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Abstract 

This article presents a multiscale model to predict deformation-induced damage and failure of 

human annulus fibrosus under multiaxial loading. In the modeling approach, formulated 

within the framework of nonlinear continuum mechanics, the hierarchical structure of the soft 

tissue is considered from the nano-sized collagen fibrils to the micro-sized oriented collagen 

fibers. At the macroscale, the multi-layered lamellar/inter-lamellar organization of the soft 

tissue is introduced by considering the effective interactions between adjacent layers. The 

stochastic process of progressive damage events operating at different scales of the solid 

phase is introduced for the extracellular matrix and the network of nano-sized fibrils/micro-

sized fibers. The damage is made anisotropic due to lamellar oriented collagen fibers and 

special orientation distribution of the inter-fibrillar and inter-lamellar network of fibrils. The 

chemical-induced volumetric strain is also considered in our modeling approach to take into 

account the osmolarity effects along with the anisotropic time-dependent transversal 

deformations. The capacity of the model is discussed using a few available stretching datasets 

till failure along circumferential and radial directions. Model predictions under tilted 

stretching, biaxial stretching and shearing are also presented to illustrate further the 

efficiencies of our modeling approach. This work shows for the first time the directional 

effects on annulus mechanics and failure in relation to external loading mode, structure 

features, damage events and hydration.  
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Nomenclature 

F : Deformation gradient tensor 

L : Velocity gradient tensor 

C : Right Cauchy-green strain tensor 

E : Green-Lagrange strain tensor 
σ : Cauchy stress tensor 

P : First Piola-Kirchhoff stress tensor 

R : Rotational basis-change tensor 

Ι: Identity tensor 
x , y , z: Cartesian coordinate vectors 

a: Unit vector of collagen fiber 

b: Unit vector of collagen fibril 
n: Unit vector at the inter-layer interfaces 

θ: Fiber angle with respect to the xy-plane 

ψ : Fibril angle with respect to the az-plane 

γ: Load angle with respect to xz-plane 

q: Fibril quantity 

η: Fibril bundle number 

z : Layer thickness 
m : Number of layers 

φ: Volume fraction 

W : Free energy function 

p : Hydrostatic pressure 

I : Isochoric invariant 

J : Volumetric change 

λ : Stretch  
*λ : Transition stretch  

κ : Shear strain 

 

Operators 

( )H •  Heaviside 

⊗  Direct (outer) product 

( )T• Transpose 

.  Simple contraction  

 

Abbreviations 

LM: Lamellar 

ILM: Inter-lamellar 

ECM: Extracellular matrix 

OCF: Oriented collagen fibers 

NEF: Nano-sized elastic fibers 

 

1. Introduction 

The ineluctable deterioration of the intervertebral disc annulus fibrosus is a multiscale 

phenomenon due to the hierarchical structure of this soft tissue [1-13]. The irreversible 

degradation in annulus fibrosus operates from the nanoscale [14] to the macroscale [15] and 

results in the development of multiple cracks and tears [16-17]. There is a considerable 

qualitative understanding of the microstructure and chemical factors that govern the response 

of the soft tissue. However, the coupling between these factors and mechanics is yet far to be 

fully understood in annulus fibrosus.  

The introduction of the tissue structure at different scales in a continuum-based modeling 

framework would allow to propose predictive tools for mechanical damage and failure in a 

physically consistent way. Over the years, macroscopic continuum-based damage models 

were proposed using two main approaches. The first one considers reduction factors 

incorporated in the free energy function [18-26]. The second one introduces an energy limiter 

in the expression of the free energy function [27-28]. No model until now is able to predict 

the multiaxial behavior of annulus fibrosus till failure and such a development remains a 

challenging task. The main difficulty comes from the anisotropic mechanics of a tissue with a 
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complex hierarchical solid phase starting from the nanoscale [12-13]. The degree of 

knowledge of the collagen network has considerably increased thanks to the technological 

advances in the imaging field [1-11]. For a physically consistent constitutive representation, 

an accurate structure of the solid phase must be taken into account [29] in interaction with the 

surrounding environment. In this regard, the fluid phase transfer by osmotic effect through the 

tissue solid phase affects largely the biochemical volumetric behavior [30-33]. The coupling 

between deformation-induced stress and swelling due to internal fluid content variation by 

osmosis is mandatory to quantitatively analyze the annulus fibrosus multiaxial mechanics [34] 

along with the failure [15].  

The deterioration of the annulus fibrosus is indeed a multi-physics phenomenon since it 

implies biochemical degradation processes interacting in a complex manner with the external 

loading mode and the induced mechanical damage. A loss of electrolytic properties of 

extracellular matrix (ECM) proteoglycan macromolecules occurs with the tissue degeneration, 

which results in a decrease of osmotic pressure [35-36]. In the meantime, high mechanical 

loads cause tissue degenerative changes resulting in the degradation of the proteoglycan 

macromolecules associated with the enzymes of the ECM metalloproteinase activity [37]. The 

induced metabolic phenomena in the ECM cause a degradation of the osmotic properties of 

the annulus fibrosus associated with a decrease in water content and structure changes [38]. 

