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Abstract

This paper deals with the hierarchic control of a degenerate parabolic equation with missing
initial condition. We present a Stackelberg strategy combining the concept of null controllability
with low-regret control. We assume that we can act on the system through a set of hierarchic
controls. The main control called the leader is in charge of the null controllability while the sec-
ond control named the follower solves an optimal control problem involving a missing data. The
main novelty of this work is the derivation of a new Carleman inequality for a degenerate system,
which is used in a standard way to show observability inequality of the adjoint degenerate systems.

Mathematics Subject Classification. 35K05; 35K65; 49J20; 49N30; 90C29; 93B05.
Key-words : Degenerate parabolic equation; Carleman inequality; Null controllability; Incomplete
data; Stackelberg control.

1 Introduction

Let Q = (0,1) be a bounded open set of R. Let also O and w be two non empty open subsets of
such that w & O. For T > 0, we set Q@ = (0,T) x Q, wr = (0,T) x w and Or = (0,T) x O. Then, we
are interested in a hierarchical strategy of the following linear degenerate parabolic equation:

vt — (B(2)yz), + a0y = wvxo+hx, in Q,
y(t,0) =y(t,1) = 0 on (0,7), (1.1)
y(0,) = g in €,

where g € L?(Q) is the unknown initial condition, the potential ag € L*(Q) is given. We denote by
y; and y, the partial derivatives of y with respect to t and x respectively.

In the system (1.1), y = y(¢, ) = y(¢, z; h; v, g) is the state while v = v(¢,2) and h = h(t, x) are two
different control functions applied respectively on O and w. These functions v and h are the follower
and leader controls respectively. Here xo and x, are respectively the characteristic function of the
control set O and w.
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The system (1.1) can be used to model the dispersion of a gene in a given population (invasive
species for instance). In this case, x represents the gene type, and y(t,z) denote the density of
individuals at time ¢ and of gene type x [11]. In this paper, the function & is the diffusion coefficient
which depends on the gene type and degenerate at the left hand side of its domain, i.e. k(0) = 0,
(e.g k(x) =z, o> 0). In this case, we say that the system (1.1) is a degenerate parabolic equation.
Genetically speaking, such a property of degeneracy means that if each population is not of gene type,
it cannot be transmitted to its offspring [11].

The model (1.1) is also called a system with incomplete data because, the information on the initial
data is not completely known. The missing term in the initial condition may expresses the fact that
we have no information on the density of population at the beginning of the study.

In this article, unlike the single objective case, we are in a situation that we have two objectives to
achieve and for that the introduction of bi-objective optimization is essential. More precisely, we use
the concept of Stackelberg competition introduced in 1934 [36]. It represents a strategy game between
two firms in which one of the firms (the leader) moves first and the second firm (the follower) moves
according to the leader’s strategy.

In the framework of PDEs, the hierarchic control was introduced by J-L. Lions in 1994 [22, 23]
to study a bi-objective control problem for the wave and heat equation respectively. In theses works,
the author acted on the different systems with two controls. The leader solving an approximate
controllability problem while the follower solves an optimal control problem. In recent years, many
other researchers have used hierarchic control in the sense of Lions; see for instance [9, 19, 25, 26, 27, 32].
In [14, 15, 28], the authors used the hierarchic control which combine the controllability problem with
robustness.

Recently in 2020 [12], the authors combined the concepts of hierarchic control and low-regret
control on a linear heat equation with a missing initial condition. The leader was in charge of a
null controllability problem while the follower solved an optimal control problem in presence of the
missing data. The authors in [31] extended the previous work to a population dynamics model with
an unknown birth rate. In that work, the goal of the leader was to bring the population to extinction
at time 7" > 0 while the follower solved an optimal control problem with missing data consisting to
bring the state of the system to a desired state.

All the above cited works share one thing in common: they deal with hierarchic strategies associated
with non degenerate systems. To the best of our knowledge, the only work dealing with the hierarchical
strategy associated to degenerate systems is the one in [2], where the authors studied the Stackelberg-
Nash strategy for some linear and semi-linear degenerate parabolic equations.

In this paper, we extend the results obtained in [12] to the hierarchic strategy for a degenerate
parabolic equation with missing data. This has not been done before and those changes introduce
additional difficulties mainly when establishing a new Carleman inequality for the degenerate system
(1.1) in weighted Sobolev spaces.

We assume that we have a hierarchy in our wishes and we will describe the Stackelberg strategy for
system (1.1). At this level, we assume that the degenerate system (1.1) is well posed. We will prove
it later.

Let Og C © be an open set representing an observation domain of the follower. We define the
follower cost functional J; by

Tu(hs v, g) = J(hs v, g) — J(0:0,9) — /Q 92 da, (1.2)



where

J(h;v,g9) = / ly(h;v, g) — z4|? dxdt + u/ |v|? dxdt. (1.3)
or o

d T

Here, o and «y are two positive constants and zq € L?(OY) is the desired state with O} = (0,T) x Oy.
We also introduce the leader functional Js

Jg(h):/ |h|? dadt. (1.4)

The aim is to choose the controls v and A in order to achieve two different objectives:

e The main goal is to choose h minimizing the functional Jo given by (1.4) such that the following
null controllability objective holds:

y(T, - h;v,9) =0 1in Q. (1.5)

e The second goal is the following: given the function z4, we want to choose the control v minimizing
Jp given by (1.2). This means that, throughout the interval (0,7),

the solution y(¢,x; h;v, g) of (1.1) remains "not too far” from the desired target zq4 in the
observability domain Oy even in presence of the unknown initial condition g.
(1.6)

To achieve simultaneously (1.5) and (1.6), the control process can be described in the following two
problems:

Problem 1
Let’s fix a control h € L?(wr) (leader) and let v be a positive constant. Find the control v¥ =
vY(h) € L?(O7) solution of the following optimization problem

inf sup Ji(h;v,g), 1.7
'UGLZ(OT)gGLZI()Q) 1l 9) (1)

where the functional Ji(h;v, g) is given by (1.2).

Problem 2
Let v7(h) be the control obtained in Problem 1 and y" = y(t,x; h; vV (h),0) be the associated state.
We look for an optimal control kY € L?(wr) such that

Jg(hry) = herL%i(rol.;T) Jg(h), (18)

subject to the null controllability condition
y(T, s h;v?(h),0) =0 in 2. (1.9)

Problem 1 (when h = 0) is a classical low-regret control problem which looks for a control such that
a given cost functional achieves its minimum in presence of a missing data. Such control was introduced
by J-L. Lions in 1992 [21] to solve problems with missing/incomplete data. Using the notions of no-
regret and low-regret control, the author proved that the solution for a low-regret problem of type
(1.7) converges to the no-regret control solution of a problem of type (1.7) with v = 0 called no-regret



problem. There are many results in the literature using these concepts of optimal control. We refer
for instance to [10, 30, 33, 34, 35] for non degenerate parabolic equations with incomplete data, and
to [16, 17] for non degenerate population dynamics models with missing data. In [18], the authors
study coupled degenerate population dynamics models with missing data. However, for a quasilinear
degenerate elliptic equation, see [38]. We also refer to [3, 29] for time fractional diffusion equation with
incomplete data.

Problem 2 (when h = g = 0) is a classical null controllability problem associated with degenerate
systems. Actually, after solving the first problem, the second consists in solving a null controllability
problem associated to a combination of degenerate systems. The degeneracy occurs at the boundary
of the space domain. To solve the controllability problems for degenerate systems, new Carleman
estimates were developed for degenerate case and used to show observability inequalities of the adjoint
system and then obtain the null controllability of the desired system. We refer for instance to [1, 4, 5,

, 7, 8] and the references therein.

In application, the hierarchic control described in this paper assume that we can act on the system

at two different locations and our objectives are the following: we want to lead the system to rest at

time T and additionally, we wish to maintain the state of the system not too far from z4 in Oy, along
(0, 7).

1.1 Main results

The first result concerning the low-regret problem (i.e. Problem 1) is as follows:

Theorem 1.1

Let Q = (0,1) be a bounded subset of R with w, O and O4 three non empty subsets of Q with
w G O. Let also h € L*(wr). Then, for any v > 0, there exist ¢° € L*((0,T); HL()) and p¥ €
L2((0,T); H:(Q)) such that the optimization problem (1.7) has a unique solution v? = v7(h) € L*(Or)
which is characterized by the following optimality system:

1
v =—=q" in Op, (1.10)
W

where y¥ = y(t, x; h;v7(h),0), 87 = S(t,z; h;vY(h)), p¥ = pY(t,x;h) and ¢7 = ¢7(t,x; h) are respec-
tively solutions of the following optimality system:

1 )
Y, — (k(x)y]), +aoy” = _;‘JVXOthxw in  Q,
VI(H0) =y (H1) = 0 on (0,T), (1.11)
y7(0,) = 0 in  Q,
_S? - (k(I)Sz)m + a’OS’Y = y’YXOd m Q7
SY(t,0)=S'(t1) = 0 on (0,7), (1.12)
SUT,) = 0 i Q,
pi — (k(x)p}), +aop” = 0 in  Q,
Y — Y —
p’Y(O7,) = _S’Y(Ov) in Q



and

1 ‘
—q¢; — (k(x)q}), + aog” = (?/7 Tt ﬁpw) xo, o Q
q(t,0)=q¢"(t,1) = 0 on (0,T), (1.14)
Moreover there exists a constant C = C(u) > 0 independent of v such that
lllz202) < € (Jlzallpaog) + 1Al 2 - (1.15)

