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STRONGLY INTERACTING SOLITARY WAVES FOR THE FRACTIONAL
MODIFIED KORTEWEG-DE VRIES EQUATION

ARNAUD EYCHENNE AND FREDERIC VALET

ABSTRACT. We study one particular asymptotic behaviour of a solution of the fractional modified
Korteweg-de Vries equation (also known as the dispersion generalised modified Benjamin-Ono equa-
tion):

w4 8 (—|D|*u 4 u®) = 0. (fmKdV)
The dipole solution is a solution behaving in large time as a sum of two strongly interacting solitary
waves with different signs. We prove the existence of a dipole for fmKdV. A novelty of this article is

the construction of accurate profiles. Moreover, to deal with the non-local operator |D|%, we refine
some weighted commutator estimates.

1. INTRODUCTION

1.1. Introduction of the equation. This article is dedicated to the fractional-modified Korteweg-de
Vries equation (also known as the dispersion generalised modified Benjamin-Ono equation):

du+ 0, (—ID|"u+v*) =0, u:L; xR, >R, 1<a<2, (fmKdV)

where I; is a time interval, 9, (respectively 0;) denotes the space (respectively time) derivative, and
the symbol |D|“ is defined by the Fourier transform as an operator acting on the space of distributions:

F(ID[*u)(&) = [€]* F(u)(§)-
For the purposes of motivating the equation, let us introduce the more generalised equation:
Owu 4 LOzu + 05(f(u)) = 0. (1)

The operator L represents the dispersion of the equation, and f(u) stands for the non-linearity.

In the case of a quadratic non-linearity f(u) = u? and a dispersion £ = —|D|%, we get respectively
the Benjamin-Ono equation (BO) and the Korteweg-de Vries equation (KdV) for & = 1 and o = 2.
Shrira and Voronovich, in [48], introduced the equation of coastal waves, where the parameter is the
evolution of the depth of the coast. If the evolution of the depth is algebraic and given by —(1+X)*~1
for a € (1,2), then the dispersion operator is approximated, for waves with a small wave number, by
—c|D|*. Notice that other dispersions are justified by Klein, Linares, Pilod and Saut [28].

While the change of dispersion in the quadratic case models different phenomena, the change of
non-linearity helps to understand the balance between non-linearity and dispersion. Indeed, studying
equations with a cubic non-linearity f(u) = u® and different dispersions give new insights of the com-

petition between those two terms. The case £ = 92 = —|D|? corresponds to the modified Korteweg-de
Vries equation (mKdV), while the case £ = —|D| corresponds to the modified Benjamin-Ono equa-
tion (mBO). We chose in this article to focus on the case of a non-local dispersion £ = —|D|%, with
I1<a<2

Since, for 1 < a < 2, fmKdV does not enjoy a Lax pair as KdV, BO or mKdV, no tools from complete
integrability can be applied to this equation. On the other hand, fmKdV possesses 3 conserved
quantities (at least formally):

/Ru(t,x)dx, %/RuQ(t,x)dﬂc, /R<(]D\°‘u2(t,m))2 - U4(i’x)>dx.
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2 A.EYCHENNE AND F.VALET

We define the scaling operators by:
VAERY, weuy, with un(t,z) = \TT@u(t, Aitaz). 2)

The set of solutions of fmKdV is fixed under the scaling operations. The mBO equation is mass-
critical in the sense that the L?-norm is preserved under any scaling operation. Meanwhile, fmKdV is
mass-subcritical since the conserved space under the operator of scaling is the homogeneous Sobolev
space HS(R) with s = 1770‘ < 0 as soon as a > 1. The equation fmKdV has been proved to be locally
well-posed in H*(R) for s > ?’TTO‘ by Guo [18], and the flow is locally continuous on that space. As a

consequence, the equation is globally well-posed in the energy space H 2 (R) (see Appendix A). We also
refer to Guo and Huang [19], Kim and Schippa [27], Molinet and Tanaka [41] for other well-posedness
results. Moreover, in the case o = 1 the problem is locally well-posed in the energy space, see Kenig
and Takaoka [26].

1.2. Ground states and solitary waves. Different coherent structures may appear in the study
of non-linear dispersive equations, and solitary waves are one of them. A solitary wave is a solution
u(t,x) = Q.(x — ct) moving at a velocity ¢ in one direction, decaying at infinity and keeping its form
along the time. The function (). satisfies the elliptic equation:

—|D|*Qc — Q. + Q2 = 0. (3)

A remarkable point is the existence of those objects for any velocity ¢ > 0. Unlike the mKdV
equation the solutions Q. of (3) are not explicit. The existence of a such solution of the elliptic
problem (3) is related to the existence of a minimizer of an adequate functional. Such a minimizer is
called a ground state, and the existence of a ground state has been proved by Weinstein in [51] and
Albert-Bona-Saut in [1]. Moreover, the ground state is positive. For now, the notation Q). will refer
to the ground-state of the functional.

If we denote by @ the positive ground state associated to ¢ = 1, all the other ground states Q.
associated to the different values ¢ > 0 can be expressed in terms of the ground state () by the
operation of scaling (2):

Qc(r) = (Q)c()-

The question of the uniqueness of the ground state of (3) is difficult and has been solved by Frank-
Lenzmann in [14]. Note however that no result seems to be known for the uniqueness of solutions
to (3) which do not minimize the Euler-Lagrange functional. The non-locality of the operator |D|*
does not allow to use classical ODE’s tools for this equation. The uniqueness of the solution of the
non-local elliptic problem (3) is derived from the non-degerenency of the linearized operator

L=|D*+1-3Q"

by proving that ker(L) = span(Q’). This result was obtained by Frank-Lenzmann in [14]. The proof
is based on an extension process to the upper half-plane, introduced by Caffarelli-Silvestre [6], which
allows to look at the operator |D|* as a Dirichlet-Neumann operator.

Furthermore, as soon as a < 2, the function @ has a algebraic decay (see (18) for a more precise
expansion):

1

The question of stability of a solitary wave in this case has been done by Angulo Pava [3], see also
[43].

One conjecture in the field of dispersive equation states that any solution decomposes, at large
time, into different dispersive objects (such as the solitary waves) plus a radiation term. Whereas the
solitary waves move to the right, the radiation term moves to the left. This conjecture has been proved
for the KdV equation using the tools of complete integrability, but remains open in the non-integrable
cases. It is then natural to introduce multi-solitary waves, which are solutions u that in large time
[Th, +00) are close to a sum of K decoupled solitary waves:
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Definition 1. Let K > 0, and K different velocities 0 < ¢; < --- < cix. A function u is called a
multi-solitary waves associated to the previous velocities (or pure multi-solitary waves) if there exist
To > 0, K functions vi, : (Tp, +00) — R such that:

lim
t——4o00

=0 and Vke (1,K), |vk(t)— cit| = 0100(t).

K
u(t) = Y Qe (- = vi(1))
k=1

H?2

Notice that the definition of a multi-solitary waves may depend on the information one can get from
those objects. For example, in a recent result by the first author [12], the proof of the existence of the
multi-solitary waves has been established for the equation fKdV with a dispersion a € (%, 2) and an
explicit rate of convergence of the solution to the sum of the K-decoupled solitary waves. Notice that
the proof can easily be adapted to fmKdV, establishing then the existence of multi-solitary waves for
this equation for 1 < a < 2. The proof of existence of those objects is a first step toward the soliton
resolution conjecture for this equation.

1.3. Dipoles and main theorem. Notice that in the previous definition of multi-solitary waves, all
the velocities are distinct. One can wonder if there exist solutions u behaving at infinity as a sum of
two solitary waves with the same velocity ¢ and different signs. A solution satisfying this definition is
called a dipole. In particular, if the two solitary waves have the same velocity, they interact in large
time one with each other, and the velocity of the different solitary waves is thus expected to be of the
form v (1) ~-4o0 ot — gi(t), With gy (t) = 040o().

This object has first been observed on the mKdV equation using the complete integrability of the
equation [49]. For an odd non-linearity f(u) = |u|P~tu, p € (2,5) and a dispersion £ = 92, Nguyen in
[44] proved the existence of dipoles for those equations that are not completely integrable.

In this paper, we prove the existence of a dipole for the fmKdV in the L2?-subcritical case:

Theorem 2. Let o € (1,2). There exist some constant Ty > 0,C > 0 and U € CO([Ty, +o0) : Hz (R))
solution of (fmKdV) such that, for all t > Ty:
a, _2_ a, _2_ —_a=1l_
. — 1t — —ta — . — —fta < 4(a+3)
00 -1 55) a1 5)], <crs
where

_ 27
3 —db |\ 1)?sin(3a) [+ ;
a = ot L and by := _2(a+ ) Sm(Za)/ e_%o‘druQng3 < 0. (4)
2 a+1 a—1 @ 0 1Q1172

This result sheds new light on the relation between the dispersion £ and the distance between two
solitary waves of a dipole. Indeed, Nguyen in [44, 45] studied the case of a dispersion £ = —|D|? = 9?2
and different non-linearities, which corresponds to the generalized Korteweg-de Vries equation. Since
the ground states @ have an exponential decay e~*l, the distance between the two solitary waves of
a dipole is logarithmic in time 2In(t¢c), with ¢ depending on the non-linearity. A second example is
the recent preprint of Lan and Wang [32], where they studied the generalized Benjamin-Ono equation
with a dispersion £ = —|D| = —H0, with H the Hilbert transform and different non-linearities. For
this equation, since the ground states have a prescribed algebraic decay 2, the solitary waves of the
dipoles they studied have a distance a/t + 31n(t) +~y, where a, 3 and 7 are constants dependent only
on the non-linearity. Theorem 2 emphasises how the dispersion influences the distance between the

2
two solitary waves, that is ate+3. One can conjecture that the dipoles for an equation £ = —|D|®, for
a € (1,2) and a non-linearity f(u) = |u|P~'u with various values of p, are composed of two solitary

2
waves at a distance cte+3, with a constant ¢ dependent on p.

1.4. Related results. As explained in the introduction, the behaviour of a solution of (5) is deter-
mined by the balance between the non-linearity and the dispersion, therefore blow-ups are expected
in the critical and super-critical cases. An important result for blow-up, in finite or infinite time, in a
non-local setting has been obtained by Kenig-Martel-Robbiano in [31] for:

Oy — 0| D|%u + |u**u = 0.

This equation is critical for all the values of a. For a@ = 2 in the former equation, which corresponds to
the critical general Korteweg-de Vries equation, Merle [39] proved the existence of blow-up solutions
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in finite or infinite time. Using this result, [31] proved by a perturbative argument the existence of
blow-up for all a € («1,2], for some 1 < a3 < 2. The proof is based on the existence of a Liouville
property and localized energy estimates. Those localized estimates generalize the pioneering work of
Kenig and Martel [24] for the asymptotic stability of the soliton of the Benjamin-Ono equation.

In the case a = 1in fmKdV, the equation is L?-critical and blow-up phenomena occur. Bona-Kalisch
[5], and Klein-Saut-Wang [29] studied numerically the critical fmKdV and conjecture a blow-up in
finite time for this equation. In [37] Martel-Pilod proved rigorously the existence of minmial mass
blow-up solution for mBO. We mention also the result by Kalisch-Moldabayev-Verdier in [23], where
they observed that two solitary waves may interact in such a way that the smaller wave is annihilated.

For the super-critical case we refer to the work of Saut-Wang in [47], where they proved the global
well-posedness for small initial data and [29] for numerical simulation of blow-up in finite time.

The phenomenon of strong interaction between two different objects also occurs in different situa-
tions. Let us enumerate different families of equations and results (this list may not be exhaustive)
by beginning with the KdV family. By using the integrable structure of mKdV, Wadati and Ohkuma
[49] exhibited the existence of a dipole. More recently, Koch and Tataru [30] characterized the set of
complex two-solitons as a 8-dimensional symplectic submanifold of H® for s > —%. The explicit for-
mula of a dipole holds for the mKdV equation only. In the non-integrable case Nguyen [44] proved the
existence of a dipole for (1) for a dispersion £ = 92 and a non-linearity f(u) = |u[P~lu, with p € (2,5).
Moreover, he discovered that for each super-critical equation with a non-linearity p > 5, there exists a
dipole formed by two solitary waves with same signs, and the distance between the two objects is also
logarithmic in time. Inspired by this result, Lan and Wang [32] looked for the phenomenon of dipoles
for a dispersion £ = —|D| and a non-linearity f(u) = |u[P~!u, with various values of p # 3. We also
list some results in the setting of the strong interaction of two non-linear objects in the non-linear
Schrodinger setting. Ovchinnikov and Sigal [46] for the time-dependent Ginzburg Landau equation,
with two vortices with different signs; Krieger, Martel and Raphaél [31] for the three dimensional grav-
itational Hartree equation with two solitons; Nguyen [45] for the subcritical non-linear Schrodinger
with two solitary waves with different signs, and the same signs for the super-critical case; Nguyen and
Martel [36] for coupled non-linear Schrodinger, for two solitary waves with different velocities. The
phenomenon of dipole also appears in the family of wave equations: Gerard, Lenzmann, Pocovnicu
and Raphaél [16] for the cubic half-wave equation; Cote, Martel, Yuan and Zhao [10] for the damped
Klein-Gordon equation; Aryan [4] for the Klein-Gordon equation; Jendrej and Lawrie [22] for the wave
maps equation.

The strong interaction between different objects also gives rise to exotic behaviours. For example,
the existence of strongly interacting objects has been proved with multi-solitary waves for the mass-
critical non-linear Schrédinger equation by Martel and Raphaél [38] and with bubbles for the critical
gKdV equation by Combet and Martel [8].

Even if the question of dipoles occur at infinity, one can wonder what happens on the real line to
a solution that behaves like a two soliton at —oo. The problem of inelastic collision of two solitary
waves has been investigated by Mizumachi [40], Martel and Merle [33, 34] and Munoz [42] for non-
integrable equations in the KdV family. Indeed, only the completely integrable equations exhibit an
elastic collision, that is a solution that can be decomposed at +o0o with the same decomposition as at
—o00 (up to phase shift).

