achieve simultaneously the rates defined in (1) in a
given range of values for p, that is, if there exists a f € F that does not depend on p, such
that

Vp in a given range, sup Tonin(f: 51,82, 0) = T(F, p, ). (2)
$1,82€S: d(s1,82)>p

Solving these problems should help us to distinguish between several types of codes and
in particular between place cells and grid cells. The minimal discrimination time computed
in Problem 1 is an idealized reference of a certain reaction time, which depends on the coding
system. It is already slightly more complex than simple estimation accuracy since it encompasses
the idea that if the stimuli are very different, the reaction time should be faster. Second,
the minimax time in Problem 2 should in particular tell us which system seems to be more
competitive than the other. Finally, the adaptation viewpoint in Problem 3 should give a more
specific viewpoint on the practical use of each system to see if it is possible to discriminate
stimuli at different scales with the same code.



To push the mathematics as far as possible, we use a very simple stochastic model: the spike
trains of the n neurons are homogeneous Poisson processes with coding performed only via their
respective firing rates. We also idealize the rate code f into simple step functions with only
two values and used the circle as the stimulus set (which is consistent with, for example, a 1D
circular maze or with the direction of movement (Georgopoulos et al., 1986)).

We have been able to completely answer all three problems for the place cells code, for which
adaptation is possible. All three problems are also solved for grid cell codes when the number
of cells per module and scales are fixed, but minimax rate and adaptation for general grid cells
code, where even the number of modules is let free is still an open problem. In particular,
we have shown that the minimal distance p that can be detected by n place cells is of order
1/n, a distance that is much smaller than the standard deviation of the maximum likelihood
estimator in 1/4/n (since the Fisher information is in n) (see (Brunel and Nadal, 1998)). It
also appears that grid cells have much better resolution than place cells, up to 27", which is
consistent with the bounds given by (Sreenivasan and Fiete, 2011). Grid cells may also be faster
for discrimination than place cells, for a fixed p, if the system is well calibrated. However, it
does not seem clear that there is an adaptive code for general grid cells, and in this sense, place
cells might have an advantage in terms of reaction time for sufficiently distant stimuli.

In Section 2, we give the stochastic model, the main notation and compute the minimal
discrimination time (Problem 1) in a very general setting, as well as a lower bound in 27" on
the smallest distance p that can be discriminated whatever the code. In Section 3, we study
more deeply the place cells code, compute minimax rates (Problem 2) in [np|~! and prove
that even random codes are adaptive in this setting (Problem 3). In Section 4, we study grid
cells code and prove that it can reach the resolution 27" and that another grid code can also
achieve the rate |n/log,(1/p)]~!. Numerical illustration is provided in Section 5. Conclusion,
Discussion and Perspectives are given in Section 6. Auxiliary results are postponed to Section
7.

2 Discrimination time

2.1 Model and notation

Since we are interested in grid cells that have a periodic feature, it is simpler to represent stimuli
as a circle than as an interval.

Let S* be the circle of radius w, which can be put in one-to-one map with the segment [0, u),
through the argument a +— 6, as seen in Figure 1.A. More mathematically, for a given a € S,
6, is the only value in [0, u) such that a corresponds to the point u(cos(2w8, /u),sin(276,/u)).
The distance we use on S* is the geodesic distance on the circle divided by 27. This can also
be viewed as d,(a,b) = min(|0, — s, (u — |0a — Op|)). At most, it is u/2. When u = 1, we write
d instead of d; for short.

We are interested by stimulus represented in S', the circle of radius 1. These stimulus are
encoded by n neurons, which emit spikes as homogeneous Poisson processes. More specifically,
for a given stimulus s in S', each neuron i has a firing rate f;(s), which only depends on s, as
long as the stimulus s is presented.

In the literature, to model cells with receptor fields, these functions f;(s) are most of the
time centered around a certain favorite stimulus for which the value is very large, whereas it
returns to some very small rate when it is far from this favorite stimulus.

To simplify the mathematical computations, we decide to use piecewise constant functions to
model f;. More precisely, these functions only take two values p and 1 with g much larger than
1. We say that neuron i responds to stimulus s or is activated by s when f;(s) = pu. We denote
the code f = (f1,..., fn), the vector of the firing rates and I! is the set of neurons responding
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Figure 1: Visual representation of the main notions. In A, S*, the circle of radius v with a point
a and its corresponding argument 6, € [0,u). In B, the visual representation of the intervals.
In red and green, the visual representation of the function s — g(s) = pa,pp(s) + 1[a,ppc(5)s
with the value p in red and 1 in green. In C and D, visual representation of the action of mod.
In these pictures, @ = a mod 1/4 = a3 mod 1/4 = as mod 1/4 = a3 mod 1/4. Also in D,
the representation of the function s + g1/4(s) = pl[a,p((s) + Lfa,spc(s) with the same color
code as in B. In C, the representation of the periodic function s — g(s) = g1/4(s mod u) =

plpa,pp(s mod 1/4) 4 14, g1e (s mod 1/4)



to s that is
={iel] : fils)=n}
with [n] the short notation for {1,...,n}

To define more precisely the piecewise constant functions f;, we need to define the interval
[a,b] on S* as the counter clockwise portion of the circle from a to b, with the convention that
[a,a]= 0 is the empty set. Note that the complementary of [a,b[, satisfies [a,b[°= [b,a[, the
clockwise portion between a and b as soon as a # b. See also Figure 1.B.

The first code that we are interested in, corresponds (via this piecewise constant simplifica-
tion) to classical neurons having a certain receptor field, or to place cells, as mentioned in the
introduction.

Place cells code P. A code f is a place cells code if and only if for all ¢ in [n] = {1,...,n},
there exist a;, b; in S' such that for all s in S,

fi($) = pla; b,1(8) + L[a, b, (5)- (3)

With this definition, we can assimilate the receptor field of neuron ¢ with the interval [a;, b;[.
A typical representation of this place cells code can be seen Figure 1.B

Grid cells have a periodic structure. Therefore, we need to define properly periodic functions
as well. To do so, we use the modulus operation. It is defined for x € R and v € Ry by
xmod u=1x— |x/ulu € [0,u), the remainder of the euclidean division of x by u, where |x/u] is
the largest integer less than or equal to x/u. We can also define the modulus between circles: for
radii u,v € Rsg and any s € S¥, we denote ¢t = s mod u the point in S* such that 6} = 67 mod u.
To give an intuition of what the modulus operation does, we put an example in Figure 1C and
D.

In this sense, we can define periodic functions s +— g(s) on St with period u by saying that
9(8) = gu(s mod w), for some function g, on S*.

However, if we cannot divide S! in an integer number of intervals of length u, the periodic
functions are not completely well defined. This remark leads to the restriction on the \;’s in
the following definition of the grid cells code.

Grid cells code G((ni, Ai)i=1,...m). A code f is a grid cells code with m modules of cardinals
(ni)i=1,...m and scales (\;)i=1,....m if and only if the n neurons are grouped into m modules
My, ..., M, so that there is n; := |M;| cells per module i with 2221 n; = n and all these n;
cells have a periodic code of period A;. More precisely, for a given neuron j € M;, there exists
a;; and b; ; in S*, the circle of radius \;, such that for all s € S!

fij(s) = ,ul[[aq.mbi’j[[(s mod ;) + Laq; bi s 0 (s mod X\;) (4)
To ensure coherence of the respective periods in each module, we assume that 1 := Ay >
A2 > ... > A, are real positive numbers satisfying the following relations: A, ! € Ny and

A +11 € N5g. In particular \;41 < A;/2 for all module i. A typical representation of this grid
cells code can be seen Figure 1.C.

Unspecified grid cells code G. If we want to consider a grid cell class for which the number
of modules, scales and number of cells per module are not specified, one can consider

g_ = Um:l,...m Un1+...+nm:n U)\1>.‘.>)\mg((ni7 Ai)i:l,...,m)7
where the last union is taken only on the \;’s such that )‘i)‘i_-',-ll € N. O for i < m.

Note that grid cells code with only one module are place cells code and this also justifies
why it was easier to consider stimulus on the circle in the first place.
Some of the results we are going to prove also hold for more general codes.



General code A code f is a general code if and only if for all ¢ in [n] = {1,...,n}, s — fi(s)
is a piecewise constant function on S! taking only two possible values, u and 1. Place cells
code and grid cells code are just particular cases of general codes. In a general code, the set of
stimulus to which neuron 4 responds forms a borelian of S'.

Remark that the choice of 1 as the smallest of the two possible rates for the code is to
simplify computations, but one can always transform the data to be in this case. Indeed, the
time-changing theorem Brown et al. (2002) allows us to change time in order to fix the smallest
rate at 1.

2.2 The statistical testing problem

A stimulus s is applied for a time T and it results from the stimulus s, n spike trains for
the n different neurons, i.e. N',..., N the n independent Poisson processes on [0,7]. We
consider that the individual (or the agent or the brain) has only these spike trains as source of
information on s and that it tries to use the best statistical tool available, based on N, ..., N™.
This philosophy gives us an ideal bound on the performance that the brain can do with one
or another encoding system. It is typically used by Brunel and Nadal (1998) to say that the
inverse of the Fisher Information gives the smallest variance of an estimator of the stimulus
(Cramer-Rao bound) and that maximizing the Fisher Information gives the best code. We want
to basically adopt the same point of view but for testing instead of estimating.