The second result, on the null controllability problem (i.e. Problem 2) is stated as follows:

Theorem 1.2
Assume that the assumptions of Theorem 1.1 hold, and Og4, w are such that OgNw # . Then
there exists a positive real weight function k (the definition of k will be given later) such that, for

1 .
any function zq € L*(OT) with —zq4 € L*(OL), there exists a unique control hY € L?*(wr) such
K
that if (07 = vV(RY), §7 = y¥(t,z; R7;07(RY),0), ST = SV(t, ;R 0V(RY)), p¥ = p'(t,x;RY), §7 =
q"(t,x; hY)) satisfies (1.10)-(1.14), then y(T,-;h7;07(R7),0) = 0 in Q. Moreover,

K =p7 in wr, (1.16)
where p7, 1/3'7, QZ)’Y and Qt'y are solutions of
_[);Y - (k(x)f’;)z + aO/Aﬂ = (Jﬂ + QZA)’Y)XOd in Qa (1 17)
p(t,0)=p"t1) = 0 on (0,7), ’
7 — (k(m) A;) +agp? = 0 in  Q,
§(t,0) =47 (1,1) = 0 on (0,T), (1.18)
7(0,) = —C7(0,) in Q,
0,-) ﬁé 0,-)
Y oY - L ;
3 = (Ma)d2) +ad = —ixo i @
§(t0) =4 (t1) = 0 on (0.T), (1.19)
¢7(0,-) = 0 in Q
and
Y Fy Fy Lo
=G — (k(x)ém)x +ap¢? = \/_7¢ n o Q,
Q(t0)=0"(t1) = 0 on (0,T), (1.20)
(T, ) 0 n Q.
Moreover, there exists a constant C' = C (T, ||ao||L~(g)) > 0 independent of y such that
- 1
1”7 |22 (wr) £ C H_Zd : (1.21)
ko llLzor)

Remark 1
Any control vV (h) satisfying (1.7) is called a low-regret control for Jy.



The rest of this paper is organized as follows. In Section 2, we state some well-posedness results
for the system (1.1). In Section 3, we study Problem 1 corresponding to the low-regret control. In
fact, we prove that there exists an optimal control that can be chosen for any fixed leader (control)
and we also provide the optimality system that characterizes the latter optimal control. We establish
in Section 4 the observability inequality derived from a suitable Carleman inequality associated to the
adjoint state of the optimality system obtained in Problem 1. In Section 5, once the follower strategy
has been fixed, we study Problem 2 corresponding to the null controllability. Finally, some concluding
remarks are given in Section 6.

2 Well-posedness result

In the sequel, the usual norm in L*°(Q) will be denoted by || - ||cc. We make the following assumptions
on the diffusion coeflicient k:

{ kec([0,1])) nC((0,1]), k> 0in (0,1] and k(0) = 0,

1
3rel0,1) : ak'(x) < Th(z), z €[0,1]. (2.1)

Note that the above assumptions on k hold if we choose k(z) = 2 with 0 < o < 1. Then, in this case,
the system (1.1) will be called a weakly degenerate system. If 1 < « < 2, a similar study can be done
provided that the Neumann condition (k(x)y,)(0) = 0 is considered instead, and (1.1) will be called
a strongly degenerate system. We refer to [1] for those different definitions.

In order to study the well-posedness of system (1.1), we introduce as in [5, 6, 7] the following
weighted spaces H; (2) and HZ(Q) (in the sequel, "abs. cont.” stands for "absolutely continuous”):

{ Hk( ) ={y € L*(Q) : y is abs. cont. in [0,1], Vky, € L*(Q) and y(0) = y(1) = 0} (2.2)
H(Q) = {y € H(Q) : k(x)y. € H' ()},
endowed respectively with the norms:
{ HyHHlm) Hyl\%zm) + [VhyelFa), v € HEQ), 23)
HyHH2 ©) = HyHHl(Q +[(k(@)y2)el T2y ¥ € HR ().
The following assumption will help us to prove the existence result of system (1.1).
Assumption 2.1
There exists a constant o > 0 such that
aop(t,z) > « for all (t,z) € Q.
For readers’ convenience, we set
H 1= L2((0,T); HA(Q)) N C([0, T); L),
We denote by (H}(2))" the topological dual space of H}(2). If we set
Wi(0,T) = {p : pe L*(0,T); H;(Q)) and p; € L* ((0,T); (H;,())) } , (2.4)
then Wy (0,T) endowed with the norm
ol 0.y = ||PH%2((0,T);H;(Q)) + ||Pt|\iz((O_VT);(H,&(Q))/) (2.5)



is a Hilbert space. Moreover, we have the continuous embedding
W (0,T) € C([0,T], L*(%2)). (2.6)
Now, we recall the following existence result given in [24, Page 37].

Theorem 2.1 Let (F,|| - ||r) be a Hilbert space. Let ® be a subspace of F' endowed with a pre-Hilbert
scalar product (((+,-))) and the corresponding norm ||| - ||| . Moreover, let E : F x ® — C be a
sesquilinear form. Assume that the following hypothesis hold:

1. The embedding ® — F is continuous; that is, there is a constant C7 > 0 such that

lellr < Cilllelll Ve @. (2.7)

2. For all ¢ € ®, the mapping u — E(u,p) is continuous on F.
3. There is a constant Co > 0 such that

E(p, ) > Colll@l||> for all ¢ € ®. (2.8)

If o = L(yp) is a semi linear continuous form on ®, then there exists a function u € F satisfying
E(u,p) = L(p) for all ¢ € ®.
The weak solution of system (1.1) is defined as follows.

Definition 2.1 We shall say that a function y € H is a weak solution to (1.1) if the following equality
holds:

- drd k(2)ysdp do d dedt = | (hx. drd 0,7) dr,
/stbtxtﬂL/Q ()Y 9 xt+/q)aoy¢xt /Q(x +v><o)¢xt+/ﬂg¢( x)x( |
2.9

for every

peV={peH: ¢ € L*(Q), ¢(T,) =0 in Q}. (2.10)
Remark 2 We observe the following:
(a) The space V endowed with the norm

IR == 012 (0,212 0y + 1600, )72
is a Hilbert space.

(b) If ¢ €V, then ¢ € L*(Q) — L?((0,T); (HE(Q))'); consequently, ¢ € Wi,(0,T). Therefore, ¢(0,-)
and ¢(T,-) exist and belong to L?(£2).

Using Theorem 2.1, we prove the following result.

Theorem 2.2

Assume that the hypothesis (2.1) and Assumption 2.1 are valid. For all (v,h) € L*(Or) x L*(wr)
and g € L?*(2), the system (1.1) admits a unique weak solution y = y(h;v,g) = y(t,z;h;v,g9) € H in
the sense of Definition 2.1. Moreover, there exists a constant C = C(T,||ag||L(q)) > 0 such that the
following estimate holds:

ly(T, ) Z2(0) + HyHiz((o,T);H;(sz)) <cC (HUHQLz(oT) + 121172y + Hg||2L2(Q)> : (2.11)



The proof of Theorem 2.2 can be found in the Appendix.

For the rest of this paper, we state the following Hardy-Poincaré inequality.

Proposition 2.1 (Hardy-Poincaré inequality)[!, Proposition 2.1]
Assume that k : [0,1] — Ry belong to C([0;1]), k(0) = 0 and k > 0 on (0,1]. Furthermore, assume

x
that here exists 6 € (0,1) such that the function x — —5~ s non-increasing in a neighbourhood of
x

x = 0. Then, there is a constant C > 0 such that for any z, locally absolutely continuous on (0,1],

1
continuous at 0, satisfying z(0) =0 and/ k(x)|2' (z))? dx < +o0, the following inequality holds

/ M) @) de < c/ (2)[? da. (2.12)
. ) k(x) ) .
Moreover, under the same hypothesis on z and the fact that the function x — —5= is non-increasing
x
— 4
n (0,1], the inequality (2.12) holds with C' = =

3 Study of Problem 1: low-regret problem

In this section, we aim to prove Theorem 1.1. Before going further, we present in the following
subsection some results needed to prove the existence and uniqueness of the control v7 (follower).

3.1 Reformulation of the optimization problem (1.7)

Here, we firstly show that the optimization problem (1.7) is equivalent to a classical optimal control
problem. We state and prove a result allowing us to obtain a decomposition of the functional J given
by (1.3).

Lemma 3.1
Let (v,h) € L*(Or) x L*(wr) and g € L*(). Then, we have:
I(hiv,6) = (0:0.9) + T 0.0) = laala op, +2 [ g S0.23150) do (3.1)
Q

where S(h;v) = S(t,x; h;v) € L2((0,T); HE(Q)) is solution of

_St (k( )S ) +a’OS = y(h;’U,O)X(’)d in Qa
S(h;v)(t,0) = S(h;v)(t,1) = 0 on (0,T), (3.2)
S(h,v)(T, ) =0 in .