We end this part with open questions related to the dipoles of fmKdV. We begin with the particular
case of the critical equation mBO: we do not know if the dipole phenomenon exists for this equation.
For a fixed dispersion £ = —|D|%, one can also wonder about the importance of the non-linearity
f(u) = JuP~tu : if p is close to 1, does the structure of a dipole still make sense, or does the non-
linearity breaks the structure? Concerning the fmKdV equation, if a solution behaves at time —oo as
a sum of two different solitary waves, what will be the behaviour of this solution at +00? Even though
this article does not answer those questions, it gives insights and tools to tackle those problems with
non-local dispersion.

1.5. Ideas of the proof. Let us perform the following change of variables. Let y := x — ¢, then
v(t,y) := u(t, z) verifies

v + 0y (—v — |D|*v +v*) = 0. (5)
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This equation is better suited than fmKdV for the phenomenon of strong interaction, since most of
the objects considered here are moving at a velocity close to 1. Theorem 2 can be rewritten in this
new setting:

Theorem 3. Let a € (1,2). There exist some constant Ty > 0,C > 0 and w € CO([Ty, +00) : H= (R))
solution of (5) such that, for all t > Ty:

a _2 a _2_ __a=1_
[wt.) + @ = 5175 — @+ G|, < or7ale, (6)

o

with the constant a defined in (4).

From now on, we focus on proving the existence of the function w. We provide some ideas for the
proof of Theorem 3.

The first important point is the construction of a good approximation. We look for a solution closed
to the sum of two solitary waves —R; + R2 modulated by a set of parameters I' = (21, 2o, p1, p2), where
z;(t) correspond to the centres of the solitary waves moving along the time, whereas 1+ p;(t) correspond
to their size. To this aim, we search for an accurate description of w + Rq — Ro, and we introduce the
approximation V' of the form V(t,z) = —Ry(t,x) + Ra(t,x) + b(t)W (t,z) — Pi(t,z) + Pa(t, ). The
goal is to adapt the four other functions such that V' almost solves (fmKdV), in the sense that the
quantity &y is close to 0, with:

Ey = 0V +9,(—|D|*V =V + V?).

By computing the time derivative of Ry and Rj, four intrinsic directions appear: 0,Ri, 0yR2, AR;

and ARs. For convenience, we will write them under a vector form by W . They go hand in hand
with the derivatives of the modulation parameters 21, 22, 11 and fi3. Then, the function W is inherent
to the problem : it compensates two of those specific directions, and has a plateau between zo and z7.
Even if the previous constructions of strong interactions ([33, 44, 45, 36]) used this function, it seems
to be the first time that it is understood as an intrinsic part of the evolution of the solitary waves,
and not only as a part of the profiles P;. With this function we understand how the dispersion of the
first solitary wave —R; on the front influences the second solitary wave in the back, and vice-versa.
Once this function W is defined, we fix the functions P; and P, with algebraic decay to cancel the
remainder terms with algebraic decay too, concentrated around the solitary waves. As a conclusion
of this construction, the error can be decomposed into:

Sy = MV +0,5+T,

with ]\T\} containing the four peculiar directions cited above, m gives a system of ODEs that is
satisfied by I' and adapted from the interaction terms. The two other source terms, S and T are error
terms coming from the rough approximation and are bounded by functions depending on I'. If one
wants to go further in the development of the approximation, it suffices to extract from S and/or T'
the terms at the next order to build more precise profiles.

Once the approximation V' is constructed, the second step is to estimate the error between the
approximation and a solution, and to find a set of equations satisfied by p := u; — po and z := 21 — 2o.
Fix S,, >> 0, and v, the solution of fmKdV with final condition v,(S,) = V(S,). We estimate the
H?Z-norm of the error backward in time by using an adequate weighted functional, mostly composed
of quadratic terms in the error. Whereas studying the error by the energy is quite classic, we adapt in
this article the energy functional used by Nguyen [44] by adding a source term | Se, linear in e. This
trick has been used by Martel and Nguyen [36], by mixing the source term S in the functional, and
allows to get rid of the term [ d,LSe in the functional. It generally helps to get a better approximation
of the functional, but in our case, the use of the modified energy enables us not to compute the high
Sobolev norms of the source term S. It means in particular that the influence of S on the error of the
approximation is lower than the one of T.

One technical issue of this functional, as opposed to the ones previously used in this context, is the
appearance of the non-local operator |D|%: two of the difficulties are the singularity of this operator
for low frequencies, and the lack of an explicit Leibniz rule for this operator and the weight ¢. To
bypass those difficulties, we generalize the weighted commutator estimates given in Lemma 6 and
Lemma 7 of Kenig-Martel-Robbiano [31] and of the first author [12].
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These estimates rely on the understanding of the operator |D|®. Since the operator is singular at
frequency 0, we need to localize in high and low frequencies : for the high frequencies, we use the
pseudo-differential calculus, and the low frequency part is dealt with the theory of bounded operators
on L2. In particular, this method implies important restrictions on the choice of the weight.

When orthogonality conditions are imposed to the error, we get a system of ODEs ruling the
behaviour of z and p in . Roughly speaking, the system is the following:

2b;

fi(t) ~ T and  p(t) ~ 2(t).

Notice that it is the solution of this system that gives the distance between the two solitary waves in
Theorem 3.

To obtain a suitable bound on the different unknowns, we use a bootstrap argument. The more
important ones are the error, the parameters z and u. The error is dealt with the previous functional
and p by the bootstrap argument. Notice that a bootstrap argument alone would not have been
sufficient to close the estimates: because of the algebraic decay in time of the different parameters,
several integrations in time can not close the estimates. A topological argument, as introduced by
Cote, Martel and Martel in [9], is necessary to conclude the estimate on z: roughly speaking, this
argument of connectedness asserts that there exists at least one initial data 2, chosen in a fixed
interval of initial data, such that the estimates hold on the all time interval. Once this initial data is
chosen, the all set of estimates is proved to hold on [Tp, Sy].

With these estimates in hand, a classical argument of extraction by compactness allows to get an
adequate initial data. By weak-continuity of the flow, we prove that the chosen initial data is close at
any time to the sum of the two decoupled solitary waves. Furthermore, we obtain the algebraic decay
in time of the error between the final solution and the two solitary waves.

1.6. Outline of the paper. The paper is organised as follow. Section 2 is dedicated to the properties
related to the ground-state (). It contains in particular the more recent results on those objects, the
properties on the linearized operator and various lemmas related to this operator. Section 3 contains
the construction of an approximation of the solution. Notice that the proof of the main theorem of
this part can be skipped at first lecture. In section 4, we give the modulation theorem to describe a
solution close to the multi-solitary waves with strong interaction. Section 5 provides the proof of the
existence of the solution. The appendices recall satellite results used in this article : well-posedness,
the pseudo-differential calculus, proofs of various lemmas based on pseudo-differential calculus, and
the coercivity of the localised linearized operator.

1.7. Notations. Throughout the article, we use the following notations.

We denote by C' a positive constant, changing from lines to lines independent of the different
parameters.

We say x ~ y if there exists 0 < ¢; < ¢o < 400 such that ¢z < y < coy.

The japanese bracket (-) is defined on R by (z) := (1 + xz)%

L?(R) is the set of square integrable functions. We denote the scalar product on L?(R) by (u,v) :=
Jg w(z)v(z)dz with u,v € L?(R). The Fourier transform is defined by:

vf e I'®), £ [ ¥ i@)da,
We define the following spaces: )
e the Sobolev space, for s € R : H*(R) := {f e L*(R) : /(1 +1€7)2 f(&)de < —i-OO},
o the Schwartz space : S(R) = {f € C*(R);Va € N,V5 en, ICoap. |f(@)] < Cap ()7},

e the set of functions with enough decay:

X°(R) = {f € HSR):3C >0,Vz € R, |f(z) < <x>(f+a} , and X®(R)= [ X*(R). (7)

seN

Let f,g € L?(R). We say that f is orthogonal to g if/ f(x)g(x)dx = 0, and is sometimes shortened
R
by f L g.
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Q@ is the ground-state associated to the elliptic problem (12), and for ¢ > 0, we set Q.(x) :=

a1 .
c2+D Q(cTra ). Moreover, let us define:

d 1 o 1 ,
AQe =550, = 2{2(a+1)Q+a+1xQL’ ®)
9 d? 1 ala+ 2) 22Q"
AQe:= d/?QC—C_c_2<—4(a+1)2 (a+1)2> ' ©)

The parameters of the approximation are z1, z2, u1 and ps. We denote by I' = (21, 22, 1, pi2) the
set of those parameters. z and p are defined in (33), and z and g in (109). The two solitary waves
are defined by:

Rl(r’ y) = Q1+ﬂ1 (y - Zl)a R2(Fa y) = Q1+H2 (y - Z2)a and ARi(ta y) = (AQlJr,ui(t))(y - Zl(t()))
10

Along the article, the functions z1, 29, 1, o and I' can depend on the time, and it is precised when
needed. The asset of this notation is to remark that the two solitary waves depend on the time through
the parameter I'. For purposes of notations, we can denote the solitary waves by R;(t) to emphasize on
the time dependency. The solitary waves dependent only on the translation parameters are denoted

by:
Ri(t.y) = Qy — z(1)) and AR;(t,y) = (AQ)(y — zi(t)). (11)
The derivatives are denoted by 0, and ;. The notation Vr holds for the gradient along the four

directions of I".. When no confusion is possible, we denote by prime (as in Q') the space derivative,
and by a dot (as in f) the time derivative.

2. GROUND STATE

This part recalls the properties known on @): existence, uniqueness and the recently proved asymp-
totic expansion. We emphasize that the asymptotic expansion is composed of terms with algebraic
decay, and is thus different from the one of the (gKdV) family —cQ.+ AQ.+ Q¥ = 0, with exponential
decay. Next, we focus our attention on the linearized operator L.

2.1. Ground state properties. Considering the equation (5), the existence of solitary waves is
related to the existence of solutions to the following elliptic time-independent equation:

-DI"Q-Q+Q@*=0, l<a<2. (12)

The previous elliptic equation is related to a calculus of variation problem. If () is a minimizer of

the following functional J¢:
2__
/||D|2v|2 (frr)
. (13)

[l
then it is a solution to the elliptic problem.
We now sum up the previous known results on the ground states, which are the minimizer of J¢.

Theorem 4 ([1, 14, 15, 51]). Let a € (1,2). There exists Q € H*(R) for all s > 0 such that
(1) (Existence) The function Q solves (12) and Q = Q(|x|) > 0 is even, positive and strictly

decreasing in |x|. Moreover, the function @ is a minimizer of J* in the sense that:

JUQ)= inf J*). (14)
veH % (R)

(2) (Uniqueness) The even ground state solution @ = Q(|z|) > 0 of (13) is unique, up to the
multiplication by a constant, scaling and translation.
(3) (Decay) The function Q verifies the following decay estimate:

C Co

e S Q@) =< (14 [z])+e”

) (15)

for some Cq,Cy > 0.
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(4) (Gagliardo-Niremberg inequality) There exists a constant C' = C(«a) such that:

1—L 1

[0l s < Clvll 2> (ol 22 - (16)
Remark 5. Notice that since the non-linearity is cubic, the function Q in the theorem and —Q are
both solutions of the elliptic equation (12).

Proof. We give some classic ideas to prove the Gagliardo-Niremberg inequality. The proof of this
inequality relies on finding a universal constant C' which bounds (J*)~!. Indeed, by denoting the
following 2-parameters transformation for (A,v) € RY x R%:

U~ () == v <%) ,

we notice that J*(vy,) = J%(v). As a consequence, if for any v, the inequality is proved for some
vy for some values of A and +, then the inequality is proved for any function. In particular, if we
2

Ha—l

choose A = HUHZ% and v = |jv e e have [[vx4llze = |luayllz¢ = 1. Thus it suffices to prove

that (J*)~*(va4) = |[[ua4]|74 is uniformly bounded with the constraints on A and . By the Sobolev
embedding for a certain constant C' (see for example [11]):

[ollzs < Clloll g

and thus we have (J%)~!(v),) < 2C independently of vy .. This last inequality concludes the proof
of the Gagliardo-Niremberg inequality. O

Remark 6. As from [51, 1, 25], the optimal constant in the Gagliardo-Niremberg inequality can be
given explicit in terms of Q.

Recently, the asymptotic expansions of the ground states have been improved, see [13]. We recall
the results applied to our case:

Theorem 7 ([13]). Let o € (1,2) and x > 1. The positive, even function Q defined in Theorem 4
verifies:
(1) (First-order expansion) The function Q verifies the following decay estimate:

@V@) = SV = e | S T pyrrer

< JjEeN, (17)

sin (2 +oo 1
for some C; > 0, with ay := k;IHQH?iS >0 and ky = ST2 ) / e T dr
0

(2) (Higher order expansion) There exists C > 0 such that:

Q@) -~ (s + 7 + 7)< e (19
‘Ql(x) + (o + 1)902—19 + (20 + 1)x2i2+2 < m3§+1’ (19)
'AQ(ﬂf) + C;l((;:_f)) xal+1 G;Eza++1)2) x2i+1 < xgrg- (20)
with ag == ka||Q|35, k2 := —w /0+00 re*"édr, and a3 € R.