In the testing problem, given s; and so two possible values for s, the individual has to guess
that s = s, or s = so based solely on N, ..., N". Mathematically, it means that this guess is
a test ® = ®(N1,..., N") that can only take two values s; or so. The individual can make two
mistakes P, (® = s5) that is the probability that the guess is so whereas the applied stimulus is
s1, and reciprocally Py, (® = s1), that is the probability that the guess is s; whereas the applied
stimulus is s3. There are varieties of possible tests and we are interested only by the ones, which
have (up to multiplicative constants) the smallest possible error, that is we want to find ® such
that it achieves

Pe(s1,82) = min Pe,w With  pe o = max [Py, (P = s2), P, (P = 51)]. (5)

® test of s1 vs s2
Order of magnitude of p. For s1,s, € S, we denote Af, =17 \I] | v I \I]|.
Proposition 1. For all T >0, > 1 and s1,52 € St

exp [-TC,AL | 1-4/1C,AL /2
Vv < pe(s1,82) < exp[ TC, AT

4 2

S1, 52] ?

—1)2 ~
with Cy, = C 41) (ﬁ A %) and Cp, = (1 — 1) log ().

Proof. We set I = I (resp. I = I7), the set of neurons activated by s; (resp. s2). We also
denote Py (resp. P3) the distribution of N1, ..., N® and E; (resp. Ey) the corresponding expecta-
tion, when the applied stimulus is s1 (resp. s2). First notice that the Kullback-Leibler distance
between both distribution is K (Py,P3) = —I[-El(log(d]lm2 )), where d% the Radon-Nikodym deriva-
tive of Py with respect to P;. One can check that

dP i
dT"j:eXp —(u = V)T (| — |I{]) + log( ZNT ZNT

icl] ier!

=oxp —(u = DTN = [\ H)) +log(w) [ D Np— > Np | ¢,
i€l el



and

D ONg =Y Np | =T(H N\ | - plIf \ 1)),

ier] ier{
so that

K(Py,Po) = T(n— V(I \ 1| = 1] \ 1) = log(u)T (|1 \ If| = plI{ \ If|)
= T(p— 1 —log()|I3 \ I{| + T(ulog(u) — p+ DI \ .
As a consequence, it follows that
K(Py,Py) < TN\ IV I\ (=1 = log() + plog(p) — p+1)
= C. T\ I{| v |I{ \ 1.

The lower bound on p. follows from Theorem 2.2 of Tsybakov (2009).
Now let us assume that AS = |1\ IJ| (if this is not the case we exchange s; and s5). It

81,82
is now sufficient to consider the test ¥ defined by

sy, if Z:= Zie]{\[g N%“ > |I{ \Ig‘T(U+ 1)/2

S, otherwise

U(NY, ... N™) :{ (6)

Indeed,
Po(W = 1) = Po(Z > [I{ \ {1 T(u+1)/2) = Po(Z > TIE \ |1+ (1 — 1)/2)).

Under Py, we have that Z ~ Poi(T|IJ \ I]|). Thus, by applying inequality (28) of Lemma 1
with 0 = T|1J \ IJ| and 2 = (u — 1)/2, it follows that

3T\ H|(n — 1)
4(5+ ) '

Py (¥ = s1) < exp {—

Under Py, we know that Z ~ Poi(T,u|I{c \ I§|), so that by applying inequality (29) of Lemma 1
with @ = Tl \ Iz and = = (u — 1)/2)T|I; \ 12|, we deduce that

PL(W = 52) = B1(Z < Tul{ \ 1] — (u— 1)/2)T|H{ \ 1)) < exp { e 1)2;'[{ \ ] } ,

which concludes the proof. O

2.3 Minimal discrimination time
From Proposition 1 we have that for a given admissible error level a € (0,1), if

1. If TC,A/f

§1,82

< log(1/4c) = log(1/a) —log(4), then p. > «.
2. f TC,Af . >log(1/a), then p. < a.

§1,82 —

Hence the minimal discrimination time stated in Problem 1, Tinin(f, s1,S2, @), is of the
order of 1/Af . up to positive multiplicative constants in a and p (see also Section 5 for
numerical Verlﬁcatlon) This turns the other statistical problems into combinatorial problems.
In particular, discrimination is not possible if and only if A =0, that is I} f = 1] f

The behavior of the quantities in « and u are quite mtultlve If the level a tends to 0, Thmin
tends to infinity. If p tends to infinity, 75,;, tends to 0. Considering that p is some biological



parameter that is fixed, as well as the admissible level « of reliability of the system, we are now

focusing on the behavior of 1/A§1,32 and from now on, we denote with a slight abuse of language

1

Tmzn(fy S1, 32) - .
A, s,

(7)

Let us now introduce the minimal time for which one can distinguish any pair of stimuli
which are at least p apart with p € (0,1/2]:

T(f.p) = max Tin(f, 51,52). (8)

$1,82€St:d(s1,82)>p

Clearly, the function p — T'(f, p) is non increasing (the larger the distance between two stimuli
the smaller the time one needs to observe the activity of the network to distinguish one from
the other).

Before speaking of minimax codes (Problem 2), let us derive an absolute lower bound on the
range that can be detected by a general code f.

Proposition 2. Let f be a general code. Then, for any 0 < p < 1/2", T(f,p) = occ.

This means that whatever the code, there exists always two stimuli at distance less than 27"
that cannot be discriminated, whatever the observation time.

Proof. For A C [n], let Sa be the set of all s € S such that IJ = A. Notice that for each i € [n]

Sa = (Nieafi ({u}) N (Nicac f71({13))

is a borelian of S! for each A C [n].

Notice also that if s € S4 N Sp, then A = I = B. Moreover, UacmnSa = St. Hence,
{Sa}acpn forms a partition of S'. Let us denote Leb, the pushforward (a measure on (S, S))
of the Lebesgue on [0, 1) induced by the map [0,1) € 8 — (cos(270),sin(270)) € S. By definition
of Leb, it holds that Leb.([a,b]) = 27 (6, — 6,) and Leb,(S') = 2x.

Since {Sa}acy forms a partition of S* there exists A C [n] such that Leb,(S4) > 27/2".
Suppose that diam(Sa) =: supy, s, es, d(s1,52) < p. If this was true, then the set S4 would be
contained in an interval of Leb,-measure 2mp so that 27/2" < Leb,(S4) < 27p, implying that
p > 1/2"™ a contradiction.

Therefore, if p < 1/2", then we must have that

diam(Sa4) > p,
implying that we can find s1, 82 € S such that d(sy, s2) > p. In this case, s; and s cannot be
distinguished and T, (f, p) = o0. O
3 Results for place cells code

In this section, we focus our analysis on the class of place cells code P defined in (3). Our first
result is a lower bound for

T(P,p) = }Iel;‘) T(f.p), (9)

which is (up to multiplicative constants in « and p) the minimax discrimination time for the
class of place cells code defined in (1).



3.1 Lower bound on the minimax discrimination time

Proposition 3. For any 0 < p < 1/2, we have that

1 1
TPP)2 T 1]] = Tng]'

In particular, for any 0 < p < (2(n+ 1))~1, we have that T(P, p) = oo.

Proof. Let 0 < p <1/2 and take L = |1/2p]| so that L < 1/2p < L+ 1 and hence L > 1/2p— 1.
Set p = 0 and 1 < k < L, write 0y = kp and 6_, = 1 — kp. For each f € P, denote

mf =min{AS =~ :—L+1<k<L}, where p, € S is identified with its argument 6.

Note that
DT ={i€n]:ai €lpr_1,pe] and b; Elpx—1, pl} C {i € [n] : ai Elpr—1, pi]}
and
Il \IJ ={icn]:b; €lpr-1,p] and a; E)pr—1,px]} C {i € [n] : b; E[pr—1, pr]}-

Hence, it follows that

L L

SN 1< > Kieln]:ai €lpr-v,pl} <,
k=—L+1 k=—L+1
and
L L
S NI < > KHieln]:bi €lpre-1,pel} < n.
k=—L+1 k=—L+1

Therefore, it follows that

L L
Z Azkypk71 - Z |Ifj>ck \ng—1| Vv |Il{k71 \Ifj)ck‘ < 277”
k=—L+1 k=—L+1

implying that 2Lm/ < 2n, that is, m}; < n/L. Since m}; is an integer, we must have mg <

/L] = [n/](20)~1]] so that
min Al < m£ < In/[(20)71]].