Proof. Let y = y(h;v,g9) = y(t,x; h;v, g) be the solution of (1.1). Then we write

y(h;v, g9) = y(h;v,0) +y(0;0,9), (3.3)
where y(h;v,0) and y(0;0, g) are respectively solutions of
Yyt (h;v,0) = (k(x)yz (h;v,0)), + aoy(h;v,0) vxo +hxe in @,

y(t,1;h;0,0) = y(¢,0; h;0,0) = 0 on (0,7, (3.4)
y(0,z;h;v,0) = 0 in Q



and

4:(0;0, 9) — (k(x)y ( 19))s +a0y(0;0,9) = 0 in @,
y(t,1;0;0,9) = y(¢,0;0;0,9) = 0 on (0,7), (3.5)
y(0,500,9) = g in Q.
Since g € L*(Q) and (v,h) € L*(Or) x L*(wr), we know that y(h;v,0) and y(0;0,g) belong to
L2((0,T); H}()). Using the decomposition of the state equation (3.3), we obtain

J(hsv, g) = J(0;0,9) + J(h;v,0) = |zl 720r) + 2/T y(h;v,0)y(0;0,9) dadt, (3.6)
Od
where
J(h;v,0) = / ly(h;v,0) — z4]? da:dt—|—u/ |v|? dadt, (3.7a)
or Or
70:0,9) = [ Iy(0:0,9) = 2 dadt (3.70)
of

Now, if we multiply the first equation in (3.2) by y(0;0, g) and integrate by parts over ), we obtain
[, vlt0.00(0:0,9) dodt = [ S(0.2:10) g
or Q

Combining this latter equality with (3.6), we deduce (3.1). =
Using the previous lemma, we have the following result:

Lemma 3.2
Let h € L*(wr) and v > 0. Then, the optimization problem (1.7) is equivalent to the following
optimal control problem: find v¥ = v7(h) € L*(Or) such that

JY@W) = inf  J'(v), 3.8
(v7) seinbo s (v) (3.8)

where .
J7(v) = J(h;0,0) = ||2dll 2 o) + 5 1S (0,5 b, 0) |72 (3.9)

Proof. Using the decomposition (3.1), we have

sup Ji(h;v,g) = sup {J(h;v,g) —J(0;0,9) — v |\9Hi2(sz)}
gEL2(Q) gEL2(Q)
Y
= J(h;v,0) — sz||L2(OT) +2 sup {/ S(0,z;h;0) g dx — 5 |9||i2(sz)} .
geEL2(R) 2

By means of the Fenchel-Legendre transform, we obtain

Y 1
2 sup {/QS(O,x;h;v)g dr — ) ||9|2L2(Q)} = ; IS (0, ';k,v)||iz(ﬂ).

geEL2(Q)

Therefore,



1
sup Ji(hsv,9) = J(h;v,0) - ||Zd|‘iz(o§) + =150, kﬂ’)”i%g)
9eL?(Q) v
= J'(v).

Consequently, the optimization problem (1.7) is equivalent to the standard optimal control problem
(3.8). m

(3.10)

Remark 3 If we consider the functional (1.2) with v = 0, then optimization problem (1.7) becomes

inf sup [J(h;v,g) — J(0;0,9)]. (3.11)

veL2(Op) geL?(Q)

Then we deal with the no-regret control problem. Therefore in view of (3.1), the no-regret control
denoted ¥ belongs to the set

U= {’U € L*(Or) such that / S(0,z;h;v)gde =0, Vge LQ(Q)} . (3.12)
Q

3.2 Proof of Theorem 1.

To prove Theorem 1, we proceed in three steps.
Step 1. We prove that for any h € L?(wr) and v > 0, the optimization problem (1.7) has a unique
solution v” = v (h) € L?(Or).

Solving the optimization problem (1.7) is equivalent to solve the minimization problem (3.8) (see
Lemma 3.2).
For any v € L*(Or), we have J7(v) > _szHi?((’)g)' Indeed by taking v = —hy, (knowing that
w G O), we obtain

TY(@) = ullh3ary = ~llzal220n)-

Consequently, the set {J'V(U) 2 J7(v) > —||zd||%2(
set of R. Then, the minimum of J7, j = inf
v, € L?(OY) such that

ory U E L? ((’)T)} is a nonempty and lower bounded
d

L2 J7(v) exists and there is a minimizing sequence
veL2(wp

lim J7(v,) = j.
n—oo
Using classical arguments (see e.g. [12, 31, 17]), we prove that the minimization problem (3.8) admits
a unique solution. Therefore the optimization problem (1.7) has a unique solution.
Step 2. Now, we prove that the solution v? of the optimization problem (1.7) (or equivalently (3.8))
is characterized by (1.10)-(1.14).
To characterize the optimal control v7, we write the Euler-Lagrange optimality conditions:

JY(07 + ) = JV(v7)

_ 2
lim 5 =0, YuelIL2(Or). (3.13)
After some calculations, (3.13) gives,
0 = / 7 (y(h;v7,0) — zd)d:vdt—i—u/ Vv dzdt
oT Or
(3.14)

+ l/5’(0,:10;I"L;U)S(O,gc;h;v"Y) dz, Yve L*(Or),
Q

10



where 5 = y(t, x;0;v,0) and S(0;v) = S(t,z;0;v) are respectively solutions of

Ut — (k(2)Uz), + a0y = wvxo in Q,
§t0) =g(t1) = 0 on (0,7), (3.15)
g(0,) = 0 in €
and B B
~8 — (k(2)S.), +a0S = gxo, I Q,
S(t,0)=5(,1) = 0 on (0,7, (3.16)

S(T,) = 0 in Q.

To interpret (3.14), we use p” and ¢" respectively solutions of (1.13) and (1.14). So if we multiply
1

the first equation of (3.15) and (3.16) respectively by ¢” and \/—_pV and integrate by parts over @, we
Y

respectively obtain:

1
/ g (y(h;vW,O) — 24+ —p”) dxdt = / vq'dz dt (3.17)
or Nal or
and . )
—/ S(0, 2; h;v) S(0,z; h;v") do = —/ gpYdax dt. (3.18)
Q V7 Joz

Combining (3.14), (3.17) and (3.18) we obtain:

/ (v +q")v dedt =0, Yo € L*(Or).
Or

Therefore 1
v’ = ——¢" in Or.
I

Step 3. To complete the proof of Theorem 1, we establish in the following Proposition, the estimate
(1.15) and the associated states.

Proposition 3.1 Let h € L?(wr) be given. Let also v7 = v7(h) € L?(Or) be the solution of (1.7) (or
equivalently (3.8)). Let also (v7, y¥, S7, p7, q"7) be the unique solution of (1.10)-(1.14). Then, there
exists a constant C' = C(T, ||al| = (@), ) > 0 independent of y such that

[V [22000) < CU)UIRll 22w + |2dllL2(0m)) (3.19a)
197 |22 0,7):1 () < CUlAllz2wr) + lIzall2(or)); (3.19b)
||S’Y||L2((O,T);H,i(ﬂ)) < C(||h||L2 (wr) T ||Zd||L2(OT )s (3.19¢)
P71 L2 0,7y 12 () < CIl 2 @wry + 1zall L207)); (3.19d)
1
—p" < C([[7l[z2Qu) + lIzallL2(01)) (3-19e)
AR 2T @ 1)
g 20,y m2 () < ClE 2wz + Izall 201, (3.19f)
1
NGl 1500, 50 12y < C) Il z2(wr) + l|ZallL2(o1)), (3.19g)
1500, 50| L2y SVYC) IRl L2(wry + 1zall L2(01))- (3.19h)
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Proof. It is clear that from (3.19g), we have (3.19h). Since v = v7(h) € L?(Or) is the solution

of (3.8), we have:
JY(v7) < J7(v), Vv € L*(Or).

Hence, we take v = —hx,, and since w & O, we obtain
J(W7) < T (=h) = k]2

It then follows from the definition of J7 given by (3.10) that
1
Th:07,0)+ Z 10,0y < lzalliaiop) + 1Al Ercany
which in view of (3.7) implies that

ly(h; 07, 0)llL2(q) < llzdll 207y + VEllRl L2 (0r),

1
v L2(0r) S—u||2d||m(og) + 1Al L2(wr)

7

1
— 1500, 50"l 2y < Nlzdllzz(0my + vl L2wr) -

V7

(3.20a)

(3.20Db)

(3.20¢)

Hence, we obtain from (3.20b) and (3.20c), the relations (3.19a) and (3.19g). In view of (3.19a) and
(1.11), we deduce (3.19b). Using (1.12) and (3.20a), we obtain (3.19¢). From (3.19g) and (1.13), we

deduce (3.194d).

1
Now, we want to establish the estimate (3.19¢) for Tp’y. Combining (3.14) and (3.18), we have:
v

0 = / gj(y(h;v”,O)—zd)dxdt—i—u/ oo dadt
or Or

1

T

/ gp'drdt, Vv e L*(Or).
o7

Consider the following set
E={y), velL*(Or)}.