We also recall some results of regularity given by convolution with the kernel £ associated to the

dispersion:
ei:v{
k(z ::/7d§.
(@) r 1+ [

Lemma 8 ([13]). Let g € X°(R). There exists C = C(g) such that:

C
@

|k gl(z) <
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Furthermore, if g € CL(R), and |¢'(z)| < C{x)=2~%, then there exists C = C(g,g') such that:
C
0. (k) (@) < T

We set the expansion of the translated ground state Q(z + z) at +o00 in x by:

ap x as (a+1D)(a+2) 4 1
Qapp(2,2) = Lol (o + 1)alm T oar1 T <a1f"fﬂ Tay ) o5

Lemma 9. Let z be large enough. We have for all |x| < :

3 1
Qupplr.2) = Qe+ 2 + Quppl(—,9) — Qe — )| < ¢ (L2 4 Ly L)

§ 1

0 Qa1 2) ~ Qx4 )] +10:Qui (2, 2) ~ Y~ 9] < O ( g + oy 22
ap(a+2) 1 || 1

‘AQ(Z’ + Z) + mzaJﬂ + ‘({%AQ(Z’ + Z)‘ <C (Z2+a + 220‘+1> (23)

Proof. From the asymptotic of @ in (18) and the asymptotic expansions:

ay ay x (a+1)(a+2) 22 ||
z — 2ot <Za+1 —ar(a+ 1)Zoc+2 T a 9 ~at3 )| = Czoz+4
and the ones of iz _ajmﬂ and iz _aj’a+3’ we get the development of Q(z + z). The proof is similar
for Q' with (19).
The proof of AQ is a combination of the two previous asymptotic expansions. O

Proposition 10. Let p* > 0 be small enough. There exists a constant C' > 0, such that for any
w < p*, we have:

Qs — Q= pAQ| + |QF,, — Q* —2uQAQ| < C fm (24)
The following terms are also bounded in terms of p:
1Quis — Q — iAQlye < Co? and  [IAQ1 4, — AQl s < C. (25)
Moreover, the scalar product of Q with AQ is:
(@Q,AQ) = ||QHL2 (26)

( 1)

Proof. By the Taylor formula in p, we have, with (8), (18) and (17) for the second derivative:
14+p

Quin—Q—pAQ = / (1+ - 5)A%Qqds,

M _ 1 2
|Q1+H—Q—NAQ|§/O = Tl <Cbor

The proof is similar for Q? o
Notice that the previous bound still holds for two more derivatives, and the integral gives the first
part of (25). The second part is similar. O

2.2. Properties of the linearized operator. We recall some results on the spectrum of the lin-
earized operator L and establish new inversion lemma on L.

Theorem 11 ([51, 1, 25, 14]). Let o €]1,2[. There ezists Q € H= (R) N C™(R) such that
(1) (Linearized operator) Let L be the unbounded operator defined on L?*(R) by:
Lv = |D|*v 4 v — 3Q%v. (27)

Then, the continuous spectrum of L is [1,4+00[, L has one negative eigenvalue pg, associated
to an even eigenfunction vy > 0, and ker L = span{Q’}.
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(2) (Invertibility) For any g € L*(R) orthogonal to vy and Q', there exists a unique f € L*(R)
such that Lf = g and f L Q'. Furthermore, if g € H*(R), then f € HFT(R).

Proof. We give the proof of the second point. By the Lax-Milgram theorem on H 2 (R), we obtain the

existence of f in the same space. Because f satisfies |[D|*f = g — f + 3Q%f, we have f € H*(R).
Concerning the higher regularity of g, if f is solution of Lf = g with ¢ € H¥(R), then, since

[0y, LJv = 30,(Q?)v for all v € S(R), we obtain that f € H* *(R). O

Remark 12. From Theorem 11 we have the operator L wverifies that there exists £ > 0 such that for
all f € Hz(R), with f 1 vy, Q" then:

(Lf, 1) 2 Al FI g

Howewver, it is not convenient to work with vg. An argument of Weinstein will allow us to replace the
orthogonality on vy by an orthogonality on Q to get the coercivity. Indeed, from Lemma E.1 in [50]
and since

o

-1
L = —(A = ————]1Q32 < 0.
< Q7Q> < Q7Q> 2(a+1)HQHL2 <0
we obtain the coercivity of L up to the orthogonality condition on Q and Q':
VfeH2(R), f1Q,Q implies (Lf,f)>r|fll, g (28)

We continue this section with two lemmas on the characterisations on the inverse of particular
functions by L on specific directions.

Lemma 13. Let k > 0 and g € X*(R) with g L @Q', then there exist a unique f € X**(R), a € R
such that:

{Lf=g+aQ
fLQ fL@

Proof. Since g+a@Q L @Q', we apply the invertibility property of Theorem 11 and there exists a unique
f € H*(R) such that:

Lf=g+aQ
[ L ker(L) = span(Q’)
To obtain the second orthogonality condition, since LAQ = —@Q, with (26) we deduce that:

(9,0Q) _ 2(a+1){9,AQ)
[,Q) =0 = (9+aQ,AQ) =0 < a=— = - , 29
s < > QAQ " a-1 ek
We finish with the decay in (z)~'~% from the definition (7) of X**®(R). Since g + aQ + 3Q%*f €
XF%(R), we obtain by Lemma 8 that f = (|D|* + 1)"!(g + a@Q + 3Q%*f) € X*T*(R). This concludes
the proof of Lemma 13. U

Lemma 14. Let g € X*(R). There exist a unique a,d € R and a unique function f € X*+*(R) such
that:
OyL(f — aSo) = Oyg + aQ' + GAQ
f—-aSolQ, f—aSolq
with
2 1 —a(|D|*+1 A 2 1 !
oo 2ot lg=aDP 4 DSAQ) L et D) 0.0)
a—1 HQHL2 a—1 HQHL2

Similarly, there exist a unique a, a € R and a unique function f € X*+t*(R) such that:

{ByL(erd(l—So)) = 0,9 + aQ' + aAQ
fral—=58)LQ, f+al—=5)LQ

with
a4V (g ra(DP D0 -S)NAQ) L 2AatD) (6.Q)

a—1 Q172 a—1 [QIF:
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Proof. We denote by H the Hilbert transform. Since |D|* = |D|*"1Hd,, we deduce that:
+o0o
IS0 = DI H(DI" + 1)'AQ = [ IDIF(IDI + 1) .
y

Then, we get that:

9y LSo(y) = —AQ(y) — 30, (Q*(y)So(y)) - (31)

Therefore, it is enough to prove that the following problem has a unique solution:

Lf =g+aQ - a3Q*Sy
f-aSo L@, f—aSl@

We choose @ such that g + a@Q + @3Q%Sy is orthogonal to @', and then arguing as in the proof of
Lemma 13, we conclude the proof the first identity of Lemma 14. The second identity is similar.

O

3. CONSTRUCTION OF THE APPROXIMATION

The approximation V of the expected solution w is built in this section. The purpose is to minimise
the flow &y associated to the approximation, by detailing V. By taking the time derivative of the sum
of two solitons —R; + Rs, a particular direction intrinsic to the problem appears and is compensated
by the use of a function W. This term possesses a tail at —oco. We also define a time-dependent
variable b(z(t)). We then minimise the flow associated to —R; + Ry + bW by adding localised profiles
— P, and P» in the approximation to cancel the source term coming from the non-linearity.

3.1. Notation. Let us consider four C!' functions W1, o, z1 and zs on a time interval I C R, and

L(t) = (11(t), pa(t), z1(2), 22(t))- (32)
We define the distance between the different functions by:

ult) = i (8) - palt), 2(8) i= 21 (1) — (). (33)

For a fixed constant Cy > 0, we use the following set of assumptions on the interval I:

1 1
~2(t) < 22(t) < —g2(0), <2(0) < 2(1) < 2(0), (31
: : : Co
[ ()] + (2] + )] + 2] + |22(8)] + [2(0)] < O (35)
z
Co

1 (T 1n(t)] < ——=—. 36
[ ()] + [R2(0)] < ) (36)

Remark 15. The constant Cy is used to fix the set of assumptions on I'. The computations of this
section involve the constant Cy, but it does not have any influence on the final constant C in Theorem
3. For the sake of simplicity, we omit the presence of this constant in the computations. To close the
bootstrap, we will fix the constant Cy to be large enough so that the set assumptions on I' is satisfied.

We define a function

b
b=0) = Zram (37)
o (a2 QI
with b1 = —2a1ﬁ HQH%Q

< 0 and a7 > 0 defined in Theorem 7.

3.2. Approximate solution.
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We define a function Sy such that the d, LSy is close to AQ), in the sense that the remaining terms
are of the form 0y(g) for some function g:

+o00
S = [ (DF+ )T AQEE  and  WT().y) = Soly — (1) = Soly — 2(0). (35)

So is a well-defined function. It has a limit at —oo, which may be different from 0 and is denoted by

:
l:= lim Sp(y). (39)

y——00
See Appendix B for the justification of .Sp.
Theorem 16. Let I C R an interval such that the assumptions (34)-(36) on I' are satisfied.

There exist two constants [y and oy in R, two functions B(T') and §(T") and two functions Py (T, y)
and Py(T',y) such that the following holds:

o Asymptotic of B and §. The functions 8 and § have the following expansion:

B(I) - Zlﬁfa +]8(r) - Z% < Z% (40)
e Orthogonality conditions and limits. The profiles P;(T) € C(I, X?*T*(R)) satisfy:
—Py +b(2)So(- — 21) L Ry, 0,R1, Pa+b(2)(l — So(- — 22)) L Ro,dyRo. (41)
We then define the approximation V' of a solution by:
2
V(T,y) =Y (=1)" (R:(T,y) + B(T, y)) + b(2)W (T, y), (42)
i=1
and for simplicity we will write V (t,y) = V(I'(t),y).
o Decomposition and estimate of the flow. The flow &y of the approximation
Ev =0V + 0, (—|D|*V =V +V?) (43)
can be decomposed into:
Ey=m MV +0,5+T (44)
with
—f(t) + b(Z(t%) 5\1;1 (t,y)
—22(t) + p2(t) — 6(I'(2)) Iy R (. y)

and the source term S and the approximation due to the flow T are in C*(I, X*T*(R)) and
satisfy the set of inequalities :

1511 < 553> (46)

1051 2

IN

(47)

2
C C .
1T < —52 + g Z |2i — pil. (48)
i—1

We add some estimates related to the previously defined functions. We recall the definition of ¢ in
(125) and @ in (128).

Proposition 17. With the previous notations, the following estimates hold:

e Estimates on the solitary waves:

[Ri(¢ — d2i) | g + [0y Ri (b — 020)ll g + (1 = /|15 — &]) i) || 2

10y Ri®|| 2 + |AR:®| 2 < —

IN
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where 0;; holds for Kronecker delta.
e Estimates on the profiles:

C
(L= P = bW) [|zee + [0y (P1 = Py = bW) [z < 1, (51)
C
10 (Pr — P2 — bW) || < —55 (52)
z 2
e Estimates on the approrimation:
[Vlizee + 110y Ve < C, (53)
C
IVE@?|| 1 + [|(V2 — R})y Rl 2 < e FEN (54)
C
10V || oo < e (55)
272

The next subsections are dedicated to the proof of the theorem on the approximation V. We begin
with the expansion of &y defined in (43). Let us first compute the different time derivatives:

3t(—R1) = 218yR1 — /llARl and O;Ry = —22({9ng + /:LQARQ.

By the definition of V in (42), we get the development:

2 2
Ev =Y (=)' (AR — £0,R;) + Y (~1)'d, (—|D|*Ri — Ri + R}) (56)
i=1 i=1

2
+> 9y ((=IDI* =1+ 3R?) (=1)'F)) + 8, ((=|D|* = 1) (W)
i=1

+0,(V3+ R} — R} + 3RIP, — 3R3P) (57)
d
+ a(—Pl + Py + bW) (58)

Notice also the following identities:
Oy(=|D|*(=R1) = (=R1) — R}) = —mdyR1 and  9,(—|D|*Ry — Ry + R3) = 1120, Ry.
We extract from (56) and (58) the higher orders terms, and for sake of clarity we denote:

Vie {1,2}, Z(i,B) = bo 0y (milR;) — 10, P, (59)

- yl+a
and the remaining term outside of 9, by:

2
T:=3 b() (AR; — AR;) + B(T) (~0, Ry + 8,R1) — 6(T) (~0, R + 0, »)

=1

F T, 0) — T(2,60) + S (<P + Pyt bV, (60)

Note that the directions AR; and dyR; involved in M ﬂ are switched by T to AR; and 8y}~2i.
We continue by decomposing the term (57). First, from the interaction term V3 + R} — R3 we
extract the higher orders terms, and denote by Sys the rest:

Sys :=V3+ R} — R + 3R?P, — 3R2P, — 3R3bSy(y — 21) — 3R2b(1 — So(y — 22)) — 3R2Ry + 3R R2
=3R7 (P, — bSo(y — 22)) + 3R3(—P1 + b(So(y — 21) — 1)) — 6R1 Ry(—P1 + P + bW)
+3(=R1 + Ro)(=Py + Py + bW)? + (=P + Py + bW)?. (61)

The profiles P; are built to remove the main orders of the interaction terms and some added terms
in T. We want to inverse the following terms to get a better approximation of the solution:

Vi#je{1,2}, L(i,)) =3R}R; — 6 RAR P, + 6, RAR R; + 311, RIAR; + 11 Py — ﬁoz{%m,
(62)
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and thus the quantities that we want to be close to 0 are the functions S7 and Ss, equal to 0 at +oo
and satisfying:
0yS1 1= 0y ((=ID|" =14 3R%) (=P1 + bSo(- — 21)) +-7(1,2)) — b(2)ARy — B(2)0, Ry, (63)
0yS2 =0, ((—ID|" =1+ 3R3) (Py+ b(I — So(- — 22))) — F(2,1)) — b(2)ARy + 6(2)0, Ry (64)

By an adequate choice of P;, b, 8 and ¢, the functions S; and Sy will not have a tail at —oo.
We finally gather the previous approximations and find the remaining terms in 9,, by setting:

Vi#je{1,2}, Z(i,j) =6 RARP; +3R?R; — 3R?R; — 6, R;AR; Rj — 3, R2AR;,  (65)
and thus:
S:=3(R} — R (=P +bSo(- — 1)) + 7 (1,2) + 3(R} — R3)(P + b(1 — So(- — 22))) — (2, 1). (66)
We finally get the following decomposition:
gy = MV +0,5+T,
where the coefficients 7 and MV are defined in (45), T' is defined in (60), and S by
S=285,+8s+Sys + 5. (67)

Let us continue the construction in the next subsection by the choices of P, and P».

3.3. Construction of the profiles.
This part is dedicated to the construction of the profiles P; and P,. The goal is to minimise the
quantities S1 and Sy by exploiting the intrinsic directions of the problems dy Ry, 0, R2, AR and AR;.
In particular, the coefficient b defined in (37) is central in the study of the interaction. The profiles
P; are established term by term in .# in (62), and using the expansion of the interaction terms, given
by Qapp-

Due to the definition of . in (62), for any i # j € {1,2}, we define an approximate value of the
function .#, where it is located, by:

F (i, 4, Bo, Bo) 1= 3R} Qupp((—1) (- — 2), 2) — 6zfﬁa RAR;By(- — z) + 6%11?@'1\}?1'&1
P 2 i i A
Lyt peal@t2) Mgy PR, (68)

Zlta ™t 2(a+1) zlta zlta

The definitions of by and b are given in (37), and Sy and [ respectively in (38) and (39).