$1,82€S81:d(s1,82)>p 51,82 —

Since f € P is arbitrary, the above inequality ensures that

TYP,p) = su min AT <n/[(2p)7Y]].
(P, p) SUD s s s < 0/ 1(20)7 7]

Since (2p)~! > 1 which implies that [(2p)~!] > 1 we have that 4[(2p)~ 1| > 2(|(2p)"!] +1) >
p~1, so that the first part of the proof follows from inequality above.
To conclude the proof, observe that if p < (2(n+1))~! then |(2p)~t| > n+1 > n, implying

that |n/[(2p)~']| = 0 and in this case T(P, p) = oc. a

To better understand the lower bound provided by Proposition 3, let us adopt an asymptotic
point of view in which the number of observed neurons n — oo and p = p,, is a function of n.
For example, when p,, is a constant function of n the lower bound decreases as 1/n, whereas
in the regime p,, — 0 such that np, — co the lower bound behaves as (2np,)~!. Moreover, as
long as p, < (2(n+1))~! =~ (2n)~!, whatever the code f € P, there exists always two stimulus
at distance p,, that cannot be distinguished, whatever the observation time.



3.2 Upper bounds and minimax codes

Next we obtain an upper bound for T'(P, p) matching the lower bound above, up to multiplicative
constants. To that end, we study the behavior of T'(f, p) for some examples of place cell codes
and use the fact that T(P,p) < T(f,p) for any f € P.

Example 1 (1-Uniform code). For each i € {0,1,...,n}, let p; be the point in St associated
with 6; = £. The 1-uniform code is defined as f™" = (hy,...,h,) (the superscript n,n stands

n
for n neurons divided into n groups of size 1) where each h; is given by (3) with a; = p;—1

and b; = p;. It is straightforward to check that T'(f%! p) = oo for all 0 < p < 1/2 and
T(f11,1/2) = 1. Let us analyse the case n > 2. In this case,

oo, if 0 < p<1/n,

1, otherwise

(™", p) = {

To check that, suppose first that p < 1/n. In this case, take 6, such that p < 0, < 1/n
denote p, the point in S' associated to 6, and observe that p, € [po,p1[, Ig:’n = II{:’H and
d(py,po) =6, > p. Hence, T(f™", p) = co. Now, suppose 1/n < p < 1/2. In this case, it is not
difficult to check that Ifln'n #* Isf:’n for all s1,s2 € S! such that d(s1, s2) > p which implies that

AT >

81,82 —

But since |I/""| =1 for all s € S, we deduce that

min AT =1,
s1,52€81:d(s1,852)>p

and the result follows.

Example 2 (d-Uniform code). For each k € {0,1,...,d}, let px denote the point in S! defined
by 6, = s and let hy be given by (3) with ar = pr—1 and by = pg. Also, write L = |n/d].
The d-uniform code is defined as f™% = (fi,..., fn) (the superscript n,d stands for n neurons
divided into d groups) where f; = hy for (k — 1)L+ 1 < ¢ < kL with k € {1,...,d — 1}, and
fi=hgforn>i>(d—1)L+ 1. One can check that for any n > 2,

o0, if0< p<1/d,

(™ p) = {1/Ln/d], otherwise

To verify that, consider first the case that p < 1/d. In this case, take 8, such that p < 6, <

1/d, denote p, the point in S! given by 6, and observe that p, € [po,p1], II{:’d = Ig:’d and

d(pp,po) = 0, > p. Thus, we have that T(f™<, p) = co. Suppose now that 1/d < p < 1/2. In

this case, one can check that I!ln’d N I‘Z:’d = () for all 51,59 € St such that d(sy, s2) > p so that
n,d n,d n,d n,d n,d n,d n,d

51,82

Since the lower bound L is attained for some pair s1, 52 € St (for example, take s; and sy given
by s, = 0 and 65, = 1/2 respectively), the results follows.

This codes allows us to prove the following result.
Corollary 1. For all p € (1/n,1/2], let d=[1/p]. Then the d-Uniform code satisfies

1 1 1

W <T(P,p) ST(fn’dap) < Iﬂ/dJ < L3np/2J

and is therefore minimax up to multiplicative constant.
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3.3 A particular adaptive code

Now that we have found a minimax code for given p up to multiplicative constant, one could
wonder if there exists a given place cells code, which for every p in a given range of values,
achieves the minimax rate up to a constant. We refer to this problem as Problem 3, adaptation
to the distance. The following code is a particular example of such a code.

Example 3 (An adaptive place cells code). Let g = (g1,...,9n) be the code in P with f;
defined by (3) where the points a;,b; € S! are associated to 6; = i/2n and 6; + 1/2 respectively.
For the code g, one can show the following.

Proposition 4. For anyn >1 and 0 < p <1/2,

1 2
Gnp) = TP < G

In particular the g code cannot discriminate at distance p < 1/(2n) and it is adaptive to the dis-
tance in the class P, up to some absolute multiplicative constant, in the range p € (1/(2n),1/2].

Proof. One can easily check that for any 0 < s < 1,

0, if 0 < 0, < 1/2n
19 = {1,... k), if k/2n < 6, < (k+1)/2n with 1 <k <n
{k+1,...,n}, f (n+k)/2n<O; < (n+k+1)/2nwith1 <k<n-1

Thus, for any 0 < p < 1/2n, it follows that if one takes s1,s2 € S! with f,, = 0 and p < 6, <
1/2n, then I = I9, = () and d(s2,s1) = |05, — 0s,| = 0, > p, implying that Tpnin(g, p) = oo,
and the result holds since |2np| = 0.

Now, take 1/2n < p < 1/2 and s; € S!. Suppose that 0 < 05, < 1/2. Let k = |2np| and
q € {0,...,n—1} be such that ¢/2n < 05, < (¢+1)/2n.

Let us consider first the case 65, +p < (n+1)/2n. In this case, for all 0, +p < 8,5, < (n+1)/2n,
we have that 19 \I7, = 0 and {¢+1,...,q+k} C IZ\I¢ sothat A = [II\IZ|VIII\IZ | > q
(and the equality can be achieved). For (n + 1)/2n < 65, < 65, + 1/2, one can check that
I9NTS ={q+1,...,n} so that AS = [I9 \T%[V [T\ >n—q> k.

Hence, we have shown that for any s; € S! such that 0 < 0y, +p < 1/2,

min AY >k (10)
52€St:d(s52,51)>p,05, <05, +1/2 152

Let us now consider the case 04, +p > (n+1)/2n. In this case, one can check n+1 < |2n(6s, +
p)| <n+q. Let 1 <r < g besuch that n+r = |2n(0s, +p)]. Since 2n(0s, +p) > q+k, it follows
that n+r > ¢+ k, implying that k¥ < (n — ¢) +r. Now, note that for 0,5, +p < 05, <6, +1/2,
we have that I, \ 19 = {q¢+1,...,n} and I \IZ, = {1,...,£} with r </ < ¢. Hence, we have
that

1
Advse = HINILIVIENL [ 2 (n—q)Vr 2 5(n—q+71) 2 k/2,
so that for any s; € S! such that 65, + p > (n +1)/2n,
min AY o, > k/2. (11)

52€81:d(52,51)>p,0s, <05, +1/2

Therefore, combining inequalities (10) and (11) we deduce that for any s; € S! with 0 < 6, <
1/2,

min AY > k)2
52€S81:d(52,51)>p,05, <05, +1/2 ’

11



By similar arguments, one can also show that for any s; € S! with 0 < 6,, < 1/2

. Ag > k 2—19 9.
526s1;d(527311)§29522951+1/2 e 2K/ [2np]/

The case 1/2 < 65, < 1 follows along the same lines of reasoning by observing that if 65, =
Os, —1/2 then 0 < 03, <1/2 and 05, +1/2=46y,.
To conclude the proof, observe that

. . g g _ g _ _
min o min A S A = Tl = k= (200,
where sq is the point S! defined by 6y = 0 and the result follows. O

3.4 Random codes are adaptive as well

In the next example, we show that even random codes are adaptive (in the range p > n='/2, up
to multiplicative constants) with large probability.

Example 4 (Random code). Let Ay,..., A, and By,..., B, be independent and uniformly
distributed points on S!. The random code f” is defined as f" = (f7,..., f"), where for each
i € [n], f; is of the form (3) with a; = A; and b; = B;. For the random code f”, we can prove
the following result.