Then € C L?(Q). Define on € x £ the inner product:

<mmemg=/

vwd:bdt—i—/ g)g(w) dxdt, Yg(v),glw) € €.
Or

Q
Then £ endowed with the norm

15)IE = [vll720,0) + 17(W)72q), V() €€

is an Hilbert space.
1
We set T, (v7) = 7]9”. Then in view of (3.21), we have for any v € L?(Or),
Y

/ T,(v)y(v) dedt = —/ 7 (y (h;v7,0) — zq) dxdt—,u/ v7v dz dt.
of o

Or

12

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



In view of (3.19a) and (3.20a), we have

_/ y(y(h;v7,0) — 24} dwdt—u/ vV dz dt
o7 Or

where C = C (||zd||L2(o§), ||h||L2(wT);,U') > 0 is a constant independent of 7. It then follows from
(3.25) and (3.26) that

< Cllg()lle, (3.26)

< Cllg(o)lle-

/ Ty (v")y(v) dedt
of

This means that )
I )l = H\Tfﬂ

So, we get the estimate (3.19e).
Using (3.19b) and (3.19¢), we deduce from (1.14) the estimate (3.19f). The proof of Theorem 1 is
complete.

[

In particular,

<C.

L2(Q)

Remark 4 Note that with the estimates (3.19a)-(3.19h) obtained in Proposition 3.1, we can extract
subsequences still denoted by vV, y¥, S7, p¥ and q" such that when v — 0 we have the following
convergences:

v = O weakly in L*(Or),

Yy —  § weakly in L*((0,T); Hi(Q)),
S7 — S weakly in L*((0,T); HL(Q)),
q7 — 4 weakly in Lz((O T); H;i (Q)),
p? = p weakly in LQ((O,T), 11(9))

L

1
— S5 (0,z; h;v" w1 weakly in L*(),
7 ( ) 1 ()
S(0,z;h;07)  — 0 weakly in L*(Q),

1
—p" —  wy weakly in L*(Q).

ﬁ

Using the previous convergences, we can take the limit as v — 0 in the optimality system of Theorem
1 and obtain that the low-regret control v converges toward the no-regret control © = o(h) € L*(Or)
which belongs to the set U (defined in Remark 3). However, the no-regret control 0(h), the functions
w1 and wo do not depend linearly on the control h. This is why in Section 5, we study the null
controllability of the state equation associated to the low-regret control vV, i.e. to the system (1.10)-
(1.14).

13



4 Carleman inequality

In this section we establish an observability inequality that allows us to prove the null controllability
of system (1.11)-(1.14). We recall that the null controllability problem is related to the observability
of a proper adjoint system. Now, for pJ. € L?(f2), we consider the adjoint system of (1.11)-(1.14):

—pi — (k(x)p}), +aop” = (W +¢")xo, in Q,
p(t,0)=p7(t,1) = 0 on (0,7),
p(T,) = pp in  Q,
O — (k(x)]), +aoy” = n @,
Yr(t,0) =97(t,1) = 0 on (0,7),
wv(()? ) = %CV(Ou ) mn Qa
o — (k(x)p]), +aod” = —%pVXo in Q,
¢7(t,0)=¢"(t,1) = 0 on (0,7),
#7(0,-) = 0 in
and )
—¢ = (k(2)(7), +aol” = ﬁcﬁ in Q,
¢(t,0)=¢"(t1) = 0 on (0,7),
(T, = 0 in Q.

If we set ¥ = ¢7 + 97, then in view of (4.2) and (4

ol — (k(z)el), +aoe” =
o' (t, O) = Q’Y(tv 1)
Q’Y(Oa ) =
where p?7 is the solution of
k@)p), + aop”

= (
p(t,0) =p"(t,1)
p'(T;-)

—p!

Remark 5

.3), 07 is solution of

1 .
_EPVXO n  Q,
0 on (0,7,
1
—¢7(0,:) in Q,
val ©.)
= 0'xo, In Q,
=0 on (0,7),
= pr in Q.

(4.1)

(4.3)

(4.6)

For the sake of simplicity, in this section, we will omit the gamma in system (4.1)-(4.6). Instead
of p7, Y7, @7 and (7, we will be using p, ¥, ¢ and { throughout this section.

Classically, to establish Carleman inequality, we state first some weight functions according to the
nature of the model. In our case, these functions are stated in follow:
since Og Nw # (), then, there exists a non-empty open set w; € Oy Nw. Let us introduce the function

o given by
{ o€ C[0,1]),0(z) >0 in
ox(x) A0 in [0,1]\ wo,

14

(07 1)a U(O) = 0(1) =0,

(4.7)



where wy € w1 € Og Nw is an open subset. We refer to [13] for the existence of such a function o.
Let 7 € [0,1) be as in the assumption (2.1) and r,d € R be such that

4in(2) an 5
Z Tolle ™92t (48)

r

k(1)(2 — 1) (e2rlolle — 1) 4(e2rllolle — erllolieo)
dk(H)y(2—7)—1 3d

empty (see [1]). We can then choose A in this interval and for r, d satisfying (4.8); let’s define the

following functions:

If r and d verify (4.8), then the interval I = is non-

ot) = ﬁ Vte (0,T), o(x) :_)\(/Om%y) dy—d),

olt,2) = O(1)5(x), (t,z) = O(t)e" @), (4.9)

\I/(ac) _ (ero(w) _ eQTHUHoo) , (I)(t,x) = @(t)\ll(ac)

Using the second assumption in (4.8) on d, we observe that §(z) < 0 for all z € [0,1]. Moreover, we
have that ©(t) — +oc as t tends to 07 and T~. Under the assumptions (4.8) and the choice of the
parameter \, the weight functions ¢ and ® defined by (4.9) satisfy the following inequalities which are
needed in the sequel:

4
gégsogfb on @, (4.10)
20 < ¢ on Q.

The following result is the Caccioppoli’s inequality associated to systems (4.5)-(4.6). This result
will be also useful for the rest of the paper.

Lemma 4.1 (Caccioppoli’s inequality)[20]
Let W' be a subset of wy such that w' € wy. Then, there exists a positive constant C' such that

T T
/ / (P2 + 02) e*?dzdt < C'/ / s20%(p? + 0%) €**% dx dt, (4.11)
0 w’ 0 w1

where the weight functions ¢ and © are defined by (4.9).
We state the following carleman type inequality in the degenerate case, proved in [5, 6].

Proposition 4.1
Consider the following system with f1 € L*(Q) and zr € L*(),

-2 — (k(z)2z)e = [ in Q,
z(t,0) =z(t,1) = 0 on (0,7), (4.12)
2(T,) = zr in .
Then, there exist two positive constants C' and so, such that every solution of (4.12) satisfies, for all
s > sg, the following inequality:

15



2
/ (5363 RN s@k(x)zi) e*? dx dt < C’/ |f12e**¢ da dt
Q k(@) Q
T
+Csk(1) / 022(t, 1) ™D gt (4.13)
0

where © and ¢ are given by (4.9).
The second result is stated in the following proposition.

Proposition 4.2
Consider the following system with f € L*(Q) and zr € L*(Q),

—zt — (k(2)zz)e +aoz = [ in Q,
z(t,0)=2(t,1) = 0 on (0,7), (4.14)
z2(T,:) = zr in S

Then, there exist two positive constants C' and s1, such that every solution of (4.14) satisfies, for all
s > s1, the following inequality:

2
/ (536333—22 + s@k(x)zi) e*? dx dt < C/ |fI2e**¢ da dt
Q k(z) Q

T
+Csk(1) / 0:22(t, 1)) g, (4.15)
0
Proof. To show the inequality (4.15), we apply the last inequality (4.13) for the function f; =

f — apz. Hence, there are two positive constants C' and sg, such that for all s > sg, the following
inequality holds:

2
/ 3032 24 sOk(x)22 ) e dx dt < C/ |f12e**¢ da dt
Q k(z) Q
T
+Csk(1)/ 022(t, 1)t dt.
0

On the other hand, using Young inequality, we have

/ |f1%e25 da dt < 2 </ |f|2e®5° dx dt + ||a0||io/ |22 dx dt) .
Q Q Q
2

x
Now, applying Hardy-Poincaré inequality (2.12) to the function e®*¥z, the fact that £ — —— is

k(x)
non-decreasing and using the definition of ¢, we obtain
1 k
/ |z|2e?% dedt < —/ (—926)|z|26259" dx dt

< — [ k(@) ((e%%2)y)° dadt

KD Jo :
< < (/ $2A202 L ¢25¢ 2 4y it —I—/ k(x)e?*? 22 da dt> .

k(1) \Jq k(x) Q

16



Thus,
/|f1|2e25*"dxdt < 2/ |f|?e**? da dt
Q Q

C z?
+2]|aol|?, (/ $2N202% 25,2 dxdt—i—/ E(x)e*? 22 da dt)

Using the fact that there exist a positive constant M7 such that
1< M;© and 0% < M,0°, (4.16)

we obtain

2
/ (s?’@?’%zz + s@k(x)zi) e da dt
Q x

T
S20/ |f|2625@d$dt+05k(1)/ 022(t, 1)t gt
Q 0
22
+Cl/ (S2@3—22+®k T zi) o259 dos di.
Q k(x) (=)

Taking s > s; = max(sg, 2C}), we obtain (4.15). This completes the proof. m
The next result is concerned with a carleman type inequality in non degenerate case.