Proposition 18. There exist two constants By and &y, two functions B(I') and §(T) in C*(I) satis-
fying (40), two even functions By, Dy € X*°(R) and two profile functions Py (T',y) and Py(T',y) in
C(I,X**°(R)) satisfying:

C 1
22—1—04 <y>1+a’

IN

(69)

1]
P(Ty+21) - %Bo(y)‘ + | P,y + 22) — &%Do(y)‘

9y ((=1DI* = 1+ 3RE) (=P +b(2)So(- — 21)) + Z (1,2, Bo, Bo) ) = b(2)ARy + B(T)dy Ry, (70)

9y ((=1DI* = 14 3R3) (Py+ b(2)(I — So(- — 22))) — F(2,1,80, Do) ) = b(2)ARy — (1), Ry, (71)
with the orthogonality conditions:

Py —b(2)So(-—21) L Rl,(?yﬁil, and Py +b(z) (I —So(-—21)) L R, 8y}~22. (72)

Moreover, the profiles Py, Py verify:
C 1

dt z% <y— Zi>1+a.

R+ 0,AC < S (73)
d C 1
~p. <
TR < S (74
d C 1
SR+ 20, R < (75)
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The profiles P, and P, are defined by:
PD(t),y) = F (C®) - Bly—=1(1), PuL(t)y):= f (0(1)- Dy — 2(t), (76)

where the functions ?, ﬁ and B are established in the next proposition, and the quantities .% are

translated to be centered at 0 and correspond to f - F'. The proof of Proposition 18 is postponed
after the proof of the next proposition.

Proposition 19. Let us define the vector functions:

, 1 I pe 1 1
?(F) = <Z1+a’ 22ta’ Jlta’ Jlta’ y2a11’ Z3+a) ) (77)

and for all i € {1,2}:
F (i, Bo, Bo) = (3Q%1, 3Q%ay(—1)'(a+1)y, —6QAQBy+6QAQag+ By — foAQ,

L e (T e ) B

There exist unique By € R, B(T) € C*(I) satisfying (40), By, Bi, Ba, B3, By and Bs € X*®°(R), with
By an even function, and By, By + b1Sy, B2, B3, By, Bs L Q, Q" such that, :

9, (L (1) B ~b(2)S0) + F(I)- F(1, 50, Bo)) = b(z)AQ + B)Q, (79)
with ﬁ = (Bo,Bl,BQ,Bg,B4,B5).
Similarly, there exist unique 5o € R, §(I') € CY(I), satisfying (40), Dg, D1, D2, D3, Dy and Dj €
X(R) with Dy an even function, Dy, D1 + b1(l — Sy), D2, D3, Dy, D5 1 Q,Q’" such that:
0, (L(F(T)- D +b()1 - 50)) + F (1) F(2,80,D0)) = ~b(=)AQ +6(T)Q,  (80)

with B = (Do,Dl,DQ,D37D4,D5).

Notice that in the previous decomposition, the tail of the profile of the first solitary wave, given by
B, has an influence on the profiles around the second solitary wave, on D;. However, this tail does
not change the coefficient —b(z)AQ, which is of great importance in the system of ODEs ruling the
equations of p and of z.

To prove Proposition 19, we need Lemma 13 and 14 to find the adequate profiles.

Proof. We define from Lemma 13 the unique function By € X°°(R) and the unique coefficient Sy € R
satisfying:

{ LBo(y) = =3a1Q*(y) + SoQ(y), (81)

By LQ, BylqQ.

Notice that since L keeps stable the parity of the functions, By is an even function.
For the second term, we use Lemma 14 by defining the function B, and the coefficients 8 and by
as the unique solution of the following problem:

dyL(B1(y) — b1So(y)) = 9y (3(a + 1)a1yQ*(y)) + S1Q' (y) + b1AQ, (82)
Bi—bSo L Q, Bi—bSy Q.
Notice in particular that by is defined by the formula (30):
2(a+1)2 3
(@ =D]QI7
b
since the sign of a; > 0 is given in Lemma 7. This justifies the choice of definition of b(z) := Tlon as
z

stated in (37).
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The third, fourth, fifth and sixth terms are defined as for By and §y. With Lemma 13, we define
By, Bs, By, Bs in X*°(R), and the coefficients (2,3, 4 and (5 as the solutions of the following
problems:

{ LBa(y) = ~6QAQBy — 6QAQa1 — By + foAQ + 52Q0) [ LBaly) = 3 @2 + 5sQy)
Byl Q, Byl(Q "I Bs 10O, BsLQ

(84)
and
{LB4<y> = 30Q%w) +8:Q) [ L85 = -3 (O 2y ) 02 1 )

B4 J_ Q, B4 J_ Q/. ’ B5 J_ Q, B5 J_ Q,-

(85)

Therefore, we set:
B(T) = (Bo, B, B, Bs, B, Bs) - T (). (86)

Now, we continue with the construction of B Since the first, forth, fifth and sixth coordinates

in ?(2,50,D0) are respectively equal to the first, forth, fifth and sixth terms in ?(1, Bo, Dp), the
functions Dy, D3, D4, D5 will solve respectively the same problem as By, Bs, B4 and Bs. Then, we
take:

Dy =By, Ds3=DBs, Dy= B4, Ds=DBs, (87)
and
0o = Po, 03=P3, O0sa=Ps, 065=Pks. (88)

The situation is similar for Dy = By and for 85 = d9. To construct D1, as for the function Bi, we use
Lemma 14. Since 2279b(z) = by, there exist a unique function D; € X*°(R) and coefficients d;,d; € R
such that:

{%L (D1(y) + da(l = So())) = 8y (—(a + Dar1y3Q3(y)) + 61Q'(y) + diAQ(y), (89)
Di+di(l—50) L Q, Di+di(l—S) L@Q"
Moreover, Q? is orthogonal to @’. Therefore by the formula (30), we obtain that:
dy = —bs. (90)
Thus, we conclude the proof of Proposition 19 by defining:
5(T) == (80,61, 62, 53,64, 85) - (). (91)
O

Proof of Proposition 18. The two identities (70) and (71) are deduced from the one of B and D in
(79) and (80), as well as the orthogonality conditions.

We continue with the estimate (73) and (74). First, we deal with the term 0,By. From (81), we
deduce that:

9,Bo = (ID|" +1)7" 9, (3Q° By + 3a1Q” + Q) -
Since By € X?*T*(R), we have that d,By € L*®(R) N C(R). Then, by Lemma 8, we obtain that
O0yBy € X?2t%(R). By a similar argument on By, Bs, B3, By and Bs with (35), we conclude that:

AT = (70 0B~ 2| < s i

The same estimate holds for Ps.
Now, we estimate 0;P; for i € {1,2}. Note that the profiles P;(I') and Py(I') are C*(I), since
I' € CY(I). By direct computation, we obtain that:

G A,y = (10 V) TOw) - Bly—2(0) - 24000, A00), ). (92)
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By Proposition 19, we have that B; € X* for j € {0,---,5}. Therefore, we deduce with (35) and
(36), that:

‘(f.vp) ?(r).ﬁ(y_zl)‘ < C( Al il + !Mz!) 1 Z%”‘* 1 (93)

22+a 2lta <y _ Zl>1+a <y _ Zl>1+a :

We conclude that:

d C
— P () + 210,P (T ‘ < — .
dt 1( ) 1y 1( ) Zs+23 (y—21>1+0‘

The same arguments hold to estimate the profile P». This finishes the proof of Proposition 18. ([l

3.4. Proof of Proposition 17 and Theorem 16.
Once the construction of the profiles is finished we continue with the estimates of the different terms
involved in the error.

Proof of Proposition 17. To obtain (49), we have the decomposition on 9, R;:

’ c 1 c
(y — z1)l+e (y)« 2

C
10y R1 &l oo (gy<zry) < N0y Rallpoegyezry) < Tta

HalengLw({yg%l}) <
Lo

The same estimate holds for Ry. Applying the same argument for the H!-norm, we deduce (49). We
can replace 0y R; by AR; in the former estimates and we get (50).

The estimate (51) and (52) are direct consequences of Proposition 18 and the definition of b.

By Proposition 19 the profiles P; and 9,F; for i = 1,2 belong to L>*(R). Moreover, by definition,
W and 9,W are also in L>°(R). Then we deduce (53).

b
By Proposition 19 for the profiles, and since b(z) = a_1+2, we deduce that :
z

1Pt zoe + 1 P2l poe + bW [z < -

Furthermore, using Q; = {y e R:y < %}, we get for ¢ = 1,2 that:
C

|RE®?|[ e < [|RFD?| oo () + | REP?[| oo ) < T

Gathering these estimates, we conclude the first part of (54). Concerning the second term:

I(V* — R})0y Ru | 2
C

< |[2R1(Re = P + Py + bW)3y |2 + || R39y Ri |2 + C|| = Py + P2 + bW |00 < e

By differentiating V' and using Proposition 18, therefore we obtain the estimate (55). O

Proof of Theorem 16. We continue with the inequalities (46), (47) and (48).

We first begin with the estimate on the L?-norm of the term S = Sys+51 +Sg—i—§ with Sys, 51,52, S
are respectively defined in (61), (63), (64) and (66).

We begin with Sys, by decomposing the different terms. We have, using the decomposition of
Proposition 10:

- 1
R? —R}) P H <C — P . 94
H( 1 1) 2 2 = |1U‘1| <y_21>1+a 2 1o ( )
Let Q := {y < 2322}, By (73) and (35), we obtain that:
2 _ P2
| (Rt = 2) 2.
™ ‘ 1 1 H 1 1 C
<C + < . (95
oAty — 2 ey — ) T ) 1y — 2 (Y — 22) | paqey ) T TR (9)
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By similar computations, we have that:

- - C
||, < |BERs| L+ |[(RE -2 |, < = (96)

Similarly:
C
|[BRE(—bSo(- — 22)) + 3R5 (—PL+b(So(y — 21) = 1)) || ;2 <~
22
For the third and forth terms of Sy, by (51), we have:

[RiRo(—P1 + Py + bW)| 2 < ||[RiRz| 2] — P+ Po + bW|[po < —51
2 2

and

C
H(—Rl + Rz) (—Pl + Py + bW)2HL2 < H — R+ RQHLQH —P+ P+ bWH%oo < S

z 2
Finally, we compute the L?>-norm of the bump function W:
C C
bW |2 < %\/5 = e
and therefore:
C
[(=Py+ Py + bW)?|| o < [(—=P1L + P2+ W) 7o [|(—PL + P2+ W) 12 < —r-
27 2

With the previous computations, we conclude that :

C
HSV3HL2 < 5+3a *
2 2

We continue with S7. Notice that by definition of P;, another formulation of S7 and S5 is available:
S1=(1,2) =.7(1,2, B0, Bo)
So = —-S(2,1) + .7 (2,1, 00, Dp).
We focus on 51, the computations are similar for Ss. We separate each term of .(1,2)—.%#(1,2, 5y, By).
First we look at H?)R%(Rg — Qapp(- — 22, z))HL2 The approximation of Q(- + z) by Qapp(-, 2) in (21)

holds on a certain region, thus we begin with {y ER; |y — 2] < %} In this region, we have:

(y—=) (- 21>3>

22a+2 pot4

(373 (B> = Qupn(- = 21,2))]

o 1
2
< CH3R1 (Zga+1 +

LA(ly-=1l<3) 12
C C
S »20+2 S ==z
In the other part, we get:
3R%(Ry — - — 21,2 ‘ <H3R2R‘ +H3R2 -—z,z‘ .
H 11 = Qanl =20 2D o ey = PRl gy o) 1Qern =222y o)

The first term on the right hand side of the former estimate is bounded by:

_, - ~ ~ C
|3R3 R < Ol y-saio ) |1 Relle < g

L2(ly—=z1|23) z

We estimate the second term on the right hand side by:

e—

L2(ly—z1]>3)

C C = C = 3‘ C
< _ _ — < .
< o | Zl)‘ Bly-nlzg) 20 HRl(y R PIRRE . e
Thus we conclude:
e~ C
3832 = Quin(- = 21.2))| , < =7
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The estimates on the other terms of S; are obtained by similar computations:

L Bal- —
6 RiAR, <P1 - M)

Lt Hﬁmlm (Rs - &)\

zl—i—a Zl+a 12
~ ~ 1 ao(a+2)) < BQ(-—21)> C
3us R? (AR _— P ——7 <
"’H M2 L1 2+Zl+a 2(a+1) L2+ M1 1 zl+a LQ_Z%
then we conclude:
C
15122 <~

2z 2

To finish the proof on S, we have to estimate S. We focus on the first part of S , which contains

7 (1,2):
3 (R% — E%) (—Pl + bSo(y — Zl)) + 6M1R1AR1P1 + 3R%R2 — 3R%R2 — 6M1R1AR1R2 — 3#2R%AR2

since the computations are similar for the other part. By using Proposition 10, (35) and (37) we
deduce:

- - S c
I3(R} — R)bSo(y — 21) |12 + I3(R} — R} — 2p RiARy) Py 2 < —05r

3a *
)
To estimate the next terms in S , we remark:
RiRy — RIRy = R}(Ry — Ro) + Ra(R} — RY).
From Proposition 10 and (35), we obtain that:
IBRY(Ry — Ro) — 3usARo R |2 <|IBRY(R2 — Ra) — 3uaARo B3| 2 + [[3uaA Ry (RY — RY) ||12)

2
SC( 1% +|M1||M2|>§ C
VA

2lta Zlta 5+23a :

Arguing similarly, we obtain:

I3R2 (R — R}) — 611 RiAR Ry |2 <

54+3a *
)
This concludes the estimate on S.