Proposition 5. There exist constants K1, Ko > 0 such that for each n > K; the following
property holds: for each x € Ry and 0 < p < 1/2,

T 1
TP S e T n P+ 2 PO+ @) )|

with probability at least 1 — exp (—x). In particular, for any 6 € (0,1/4) and each n satisfying
n > max{Ki, (1 —46)2/(4K26%(1 4+ z'/?)?)} := K,

(12)

we have the following: if 1/2 > p > n~?Ky(1 + 2/ + x)/(1 — 46) then

T(f"p) < : 13
(.0 < G (13)
with probability at most 1 — exp(—x).
Proof. First observe that to prove inequality in (12), it suffices to show that
i Al > ﬁ( — Kn7Y2(1 421201 1/2 ) 14
st B 2 5 (P K (L+z/2(1+ (z/n)77)) (14)

with probability at least 1 — exp (—z). To that end, first observe that

n
|I.£1 \1!2 | + ‘Iéfg \I;l | = Z 1816[[Ai73i[7826[3i7~4i[[ + 1826[[A¢7Bi[[781€[[3i7~4i[
1=1

n
=n <1 - Z 151,52€HA1‘,B7;H + 151752€|IB1"A1‘|I>
=1

S

which implies that

7

>
51,852 —

1

2

n 1 &

- 5 1 B ﬁ Z 151,S2€|1Ai,Bi|I + lsl,szEﬂBi,Ai[[ .
i=1

(1 N+ 1)

12



Write & = (A, B;) € St x St for i € [n], let Cy, 5, = {(a,b) € ST x S! : 51, 82 € [a,b] or 51,52 €
[b,a, [} for each s1,se € St. With this notation, we deduce from the previous inequality that

. i n 1 n
min A£1,sz > 5 (1 - max - 1031»‘2 (§Z)> :

s1,52€S8t:d(s1,52)>p 51,52€S8t:d(s1,82)>p N £ 1
1=

Now, by Lemma 5,

1
E (1o, ., (6)) = 2P(s1.00 € 40 B =2 (5 = I =00l (1= 610 = 6.,
Hence, it follows that for s1,s2 € S such that d(sy,s2) > p (that is p < |0, — 0, | < 1—p), we
have that

E (e, ., (&) <1-2p(1—p) <1—p,

where in the last inequality we have used that 0 < p < 1/2. From the above inequality, we
deduce that

n

1
51’526811{12};1752)2p n— 51,52 (&) < ( p) + We,

where W is the random variable defined as

n

We = max 3" (lo(&) ~ E(1o(&)

i=1

with the set C = {C’SI,Sz 281,82 €St d(s1,82) > p}. Combining the above inequalities, we
deduce that n
min Al > (p—We). 15
$1,82€S8t:d(s1,82)>p S1,82 = 9 (p C) ( )
By applying the Bousquet inequality (e.g., see inequality (5.49) on page 170 of Massart (2003)),
we deduce that for any = € Ry,

1P’<Wc S]E(Wc)Jr\/Q;(ler]E(Wc))ﬂL;l) > 1 —exp(—x). (16)

From now on, we denote K a positive constant which can change from line to line. Let us denote
V(C) the VC-dimension of the set C. By Lemma 6.4 of Massart (2003), there exists an absolute
constant K that for all n for which 1 — p > K2V(C)(1 — 3 In(1 — p))/n, it holds that

BWe) < 5L Dyieyn - ta— oy < KO0 4 Ly,

where in the last inequality we have used that 0 < p < 1/2. Combining the above inequality with
(16) and by using again that 0 < p < 1/2, it follows that for all n for which n > 2K?V(C)(1 +
In(2)/2) and any = € R,

We <n~'/?2 (I; V(C)(1+In(2)) + xl/z\/Q (1 + gx/V(C)(l + 1n(2))) - :c/3n1/2>

with probability at least 1 — exp(—x). Let us assume that the VC-dimension V(C) is bounded
by some absolute constant. In this case, it follows from the above inequality and (15) that for
all n > K? and any = € R,

min Al > % (p 2K (1 4ol (1 n (x/n)l/g)))

$1,82€S8t:d(s1,82)>p
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with probability at least 1 — exp(—z), proving (14). For the VC-dimension V(C), there are
various ways to see that it is finite. One way is to say that { = (A, B) € (s, 5, is equivalent to
say that (64,0p) belongs to the union of

e [0, min(fs,,0s,)] x (max(bs,,0s,), 1]

(max(0s,,0s,),1] x [0, min(bs,, 05, )]

[min(6s,,0s,), max(fs,,6s,)) X [min(s,, 0s,), max(fs,,6s,))

[0, min(fs,, 0s,)] X [0, min(fs,, b5,)]

(max(0s,,0s,),1] x (max(fs,,6s,),1]

Hence it is included in the union of 5 rectangles. It is well known that the VC dimension of
the family of rectangles is 4. Class C is included in the 5-fold unions of rectangles, whose VC
dimension is bounded by 4 * 5log(5) up to multiplicative constants, thanks to Csikds et al.
(2019). Therefore Class C is of finite VC-dimension, which concludes the proof.

Note that with a closer look at all possibilities, one can show that class C cannot shatter
samples of &;’s of size 5 and that in fact its VC dimension is therefore 4. However, the proof
with all the possibilities is much longer than using the bound given by Csikds et al. (2019).

Let us now prove (13). Denote 1, , = (1 + /2 + x/n'/?). Clearly (1 + 2'/2 +2) > n, , >
(1 + x'/2). Moreover, one can check that if n > Kj, then 26(K21,..)/(1 — 48) > n~/? which
implies that (Komy, )/ (1—40) > 20~ Y24+ Kon,, . Hence, if p > n= V2 Ky (1+2' /2 42)/(1-45) >
n~Y2 Ko, »/(1 — 46), then

n(p — KZnn,m/nl/2)/2 >1

so that
[n(p — K277n,ﬂc/n1/2)/2J >n(p— K277n,w/n1/2)/4 > npd,

and the result follows from (12).

Summary of the results on place cells codes

1. Place cells codes of size n cannot discriminate at a distance smaller than 1/[2(n+1)].

2. For any p > 1/(2n), the minimax discrimination rate for place cell codes is of order
1/(np).

3. The code g defined in Example 3 is adaptive, meaning that it reaches this rate for all
p > 1/(2n), up to multiplicative constants.

4. Random codes f" defined in Example 4 are adaptive in the range p > c/nl/ 2, for
some constant ¢ > 0, up to multiplicative constants, with large probability.

4 Results for grid cells code

In this section, we discuss some results for the class of grid cells code G((n, Ai)i=1,...,m) defined
in (4) and the more general G. In what follows, for f € G, 51,52 € S! and i € [m], let us denote

Ad = |I!1’i \ I!z’i| \ |I§;’i \ Ig{i|’

51,82

where I/ = {j € M; : f;;(s) = u} is the set of cells activated by stimulus s € S! in the i-th
module. The first result establishes a useful link between grid cells code and place cells code.

14



Proposition 6. For any f € G and s1,s2 € S, the following inequality holds

ZASl S2 — 81 S2 2 Z Sl So° (17)

Proof. Suppose that A = [I] \ I] | (if not exchange s1 and s3). On one hand, observe that
since the modules are disjoint we have that

AT = SO m<2|ﬁ” \ 15| v |1 ZAW
=1

On the other hand, using that
(NI I+ TN = ZII“ \ I+ NI 2 Z\I“ AWERIRAVERRY R

we obtain that

28], ,, = [\ I+ 1T, \>ZASIW

and the result follows. O

4.1 Lower bound on the minimax discrimination time for G((n;, \;)i=1,_._m)

The following result provides a lower bound on the minimax discrimination time (up to constants
depending on « and p) defined in (1), when restricted to the class of grid cells code:

T(G((ns, Ai)i=1,..m), p) = fe((n, 1)\n;f L ’T(fvp)' (18)

Theorem 1. If 0 < p < 1/2 and A\ /X2 is even or if 0 < p < 1/2 — Xo/2 and A1 /Xs is odd, we

have that
1

6 ming <g<m {Zf:l X oV >"“+1)}J

with the convention that Ap1 = 0. In particular, if we define j, = max{l <k <m: A\, > p},
then T(G((n, Xi)i=1,...,m), p) = 0o whenever one of the following conditions hold:

)

T(G((ni, Ni)i=1,....m)s p) = {

o cither there ewists 2 < k < j, such that

A
_ 1 3
(k= 1A, < min, H v

. . A,
® 07 Jpp < MINi<i<j, [677;:| .

Proof. We need to compute an upper bound for ming, s, est:d(s;,50)>p Af _ uniformly on f € Fo.

$1,82
By the definition of j,, if j, > 2 then we have that
Ak > p>Aj 41, forall2<k <j,and p < A1/2.

When j, =1 it holds that X\ < p <1/2 = X;/2.

Let us consider first the case j, > 2. In this case, let 2 < k < j, and take s1, 59 € St such
that d(s1,s2) = A > p. By Lemma 3 it follows that s; mod A; = s mod \; for all k <i<m
so that for all j € M;,

fij(s1) = fij(s1 mod \;) = fij(s2 mod \;) = fij(s2),

15



implying that Agl s, = 0.
Hence, by Proposition 6 we have that

sls E : 31792'

=1

Foreach 1 < i < k —1, let pz in S* defined by 9% = U, with 0 < ¢ < D;41., where
Dit1.1 := Ai/Ap is an integer larger than 2 for all ¢ < k. For later use, let us also define
Ds.; = 1. By arguing as in the proof of Proposition 3, one can show that

1+1 k

p[)pe 1

Now, take 0 < £ < Dy, 1 <i<k—1and j € M;, and observe that fi;(p}) = fi;(p} mod \;).