Proposition 4.3 [/7]
We consider the following system with f € L*(Q), ag € L*°(Q) and k > 0 belong to C([0,1]):

—z — (k(2)2e)e +a0z = f in Qu,
{ Z(t,bl):z(t,b(;) 0 on (OI:T)7 (4.17)

where Qp := (0,T) x (b1,b2), (b1,b2) C [0,1]. Then, there exist two positive constants C' and sa, such
that every solution of (4.17) satisfies, for all s > sa, the following inequality:

T
/ (830322 + sn22)e?* P da dt < C (/ |f|2e®*? da dt + / / 3222 do dt) , (4.18)
Q b 0 w1

where the function n and ® are defined by (4.9).

Remark 6 By a change of variables t — T — t in systems (4.14) and (4.17), the inequalities (4.15)
and (4.18) remain true.

4.1 An intermediate Carleman estimate

Now, we state and prove an important result of this paper, which is the intermediate Carleman estimate
satisfied by the solutions of systems (4.5)-(4.6). This inequality is obtained by using the Carleman
estimates (4.15) and (4.18), the Hardy-Poincaré inequality (2.12) and the Caccioppoli’s inequality
(4.11).

Theorem 4.1

Assume that the hypotheses (2.1) on k are satisfied. Then, there exist two positive constants C and
84, such that every solution o and p respectively of (4.5) and (4.6) satisfy, for all s > s4, the following
inequality:
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2

2
303 L 2 2\ 2sp 303 L 2 2\ 2sp
/Q(s C) —k(a:)g —i—s@k(:v)gm) e dxdt—i—/Q (s © —k(a:)p —i—s@k(:v)pm) e**? dx dt

T
< C/ / s303(0* + p?)e*** da dt. (4.19)
0 wi

Proof. Let us choose an arbitrary open subset w’ := («, ) such that w’ € wy. Let us introduce
the smooth cut-off function £ : R — R defined as follows:

OS§§ 17 .IER,
z €10, al, (4.20)

17
&(xz)=0, xelB,1].

Let ¢ and p be respectively solutions of (4.5) and (4.6). We set 9 = g and p = £p. Then, g and p are
respectively solutions to

5 — (k(@)52), + a8 = —%ﬁm — (k@) 0), — & k(@)ee 0 Q,
5@) O) = §(t7 1) = 01 on (O; T), (421)
Q(Ov ) = WC(Ov ) in Q,

and

pt0) = p(t,1) = 0 on (0,T), (4.22)

{ —pt — (k(x)ﬁm)m +aop = oxo, — (k(x)é p)m — & k(x)p, in Q,
p(T,:) = pr in Q.

~ 1
Applying Proposition 4.2 for g solution to (4.21) with f = ——pxo — (k(z)& 0), — & k(z)o., using
1
Young’s inequality and the fact that p,(¢,1) = 0, we obtain

c /Q Hﬁx@ — (b(@)er 0), — & k(x)ox

2
/ <53®3x—§2 + s@k(x)@i) e dy dt
Q

2
e dx dt (4.23)

IN

< CQ/Q [0° + ((k(2)€20)s + k(z)és04)7] €57 da dt.

Moreover, using again Young’s inequality and the definition of the function £, we have

/ (k(2)€20)x + k(2)€r0:)?e* ¥ drdt = / (k(2)€2)z0 + 2k(2)€, 0.)%€*5? da dt
Q Q

< [ Rk + 86262 0 e
Q

IN

T
Cs / / (0% + 0%) e**¥ dx dt. (4.24)
0 w’
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2
On the other hand, we note that % is non-decreasing. Applying Hardy-Poincaré inequality (2.12)
x

with the function e*?p and using the definition of ¢, we get:

1 k
/ pre®Pdrdt < —— / ﬂ;~)2(3259" dz dt
Q Q

k(1) 2
< o [ k@I P
- k() Jo
2
< 04/ k(x)ﬁfﬁezss"dxdt—i—(}%/ 829296—52625“" dx dt.
Q Q k(z)
Using (4.16), we get
2
/ 72 dx dt < Cg / Ok(x)p2e2 % du dt + Cr / $203 2 32e2%% dz dt. (4.25)
Q Q Q k(z)

Combining (4.23), (4.24), and (4.25), we obtain

T
/ ( 393 g(c )g + sOk(x)o )625“’ dx dt < Cg/ / (0% + 02)e**% dx dt
Q 0 w’

+Cﬁ/ Ok(x)p2e?s® dxdt+C7/ 5?03 g(c )p p2e?? dx dt. (4.26)
Q Q

Applying the same way with p solution of (4.22), we obtain

T
/ ( 393 g(c )p + sOk(x)p )625“’ dx dt < Cg/ / (p? + p2)e**% dx dt
Q 0 w’

+Cg/ Ok(x)g2e?*¥ dwdt—i—Clo/ s20% —— v 0%e?? dx d. (4.27)
Q @ k@)

Combining (4.26) and (4.27), we obtain

2 2
/ <s3@3%@2+s@k(@@§) 625“"dxdt+/ ( 39° ‘f )p + sOk(x) 1) ¢ dz dt
Q Q

2
<y </ Ok(2)(22 + p2)e QSwdde/Qs?@B%@% )e2s® d:z:dt)

+Cl2/ / (0* +p* + 02 + p2)e*P dx dt.
0 w’

Taking s > s3 = max(sy,2C11), we obtain
/ <83®3x—2§2 + SGk(:E)EQ) ¢ dx dt + / (83933:—252 + s@k(m)ﬁa) e da dt
Q k(z) ! Q k(z) !
T
< 012/ / (0* +p* + 02 + p2)e* P dx dt.
0 w’
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Thanks to Caccioppoli’s inequality (4.11), this latter inequality becomes

/Q( s303 ‘fQ)g + sOk(z) 1) 625<Pd3:dt—|—/Q ( 393 fz)p + 5Ok(x) m) 2P adt (4.29)

< 013/ / s20%(0* + p?)e**¥ dx dt.
0 w1

Now let 9 = ¥p and p = ¥p with ¥ = 1—¢. Then, the support of g and p is contained in [0, T] X [, 1]
and are respectively solutions to

Et - (k(‘r)gz)z ‘a0 = _%EXO - (k( )01 Q) - 19 k(x)gw in Qou
E(tv O) = @(ta 1) = 01 on (07 T), (429)
0(0,)) = WC(O’ ) in Q
and
—py — (k(x)p,), +aop = oxo, — (k(@)0s p), — Ve k(x)pz In Qa,
p(t,0) =p(t,1) = 0 on (0,7), (4.30)
ﬁ(T7 ) = ET in Qu

where, Q, = (0,T)x (e, 1). Since on @Q,, all the above systems are non degenerate, applying Proposition

1
4.3 on g solution of (4.29) with by = o, bp = 1 and f = ——pxo — (k(2)0, 0), — Uz k(x)0s, we get
W

2
e2*® dx dt

/ (s°n°2° + sno2) €T da dt < 014/ ‘—%ﬁ)«o — (k)05 0), — Vs k(2)0s
Q Q

T
+Cl4/ / 303 0%e*® da dt.
0 wi

Using Young’s inequality, we obtain

/ (s*n*0® + snp2) e**® dwdt < Cis / 7?4 ((k(2)920)x + k(2)0502)%]>® du dt
Q Q
T
+Cl4/ / 33 0%e®?® dx dt. (4.31)
0 wq

Moreover using again Young’s inequality and the definition of the function ¥, we have

/ (k(2)9:0)s + k(z)Vs0:)%e**® drdt = / (k(2)92)z0 + 2k(2)0,0,)*e*® dx dt
Q Q

IN

/ [2((k(2)92)2)20 + 8(k(2)0,)2 2] *® du di

IN

Clﬁ/ / Q +Qm 25(1) dl‘dt (432)
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2

On the other hand, since % is non-decreasing, and thanks to Hardy-Poincaré inequality (2.12), we
x

get,

AN

1 k(x)
—2 2s5d — _sP\2
6 — s® 2
< [ k@)pe),  dwat
< Cir | k(2)p2e*?® dx dt—l—Clg/ 2?52 e ® du dt.

Q Qk(x)
Using (4.16), the fact that k € C([0;1]) and = € L>(Q), we get

/ 72X ® drdt < Cig / np2e®?® dr dt + Cgo/ $?n3p2e®® du dt. (4.33)
Q Q Q

Combining (4.31), (4.32) and (4.33), we obtain
T T
/ (83773@2 + sn@i) 2 dr dt < Con / / (0® 4 02)e**® da dt + Cyy / / $3030%e?*® dx dt
Q 0 w’ 0 w1
+Cg3/ nﬁiezsq) dx dt + 024/ $2n3e?*® dx dt.
Q Q
Applying the Caccioppoli’s inequality (4.11) to the latter inequality, we are lead to
T
/ (s*1%0% + sno2) e*** du dt < Oys / / s303(0% + p?)e*® dx dt
Q 0 w1

+023/ npee?s?® dx dt + 024/ 2352 ? dx dt. (4.34)
Q Q

Applying the same way to 5 solution of (4.30) with source term f = oxo, — (k(x)9, p), — Vs k(2)pa,
we obtain

T
/ (s*1°p% + snp2) €**® dz dt < Cse / / s20%(0? + p?)e**® dr dt
Q 0 wq
+Cg7/ no-e?® dx dt + ng/ $?n35%e®® dx dt. (4.35)
Q Q
Combining (4.34) and (4.35), we obtain
/ (53773§2 + sn@i) e2® dx dt + / (sgngﬁQ + snﬁi) e dg dt
Q Q

< Cayg </ n(2% +72)e*® du dt —|—/
Q

23 (22 +72)e*® dx dt) (4.36)
Q

T
+Cj5 / / 303 (0% + p?)e*® du dt.
0 w1
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Taking s > s4 = max(s2,2C59) and using the fact that 3@ > 1 and ¢"®) > 1, we obtain

/ (s°©%0" + s072) e d dt + / (s°©%p* + s0p2) e dy dt (4.37)
Q Q

T
< Cgo/ / s303 (0% + p?)e*® du dt.
0 w1

2

Thanks to (4.10), the fact that & € C(]0,1]) and the function % is non-decreasing, one can prove
x

the existence of a constant C' > 0 such that for all (¢,z) € (0,T) X [a, 1], we have

2
¥ < 0P k(x)e?? < Ce®?. (4.38)

2s¢p < 2s5P
e s e R k(:l?)