We continue with the estimate on 7. We decompose each term of its definition in (60). First, we
have with (24) and (35) :

- 1 C
o (s - a0, < | ], <

Second, we use the inequality (40) as used in Proposition 18, and from the asymptotic development
of 9,Q, by (25) and (36):

Hﬁ(r) (—ale + 3yf31) + %ay(ﬂi/\f?i)
L2
< ﬁ(r)—ﬂ Oy(—Ri+Ry)|| + P (=Ri+ Ry + mARy)
= ita ) % 1 1 L 1ty 1 1T H1Afy L
2 i c
§022+a +C'Zl+a S ==
Then, we consider the case of the time derivative on —P;. We have, by (75):
d C c .
5 (P — mOy B . < Fm T T 41 —
We continue with the the term %W:
d 1 5 C A D
ZW(I(®) = (D" +1) "(21(t)ARy — AR, (97)
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which with (35) and (97) give:

d a4l 1
|G oeowro)| <cBEEL o E
C z C
S 54+3a +C ;-/F;a S 543a
z 2 z 2 z 2

Those previous estimates conclude the bound (48) on 7.
Since all the estimates have been established in L?, we need to continue with the first derivative to
establish the bound in H!'. We can notice that all the estimates are based on two main arguments:

e An argument of localisation : if two functions are located at a distance z large, and if the
two functions have an explicit decay at infinity, then the product of the two functions can be
quantified in terms of z. The spatial derivative either leaves unchanged the decay property in
terms of z of this product or improves it.

e An argument of smallness of the objects: the objects already have a quantified bound in terms
of z, see for example the L>-norm of P; in (73).

Therefore the computations made on the L?-norm are similar to those on the H'-norm.
Concerning the time derivative of S in (47), let us deal with a generic example of a function
z(t)++a Gr+u(t) (Y — 2(t)), since all the involved functions, except W, are on this form. Either the time

derivative applies to z(t)++a’ or to the scaling parameter 1+ p(t) of the function g or to the translation

parameter —z(t). However, we get in each case either fi(¢) or 2(¢), which by (35) and (36) are bounded
lta . . o . . .

by z7 2 . Notice also that the time derivative of the considered functions leaves unchanged or improves

the space decay at infinity, and from the remark on the space derivative above, the bound in z still

holds. The time derivative of W has been developed in (97), and 9,W fits in the previous discussion.

As a result, the estimate on ||0.5]| 2 is reduced to the product of two terms: one whose bound is the

one of ||S|| 2, and one bounded by 2z~ 2. O

4. MODULATION

The previous section was dedicated to the expected approximate solution. Here, we prove that if
a solution is close to the approximation V, for two solitary waves far enough one to each other, then
the solution stays close to this approximation on a certain time interval. Furthermore, we can impose
some orthogonality conditions to the error between the solution and the approximation.

Let us define some conditions (Condyz) on a vector I' = (21, 22, 1, 12) € R* dependent on a param-
eter Z:

A 1 1
z1 > T 29 < 1 0< —u < 7 and 0< g < A (Condy)
and the tube:
U, ::{ € Hz (R); inf — V(T g<}. 98
( V) “ ( ) r satisfyilr?g (Condyz) HU ( )||H2 =Y ( )

We also shorten the notations by:

Ri(y) = Ri(L',y) = Qu4p, (y — 2i). (99)
This proposition is time-dependent, and can be found, for example, in [35, 12].

Proposition 20. There exist Z* > 0, v* > 0 and a constant K* > 0 such that the following holds.
Let v be a solution of (5) in C(R,H?). Let us define a time interval I. If for Z > 2Z* and v € (0, 2,
we have :

su inf v(t,-) = V(T,- a><y,
te? (F satisfying (Condz) H ( ) ( )HH2

then there exists a unique C'-function T : I — R* such that:

€(t,-) = w(t,-) = V(I(),)
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satisfies for any i € {1,2} and for anyt € I:

€(t,-) L Ri(t,-) and €(t,, ) L OyR;(t,-). (100)
Moreover, for anyt e I:

et ) g + @)+ |p2(@)] < K, (101)

|21 (8] + [22(8)] + [ (t)] + |f2(t)] < K7, (102)

a@ﬁ>§,zﬂﬂ§—§. (103)

Proof. We give here some insights of the proof. The proof is composed of two steps. The first part
involves a qualitative version of the implicit function theorem, see section 2.2 in [7], to obtain the
existence of the continuous function I'. To this end, we study the functional

gUZ V) xRL xR xRxR — R4

(w—VI)R1, [(w—V ()R (104)
(1,21, 22, 11, 12) H%(ﬂw—wmﬂé fm—vw»££>’

at the point (V(I'),T') with V defined in (42) and T satisfying (Condyz). Note that the estimates
obtained on ¢ and drg used to verify the implicit function theorem, are uniform in I' satisfying
(Condy), for Z > 2Z* with Z* large enough, and v < ”2—* with v* small enough. In other words, for
all T, the function I' associated with T’ given by the implicit function theorem is defined on a ball
B(V(I'),v), with v independent of the point V(I'). Since v is chosen independently of I' satisfying
(Condy), we can extend by uniqueness the parameters to the whole tube U(Z,v). Therefore, we get
recC'U(z,v)).

However, the solution u of (5) is only continuous, then we obtain that the function I'(¢) := I'(v(¢, -))
is only continuous. To get more regularity, we use the Cauchy-Lipischtz theorem. By differentiating
the orthogonality condition, we have that the parameters verify an ODE system. By using the Cauchy-
Lipischtz theorem, we obtain the regularity of the parameters even though u is only continuous.

0

Remark 21. The parameters z1, zo, 1, e defined in Proposition 20, verify an ODE system which is
globally Lipschitz. In other words, the function T is well-defined and C*(R). However, the conclusion
of the Proposition 20 are only verified for t € I.

5. PROOF OF THE THEOREM 3

5.1. Bootstrap setting. Let (S,)° be a increasing sequence of times going to infinity, with S, >
To, for Ty > 1 large enough to be chosen later. Recall that V is defined in (42). For all n € N, we
define w,, as being the solution of (5) verifying

with
P1i1n = (Z?,an ngn? :U'?,an Mg?n)v (106)
n n
. . . . N . —4b1 . _atl
Z?,Ln = _Zéfln = %7 :U'er,Ln = _Mg?n = 7n7 M?@n = a+1 (2121”) 2y (107)
__a+3 N 1 N 1
(M) €0 S, —S2,a S, + 52, (108)

2 :
with by defined in (83), a = (O‘T*'g ;ibll ) " and r = 4(%;13). The constant z!"* will be fixed later.

By choosing Ty large enough and Cy = 24/ ;ibll, we can suppose that (34)-(36) and (Condy) are
satisfied by I for any n € N. By (105), v,(S,) € U(Z,v) and V(I'") satisfies the assumption of
theorem 16. By continuity of v,, (see Corollary 34), on an open time interval I, 5 S, {v,(t);t € I,,}
is in U(Z,v). By applying Proposition 20, we define a unique function I'y, = (21, 22,0, 41,0, H2,n, ) OL
I, such that the conditions (100), (101) and (103) are satisfied and I',,(S,,) = I'i" by construction. T,
also satisfies (34)-(36), which justifies the setting of Theorem 16.
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By sake of clarity, we drop the index n, and denote v, I, 21, 22, p1, po instead of vy, I'y, 210, 221,
M1, M2, for the subsections 5.2 and 5.3.
As in Section 3, we denote:

Zi=2z1— 29, Mi=p1—po, Z:=z21+29, @G:i=p+pe and e:=v— V(). (109)
We introduce the bootstrap estimates
([le(t)|? 4 <t~ o7, (110)
12957 (t) — a3 t] < 27, (111)
a+1
—4by t a+3 _ ba+l1l
t) — ——| < C*t 4a+y) 112
ut) - < , (112)
a—1

|2(t)] < C*t 2T, (113)
()] < Cr, (114)

with C* > 1 to be fixed later. Note that the condition (111) implies
|2(t) — ates3| < Ot (115)

We define

t* (i) = inf{t € [Ty, Sn] : V£ € [t, Sn], (110) — (114) is true }. (116)

We want to prove that for an adequate choice of 27 in (108), t*(2") = Tj.
By the previous choice of Cp, the assumptions (34)-(36) on the approximation and the condition
(Condz) on the modulation are satisfied on (t*(z},"), S,], increasing Tp if necessary.

The section 5.2 provides the tools to get a bound of 21, 2o, 1 and wa, and the section 5.3 the bound
on [[e]| ;4. Next, in the section 5.4, we prove that we can choose z;," to close the bootstrap. We finish
the proof of Theorem 3 in the section 5.5.

Remark 22. Notice that different parameters are involved along this section. We clarify the order in
which they are fixed. First, we fix the parameter A, introduced in subsection 5.3; then the parameter
C* involved in the bootstrap dependently of A, and finally, the initial time Ty dependently of A and
C*.

5.2. System of ODE. We now continue with the system of ODEs ruling the parameters z1, 29, t1
and po. To do so, we compute the time derivative of the orthogonality conditions.

Proposition 23. The functions z1, z2, 1 and pg satisfy that for all i € {1,2} :

2
S ilt) + (~1)b((0)] <C e + = lle®)l 5 + eI 5 ) (117)
t)y =)
i=1 z 2
and
[51(8) = (1) + BIW)| + a(t) — a(t) + 6(0(8))| <C (%w + He(t)HH%) S

Proof. We begin with the first orthogonality condition [ eR;. Since e = v — V and v solves (5), we
deduce that:

Ore + 0y (—\D[“e —e+(e+ V) - V3) =—&y.

By differentiating in time the equality 0 = [ eR; and using the fact [ ed,R; = 0, we obtain that:
d
0= E/eR1 :/ (=|D|*e — € + 3R3e) 9y Ry + / ((V+¢)® = V?—3Rie) 9,R
—/m-]\T‘}Rl—/8ySR1—/TR1+,[L1/€AR1.
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By using the equation of R; and the condition € L 9y R, we deduce that:
/ (=|D|% — € + 3Rie) Oy Ry = / (=|D|% — (1 + p1)e + 3RTe) O, Ry = 0.
Now, we continue with [ ((V +€)® — V3 — 3R%¢) 0, R;. First, note that:
(V4+e?—V3—3R2=3Ve® + 6 + 3¢ (—2R1 (Ro— P+ Po+bW)+ (Ry— P+ Py + bW)Q) .

We recall ||V||pee + [|0yR1||r~ < C. Therefore, using the Sobolev embedding H%(R) — L3(R), we
have that:

/ (3€2V + 63) Oy R1

< C (Ilellzz + llell?, 5 ) -

Furthermore, |R20yR1| < zl% and |P1| + |P| + [bW] < zl%’ we conclude that:

el
<o (M2 ez, e, g ).

' / (V +€)? —V?—3Rie) 9y proes

Let us estimate [ - M[le. Using the set {y € R:y < 232} we get that:

‘/ARQRl +‘/6yR2R1 ¢

S Zoz—i—l :
Moreover, with Ry L 0yR1, we obtain that:

[ BV R = i 066 [ AR < () 2 g 6D

Finally, using Cauchy-Schwarz inequality, (46) and (48) we get that:

' / 0,5 R, +' / TR, / AR,

Gathering these estimates, and thanks to the facts ||¢[|
(102), we obtain that:

1 .
< 0 (g + bl ) -

z 2

< Ck and |@;] + |2] < C from (101) and

+ [fu1]

a
2

a—1 9 . C . . C
m“@”w’/ﬂ —b(2)| S ot (|2 +0(2)| + |22 — p2 + 6(I)| + |l€]|z2) + = (119)
+C (lulllell ;g + llell?g ) -
By similar computations, we also deduce that:
a—1 . C . . C
m“QH%ﬂM + b(2)| S o ([fin = ()| + |21 — pa + BE)| + llel| =) + i (120)
+C (Iulllell ;5 + llell?g ) -
Therefore, by adding (119) and (120) we obtain:
2 . C
D i+ (=1)'b(2)] < o1 (1 =+ B[+ |22 — p2 + 6(1)])
i=1
1 ) . 1 2
+C @JF \M1’+\M2’+m lell g+ llell g ) - (121)
z

Let us continue with the second orthogonality condition:

d /eayR1 :/(—\Dy%—e+(v+e)3—v3) Ry —/m-Wale

0=a
+/56§R1—/T6yR1+ﬂ1/eayAR1 —21/68§R1.
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Since |V| 4 [(0% + |D|*02)R1| < C and using the Sobolev embedding , Ht(R) = L3(R), we deduce
that:

\ / (—ID[% — e+ (V 4+ =V 02R1| < C (lell 5 + llell, g + el )

By developing 77 - ]\4—‘/2 and using the facts U OyR1 (0yRo + ARQ)‘
Oy Ry is odd, we get that:

/m MVO,Ry — (41— +B(T))/(5y31)2

We estimate the last terms by applying Cauchy-Schwarz inequality, (46) and (48). We have that:

. 1
/S@;Rl + /T(?le + ,ul/E(?yARl /66 R, <C’( 5ats +(|,u1|+|zl|)||e||Lz>.

Gathering these estimates and using e[| ,4 < C'x and the fact ||+ (2| < C (102), we conclude that:

< za—C:H and faleARl = 0 since

c . .
< o (2 +0(2)[ + [22 = pz + 0(I)]) -

. 1 . . 1
21—+ B0 [ 0,0 <€ (i i +02)| + 22 — i + 00| + =g + el ). (122
)

By similar arguments, we deduce that:

2= +00)] [ 0,@° < € (g i = + 121 — i+ SO + =g + el ). (129

z 2

Then, by adding (122) and (123), we obtain:

. . 1 . . 1
21— g+ B + 122 — oo+ 0] <C ( ey (i = D)+ iz + D)) + s + el 5 ) - (124)

z 2

Gathering ( and (124), we obtain (118), and

121)
& 1 1 )
Z!Mz b(z)| <C mg t il + 12l + 57 ) llell g + llellys ) -

Since |4i;| < |+ (—=1)'b(2)| +b(z), by applying the former inequality and (37), we conclude (117). O
5.3. Monotonicity. We define:

o(y) = (/:o @;l%)l /ym @;l%, (125)

and
11—y o) _om® s ()
R I R I e A T ) A s m(t))?‘b((ly;é)
Let A > 0, we define the rescaled functions:
oa) =0 (%), oralty) =01 (L5), daalty)i=en (1. %), (127)
the derivatives by:
o) = Id W, ®ilty) = i)l Dialty) = @i (1 5). (128)
By direct computation, we have:
c pE(2+ )3 ¢ pI(l—pps)?
P = d o = . 129
R (R e B e o (e a7 M
We also define the functional:
F(t)—/ e]D\ae+i_7(V+e)4+V_4+V3 —Se | ¢ +§<b (130)
- 2 2 1 1 €T e )oLaT oA

We claim the following theorem that will help us to get the estimate (110) on the error e.
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Theorem 24. The following bound on the functional holds:
F(t) < Ot i), (131)

5.3.1. Preliminary results. To get the monotinicity properties of the modified energy, we need to recall
a result from Lemma 6 and Lemma 7 from [25] and Lemma 3.2 from [12].