Claim. It holds true that p} mod \; = p} _ 4 p

b1k’

Proof of the Claim. Write ¢ = rD; 1.1, + ¢ mod D, 1., for some positive integer r. Since
Ai = Djy1.: Mk, we deduce that

I\, =1\ + (f mod Di—i—l:k))\k
with (¢ mod D;11.5) \x < A;. As a consequence, we obtain that

051 mod A, = 0, mod A = €A mod A; = (¢ mod Dys1) A, = 0,

P} mod Dy

implying that p; mod X\; = p} .4 b (by the injectivity of the function S* > a ~ 6,.) This

concludes the proof of the Claim.

i+1:k

The claim implies that fi;(p}) = fi; (0} nod Dyiry) foreach 0 <0< Doy, 1 <i<k—1and
J € M;, so that (notice that Do, = D2.;Diy1:1),

Dy Dit1:x

Z prp( . Z prpl; ) < D212n,
Therefore, the above inequality implies that
=1
which, in turn, ensures that

k—1 Doy k—1
: fii
Doy, min 51752 Z Ap o
Sl,SQESl:d(Sl,Sg):Ak 1 £re—1

i=1 1 i=

k—

1
Ap ol 2(Da.an1 + Dagng + ...+ Dag—1np—1)
1 eoFe—1

i=

=
< 2(Dg.in1 + Daong + ... + Dogg_1ng—1)

or equivalently,
k-1
n;

A’

k-1
. ; 2
min { A‘{fm} < T(D2;1n1 + Da:ang + ... + Dag—1ng—1) = 2X;
k 2:k i—1

$1,82€St:d(s1,82)= Pt

where in the equality we have used that Do.x, = Ds.;D;y1. and D1 = >\i>\;;1~
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Hence, we have shown that for each 2 <k < j,,

k—1 k—1

. n; 27’L7;
min Al <o = A V).
s1,82€8%:d(s1,82)>p V2T * ; Ai i=1 Ai e/ 7)

If p > )‘jp/2 — )‘jp+1/2? then

Hence . ) )
Jp— Jp Jp
in 2n1 2TL’L
PO ATIEDBE VS DY
i=1 i=1 v i=1

and for all k£ > j,,

so that

k
. 2n,;
min A£1 o min E “(Mkt1 V p)
$1,82€St:d(s1,82)>p ’ 1<k<]p71 — )\z

k k
. . 2”2 . in
= min {1<z?il}il {Z (Aks1 V p)} ,, i {32 (A V p)}} :

i=1 "

Therefore, we deduce that when j, > 2 and p > A;, /2 — X; 11/2, it holds that

k
min Al ., <3 min {ZQ;¢(Ak+1vp)}. (19)

s1,52€St:d(s1,82)>p i

Now, suppose that p < X;, /2 — X\; 11/2. Let © = [p/Xj,41]. If Dj, 415,41 is even then r <
Dj, 41:5,+1/2 because r < Aj, /2. 1 Dj, 115,41 is 0dd, then A;, /2=Aj,41/2 = Aj, 41(Djy 415,41 —
1)/2 is a multiple of A;,41. So in both cases, r < Dj, 11.j,+1/2. Therefore L = |D; 11.5,41/7]
is always larger than 2. .

In module j,, we construct L + 1 different points pff of argument ¢rA; 11, for £ =0,...,L
which leads to L distinct pairs at distance p = 1\;, 41.

By periodicity, we deploy these points on module 1, there are Da.; L of those. Taking their
modulo, they correspond on module i = 1,...,m to D;y1.j, L pairs at distance p. Each of these
pairs are at distance a multiple of A;, for £ > j, and therefore cannot be detected by the modules
for k> j,.

Therefore a similar argument as above lead us to

min AS <
$1,82€S8t:d(s1,82)=p 51,52 Dg;jp

(Dg;lnl —+ ...+ Dg:jpnjp).

Since L > 2, L > 2/3(Dj,11.5,+1/7), hence

min 51 s S 3TZ N Aj,+1-

$1,82€St:d(s1,82)=

But r <2p/\; 1. Hence

. <3 in
min 31752 < E

$1,52€S:d(s1,82)=

17



Also, as before

o op, o,
3 ‘p<3 “(pV A

for all k > j,. Finally since p > p, we get that as long as j, > 2, (19) holds.

The last case to treat is when j, = 1. If p < A1/2 — X2/2, we do as above with 7 = [p/A2]
and p = rAy < 1/2, constructing pairs that can be distinguished only by module 1 and the same
bound applies.

In the case p > A\1/2 — A2/2 and A1 /)q is even, we can always take s; = 0 and s = 1/2.
Since A1 /g is even, d(s1, s2) is a multiple of As and therefore of all the other \; for i > 2. Hence
it can only be detected by the first module and

k
2n;
min Af <n: < 3n <3 i VA ’
51,8268 :d(s1,82)>p V%2 T 1>9N1p > ;Zl X (p k1)

for all k£ > 1 and we conclude as for the other cases.
To conclude, let us just remark that if there exists 2 < k£ < j, such that

\i 1
-1 i =
(k=1 < en [Gm} 6 maxi<icr{ni/Ai}’

then Zf;ll T < (k= 1) g maxi<;<p {5} < 1/6, so that the integer part in the lower bound
is null. The same phenomenon appears at k = j, if j,p < min;<;, {6)‘71]
O

To understand better the bound given by Theorem 1, note that 1/[2n;p/\;] is in fact the
rate for the place cells code in module i. So, roughly up to multiplicative constant, to distinguish
at distance p, the code needs to be such that the modules of the grid cells have to be coherent
(i.e. the period kAg11 needs to be detected by at least one of the modules before, for all k£ such
that Agy1 > p) and that j,p also needs to be in the detection range of at least one of modules
© < jp. It is not clear whether the factor k should be present or not. Also, for the rate itself
note that Zle %)\kﬂ is not necessarily monotonous in k. Hence we could be in a situation
where even if we are interested by small p that cannot be detected by the first module, the rate
of detection of Ay by the first module acts as a threshold that impacts the rates at p.

4.2 Upper bounds and a particular adaptive code for G((n;, \;)i=1,..m)

Example 5. (An adaptive grid cell code) This code is made of adaptive place cells code as in
Example 3 for each of the modules. More precisely, the module 7 is the set of neurons M; =

{ni—1 +1,...,ni—1 +n;} and fy,4;, is associated with the points a;;, b;; € S* corresponding
to the angles 9%. = %;\LL and Gbij = % Let us denote this code by gge.

For the code g4¢, one can prove the following result.
Proposition 7. For any 0 < p <1/2,
4

T(gge, p) < - - —
ming<g<m Zj:l \‘)‘7; ()‘kJrl V p)J

)

with the convention Ay,11 = 0. In particular, if we define j, = max{l <k <m: A\ > p}, then
for all p large enough such that

o for all k < j,, there exists j < k such that A\, > :\T]
J
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o and there exists j < j, with p > %, we have that
J
1 161og,(1/p)
. — < T(G((nis Ai)i=1,...m), p) < T(gge, p) < — 2 n/7 ;
6miny<p<m D1 3= (Akt1Vp) ming<r<m Y-y 55 (A1 V p)

meaning that g,. 1s adaptive in this range of p up to a factor log,(1/p).
g 9g P g p up g2ll/p

Proof. Take a pair s1,52 € S! such that d(sq, s2) > p and define

Ai
Js1,s, = IMax {z € [n]: 5 2 > d(s1, 52)} .
By using Lemma 2, we then conclude that for 1 < j < jg, ,,
d(s1 mod Aj, so mod \;) = d(s1,s2) > p.

Hence, proceeding as in the proof of Proposition 4, we have then that

m Js1.s9
E 9gert § 9gesl
Ashsz Z A61752
i=1 =1
jsl,SQ
. Ggeri
> min Adge

=1 w1,ug€SMi:dy, (u1,u2)>p

Jsi.s2 Jsi.s2
1 2n; 1 on: [ Aj +1
> J _ - J Js1,s2 V. )
—22, b,ﬂJ 22“-( 2 P
j=1 J j=1 J

Combining the above inequality and Proposition 6, we deduce that
m

1 .
min Adoe > min E Adoert
$1,82€St:d(s1,82)>p ’ 2 $1,82€St:d(s1,82)>p Pt ’

k
1 2n; [ Ap+1
> = J .
> 1 5 (%5 )|
1 k
> 5,8, 3 |3 O v o).
SR> le ¥
O
To conclude the proof we need to show that
E ko
. vy > 1 7]
o 1 bj (Ak+1 \/P)J > 4log(p~ lglclilm ¥ (A1 Vp). (20)
j= j=
To that end, first observe that
k s k—1 N Jp s
i bj (A1 \/P)J min § min 3 L\j /\kJ >3 bj pJ , (21)
j=1 j=1 j=1
and also that for each k < j,
Bl
| > LA
> [ = o 320
k—1
1 ; 1 ;
Z — max &/\k 2 — &)\k
2 1<5<k A 2k 4 j
j=1
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Since p < A;, < 27Us=1 it follows that 2log,(p~1) > log(p~) + 1 > j, > k, so that from the
above inequality we obtain that

k—1 k—1
> |2 i,
{ J B 410%2 _1 /\J

j=1 j=1

.

By similar arguments, one can also show that

Jp
u% 1 n;
ol > s
2 bj pJ ~ 4logy(p71) ; 5"

Jj=1

Combining the last two inequalities above with (21), we then deduce that

k k—1 Jp

1 n; n;
min (Met1 V p)J > —————min{ min L\, Ly
1<ksm £~ {)\] 4log,(p~1) 2§k§]p; Aj = Aj
k
1 nj
= ————— mi — (Apy1 V
41ogy(p~1) 1Sklélmj:1 A; (Ak+1Vp),

proving (20), and the result follows.