Using (4.37) and (4.38), it follows that
/ <8393x—2§2 + 8@k($)@2) ¢ dx dt + / (83®3x—2ﬁ2 + s@k(:v)ﬁ) e d dt
Q k(x) ’ Q k(x) ’

T
< Cgl/ / s303(0? + p?)e**? da dt. (4.39)
0 wq

Combining (4.28) and (4.39), and using the fact that e25¢ < e?*® we obtain
22
/ S8 (2 +77) + sOk(2) (B2 +32) | 2 da dt
Q k(x)

2
33$~2—2S W2+ 52) ) 25 da '
+/Q(s °) —k(x)(p +7°%) + sOk( )(pm'i‘pm)) dx dt (4.40)

T
< 032/ / 8363(92 + 1)2)(328(1> dx dt.
0 wi
Using the fact that o = 0+ 9 and p = p + p, then we have

o> <2 (2 +12P) , 1o <2 (1A + 17%) . loxl* < 2 (12af* + [2:1%) , lpal* < 2 (15a]® + [7.[7) - (4.41)

Combining (4.41) and (4.40), we obtain

2 2
303 L7 2 2\ 2sp 303 L7 2 2\ 2sp
/Q(s C) —k(a:)g —i—s@k(:v)gm) e dxdt—i—/Q (s © —k(a:)p —i—s@k(:v)pm) e**? dx dt
T
§C33/ / s20%(0? + p?)e?*® dx dt.
0 wi

This complete the proof. m
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4.2 An observability inequality result

This part is devoted to the observability inequality of systems (4.5)-(4.6). This inequality is obtained
by using the intermediate Carleman estimate (4.19).

Proposition 4.4
Under the assumptions of Theorem 4.1, there exist two positive constants C and sy, such that every
solution o and p of (4.5) and (4.6), respectively, satisfy, for all s > s4, the following inequality:

2 2
/ (3363%& + S@k(m)gi) ¢ dx dt + / (SBGB%pQ + s@k(m)pi) e da dt
Q Q
< 057/ |p|? da dt. (4.42)
wr

Proof. To get the inequality (4.42), we will eliminate the local term corresponding to ¢ on the
right hand side of (4.19). So, let wy be a nonempty open set such that w1 € wy € Oy Nw. Let’s

introduce as in [37], the cut off function & € C§°(€2) such that
0<é<Tin®, E=1inwy, £=0in 2\ we, (4.43a)
51‘1‘ [e’e} 51 [e'e)
m €L (LLJQ), m e L (WQ). (443b)

Set u = 5303¢2*®. Then u(T) = u(0) = 0 and we have the following estimates:

ug| < s°0%*Pe, |(uf)e] < Os'O%e* ¢,

(4.44)
|(u€).| < Cs'0%e®PE, |(a()(u€)s)o| < C5°O°*,
where C' is a positive constant.
If we multiply the first equation of (4.6) by u€p and integrate by parts over @), we obtain
1 0
[ weloro dvdr+ [ 00”5 avar— [ (kw06 oo dode
rlo @ O Q
=2 [ K@) upes dodt = [ ueloP oot (4.45)
Q Q
If we set 1 P
J1 = ——/ uélpl*xo dxdt, Jy :/ p@ﬂ dz dt,
e Q 0t
J3 = —/ (k(z)(u€)e)a po ddt, Jy = —2/ k() (ug)apon dx di,
Q Q
then (4.45) can be rewritten as
Ji+ o+ Js+ Jy = / uléol*xo,dz dt. (4.46)
Q
Let us estimate J;, ¢ = 1,--- ,4. Using the Young’s inequality, we have
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1
J < —/8393625@§|p|2da@dt
HJQ

1 x? T ( )
< 5 8363—625“’|p|2dxdt+034/ / 5§23 2 e2522=9)| 12y dt,
2/”“ Q k(x) 0 w2
Jo < Css / 510°e®%¢|po| du dt
Q
51 I2 T ( )
< = 5363—625“’|g|2da:dt—|—036/ / $PQT L 25 (20— “")| |2da dt,
2 Q k(fl;) 0 w2
J3 < C37/s5®5e25¢§|pg| dx dt
Q
52 $2 T ( )
—= 8393—625“’|Q|2d:§dt+038/ / 5TOT2e2522=9) | 512y dt,
2 Q k(.I) 0 wa
Jy < 039/s4®4k(x)625¢§|pgx|d:rdt
Q
J3 T
< 5 sOk(z)e>*?| 0y |2dx dt + Cyo / / sTOTk(2)e?*=9) | p|2dx dt.
Q 0 wa

1 1
Finally, choosing the constants §; such that §; = d3 = — and 3 = rok where C is the constant

obtained in Theorem 4.1, it follows from (4.46) and the previous inequalities that
T 1 z?
/ / s20%e® g dx dt < —/ 5303 lo|* 4 sOk(x)|0x|* | €**Pdx dt
0 w1 2C ( )

+ / / . 2W|p|2dxdt
wa

+ 038/ / 7@7 2.9(2<I> ga)|p|2d$dt
P

+Cyo / / 57Ok (x)e25 2= | p|2dx dt.
0 wo

Combining (4.19) with (4.47) and taking p large enough, we obtain
2 2
/ ( 33 ‘f o 2 | sOk(z)o ) 625“"dxdt+/ ( 3g3 ‘f 0 2 1 sOk(z)p ) 2% dg dt
Q Q

< Cy </ / 767 e252%=9)| |2da:dt+/ / sTOTk(x)e?(22=9) | p|? da:dt) (4.48)

k
Note that @
T

A

(4.47)

and k(z) are bounded on ws. Furthermore, thanks to (4.10), we have 20 — ¢ < 0 and
consequently, ©7¢?*(2®=¢) ¢ [,°°(Q). Then, using (4.48), we obtain
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2

2
303 L 2 2\ 2sp 303 L 2 2\ 2sp
/Q(s C) —k(a:)g —i—s@k(:v)gm) e dxdt—i—/Q (s © —k(a:)p —i—s@k(:v)pm) e**? dx dt

T
< 04257/ |p|? dx dt. (4.49)
0 w2

Using the fact that, ws C w, we deduce (4.42). m
Now, we are going to establish the observability inequality of Carleman in the sense that the weight
functions do not vanish at t = 0. We define the functions ¢ and © as follows:

@<§,x> if te O,%],
B(t,x) = , (4.50)
(t,x) if te E’T]

and

B © (%) if te O,% ,
o) = (4.51)
T

where the functions ¢ and O are defined in (4.9). In view of the definition of ¢ and O, the functions
@(.,x) and O(-) are non positive and of class C! on [0, T[. From now on, we fix s = s4.
We have the following result.

Proposition 4.5

Under the assumptions of Proposition 4.4, there exist two positive constants C = C(||aol| 1~ (q), T)
and s4, and two positive weight functions k and 7) such that every solution ¢ and p of (4.5) and (4.6),
respectively, satisfy the following inequality:

1
/Ko2|¢|2dwdt+/ A—2|p|2dxdt§C/ |p|? d dt. (4.52)
Q Q" wr

Proof.