Lemma 25. Let a €]0,2[. In the symmetric case, there exists C > 0 such that:

o @ 2 C
[ apiae— [(101F )| < 4 [ e, (132)
and
a ]+1 o — 1 a 2 C 2 +9
(1DI*w) gugja+ (1P == [ (ID|% (u;0))"| < 75 [ w*®] . (133)
for anyu e S(R), A>1andje{l,--- ,N}.
In the non-symmetric case, there exists C > 0 such that:
C
) E/(uQ—i-v)fbjA, if a €]0,1],
[aprge-aopaweia < & (134)
A—% (u +v +(’D‘2’U,) )¢j7A7 lf(l 6]172[7
and
[ D0 200+ (D10 e+ (<19 = 1) [ 1D (w0 0) DI (0.0
C .
Aa/(u —|—U)‘1)]A, ’LfO[G]O,l],
< , (135)

a \2 .
E/(u2+v2+(|D|2u) @24 ifacll?,
for any u,v € S(R), A>1andje{l,--- ,N}.

The estimates (132)-(133) are proved in Lemmas 6 and 7 in [25] for a € [1,2]. Observe however that
their proofs extend easily to the case « €]0,2[. Note also that while only one side of the inequalities
n (132)-(133) is stated in Lemmas 6 and 7 in [25] , both sides are actually proved.

Lemma 26 ([12], Lemma 3.3). Let 0 < o < 2. For all u € S(R), we have that:
a 2 C o
1/ DI )" - (1130)" 08| < g5 [ (24 4D1307) ¥ (136)

The following estimates are proved in Appendix C.

Lemma 27. For a €]0,2[, then for all u € S(R) we have that:

2 Q/u%;’/‘, if  a€0,1]

H 1DI", ®; 4] u A o
. _a/(u2+(|D|zu) ><I>?7A, if  «a€]l,?]

Lemma 28. Let o €]0,2], then for all u € S(R) there exists C > 0 such that:
1o s D0 - [ (DRl

C a \2 o
gg/ (u2 +(ID[%2u)” + (D u)2) o2 4, (138)

forallue S(R), A>1andje{l,--- ,N}.
Lemma 29. Let 1 < a < 2. For all u € S(R), we have that:

(137)

1

1 1
(T+m)? (14 p2)?

NIDI, éralull 2 < c' by all .



26 A.EYCHENNE AND F.VALET

Remark 30. Notice that the scaling in A is not coherent with the previous inequality. In the proof in
the appendix, we establish this inequality in H%(R) and use at the very end the embedding H%(R) -
H(R).

Lemma 31. Let 0 < a < 2. For all u € S(R), we have that:

C
lullz, @€ ©,1)

DI, V/éalullz + I1DI%, /1 = galullre < { “ :
g, a2
2
5.3.2. Proof of the Theorem 24. In this part, we study the functional F' defined in (130), dependent
on the two functions ¢ 4 and ¢2 4. For sake of clearness, we drop the indices A in this part only and
denote those functions by ¢; and ¢o. The parameter A will appear explicitly when needed.
We recall the equation satisfied by e:

Ore + 0y (—\D]ae —e+(e+ V)= V3) =—Ey.
We differentiate in time the functional F' defined in (130), by using (44) we deduce that:
d

ZF@) = /(&ge) (D% +e—(e+ V)P +V?—S) g1 + % / (¢| D|Bre — (81e)|D|%) ¢

a
H2’

+ / (=@V) ((V+6)? = V3 = 3V2€) 61 + (Ore)edra) — / (8,9) e

e D|“e & (V+eot V4 3 €2
+/< Sty o Ve Se 8t¢1+/53t¢2
:Il + PR + IG'
Estimate on I: Using integration by parts and the definition of &, we deduce that:
1
I = 5/(|D|%+e— (V + e + V)’ 0?2 —/ay (ID|+€e— (V +e)?+V?3) S¢y

—/5V(\Dy%+e—(v+e)+v3—s)¢1

:%/(’D‘ae—i-e—(V+6)3+V3)QCI>%—/((H.W+T) (\D’a€+€—(V+e)3+V3)—TS)qjl

— 1
—/s(|D|%+e—(V+e)3+v3)¢%+/m-Mvs¢1+§/52q>%
=L+ + 1.

We start with I ;. By direct computations, we get that:

%/(\Dy%—i—e—(V+6)3+V3)2¢%_ %/((‘D’a€)2+62+ (—(V—i—e)3+V3)2) <I>%

= /(|D|ae) e®? + / (|ID|% +¢€) (V3 —(V+ 6)3) T =T111+ I 0.

By using the estimate (132), we obtain that:

o 2 C
117171—/(‘D’5(6(I>1)) ‘S E/GQQ)%.

Since V3 — (V + 6)3 = —3V2e — 3Ve? — €3, by applying Young’s inequality, the bound on V (53) and
Cauchy-Schwarz’ inequality, we have that:

C
1I1,1,2] < e / (\D[O‘e)Q @% + CAO‘/ (V462 +et ot 66) @% + C/ (V462 +e 4+ 64) @%.

We recall that 2uy = p+ fi, 2u2 = i — p and a > 1. Therefore, using the bootstrap estimates (110),
(112) and (114) and (54), we conclude for I ; that:

C 3(3a+5)

ha - [@+(lrotat - [ (DI o) = ~5 [ (@ +(DPg?) 8 - cane
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Let us estimate I; 2. By using the definition of - MV in (45), we obtain that:

/m-]\TT)/(|D|O‘e—|—e—(V+6)3+V3)¢1

2
Z/ —b(2)) AR; (ID[e+ e = (V+)°+V7) 61
+ / (1 — 1 + BD))Oy Ry — (72 — po + 6(1))0y Ra) (| D+ — (V + ) + V3) &1
=J1+ Jo.
Since —— < C, we deduce that:

1+

2)] /ARi (|]_)|0‘5+5 — (V+e)3 +V3) (¢1 + (_1)Zm) ‘

2
] <3 11— b
i=1
2
+OY (1) — b(z)
=1
2
+OY (1) — b
i=1

Thanks to the identity (V +¢) — V3 = €3 + 32V + 3¢V?, the fact a < 2, and by Cauchy-Schwarz’
inequality, we get that:
1 1

2
Jin < C; |(=1)"4i = b(2) 1+ p1)?  (1+ p2)?

Moreover, we recall LAQ = —(@Q and since € | R;, we deduce that:

2
Jio=CY |(=1)i; = b(2)
=1

Applying Cauchy—Schwarz’ inequality, and Sobolev embedding H %(R) — L5(R) , we have that:

AR; (|D|%e+ (1 + pi)e — Rle)

2)| /ARi (—pie — (V4 € + V= 3R%) | = Ji1 + Ji2 + Jis.

i(@ = 02) | o [l€ll g -

i€ =0.

YRS CZ| b(2)| ((lual + |(VZ = ROAR|| 12) llellzz + llellz2 + llell} g ) -
H

Now, let us estimate Jo. We focus on the first term of Jo with J,R, the second is similar. We
decompose this term into:

G 80 [ (DPes e +v?) (0 ()
+ (0%
+(1!j:—mﬁ /8R1 [DI*e+ ¢~ 3Rie /ale(V3—(V+e)3+3R%e)>

= Jo1+ Joo + Jo3.

By applying the Cauchy-Schwarz’ inequality and Sobolev embedding H %(]R) — LS(R), we obtain
that:

1
“ (T+m)? (14 p2)?
Since € 1 9yR; and LQ’ = 0, we deduce that:
J272 =0.

|J21] < Cl7z1 — 1 + B(T

(10, Ragll g llell g + llellFz + Nl 4 ) -

Moreover, by Cauchy-Schwarz inequality and Sobolev embedding , H %(R) < L3(R) we have that:
o8] < Clz1 — i+ BO)| (el z2ll(V2 = ROy Rall g2 + llell 7z + llell? 5 ) -
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By Cauchy-Schwarz’ inequality, we have that:

‘/T(|D|O‘e+e—(V+e)3+V3—S)¢1

< ClTdill g (lellps + el g + el 5 + 1151122

Gathering those identities, and using the estimate on 7' (48), the estimates on the solitary waves
(49), (50), (54), the bootstrap estimates (110), (112), (114) and the equation on 4i; (117) and Z; (118),
we get that:

3(3a+5)
|Il72| < Ct 20+3) .
Let us estimate I; 3. By Cauchy-Schwarz inequality, the estimate on S (46) and the bootstrap estimate
on € (110), we obtain that:

3(3a+5)

sl < C 593 5 (lellys + |[(V + 0 = V2| ) < oz

—
Using the definition of 71} - MV, the estimate on zi; (117), Z; (118) and the estimate on S (46), we
deduce that:

2 . . . _ 3(3a+5)
[Tal S CISH2 ( D=1 i = b(2)| + |21 — pa = BI)| + |22 — p — (T)| | < Ct™ 23y,

=1
Finally, by the estimate on S (46):

_ 3(3a45)
‘1175‘ < Ct 2043,

Conclusion:

1 a 2 C _3Ba+5)
-3 @+ qoretat— [ (1Dl )’ > —1 [ (2 + (Do) 8] - can HE
Estimate on Iy: From the equation of €, since ¢ is decreasing and integration by parts, we deduce
that:

1
21, =~ [ (DP9 et = [o,dDI" (Dfe+2) 61+ [ dDI*(Dpe+ o 23

+ [@vIDire= It én + [ (D0, (~(V + O +V¥) = 8, (=(V + 0 + V) (DI"0) 61
=1Ir1+ - Igs.

Let us estimate I 5 and I 3. Using the commutator estimates in the non-symmetric case (134), (135)
with v = |D|%¢, the commutator estimates in the symmetric case (132), (133) , and Lemma 28 we get
that:

Lo+ 13— a/ (]D\% (efbl))z - <a + %) / (ID|%)* @2 < %/ (62 + (]D\%G)Q + (\Dlo‘e)2> ®7

From Cauchy-Schwarz inequality and Lemma 29, we get that:

Bl = / e (ID|* (Evr) — DI (Ev) 61)| < llell 2 l[IDI, ¢1]Ev | 12
1 1 /
= C‘ 1+ p)?  (1+p2)? lellzz {|v/o/ H
1 1 /
< |~ e (17 59V, 100+ 1)

Therefore, by using the estimates on pi; (117), on Z; (118), the estimates on S (46), T (48), the
interaction between dyR; or AR; and ® (50) and the bootstrap estimates (110)-(114), we have that:

_ 3(3a+5)
(Lo ] <t 2ot

Now, we estimate I 5. Note that:

(V+e?—V3=3V2+3Ve + 6.
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Then, we decompose I 5 as:
Is = / (8, (3V2%€) (|D|*€) — €| D|*0y (3V3€)) ¢1 + / (8, (3Ve?) (|D|*€) — €| D|*0, (3V€?)) ¢
+ / (By (63) (|D|%€) — €| D|*0, (63)) o1.
Let v € {3eV2,3¢2V, €3} . Using integration by parts, the commutator estimates in the non-symmetric
case (134) and (135), we get that:
=| [ awioras + [oipron - [ ciproet

\ [ @16~ dDpo,) 61
<(a-1) \ [ 101% o) 0f% ()| + 1 [apirowat

C o
s [(Ex i+ (plEep) o,
Moreover, from Young’s inequality, we obtain that:
/(|D|°‘ Jod2| < Aﬁ/(ww )2 1+0Aa/v2<1>§.
By using Young’s inequality and (136), we deduce that:
[ 1012 o) D12 o) < [+ (Drepiat+car [ 03

By the Sobolev’s embeddings, H1(R) < L4(R), H3 (R) < LS(R), we obtain that:

a c 2 a
[Ia5] < CA (|[VAR3| oo €| 72 + (V20T oo e [ +H€HZ%) +E/(62+(!D\26)z+(\l)! €)?) 3.

Moreover, applying the estimate (54), (110) and (111), we get that:
_3Ba+5) C a \2
sl < CAMSET 4 [ (@4 (1D18e) + (DIe?) 03,
Conclusion:
o o 2 _ 3(3a+5) C .
12—5/(117\@ )2 @2——/(\1); (eq>1)) ‘SCAO‘t 20043 +F/(62+(yD\ae)QJr(\Dy%)?)@%.
2
(139)

Estimate on I3: We decompose I3 as:

I3 = —3/6y(V26)6¢2 + 0, VVerp, — /8y (3V€2 + 63) ey + OV Ed Dy

+ /531 (|D[%e + €) e — /5v6¢2 =131+ 132+ 133+ I34.