4.3 Random codes are also adaptive in G((n;, \;)i=1...m

Example 6 (Random code for grid cells). Again we use random codes on each of the modules.
More precisely, for each 1 <i <m, let M; = {n;_1+1,...,n;_1 +n;} denote the set of neurons
in module i. Let (Aji;)jenm, and (Bj;)jem, be independent and uniformly distributed points on
SHi. The random code f;. for the grid cells is defined as fo. = (fye 11,5 foeijr -+ foenrn)s
where fg.,; is given by (4 ) with a;; = A;; and b;; = B;; for each i € [m] and 5 € M,.
Proposition 8. There exist constants K1, Ko > 0 such that if mini<;<m{n;} > K; the following
property holds: for x € Rug and 0 < p <1/2,

1

T(fgerp) <

Akt1 ’

’Vmin1<k<m Sk i <va2 _ 2K, (1+ (z+In(m)/2[1+ ((z + ln(m))/ni)l/z}))-‘

with probability 1 — e™", with the convention Ay, 11 = 0. In particular, denoting j, = max{l <

k<m:\, > p} we have that
16
Min <k<m {Zf L2 (pV )‘k+1)}J

T(fgerp) < { (22)

with probability 1 — e™*, that is f;,. is adaptive in the range of p where the following extra
conditions holds:

o forallk <j,,

K
A >
V 2i<k X
e and also that
K3
p=



where K3 := 4v/2K5(1 + = + log(m) + (z + log(m)/?).

Proof. Fix 0 < p < 1/2, take s1,582 € S* with d(s1,s2) > p and define, as in the proof of

Proposition 7,
Ai
Z d(Sl, 82)} .

Js1,5, = Max {z € [n]:
Lemma 2 ensures that for 1 < j < 4, 4,
d(s1 mod Aj, s2 mod \;) = d(s1,s2) > p.
Hence, by Proposition 6 we have that
Jbl Iy Jsl 52 . P
51,52 = 2 Z Asfcsg = Z min Auﬁfuz- (23)

wy,ug €SN :d(ur,u2)>p

Next, proceeding as in the proof of Proposition 5 one can show that

min Af;g:cuzz > % (p — Wci> ; (24)

uy,u2 €SN :d(u,uz)>p Ai

where We, is the random variable given by
1
We, = max — Y (1¢,(&;) —E(1¢,(&)))),
J

with the set C; = {Cul’u2 Sup,up € SNz d(ug,ug) > p} and &;; = (4,5, Bij) € S*i. Arguing for
each We, as it was done for We in the proof of Proposition 5, one deduces that if miny<;<,,{n;} >
K, then for all x1,...,2, € Ryg,

min Aﬁgf;; > M (p — n;l/QK (1 + x1/2 (1 + (xi/ni)l/Q))> for all i < m,
u1,uz €S d(ug,u2)>p 2 )\1
(25)
with probability at least 1 — Y /", exp(—=;). Therefore, combining inequalities (23), (24) and
(25) it follows if if minj<;<,{n;} > K? then for all 1 <k < m and all zy,...,z,, € R
A 1 " pV (Akt+1/2) / /
) . k+1 -1/2 1/2 1/2
min AL — — | —= —n, K(1+x (1+ T;/n; )))
51,8280 d(51,52) 2oy 0= = ; 2 ( ' (zi/ms)
k
o ni (pV(Mt1/2) 1p2 1/2 1/2
> o EEARRLA) m.
=50, ( D (1l (14 ) ) )

with probability larger or equal than 1 — """ | exp(—z;). Finally, since

min Alse, = min min Alse,,,
81,82€St:d(s1,82)>p 1<k<M Sl752681:d(Sl,SQ)Zp,jslwgz:k
the result follows from the above inequality with z; =  + ln(m).
It remains to prove (22). Denote 7, = (1 + x + log(m) + (z + log(m)'/?) and n,; =

(1 + (x + log(m)"/? + (x + log(m)/ni/z), and observe that 7, > 7, ; which ensures that

el 1/2 R Kon k=1, 1/2 2
Ly s Kongi ) > = AL L\
X (o o) 2 2 - L
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By Cauchy-Schwarz inequality, we know that

k—1 1/2

n; 1/2
2 NS

i=1

where in the second inequality we have used that \; < 27(=1 for each 1 < i < m. As a
consequence, we deduce that

k k-1

—1
— —n Kzﬂm) > — | = Z Ak
i—1 2X; 8 A \/Zf:_ll ni/Ni 16 = As

Similarly, one can show that if the second extra condition holds then we also have that

Ak —1/2
A

Je

Jp
mi( o czge o L (e

i=1 i=1

From the last to inequalities above it is easy to deduce (22), concluding the proof of the result.
O

4.4 What can we say about the general class G?

The rate
1

. k 2n; Ak+1 ’
ming <xg<m ijl {T]J ( 5 \/p)J

is very difficult to understand. What would be the best choice of n;’s and A;’s 7

Minimal range of detection

Example 7 (Extreme Dyadic code). In the extreme dyadic code f4, we have m = n modules
M, ..., M, where the i-th module M; = {i} has period \; = (1/2)~! and whose points
a;i = a;,by; = b; € S* are such that 6,, = 0 and 6, = (1/2)°. In the sequel, let us denote
faii = faqsothat fo = (far,..., fan)-

Proposition 9. Let fyq be the extreme dyadic code. For any p > 1/2™, we have T(fq,p) = 1.

Proof. First, we will show that T'(f4,p,«a) < 1. To that end, we need to show that for all
s1,82 € [0,1) such that d(sy, s2) > p, we have |[IJ2\ IJa| v |IJ2\ IJ2]| > 1. Notice that by Lemma
4, we can write (05,) = 72, (0s,);/27,1 € {1,2}.

Claim. There exists j € [n] such that (05, ); # (6,);-

Assuming that the claim is true, we can then use again Lemma 4 to conclude that fg;(s1) #
faj(s2) implying that [I]¢ \ IJ3| v |I[i \ I]¢] > 1.

We now prove the Claim. We argue by contradiction. Suppose that (6s,); = (s,); for all
J € [n]. Suppose also that 0, < 6, < 6,, + 1/2 (if this is not the case we change so by s1). In
this case,

o0

1/2n <ps d(slaSQ) = ‘051 - 052| = Z |((951)j - (982)j)|/2j < 1/2n = )\n/27
j=n+1

and Lemma 2 implies that
1
d(s1 mod Ay, s2 mod \,) = on-
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This implies that fi,(s1) = fan(s1 mod \,) # fan(s2 mod A,) = fan(s2) and we can apply
Lemma 4 to deduce that (0s,)n # (0s,)n, which is absurd. This concludes the proof of the
Claim.

To conclude the proof, observe that by taking 6,, = 0 and s, = 1/2, we have (6,,); = 0 for
all j > 1, (s,)1 = 1 and (6s,); = 0 for all j > 2. By Lemma 4 we have that fg1(s1) # fa1(s2),
fai(s1) = faj(s2) for all 2 < j < n and d(s1,s2) = |05, — 0s,| = 1/2 > p. Hence, T(fq,p) =1
and the result follows.

O

This result needs to be put in perspective with Proposition 2 : the extreme dyadic code
is able to reach the best precision that one can have, that is 1/2™, but it is unable to reach
a faster minimax discrimination time when p increases. So either whatever the code is G, one
cannot achieve a faster rate than 1 or it means that this code cannot be adaptive. The following
example shows a faster rate for larger p, which means that we are in the second case.

Example 8. (Grid cells - adaptive balanced) For a given 1 < m < n, let A\; = 2-(=1) and
n; = |n/m) for 1 <i <m—1, and \,, = 2™V and n,, = [n/m] +n mod m. We call
balanced grid cells code the class Gy = G((ni, Ai)i=1,...m) corresponding to these choices of
Ai’s and n;’s. Note that each code in this class has the same number of neurons per module
(except the last one). In what follows, let us denote gb™ the code gy, defined in (5) belonging

to the class of balanced grid cells code Gy p,.
Proposition 10. Let 1 < m <n such that n > 2m. For any p such that 1/2™ < p < 1/2,

L
3[n/m]

- 16

that is, the code gg;:m is adaptive in the range p > 1/2™ in the class Gpm.

Proof. Let us first compute the corresponding lower bound for T'(Gy, ., ) provided by Theorem 1.
Notice that for all 2 < k < j, we have that

=1

Moreover, one can check that

; ni(p \/)\j\jpﬂ) > pln/m] ;;
= pln/m|(2% — 1) :=a; .