We proceed in two steps.
Step 1. We prove that there exist a constant C' = C(||aol| = (g),T") > 0 and a positive weight function
7 such that

/ %|p|2d:cdt < c/ |pdadt. (4.53)
Q" wr
Let us introduce a function 8 € C1([0,T7]) such that

0<B<1, B(t)y=1forte[0,T/2], B(t) =0fort € [3T/4,T], |#'(t)] < C/T. (4.54)

For any (t,z) € Q, we set
2(t, @) = B(t)e " T Dp(t, x),

where r > 0. Then in view of (4.6), the function z is solution of
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o= (k(@)z), F vzt = BT gy, — Fe Ty i Q.
z(t,0) = z(t,1) = 0 on (0,7), (4.55)
2(T,)) = 0 in Q.
Using the classical energy estimates for the system (4.55), we get

2

1
—_ 07. 2 H k - _ . -1 2
2120 Eaey + Vi |, o+ (= llaollz=@) = 1) l=lZa)

1 [37T/4 1 [3T/4
< —/ / lo|? d:z:dt+—/ / |p|* d dt.
2o Q 2 )12 Ja

3
Hence, if we choose in the latter identity r such that r = |lao|| gy + 3 and using the definition of 3

and z, we deduce that

T/2 3T/4 3T/4
/ / 1p|? dadt < C([lao| L= (q), T) (/ lo]? dacdt—i—/ Io[? dacdt> .
0 Q 0 Q T/2 Q

Now, using the fact that the functions @ and © defined by (4.50) and (4.51) respectively have lower
and upper bounds for (¢,z) € [0,7/2] x €, then introducing the corresponding weight functions in the
above expression we get:

~ 3T/4 3T/4
Kio.z/21(p) < Cllao]l (o), T) (/ / lo]? d:cdt—i-/ / pl? da dt) , (4.56)
0 Q T/2 Ja

~ b _ 2 _
Kia,n)(2) = / /Q 63%854“142 da dt. (4.57)

where

Adding the term IE[OyT/Q](Q) on both sides of inequality (4.56), we have

IE[OVT/Q] (p) + IE[O,T/2] (Q)

3T/4 3T/4 ~
< C(llaoll =@ T) / / of? ddt + / / o2 dwdt | + Kio.zo (o).
0 Q T/2 JQ

In order to eliminate the term IE[O7T/2](Q) in the right hand side of (4.58), we use the classical energy
estimates for the system (4.5) and thanks to (4.3)-(4.4), we obtain :

(4.58)

T/2 1 T/2
[ [ 1eP dvit < CllanlimianTon) [ [ oot
0 Q H 0 Q

where C(||ao|| L~ (@), T,7) is independent of y. The functions ¢ and © have lower and upper bounds
2

for (t,x) € [0,T/2] x 2. Moreover, the function x % is non-decreasing on (0;1]. Then, from the
x

previous inequality we obtain

_ 1 T/2 . 2 _
Rory(0) < 5 Clllaolmian 7o) [ [ 8 e® [pldoat. (4.59)
H 0 o kz)
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Combining (4.59) and (4.58) with u large enough, we obtain

N N 3T/4
Kio.7/21(p) + Kio,r/21(0) < C(llaollze(q),T) </T/2 /Q(|P|2 + |o|?) dx dt) . (4.60)

The functions ¢ and © defined in (4.9) have the lower and upper bounds for (¢,x) € [T/2,3T/4] x Q.
2

Moreover, the function s non-decreasing on (0;1]. Using (4.42), the relation (4.60) becomes

Kio/21(p) + Koyz(0) < Clllaoll= (@) T) (Kpryzar/4)(p) + Kij2,a1/4)(0))
(4.61)
< C(||ao||L°°(Q),T)/ |p|2ddt,
wr
where . .
Kion(z :/ /@333_6254@32 da dt. 462
w2 = ) O e (4.62)

On the other hand, since © = © and ¢ = @ in [T/2,T] x Q, we use again the estimate (4.42) and
we obtain

’E[T/2,T] (p) + E[T/ZT](Q) = Kiy2,(p) + Kiry2,1(¥)
(4.63)
< C/ |p|2dxdt.
Adding (4.61) and (4.63), we deduce
IE[O,T] (p) + E[O,T](Q) < C(||a0||L°°(Q)7T)/ Ip|? da dt. (4.64)

Using the definition of /E{a,b} given by (4.57), the inequality (4.64) becomes

2 2
B3 L 2% pJ2 d:cdt—i—/ 83225382 dz dt < C(||ao| Lo ,T)/ lp|? dwdt.  (4.65
/Q k(z) o k() L>=(Q) ( )

wT

If we set )

1 ~a T 5

i @3 2540

P k@
then, in view of (4.65) and (4.66), we deduce the estimate (4.53).
Step 2. We prove that there exist a constant C' = C(||aol| = (g),T") > 0 and a positive weight function

x such that

(4.66)

/ &|ol> dedt < C [ |p? dadt. (4.67)
Q wr
Let us introduce the function

o(t) = min o(t, x) (4.68)

and define the weight function  by:
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K(t) = ¥ e [0, T). (4.69)

0
Then & is a positive function of class C* on [0, T'). Furthermore, a—fis also a positive function on [0, T).

Now, multiplying the first equation of (4.3) by k?¢ and integrating by parts over , we obtain that

1d 1 o)
—— ,‘$2|<;5|2 dx—i—/ I€2/€(£L')|¢1|2 de = —/ k2 ag |<;5|2 dx — —/ K2po dx + 54/ f<a2—sp|<;5|2 dx
2dt Jg Q Q B Jo o Ot

Applying Young’s inequality on the second term of the right hand side of the previous equality, and

using the fact thata—f is a positive function on [0,7T), we deduce that

d

1
L 216P do < (2fall =) + 1) / R216P do + / R2loP da.
dt Jq Q w Ja

Using Gronwall’s Lemma and the fact that ¢(z,0) = 0 for z € €2, we obtain that

1
|k (t, z)|* dr < 6(2”“”L°"<Q)+1)Tﬁ/ w2|p|? dx dt, Wt € [0,T), (4.70)

Q Q

Using the definition of ¢ and k given by (4.68) and (4.69) respectively, we have

K2(t) < 21207 yp e Q. (4.71)
o1 00 : k(I) : :
Thanks to the fact that © " € L>(0,T) and that the function —5= is non-decreasing on [0, 7), then
x
using (4.71) we have
~ 2 o~
/ w2 p|? dadt < / @‘O’x—e2s4“"|p|2 dx dt,
Q Q@ k@

which combining with (4.70) and (4.53) yields

/ |kp|? dadt < C/ |p|2dz dt,
Q wr

where C' = C(||aol|=(q),T) > 0. Adding the latter inequality with (4.53), we deduce (4.52). =

5 Resolution of Problem 2: null controllability problem

In this section, we are concerned with the proof of Theorem 1.2. Recall that the main objective is to
prove the null controllability of ¢y at time 7. In this section, for any v > 0, we look for a control
h € L?(wr) such that the solutions of (1.11)-(1.14) satisfies (1.9).

To prove this null controllability problem, we proceed in three steps using a penalization method.
Step 1. For any € > 0, we define the cost function:

1

Ja(h) = 2—5 0

1
|y(T, .; h;v7 (R),0) dx + 5/ |h|? d dt. (5.1)

wT
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Then we consider the optimal control problem: find hY € L?(wr) such that

J.(hl) = inf  J.(h).

he€L2(wp)

(5.2)

Using minimizing sequences, we can prove that there exists a unique solution k2 to (5.2). Using an
Euler-Lagrange first order optimality condition that characterizes the solution h., we can prove that

T Y
hl =pl in wr

with p7 is the solution of the following system

—ple = (k@)ple), +aopl = (Y2 +61)x0, n Q
pl(t,0) =pl(t,1) = 0 on (0,7),
1
pg(Tu ) = _gy(Tu ~;hz§1ﬂ(hg)=0) in Qa
where ¢ and 7 are solutions, respectively of
wZE - (k((b) ;,s)w + aowg =0 in Qu
P2(t,0)=¢2(t,1) = 0 on (0,7),
1 .
v2(0,) = Vi 2(0,) in €,
1 .
(bt’Y,E - (k(l‘) ’my,a)w + ao(lﬂ = —;PQXO m Q7
¢(t,0)=¢(t,1) = 0 on (0,7),
$2(0,:) = 0 in Q

with ¢ which is solution of

1

_CZE - (k(l‘) ;,a)w + G’OCQ = ﬁ z in Qu
¢(t,0)=¢1(t,1) = 0 on (0,7),
QT = 0 in Q

and (y2, S2, p2, ¢7) is the solution of systems (1.11)-(1.14) associated to the control v?.

Step 2. If we multiply the first equation of (5.4), (5.5), (5.6) and (5.7) by y2, S2, p2

respectively and integrate by parts over @), we successively obtain the following equations:

1 1
/ hlpl dwdt+glly(T,-;hZ;vZ,O)II%2<Q> :/OT y2 (o2 +42) dwdt+;/ a2pl,
wT d

Or

/OT yJy) dedt = %/QS;V(O,I)Q(O,@ dz,

d

1 1
yl —zq + —p'y) o) dxdt = ——/ ql p? dx dt
\/(/)g (( € \//7 € € /,l, OT elre

1 / 1
— [ S2(0,2)¢(0,z dx——/ plol dedt =0.
NG (0,2)¢2(0,2) V7 Jor
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(5.3)

(5.4)

(5.7)

and ¢7,



Combining (5.8)-(5.11) together with (5.3), we obtain

1
2oy + 2T 2502, Oy = [ a0 dod,

d

1
which, using Cauchy Schwarz inequality and the fact that —zq € L?(OY) gives
K

1 1
el + (T, 2507, 0) ey < ngd

5621 1200 - 5.12
L2(0T) e lL2(Q) ( )

Now, if we apply the Carleman inequality (4.52) to p2 and ¢7 solutions of (5.4) and (5.5), respectively,
then there exists C' = C(||ao||L~(q),T) > 0 such that

/ K227 drdt < c/ |p2|? da dt. (5.13)
Q wr

Using (5.12), (5.13) and (5.3), we obtain that

! 1
1222 ry + ZI8(T, 3 B2 02, 0)[ 720 < ngd

[1Pell 22 (or) -
L2(0F)

Hence, it follows that,

1
120l ry < C H—zd (5.14)
k207
and X
ly(T, 5h2:02.0) 220y < CVE || =24 , (5.15)
ko llr2o1)

where C' = C(||aol| = (q), T) > 0.