By adding 0 and integrating by part, we deduce that:
Is) = 3/8yR1(¢2 — Z11)Ve + 3/8yR2(z'2¢1 — )V — 3/(ayv + 0yR1 — OyRo) VElpy
—3/(315 — 210y Ry + 220, R2) V21 + = /V2 23 =I311+ -+ 1315
Using the definition of ¢y and ¢2, we obtain that:

(1—¢)+3 ”2

(311 =

< CIIEIILz (|Zl =l =+ ([21] + |pa2l) HaleVQSIILoo) :
Using the same argument, we deduce that:

13,12 < Cllelfz (172 — pa| + (122] + [pa]) 19y B2V (1 = ¢) | L<) -
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Using the definition of V' and ¢s:
T30, < CllellZz (Il + |ual) 18y (P2 = Py + bW x) || 1o

and

I3,04] < Cllelfa ((inl + [pi2]) + (] + [p2l) 10 (P2 = P+ bWx) [[z=) -

Gathering these identities, and using the bootstrap hypothesis, the time estimate of the different
terms and (51) and (52), we conclude that:

_ 3(3a+5)
‘1371‘ < Ct 2043,

For I35, using integration by parts and Sobolev embedding, and the bootstrap hypothesis, we
deduce that:

L2l < C (Iell® 4 19V 1= + (aal + a2l (IV 1= + 10,V 1) llel® 5 + (ua] + lsDllel 5 )

_ 3(3a+5)
< Ot 2ety)

Using integration by part, the commutator estimates in the symmetric case (132) and (133), and since
Oyp2 < 0, we obtain that:

a-+1 a 2 1 C
Isz 2 —— /(|D|2 (6‘1>2)) - (54'@)/62‘1)%-

Moreover with (129), we have:

q)Q_‘ pipe — 1
2|2
2+ py + p2

Then, we get that:

a+1 1—pipe / a 2 <1 C’> 1— pypo /2 9
I33 > — D ) Nzt =) ——— 7.
33 = > 3t + 2 (| |2 (e 1)) 5T 1o € ®]

Since =142 < 3 by (112) and (114), we deduce that:

24p1+pe — 4
3(a+1) a 2 (3 C 252
I35 > —T/(’D‘Q (6‘1)1)) - (g + E) /6 P71

Let us estimate the last term of I3. Using the definition of & and Cauchy-Schwarz inequality, we
have that:

—
[I3.4] < C(lpal + |p2Dllel 22 (19yS] L2 + Tl 22) + ‘/m - MVepy

Using the definition of - ]\_/_f‘—}/ and the orthogonality condition € L 0,R;, we deduce that:
' / - Z\T‘} €do

Therefore with (49), we get that:

2
< Cllellg2(lpa] + [p2l) <Z |(=1)"is = b(2)| + |2 = pal 19y Ril(¢ — 52,z')HL2) :
i=1

_ 3(3a+5)
‘1374‘ < Ct 2043,

3(0[ + 1) o 2 3 C 29 _ 3(8a+5)
I3 > —T/(ymz (@) — <§+E>/e ®? — Ot 203

Estimate on I,: Applying Cauchy-Schwarz inequality and the estimate on the time derivative of S
(47), we obtain that:

Conclusion:

_ 3(3a+5)
14| < Cl10eS]| 2 el 2 < C 2557

Estimate on I5: First, note by direct computation, we have:

Pun] = | sz (1= 0) + asso| < C (il + ia).

(1+p1)3 (1+ p2)
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Then, by the Sobolev embedding H3 (R) — LS(R) and H7(R) — L*(R), we deduce that:

'/(62—2—@+V—4+ )am

Moreover, by Cauchy-Schwarz inequality, we get:

Joae

Now, let us estimate the first term in /5. By direct computations, we have that:
200
[ elpiecans - (H— ([reiiz.a-ane+ [ (102" 01-0)
Sl JCRD
—_— D%e¢ [|D|2, ¢le + Dl|ze .
~ T 7 1DI2 e+ [ (IDI%e)’

Using Lemma 31, we deduce that:

'/€|D|a€3t¢1
3a+45)

. . _3(3a+45)
15| < C(lpial + lial) (1SN ellell g + Nell? g + el g + llell}, g ) < Ot 2
H H

O (Itial + lrial) (el 5 + lell® 5 +1lell* 5)-

< O (gl + li2l) 1Sl llell 2

< Cltia| + lial)llell?, 5 -

Conclusion:

Estimate on Ig: By definition of ¢2, we obtain that:

|Op2| < C ([pin| + [piz]) -
then, by using the estimate on 4i; (117), the bootstrap estimates (110), (111), we have that:
73(3a+5)
|I6| < Ct 2oty |
Gathering the estimates on Iy, ..., I, we obtain that:

Sr0 2200 [(orater+ (145 - 20E) [qpseone+ (5-3) [ et

3(3a+5)

— = [+ (DB + (Die)a - Car .
2

To compare the quantities [ (|D|*€)* ®2 and i (|D|*e®1)? we use (136), thus we have:

st furot (1252428 fuot 3 o

(3a+5)

) Ag/ (€ + (IDIFe) + (ID|"0)*)@F — CA% =7y
2

By taking A > A; large enough, T large enough, we deduce that:

d _ 3(3a+5)
L p(e) > —can S

However, the choice of A is independent of parameters. We set A > max (A1, A2), with Ay defined
in Claim 39 for the coercivity of the localized linearized operator. For now, A is a constant. Then,
integrating in time from ¢ to S,, we conclude that:

Ta+9

F(t) < Ct ™ 20+s)

with the constant C independent of the different parameters.
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5.4. Topological argument. We argue by contradiction. Let suppose for all 2™ in (108), we have
t*(Z;n) > Tp.

Suppose first that one of the bootstrap estimates (110), (112), (113) or (114) is saturated, in the
sense that the equality is achieved.

1) Closing bootstrap for €. First we start to show we can improve (110). We recall that the notations
¢, ¢1 and ¢ holds respectively for ¢4, ¢1 4 and ¢2 4. Using the Cauchy-Schwarz inequality, (46),
(110) and the definition of ¢1 , we get that:

sGats) ] - 1-6 1 - &
Ft) > — Ot 2@ Dle 2 ap2.2 _/ Dl 2 ap2.2
(t) Ct 2t3) +2/(6\ |“¢ + ¢~ — 3Rje ) (1+M1)2+2 (e] |“e+ € 3R26)(1+M2)2
4
3. (V+e 3522 1—-0¢ 3502 ¢
A e iy e B A, Vo N 14
/ ¢2+/( + Ve 1 >¢1+2R16 (1+M1)2+2R26 e (140)

First of all, we estimate the last term on the right hand side. We get that, by straight forward
computations:

vt oos (Vo 3,00 3, €
T + Ve 1 = —§V —eV — 1
Using the Sobolev embedding and the bootstrap estimates on € (110), we deduce that:
3 3(3a+5)
/ V+ —e Jo1| < Ct 20e+3)

Moreover, we have that:
= 1-—¢ = ¢ ~ ~ = = 1—¢
R——— 4+ R——— - V?¢1 = (Rl —R}) 1+ (R5—R3) 1 —Ri———— — R ————
iy P By Vo= (B - R+ (B R o - R - B
+ 2R Roy — 2(—Ri + Ro) (=P + Py + bW )1 — (—P1 + Py + W)y

Therefore, by applying the bootstrap estimate on e (110), the estimate on the profile P; (73), the
estimate on the solitary waves (49), the estimate on AQ (24) and finally the bootstrap estimate on z
(111), we get that:

V4 (V +e)? 1—¢ 3~ ¢ ot
FVie— T ) g 4 R2 2@ JC0R2 P | <ot e
/ (4 o) (SRR s

Moreover, from the bootstrap estimates on p (112) and g (114) we have that:

‘/62%

Now, we estimate the two first integrals in (140). We claim the following:

< O1 a5 [e]|2.

ooy 1-0 . 6 .
D|%+ e — 3R} *) ——— D|%+ e —3R}*) ——— > kllel> o, i=1,2. (141
/(e| % + € Ze)(1+ul)2+(e| % + € Ze)(HM)Q_mHeHm, i=1,2. (141)
The proof of this inequality is given in Claim 39 in the Appendix D. The proof is based on the
coercivity of the linearized operator L. By combining the former inequalities and using Theorem 5.3,
we deduce that:

2 _ 4046 _a+1l 9 _ 7a+9
IiHEHH% —(Ct o3 —(Ct a+3H€HL2 < F(t) < Ot 2o+,
Therefore for Ty large enough, we conclude that:
le|2 o < Ct 2ot
H2 —

Therefore, we strictly improved the bound (110) on e. This concludes the proof for e.

2) Closing bootstrap for p,fi and zZ. Now, we improve the bound on p (112). We recall u = py — o
and z = z; — z9. Combining the bootstrap estimate on € (110) and z (111) on the right hand side of
the estimate of fi; in (117) we deduce that:

' . 2hy

3a+5
a+3 |

Za+2
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33
Because b; < 0 and by the equivalent of z in (115), we have ;1 < 0. By the initial condition p(S,) > 0,
see (107), p is positive on (t*, Sy].
Then, multiplying by g, using the estimate on Z; (118) and the bootstrap on z (111) and u (112),
we obtain that:
A=
w 20

+ < Ct_ 4a+6
a+3 |
2 a+1zetl| —

—

By the choice of the initial data, we have that:

4b 1

2 1
Sp)=——"——7——.
Therefore, by integrating from ¢ to .S,, we get that:

p?r o2 1

_ 3(a+l)
2 a+lzotl|— Ct e (142)
With the bootstrap hypothesis on z (111), we deduce that:
a+1
—4by t a+3 _ Ba4ll
— < Ot Ha+3)
a a+1 aaTl = ’

with the constant C7 > 0.

Let us compute the bound on . From the estimate on fi; (117) and the bootstrap estimate on €
(110) and z (111), we obtain that:

) _ 3045
il < Ct e
By the choice of the initial data, we have that u1(S,) =
that:

= —p2(Sy). Thus, by integrating we deduce
72(a+1)

|| < Cat™ a3 (143)

with the constant Cy > 0.

Let us get a bound on z. Using the fact that |3(T")] 4 |6(T)] < Q(SQﬁO), the bound obtain for f
(143) and the estimate on Z; (118), we deduce that:
S _ Ba+5_
2l <|2 = p 4+ BI) + 6T + Al + [B(T) +6(T)|  leqCst 3 +
< 205t~ 2%313) )

_ 2(a41)
(2(Bo + do) + Co)t~ 33
Therefore by integrating, we conclude that:

< 2082 +3) e

t 2(a$3)
a—1

2C53(2 3
Hence, by taking the constant C* > max <Cl, Cs, M

T >, we can close the bootstrap esti-
a p—

mate on u, fi and z. Then, none of the previous inequalities on /i, i and Z can saturate independently
of the initial condition z;".

3) Closing bootstrap for z. Subsequently, the inequality (111) saturates for any z!"*. We now prove
that this equality is the source of a contradiction on t*(z2")
2
, o 1 ar3
First, we remark 2z = (a%ﬁn + )\nSﬁ—H)
iy

, for some \,, € [—1,1]. Therefore, we can write
t*(zi) = t*(\,). We set:

O [-1,1] — {-1,1}

(144)
A (ZF @) —a W) )
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and
f:R—RT (145)

OLTH(S) - CLQTHS)2 s172r,

s — (z
By assumption, we have for any A € [—1,1], t*(A\) > Tp and thus:
255 (V) — a T ()] = (£ ()T (146)
We claim:
Claim 32. (1) Transversality condition: Let so > Ty such that (146) is verified at so, then:
f is decreasing on a neighbourhood of s. (147)
(2) Continuity: ® € C°([-1,1] : {-1,1}).

Let us assume the claim and finish the proof. The transversality condition (147) implies that
t*(£1) = S,. Moreover, ®(+1) = +1. This contradicts (2) of the former claim. Now, we prove the
claim. First, we prove the transversality condition (147). By direct computations, we have that:

a+3

f/(s) =2 <z/-2\ (5) — a2) (zT(S) _ (ITS) 571727’ _ (1 + 27“) (ZQTH(S) _ aTS)Z 8727%‘

From the estimate obtain on u? (142) and the estimate on Z; (118), we obtain that:

“aid a+3 —4b
z 2 —

a+1
< Ct o+3, 148
2 a+1|— (148)

(t)

Therefore, by using (146) and (148), and since a“T = at3 ;ibll, we deduce that:

F(s0) < Csg 7% — (1 +2r) syt
Since r > 0 and for Ty large enough, we conclude that:
f/(SO) < 0.

To prove the second part of the former claim, it is enough to show that A — ¢*(\) is continuous.
Let us fix A € [—1,1]. From the transversality condition, there exists €y > 0 such that Ve € (0,€)),
36 > 0 and the two following conditions are verified: f(t*(A\) —€) > 149, and for all ¢ € [t*(\) +¢€,.S,]
(possibly empty), f(t) <1—34.

Note that the function is well defined, since the function z is globally well defined, see Remark (21).
Then by the continuity of the flow, there exists > 0 such that for all |\ — A\| < n, with A\ € [~1,1],
the corresponding f verifies |f(s) — f(s)| < § for s € [t*(\) — ¢, S,]. Therefore, we obtain that for all
s € [t"(N) +e€ S

F() < 1F(s) — F()] + f(s) < 1 2.

Thus, t*(A\) < t*(A\) + €. Furthermore,

£(a% * £(4% * 5
FER) =) > fN) =) = [f({T"(A) =€) = fF(T"(N) =€) > 1+ 5.
In other words, t*(A\) — € < t*()\), and then ® is continuous. A
This contradicts the fact ¢*(A) > Tp and implies the existence of z!* such that (110)-(114) are true
for all ¢t € [Tp, Sy).
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. a+3 at+3 1 a+3
5.5. Conclusion. In this section we have proved that there exists (zfln)% € [a% Sn +T—Sn, 0" S+

1
Sﬁ+r] such that the bootstrap estimates (110)-(114) are true for all ¢t € [Tp,S,]. Let us show this
implies Theorem 3. From (110), we obtain that:

lon(To, M g < llen(To, )l g + IV (Fn(To), )l g < C.

Therefore, by Banach-Alaoglu, there exists wg € H?2 (R) and a sub-sequence also denoted by (vy,)n
such that:

Un(TO) — wo.

Thus, we denote by w the solution of (5) such that w(7Tp) = wg. Let t > Ty. From the weak continuity
of the flow of Theorem 35, we have that:

| <>+@(—4Mﬁ—Q<+%ﬁ%MHg

§linnl>i£f\|en(t,-)|| —|—hm1anV )+Q< g %> —Q(-—l—gt%ﬁ’))”HQ.
Then, by using (110)-(113), we conclude that:

o+ Q= gt~ (4 §esta)|, < o,

2

Acknowledgements The authors thank Razvan Mosincat for interesting discussions, and Didier
Pilod for suggesting this problem and constant support. The authors were supported by a Trond
Mohn foundation grant.

APPENDIX A. LOCAL WELL-POSEDNESS

We recall the results of well-posedness of (5).