Since zpy1 — T = 2Ln/mJ2’(’“*2) >0 for 1 <k <j,—2,it follows that

Jp

ni(pV Ak) Z ni(pV Aj,+1)
; )\Z

k—1
min min
2<k<jp Ai
i=

= min{z1,z;, }.

i=

Now, for any 1/2™ < p < 1/2 it holds that 277> = Aj,+1 < p < Ay, so that 2p(29r — 1) >
2(1 = p) > 2(1/2) = 1, implying that that z; < x;,, that is min{z,,z;,} = 21 = ([n/m])/2.
Hence Theorem 1 implies that

1
T(Go,m, p) > 3[n/m]|’ (27)
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Next, we will compute the upper bound for T}, (g;’é’b, p) using Proposition 7. First, observe
that for all 2 < k < j,,

k—1 1

=3[R onva = [mig] +ot | lnimi g

so that y1 <y2 <...<wyj, 1. Let,

j=1

Yio -= L\ ()‘Jp+1 \/P)J Z Hn/meZJJ
j=1 3=0
implying that )
ér}clélm £ L)\j (Akg1 V p)J = min{y1,y;,}-
J:

Since, |n/m]/2 > 1 we have that y; > [n/m]/4 (here we use that |z] > x/2 when = > 1).
Moreover,

do—1
i, = Y LIn/m]p27]
7=0
= > e > (nmlj2) > 2,
j=0:[n/m|p2i>1 j=0:[n/m]p2i>1

so that if we denote i, = min{0 < j < j, — 1 :: [n/m|p27 > 1}, then
jp_l . . . .
> (Lfmlf2) 32 g2 = (Lnfm]f2)men o imin 1)

J=Jmin

Finally, since p2/» > 2 and since [n/m] > 2, one can check that j,;, < j,—2. As a consequence,

Yj, > (Ln/mj/2)2jmmp(2jp—jmm _ 1)
> (I_n/mJ/2)(2jp_jmm+1/2jp — p)2jmin — (Ln/mJ/2)(2 — p2jmm) > Ln/mJ(l _ 1/4)
> |n/m]/4.

Hence, we have shown that if [n/m] > 2, then min{y,y;,} > ([n/m]/4) and Proposition 7

ensures that 16

The result follows from (27) and the inequality above. O

This result about adaptivity is very interesting. Indeed it tells us that whatever the balanced
adaptive code that we use with m modules, the minimax discrimination time does not vary as
a function of p and in particular does not decrease when the distance between two stimuli
increases. It stays constant at m/n up to multiplicative constants. In the extreme case with
m = n modules, we recover the extreme dyadic code whose minimax discrimination time is 1
whatever the distance. On the other hand, and as a corollary of Proposition (10), we have the
following result.

Corollary 2. For all 2=/ < p < 1/2, let m = [logy(p~1)|. Then the the code g ™ satisfies

: Vog"’ffl)J < gt < TG ) < Tuunldh” ) <32 F%ffl)J .
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The proof of Corollary 2 is obvious and is let to the reader. Note that this result shows
that if we know in advance at which distance p one needs to detect, one can use a balanced
adaptive code with m = |logy(p~!)| modules to reach a rate much faster than the place cells
codes. Indeed,
loga(p~') < p~! when p is small. On the other hand, once m is fixed Proposition 10 tells us
that the minimax discrimination time is then constant and cannot decreases when p increases
as logy(p~1)/n. In this sense, balanced grid cell codes cannot be adaptive. The question remais
open for unbalanced grid cells codes.

Summary of the results on grid cells codes

1. One can compute the minimax discrimination rate on G((1;, Ai)i=1,...,m.-

2. In general, grid cells code obtained with the adaptive code of Example 3 on each mod-
ule are able to reach this minimax discrimination rate, for every p up to a logy(p~1)
factor but on a restricted range of p.

3. The random codes do not lose this extra log,(p~!) factor but they have a different
range of p.

4. Extreme dyadic codes can reach the best possible precision in 27". However, their
discrimination rate cannot be faster for larger p.

5. Balanced grid cells code obtained with the adaptive code of Example 3 on each module
with number of modules m = log,(p~!) are able to reach the rate log,(p~1)/n, which
is faster than the corresponding minimax rate for place cells code. However, balanced
grid cells code cannot go faster when the distance between the stimuli increases.

6. In particular, we do not know the minimax discrimination rate over the general class
G and we do not know if adaptivity is possible there. However, we do know that the
extreme dyadic code which achieves the precision 27" or the balanced grid cells code
cannot be adaptive.

5

Numerical illustration

We have simulated what happens for n = 100 cells with firing rate . = 30. We used 5 different
configurations, as indicated below.

Place cells - adaptive. That is the code f is given by Example 3
Place cells - random. The code f is picked at random as in Example 4

Grid cells - adaptive balanced. It consists in 20 modules with \; = 2=¢=1_ All the 20
modules have the same n; = 5. Inside each module, the code is taken as Example 3.

Grid cells - adaptive decreasing. It consists in 20 modules with A\; = 2~¢~1_ but the vector
of n; is given by (15,13,11,10,8,7,6,5,4,4,3,3,2,2,2,1,1,1,1,1). Inside each module, the
code is taken as Example 3.

Grid cells - random balanced. It consists in 20 modules with A; = 2-=1_ All the 20
modules have the same n; = 5. Inside each module, the code is taken at random as
Example 4.

We picked s = 1/3, which is not in any of the periods of the different modules. We also
picked s’ = s + p with p in a grid between 272! and 0.5.
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For various possible T" in a grid from 0.001 to 20, we simulated 5000 times the test ¥ given
by (6) where we choose s; = s and sy = s’ if |[I] \ Iz,| > |I§, \ I{| and the reverse if this is not
the case. In each case, we found Tyin(f, s, 8', @) the smallest time in the grid that gives an error
less than «a (the error is evaluated by Monte Carlo method on the 5000 simulations). In Figure
2 on the left, we see Thin(f,s,s’, @) as a function of 1/Afs,7 with Af:s, = |I]\ If/| v |If, \ If].
As derived in (7), we also see in the simulations that the same constant of proportionality holds
whatever the code (this constant depending only on 1 and «) and that it was legitimate to study
directly 1/A£,s,.

It was not possible to compute T'(f, p) as defined by (8), so we used the following quantity
as a proxy:

T(fvsvpva):  max . Tmin(f7svs+p/7a)v
p'>p in the grid
for s = 1/3. In Figure 2 on the right, we plotted T'(f,s, p,«) as a function of p. We see that
place cells - adaptive are indeed following a curve in 1/p as expected and that place cells -
random have a similar behavior. In particular, with n = 100 they cannot detect a p of order
1/(2n) = 0.005. On the other hand, all grid cells can reach this range, because they can reach
a much smaller range, at least 272°. Besides, grid cells - (random or adaptive) balanced cannot
have a time of detection which decreases when p increases. Hence there is a point where the
place cells system is quicker in discrimination time than the grid cells system.

We tried a non balanced version of the grid cells (grid cells - adaptive decreasing), to make
the discrimination time decreasing in p. However, as one can see on Figure 2 on the right,
even if the discrimination time becomes decreasing in p, it reaches a plateau like behavior (up
to logarithmic behavior that cannot be seen on the curve). Therefore, even this non balanced
version of the grid cells is still slower than the place cells system.

6 Conclusion, discussion and Perspectives

We have adopted a new point of view on rate coding : the testing point of view and use it to
enhance differences between a place cell system and a grid cell system with the same number of
neurons.

On the testing point of view. The testing point of view is complementary to the estima-
tion/information theory point of view developed originally by Brunel and Nadal (1998) for place
cells or other cells with simple receptor field. Indeed, for place cells, Brunel and Nadal proved
in a similar framework as the random code of the present work that the Fisher information is
proportional to n, the number of cells. The only main difference is that they used triangular
codes f instead of step functions with two parameters. If the Fisher information is proportional
to n, it means that the standard deviation of the best estimator of the stimulus s is in n~/2.
We have proved that a similar random place cell system can discriminate between two positions
as long as they are at least at distance of order n~!/2. In this sense, both frameworks seem
consistent. However, we have also proved (see Example 3) that another place cells code achieves
a much smaller precision in 1/n. Moreover the testing set-up allows us to capture an interesting
phenomenon, which should take place in practice and might be tested via experiments. When
two stimuli are very different, the discrimination time between both should be smaller.

On the place cell system. We have shown that adaptivity in terms of p, the distance between
two stimuli is possible. It means that not only certain codes have the ability to discriminate
faster when the stimuli are further away but it also means that the rate 1/(np) is up to constant
not improvable by a place cell system. This is reached not only by very particular codes such
as the one of Example 3 but also by random codes, for p > ¢//n, for some positive constant c.
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On the grid cell system. As shown already by the study of the Fisher information (Fiete
et al., 2008; Sreenivasan and Fiete, 2011), we can prove that grid cells can reach a precision that
is much smaller than the one of place cells and which is exponentially decreasing with n. We
have also shown that the rate 27" for the discrimination time is in fact an absolute lower bound
for all kind of codes with only two values and that the grid cells in this sense are the ones able
to achieve the smallest precision not only with respect to place cells, but with respect to any
code. We have also been able to derive upper and lower bound on the minimal discrimination
time for grid cells with a given number of cells per module and given period for each module. In
particular, the distribution of the cells inside a module is derived from their place cell equivalent
and a random uniform distribution inside a module leads to the best rate up to constant as soon
as p is large enough. This is coherent with the experiment of Stensola et al. (2012) that has
found no structure in the distribution of the center of the receptor field inside a given module.
Finally, for a fix p, particular balanced grid cells code are able to achieve the discrimination rate
of log(1/p)/n which is much faster that place cells, but we have not been able to find a fix grid
cells code whose discrimination rate would decrease when p increases in an interesting range
(that is past the detection range of the first module). Informally once p < 1/(2n1), it seems
that all codes are limited by what happens in the first module, that is all discrimination rates
seem to be equal to 1/(2n;). However, we have not been able to rigorously prove this fact.