Using the fact that h2 satisfies (5.14), we deduce that y2, S7, p? and ¢2 solutions of (1.11)-(1.14)
associated to the control v? verify the estimates (3.19) of Proposition 3.1. Then,we can extract
subsequences still denoted by h2, v, y2, S2, p? and ¢2 such that when € — 0, we have

hY — h" weakly in L% (wr), (5.16a)
v) = 97 weakly in L*(O7), (5.16b)
y? — 97 weakly in L?((0,T); HL(2)), (5.16¢)
52 —~ 87 weakly in L2((0,T); H-(R2)), (5.16d)
q? — ¢ weakly in L?*((0,T); HL(Q)), (5.16¢)
p? — p7 weakly in L*((0,T); HL(Q)), (5.16f)

1
—8(0,.;v7) = B weakly in L3(9), 5.16g
N (0, 50vd) () ( )
y(T,-;hY;v),0) — 0 strongly in L3(Q). (5.16h)
Arguing as in [12, 31], using convergences (5.16), we prove that (47, S, py ¢") is a solution of

(1.11)-(1.14) corresponding to the control 7 and satisfies (1.9).
Step 3. We study the convergence when ¢ — 0 of the sequences p?, ¥7, ¢ and (7.
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If we apply the Carleman inequality (4.52) to ¢2 and p? solutions of (5.4) and (5.6), respectively,
then there exists a constant C' = C(||aol| = (g),T") > 0 such that

1
/Ii2|¢g|2d$dt+/ ﬁ|pg|2d$dt§0/ |p2|? da dt. (5.17)
Q Q wr

In view of (5.3) and (5.14), there exists a constant C' = C(||ao|| £ (q),T’) > 0 such that

1
P2l L2(wr) < C H_Zd (5.18)
ko lizzo1)
Using (5.17) and (5.18), we obtain
, 12 2
1662172y + || =02 <C - A ; (5.19)
UL AIE) L(Q)

where C' = C(||aol| = (q),T) > 0.
Using the definition of ¢ and © given by (4.50) and (4.51), respectively, it can be readily seen that
there exists a constant C' > 0 such that

k> C and >C

S| =

and therefore we can obtain
2

1
1621220y + 1921320y < € H— o — (5.20)
L2(Q)
where C' = C(||aol| = (q),T) > 0. Using (5.5)-(5.7) and the inequality (5.20), we obtain
1
Ip2llz2) < Clllaollz=(q),T) P , (5.21a)
L2(07)
1
62 IL2(o.mymr )y < Clllaollze<(@), T 1) e ; (5.21b)
L2(07)
1
€2 M1 20,7y 12 (2)) SCllaoll=(q@), T 1,7 || = 2a ) (5.21c)
ko1
1
192N z2(0.mym ) < Clllaolln=(q), Ts 1) % : (5.21d)
L2(07)

In view of (5.21), we can extract subsequences still denoted by p2, ¢2, (7 and %2 such that when
e — 0, we obtain

pl — p” weakly in L3 (Q), (5.22a)
Y2 =" weakly in L2((0,T); HL(Q)), (5.22b)
$1 — ¢ weakly in L2((0,T); HL(Q)), (5.22¢)
¢ — {7 weakly in L2((0,T); H(Q)). (5.22d)
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Using (5.22), we can prove by passing to the limit in systems (5.4)-(5.7) that the functions 57,

Y7, ¢7 and (7 satisfy (1.16)-(1.20). Moreover, using the weak lower semi-continuity of the norm and
(5.16a), we deduce from (5.14) the estimate (1.21).

6 Conclusion remarks

In this work, we applied the Stackelberg strategy to control a parabolic equation, with distributed
controls that are locally supported in space, under appropriate hypothesis. We considered a linear
degenerate heat equation with missing initial condition, and we acted on our system via two controls:
a leader and a follower. The Stackelberg method consisted in studying two main problems: a low-regret
control problem for the follower, and a null controllability problem for the leader. The results obtained
here can be extended to more general degenerate population dynamics models.

7 Appendix

Proof of Theorem 2.2

Proof.

We proceed in three steps.
Step 1. We show the estimate (2.11). Make the change of variable z(t,z) = e "'y(t,z), (t,z) € Q,
for some r > 0 where y is solution to (1.1). We obtain that z is solution to

2t — (k(2)2g)z +apz +12 = (hxw +vx0)e " in @,
z(t,0) =z(t,1) = 0 on (0,7), (7.1)
z(0,) = g in Q.

If we multiply the first equation in (7.1) by z and integrate by parts over @), we obtain

/ 21z dadt — / (k(2)22) ez dedt + | 72% dedt = / aoz® dxdt +/ 2(hxw +vXx0)e " dxdt.
Q Q Q Q Q

This latter equality becomes

1 1
12Ty = 51200 )220y + 1VE@) 22 Z20) + 7111220y

(7.2)
< / apz? dxdt —I—/ 2(hxw + vxo)e " dadt.
Q Q
We have
/ apz® drdt < Ha0||oo|\z||2L2(Q). (7.3)
Q
Due to the fact that e™™ < 1, Vt € [0, 7], we get
/ 2(hXw +vx0)e " drdt < / z(hxw + vX0) dzdt

0 Q (7.4)

IN

1 1
I1211Z2) + 5”””%2(@) + §||h||%2(w)~

Combining (7.3)-(7.4) with (7.2), one obtains
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—|| (T, )220 + II\/ Zx||L2<Q>+ (r = llaollee = D) lI211Z2(q)

||g||L2(Q §IIUIIL2<0T ||h||L2 (wr)*

3
Taking r such that r = ||ag||ec + 30 e obtain

12(T, Mz + 1207 20,795 ) < N9M17200) + 101172000y + 1B F2 (00

Since z = e~ "'y, we deduce the existence of a constant C = C(T, |lao||c) > 0 such that the following
estimate holds:

(T ey + 1132 0,y < © (103200 + 10l ory + 9l

and we deduce the inequality (2.11).
Step 2. We prove existence by using Theorem 2.1. First of all, it is clear that for any ¢ € V, we have

91l L2(0.1):m2 (2)) < @ lv-

This shows that we have the continuous embedding V — L2((0,T); H}(9)).
Now, let ¢ € V and consider the bilinear form A(-,-) defined on L((0,T); H.(Q)) x V by:

Aly,9) = - / Yoy dx dt + / k(2)ys ¢ dx dt + / apy¢ dx dt. (7.5)
Q Q Q
Using Cauchy Schwarz inequality and Remark 2, we get that

AW, )l < lllzz@lllz@) + I1VE@) Yl L2 @) 1V E( ¢m||Lj Q) T laolloollyll 2@ 1#ll L2(q)
< M eilZzg) + IVE@) 21720y + llaollZ 19172 } Yl 20, 7: 1 (02)) -

This means that there is a constant C' = C(¢, |lag||eo) > 0 such that
Ay, &) < Cllyll2(0,1);m2 (92))-

Consequently, for every fixed ¢ € V, the functional y — A(y, ¢) is continuous on L?((0,T); H}(£2)).
Next, we have that for every ¢ € V,

A(p,9) = —/Q¢¢td:cdt+/Qk(:c)¢i dxdt+/an¢2 dz dt. (7.6)

Due to Assumption 2.1, we get
/ a0¢2 dz dt > CY||¢||%2(Q)
Q

Combining the latter inequality with (7.6), we obtain

1 1

L1600, ey + SIVFE)s 3y + ol
1

mm{ } 1612
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Finally, let us consider the linear functional £(-) : V — R defined by
£0) = [ (e +vxo) o dede+ [ 96(0.5) do
Q Q

Then using Remark 2, we obtain
1£(9)| [hxw + vxollrz@ I 9llL2 @) + lgllL2@) |60, )l L2

(Ihxw + vxoll2@) + 19l L2@) 1ol

Cllollv,

where C' = C(T, h,v) > 0. Therefore, £(-) is continuous on V. Thus, it follows from Theorem 2.1 that
there exists y € L?((0,T); H}(£2)) such that

Ay, ¢) = L(¢), VYoeV. (7.7)

We have shown that the system (1.1) has a solution y € L2*((0,7); H()) in the sense of Defini-
tion 2.1. In addition, using the first equation of (1.1), we deduce that y; € L%((0,T); (HL(52))'). So
y € Wi(0,T) and using (2.6), we have y € C([0,T], L*(2). Therefore, it follows that y € H.

INIAIA

Step 3. We prove uniqueness. Assume that there exist y; and ys solutions to (1.1) with the same
right hand side %, v and initial datum g. Set z := e~ (y; — y2). Then z satisfies

2zt — (k(2)2g)s +aoz+12 = 0 in @,
z(t,0) = 2(t,1) = 0 on (0,7), (7.8)
z(0,-) = 0 in Q.

So, if we multiply the first equation in (7.8) by z, and integrate by parts over @, we obtain
1 1
(T )T + SIVE@) 272 g) + (r = llaolleo) 2] 72(q) < 0-
. 1. . . .
Choosing r = ||ag||leo + 5 in this latter inequality, we deduce that

120 220,191 0 < O

which means that z = 0 in @ and consequently, y1 = y2 in Q. Therefore, the solution to Problem (1.1)
is unique. This complete the proof. m
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