Theorem 33 ([18], Theorem 1.5). Let o € (1,2), and ug € H*(R), with s > 1 — 4. There ezists a
time T = T(HUOHHTZ(R)) > 0, and a unique solution u € C([-T,T], H*(R)) of (5). Furthermore,

the flow ug — w is locally Lipschitz continuous from H*(R) to C([-T,T], H*(R)).
Because the equation is subcritical, we obtain as a corollary the global well-posedness.

Corollary 34 ([18], Corollary 1.6). For any initial condition ug € H% (R), there exists a unique global
solution of 5 in C(R, Hz (R)).

We continue with another property of the flow, which is the weak-continuity in H 2 (R).

Theorem 35 (Weak continuity of the flow). Let o € (1,2). Suppose that ug, — uy € H%(R)
We consider uy, solutions of (5) corresponding to the initial data u,(0) = uno and satisfying u, €
C([0,T] : H2(R)) for any T > 0. Then, u,(t) — u(t) in H2 (R), for all t > 0.

The proof of the weak continuity of the flow relies on the well-posedness result given in the Corollary

34. We refer to [12] Appendix A, [17] for a proof of this result.

APPENDIX B. JUSTIFICATION OF THE DEFINITION OF Sy

First, we recall some well-known results on pseudo-differential operators (see [2], or [21] chapter
18). Let D = —i0,. We define the symbolic class S™? by

S = {a € C*(Ry x R¢);  Vk, € N,3C 3 > 0 such that |6§8§a(:€,£)| < Ck,g(@q*k(&)m*ﬁ} .

For all w in the Schwartz space S(R), we set the operator associated to the symbol a(x,§) € S™9 by
1

B _/eixsa(x,g)}‘(u)(g)dg.

Dy =
ala, Dyu i= -

We state the three following results
(1) Let a € S™1, there exists C' > 0, such that for all u € S(R)

la(z, D)ull2 < Cl[{x)* (D)™ u| 2. (149)
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(2) Let a € S™4 and b € S™7 | then there exists ¢ € S™™ 4T such that
a(x, D)b(x, D) = ¢(z, D). (150)

(3) If a € ™4 and b € ™4 are two operators, we define the commutator by [a(zD),b(z, D)] :=
a(x, D)b(z, D) — b(x, D)a(x, D). Moreover there exists ¢ € §™+7' ~1a+td'=1 gych that

la(z, D), b(z, D)] = c(z, D). (151)
(4) Let a € S™4, we have the following development for the adjoint a* of a. Let k € N, then
* 1 P
a*(x,6) = BZ; 5106 Dialw, &) + Ra,€) (152)

with O?Dfd € Sm=Ba=B and R;, € S P~1.a=A=1 Moreover the rest Ry, is given by

I : 2k + 2
Rp(z,&) = — [ (1—t)*Tlat | e~ g i 853;/@(1' — ty, € — tn)yPnPdydn. (153)
2m B!
0 B+y=2k+2 T

As a consequence of (150), (D)™ (z)4(D)~™ € S%4. Therefore, by (149), we have
I{D)™ () ull 2 = [{D)™ () (D)™ (D)™ ul| 2
< Gol (@) (D)™ ul| 2,
for Cy > 0. By the same computations with (x)? instead of (D)™, there exists C; > 0 such that
C1{l(2) (D)™ ull L2 < [KD)™ (z)ul| 2.
Gathering these two estimates, we conclude that
Cill(@) (D)™ ull 2 < [I(D)™ (@) ul| 2 < Col[{x)* (D)™ ul[ 2 (154)
We recall also the Schur’s test.

Theorem 36 (Schur’s test [20], Theorem 5.2). Let p,q be two non-negative measurable functions. If
there exists a, 8 > 0 such that

W) [ 1K@ la)dy < ap(o) a.c. 2 € X.
@) [ 1K@ b < o) ac yeY.
Then Tf = / K(x,9)f(y)dy is a bounded operator on L*(R).
Y

We recall two other lemmas useful for the rest of the appendix. The definition of ¢ is given in (125).
Lemma 37 ([25] Claim 5). There exists C > 0 such that

o) — o) < 02U o lmoul
(z)(y)) = ((z) + (v))

. 1
[6(z) =) < Cif  fo—y[ =5 ({x) +{y))-
Lemma 38 ([25], Lemma A.2). Let p be a homogeneous function of degree > —1. Let x € C§°(R)
such that 0 < x <1, x(§) =1 if [§| <1 and x(§) =0 if [§] > 2. Let
1 .
k(z) = — [ ¢ de.
(@)= 5 [ Epen(e)ae
Then for all ¢ € N, there exists Cy > 0 such that, for all v € R,
Cq
<x>5+q+1 :

§ eyl <5 (@) + )

|03k ()] < (155)

Now, we can start the proof of the justification of the definition of Sy.
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Proof. We recall the definition of AQ, and estimate on @ from [15]:

1
AQ=2(Q+1)Q+ +1$3 2Q, Q|+ |20; Q|_W

Since AQ € L?*(R), we can define by the Fourier transform (1 +|D|*)TTAQ € H*(R):

(141622
1+ gl

1+ D) ' AQ e = ‘ AQ|| £ 1AQIL2 < oe.

L2

The integral of (14 |D|*)™' AQ on a finite interval is well-defined since it is in L2(R). However, it is
not clear that the integral over an infinite interval is finite. We use the pseudo-differential theory to
prove that the limit is finite. Let us define y, a cut-off function equal to 1 in a neighbourhood of 0,
with compact support. Let I be a compact interval. By the Cauchy-Schwarz inequality :

[ﬂu+wa>IAQk;zhi—xu»>u+wa>lAQy+szD>u+wDP>IAQ1

<cf|@ia—xmna+ D1 aQf, +o@ixm a+pr) A
=1 +1s.

L2(I)

Note that the previous constant can be chosen independently of I. We have from (151) that the
symbol (z)1 (1 — v(€))(1 + £]%)~! belongs to S~*%  §%I. Thus, since (z)1AQ € L%(R):

3
T 5 K2) 1 AQ| r2wy < oo

We can not deal with the integral Zo with symbols only, because x(§)(1 + [£|*)™" is not smooth
around 0. We use the commutator to bring the decay in z close to AQ (notice the integral is over R):

7 5 [ ([0 a0+ D07 4)"+ [ (D) +1D1) w)¥aq)”.

2
By the Plancherel formula, the second term can be bounded by H<x>%AQHL2 < o0. The first term

needs to develop the commutator. First, let us define the kernel k satisfying:

D)+ DI o) = o [ e M i@ —krue). o b = 2

The kernel k is well-defined as the inverse Fourier transform of a function in L?. We thus get:
(@)%, X(D)(A + D) u = (@) Tk xu(z) — b+ ({)Tu) ()
3 3
— [ -9 (@ - ) 1) )y,

By Lemma 36 and the symmetry of k, it is enough to prove that y — k(z —y) ((x)g - (y)i) € L'(R).
First, we have to estimate k. By integrating by parts twice, we deduce that :

il d 156

a2 o | T = (156)

Let Aj :={yeR:|z—y| <3(2)+(y)}, and Ay := {y € R: [z — y| > 2 ((z) + (y))}. Notice the
following equivalences :

(1—(95) e = and  |k(x)] =

1

v =yl < 5 (&) + () = (2) ~ (y), (157)
and
7 —yl > %(<$>+(y>)=><$—y>~ [z =yl ~ (z) + (y). (158)

Then, from (156) and (158), we deduce that

/,42 bz —y) (@)% - )?) dy‘ - /A ()}

dy < C. (159)
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Moreover by (157), we obtain that A; C [—ca|x|, —c1|z|] U [c1|z], c2|z|], for some 0 < ¢1 < c2 < 400

independent of x. Moreover, by the mean value theorem and In(z + (z)) = (i) we get that

/ o=y (@ - o)) dy\ <c@ [ e Ssdy < Cla) (el + (@) £ C. (160

Gathering (159) and (160), we conclude that k defines a bounded operator on L?(R). It implies that
T, is bounded, and thus [; (1 + |D|*)AQ)| is bounded independently of I. This achieves the proof of
the well-posedness of Sy, and that Sy has a finite limit at —oo. ]

APPENDIX C. PROOF OF THE PRELIMINARY RESULTS

Proof of Lemma 27. Let x be a smooth cut-off function supported around 0. To estimate this commu-
tator we split the norm in low and high frequency. For the low frequency we use the Schur’s Lemma
(Lemma 36), and the pseudo-differential calculus for the high frequency. To get an explicit dependence
in A we prove the estimate

1021

2 C [u*®2, if «€]0,1]
a 2
i | Cf (w24 (IDI5u)) @2 it aell?)

1 1
(A+p1)?2  (T4pe2)?

Then, we conclude Lemma 27 by changing the variable x = % and multiplying by
Let us start the proof. By the Schur’s lemma (Lemma 36), we deduce that

|onor.a| <c [
From pseudo-differential calculus, and <x>% ~142%, we get that
2 C’/u2<1>2, if «€0,1]
r? - c/u2q>2+c/(|p|%(uq>))2, if  «€]l,2

Again, by applying the pseudo-differential calculus, we deduce that

J (0 < ([ (o)’ + [ (0 -xoniofe)’)
<C </u2<1>2+/(\D]%u)2<I>2),

$/

Then, by changing the variable x = % and multiplying by

J10- xoior.

, we conclude the proof

1 1
(A+p1)?  (+p2)?
of Lemma 27. O

Proof of Lemma 28. By direct computations and Young’s inequality, we have that

/ DI (u;4) (|D]*u)®;.4) — / (IDPu)? @2, = / ID[*uy D], B 4]u

c .
<< / (IDI°u)? B2, + CA% [[|DI7, By slull .

A2
(161)

T

and by the change of variable 2/ = % and v(2') = u(x):

1
IIDI%, @1, alulZ = e IIDI, @lollZ
We write
2 2 2
1IDI*, @1Jvl72 < C ([IDI*X(D), ®1v]172 + [[|D|*(1 = x(D)), ®1]v72) -
Using Theorem 36, we deduce that

IIDI*X(D), ®1Jo]22 < € / 202,
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Moreover, using pseudo-differential calculus, we deduce that
1D = x(D). @l <€ [ (o2 + (1DI50)°)
Gathering those estimates and coming back to the initial data, we get:
1D~ x(D)). @y a2 < o [ (w24 (1D[30)) @y
Using this last inequality in (161), we conclude the lemma. O

Proof of Lemma 29. We recall that if A, B are two pseudo-differential operators then the commutator
[A, B] is also a pseudo-differential C'. Moreover the principal symbol of C' is given by

{a,b} = 0¢adyb — 0yadeh, (162)
with a,b respectively symbol of A and B. Therefore, [(1 — x(D))|D|*, ¢1] € Sa L-a—l ¢ gg.—a-l,

Then, by applying the pseudo-differential calculus and the fact dy¢1 =
have that

e~ ) duds we

. 1
112 =xDDIDI bilull 2 < O\ 73 =~ T

Now, we estimate the low frequency. Let k be the operator defined by F(k(u))(&) = x(&)|&]*F (u)(§).
Then, we have that
1 1

XDIDI bl = (s = Trye) [+ = 000 — o)ty

To prove that [x(D)|D|®, ¢1] defines an operator bounded on L?(R), we use the Schur’s lemma (Lemma

36) on = — /k:(:c —y)(é(y) — ¢(x))u(y)dy and by using Lemma 37 and 38. Notice that this process

o,
H?2

/
T
gives us an explicit constant in term of uy and ue. By changing the variable x = —, we deduce that:

A
C 1 1 2
D|%, ||, < — ud a.
||[| | ¢1,A] ||L2 — AQT—I (1+M1)2 (1+M2)2 || 17AHH2

We obtain by definition of the Sobolev space:

T2 T PTe N B

AT =0 ) (T )2

This concludes the proof of Lemma 29. U

Proof of Lemma 31. The proof is based on the same arguments as the former lemmas. For the high
frequency we use the pseudo-differential calculus, except that we use the function /¢ instead of ¢.
Using the Poisson bracket in (162), we deduce that the commutator satisfies [(1 — x(D))|D|*, /4| €
So—1-1-3 = §3:9 and we can use the same arguments as above. For the low frequency we use the
Schur’s lemma (Lemma 36). O

APPENDIX D. PROOF OF THE COERCIVITY PROPERTY

We prove the following result of coercivity which is time-independent, with Ry, Ra, R and Ry
defined in (99) and dependent on I' satisfying the condition (Condy):

Claim 39. Let € € H%(]R) satisfying the four orthogonality conditions:

0= /6R1 /60 Ry = /€R2 /63 Ro,

and T’ = (21, 22, 1, p2) satisfying (Condy). Then, there exists As, ZF, k > 0 such that for all A > Ay
and I' satisfying (Condyz; ):

2
Z/ (6|D|O‘e + €2 — 3&?62) Vi > /i||e||§{%, i=1,2,
1=1
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— b4 da
(1+m)? (1 + p2)?

Proof. Since 1; 4 > 0, and L is coercive, see (28), we deduce that:

/(6|D|O‘e+62 —3&?62) Vi A
=[0I (ir0))” + () =382 (fiea) "+ [ eyfona (11 o]
/\/w DI, \fia] e — — / Giat —i(/e maé-)Q
7 7 7 K1 2, YLt

Since (£)2 > kp(1 + |£]2), we obtain that:

Gy 2 m [ (€4 DO via + 2 (DI (/B ~ (DI

with P14 = Ty A =

> K1

2
¢2,A P

Notice that:

I ey = (D1 0P =2 [ (DI /i) D1 forale — [ (1DI%, yfnale)

Using Lemma 31 and Young’s inequality, we obtain that:

o [eyfinal y + / VA [ID, \/ﬂ]omz/(e +(DIEP) s — o3 / L (D302

Note that since € L R;, we have that:

/6 %,AR‘Z/(%A R+/\/1HR R)

Then, by using the Cauchy-Schwarz’ inequality, (49), we get that:

([ i) + ([ cvimmohs) < i (& +1m— ).

Moreover, we have that 11 4 + 92,4 > k3 > 0. Therefore, we can conclude, with (24):
|R; = Rill i < Cpaf,
by taking Z and A > As large enough, that there exists x > 0 such that:

2
S [ (eDpes @ = 3R i = nlel g
i=1
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