Place cells versus grid cells. As a consequence, and contrary to place cells, we have not
been able to find a general grid cell adaptive code that would achieve a minimax discrimination
rate that can only be smaller or equal to log(1/p)/n thanks to our results. Our tentative non
balanced codes as shown in the simulation were not satisfying. We do not know if adaptation is
possible for general grid cells. If it is not possible, then there is definitely an advantage to have
both systems grid cells and place cells at the same time. The simulations show a compromise
that can be made in using both systems at once (see Figure 2 on the right). Indeed, grid cells
can go at much smaller precision that place cells but are much slower when p increase than place
cells. In this sense, having a combination of both systems would allow a fast reaction time when
stimuli are far away and a good reaction time even if the stimuli are very close.

Limitations and Open problems. We restricted ourselves to one dimensional, periodic
stimuli (or circular maze). We do not know at the moment how to generalize it to larger
dimension, especially if we want grid cells to have an hexagonal pattern. Moreover, Stensola
et al. (2012) have proved that the periods progress in a geometric manner (see also (Wei et al.,
2015) for similar geometric progressions in 1d) but that the ratio is not an integer and so far
our method is relying too strongly on periodicity to allow that. To go beyond this, we would
need to consider stimuli with boundaries effect and if the adaptation to boundaries for grid cells
have been described (Kru) modeling precisely the boundary effect from a mathematical point
of view is not straightforward. Also one might want to add more realistic rate functions f(s)
that step functions, but we do not think this would massively change the rates we found as
long as the shape of f(s) is not authorized to vary much. Finally, even in the 1d circular case,
the problem of adaptivity and even the computation of the minimax discrimination rate of the
general grid cells codes remains open. It means that we do not know what is the best choice in
terms of discrimination rate for the number of cells per module, the scales or even the number
of modules.

7 Auxiliary Results

In this section, we collect all auxiliary results used throughout the paper. We start with the
following proposition.
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Lemma 1. Let X be a Poisson random variable with parameter 6 > 0. For any x > 0,

2
P2 001+ 0) <o {2 28)

and for any 0 < x <0, ,
P(Xg@—x)gexp{—;ca}. (29)

Proof. Let ¢)(\) = e — X —1 for A € R and notice that E(e*X=9) = %) One can check
that for all 0 < X\ < 3, we have

)\2
1/’0\) < m

so that for any ¢ > 0,

P(X >60+1t) <exp {— )\21(101?3) (t/\ - 2(1>ii/3)) } = exp{—9h4(t/30)},

where hy(z) = 1+ 2 — /1 + 2z, 2 > 0. Since hy(z) > 22/(2(1+z)) it follows that for any ¢ > 0,

(t/0)°

P(X>60+1) < R

2040 <o {7 i
Taking ¢ = 6z we obtain (28).

To prove inequality (29), one can use the fact that ¢ (A) < A?/2 for A <0, to deduce for any
0<z<0,
P(X <60 —x) < exp{—sup(A\z — O)?/2)} = exp{—2?/26},
A>0

concluding the proof. O

Lemma 2. Let 0 < A\ < 1. For all s1,s2 € S' such that d(s1,s2) < X\/2, it holds that d(sy,s2) =
d(s1 mod A, so mod ).

Proof. Tt is sufficient to analyse the case s1,so € S! are such that 0 < fs; < 1/2, 6, < 0, <
Os, +1/2 and d(s1, $2) < A/2. Write 05, = kA + 11 where 0 < r; = 6,, mod A < A

Suppose that 71 + A/2 < A. In this case, we must that r; < A\/2 and 05, = kX + ro with
r1 <719 =0, mod A <r;+ A/2. Hence

Os; mod » =05, mod A =r; <rg =05, mod A\ =05, mod » <71+ A/2
so that
d(s1 mod A, so mod A) = (0s, mod » — Os; mod A) = (r2 —71) = d(s1, 82).

Now, it remains to consider the case r1 + A/2 > A. In this case, we have that r; > A\/2. If
0s, = kA + ro then we must have r; < ro < A so that d(s; mod A, so mod N\) = (05, mod » —
Os, mod A) = Tr2—71 = d(s1,82). Otherwise, 0, = (k+1)A+7re where ro < r1+A/2—A=71r1—)\/2
so that d(s; mod A, s2 mod \) =79 + A — 11 = d(s1, s2) and the result follows. O

Lemma 3. Let 0 < 01 < 09 < 1/2 such that 0o = poy and 1 = qo1 where p,q € N are such
that ¢ > p. For all 51,59 € S' such that d(s1,82) = 09, it holds that s mod o1 = s2 mod 7.
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Proof. Suppose that 6; < 6y and write 05, = koy + r where 0 < r = 65, mod o1 < o07.
If 0 <0, <0 +1/2 and d(s2,s1) = 02, then b5, — 05, = d(s2,51) = 02 = po; so that
0s, = (p+k)o1+r, implying that 6, mod o1 = r = 5, mod o1. Since bs, mod o, = s, mod o1 =
05, mod 01 = 05, mod o, it follows that s; mod o1 = s2 mod o;.

Now, if 1/2 4 60,, < 0y, <1 and d(sg,$1) = 02, then 1 — (05, — 0,,) = d(s2,$1) = 02 = poy
so that 0, =1+ (k —p)o1 +r = (¢ + k — p)o;1 and once again 0, mod o1 = r = 0, mod o7,
and the result follows. O

Lemma 4. For each z € [0,1), let 1 = |22 and z; = { (2 — Zj L xg /2" )J for j > 2. Then

z; € {0,1} for all j € Nyg, v = Zjil z;/27 and 0 < Zk:j xp/xk < 1/2971 for any j € Nso.
In particular, if fo = (fa1,..., fan) denotes the dyadic code defined in Example 7, then for any
i € [n], we have fq;(s) = w if and only if (65); = 0.

Proof. Tt is clear that z1 € {0,1}. To show that x; € {0,1}, first observe that denoting
U= — A Y 2p /28 we have u — [29u] /27 € [0,1/27). Since |20u]| = xj, it follows then that
T—>9_ xk/2’c = x —|2u)/27 € [0,1/27). This implies that z = 772, x/2" and also that
0 <20z =37 _ 2 /2%) = 2 — [27u]/27) < 2 which ensures that z;41 € {0,1} and also that

Zk__]-‘rl x /28 < 277,

It remains to show that fg;(s) = A if and only if s; = 0. To that end, first observe that
fai(s) = fai(s mod \;) = p if and only if 65 — L2i_195J/2i_1 =0y mod \; = 05 moa », < 1/2°.
Now, since 6, — [2¢716,] /207! = dieiy1(05);/27 + (0 s)i/2¢, it follows that fg;(s) = p implies
that 3377, (05);/27 + (05)i/2" < 1/2', forcing (05); = 0. On the other hand, if (65); = 0 then
dieiv1(0s); /27 + (05);/2¢ = Z;}iiﬂ(&)j/? < 1/2%, where the inequality holds by the first
part of the proof. Recalling that Zjo:i+1(93)j/2j + (65)i/2" = 0 mod \; = 05 mod »,, it follows
that (0s); = 0 implies that f4;(s) = u, concluding the proof. O

Lemma 5. Let A, B be independent and uniformly distributed points in S* with X\ € Rsq. For
any pair 1,53 € S*, we have that

)\2
P onsa € 4, BD =37 (5 =160 = 0 (A= 6~ 6]

Proof. Suppose that 65, < 6,, and note that
P(s1,82 € [A,B]) =P (04 < 05,05, <Op <A)+P (0, <04 <0s,,0, <0 <04)
+]P(93 <04 <0y) +P(952 <l4 <\, <0p< 6‘,4).

We now compute each one of the probabilities appearing in the right-hand side of the equality
above. Since 64 and 6 are independent and uniformly distributed on [0, \), one can check that

(A=0s5)

P(9A§081,982<03</\) Oy Afea)

POp <04a<0s)= fo*l . eb dy, = 02 /(2)2),

P (0, < f0p < 04 < 952 = fg 0,, — 0,)d0, = (05, — 05,)%/(2)2),
P (0, <05 <04<)\) fo (A= 0,)d0, = (A — 0,,)2/(222.)

Summing these fours terms, we obtain that

P(s1,50 € [A, B[) = A% (05, (A — 0s,) + 02, /2 + (0, — 05,)/2+ (A — 05,)?/2)
- ()\2/2 - >‘(952 - 051) + (932 - 981)2)
=22 (N2/2 = [0y, — O, |(A — |0, — 05, ),

and the result follows. O
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