These changes may alter the resistance of the annulus fibrosus to the mechanical-induced 

crack propagation [15, 39]. Establishing annulus damage-structure-osmotic relationships is a 

fundamental task for a detailed understanding of the degeneration mechanisms, to reduce their 

effects and to potentially prevent dangerous degenerative cases from happening. For an 

accurate annulus behavior, the structure-chemo-mechanics relationship can only be seen by 

considering, in addition to the annulus stretching in the circumferential direction, 

representative of the disc compression mechanics, the multiaxiality of the external mechanical 

loading representative of the body movements [34]. The latter is the key point to better 

understand the origin of multi-directional micro-cracks and tears commonly observed in the 

annulus fibrosus [40]. 

In this paper, a multiscale model for deformation-induced damage and failure of annulus 

fibrosus is proposed by considering the structure at different scales, the micromechanical 

deformation processes leading to the final failure, the anisotropic nonlinear mechanics and the 

coupling with the osmotic effects. The proposed model, fully three-dimensional, is used to 

examine the multiaxial mechanics of the tissue and the directional effects. Uniaxial stretching, 

biaxial stretching and shearing are all being considered. The multiaxial model results are 
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correlated to the microstructure features, to their progressive deformation-induced changes, to 

the tissue volumetric behavior and to the final failure.  

The paper is organized as follows. In Section 2, the annulus multiscale model is presented 

within the framework of nonlinear continuum mechanics. In Section 3, the model is verified 

for different loading paths and is used to discuss important aspects of the annulus mechanics 

in relation to volumetric effects and to damage accumulation in the tissue due to progressive 

local failure events. Section 4 closes the paper with some concluding remarks.   

 

2. Model formulation 

The following notation is used throughout the text. Tensors and vectors are respectively 

denoted by normal boldfaced letters and italicized boldfaced letters, while scalars and 

individual components of vectors and tensors are denoted by normal italicized letters. The 

superposed dot designates the time derivative.  

 

2.1. Hierarchical organization of annulus fibrosus   

Let us start by the presentation of the hierarchical organization of all discrete solid 

components. Fig. 1 presents a schematic representation of the soft tissue hierarchical structure 

based on earlier experimental observations starting from the intervertebral disc at the upper 

scale and ending to the organization of the collagen network at the microscale and at the 

nanoscale. The multiple-network medium is constantly immerged in a physiological solution 

of water and ions. At the scale of the annulus fibrosus, inter-lamellar (ILM) matrix connects 

fibers-reinforced lamellae (LM) such that a (concentric) multi-layered material element is 

formed with distinct radial and circumferential microstructure features (retaining inner gel-

like disc portion, i.e. nucleus pulposus). The tangled ECM consists in very large randomly 

oriented proteoglycan macromolecules with glycosaminoglycan chains that have ionic 

imbalances and interact with the ionic components of the surrounding physiological fluid to 

maintain electroneutrality by osmotic effect. The micro-sized type-I oriented collagen fibers 

(OCF) represent up to 80% of the total volume of collagen network collagenφ  [1, 5, 41]. This 

family of fibers is described geometrically by a unit vector a in the initial configuration with 

respect to the global benchmark of the disc as illustrated in Fig. 2a. It is expressed in the 

Cartesian coordinates by: 

 cos sinθ θ= +a x y  (1) 

where θ is the fibers angle with respect to the circumferential direction. 
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At the nano-scale, a complex network of collagen fibrils, termed elastic fibers in the literature 

[1, 7, 11], exists both in the LM zone and in the ILM zone as illustrated in Fig. 1. In the LM 

zone, they act as inter-fibrillar connections of type-I collagen fibers (Fig. 1c). In the ILM 

zone, they act as inter-lamellar connections of two adjacent lamellae (Fig. 1d) [1, 4-7]. For 

symmetry reasons, the distribution of the nano-sized elastic fibers (NEF) is described 

geometrically by an angle ψ  ranged from 0° to 180° with respect to the radial direction in the 

parallel plane of the fibers as illustrated in Fig. 2b. The unit vector b of each fibril
 
in the 

initial configuration is expressed with respect to the global benchmark of the disc in the 

Cartesian coordinates as follows: 

 cos cos sin cos sinθ ψ θ ψ ψb = x+ y+ z  (2) 

The fruitful experimental quantifications of NEF performed by Tavakoli et al. [11] are used as 

direct inputs of our modeling approach. Fig. 3 provides the number of NEF in the LM and 

ILM layers as a function of the orientation ψ . We use a Gaussian probability density 

function to describe these experimental trends: 

 ( )( )2
expLM LM LM

qη ηχ ς ψ η= − −  and ( )( )2
expILM ILM ILM

qη ηχ ς ψ η= − −  (3) 

where 
LM

ηχ  and 
ILM

ηχ  denote the respective peak values with η = {0°, 45°, 90°, 135°, 180°} 

and, 
LMς  = 0.05 and 

ILMς  = 0.11 are two factors. 

The volume fraction of a fibril in each layer i is given by: 

 _

0 ,180

45 ,90 ,135

LM ILM

LM

LM i

LM

LM

q q

q

q

q

η η

η
η

η
φ

η

 +
= ° °

= 
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_

0 0 ,180

45 ,90 ,135

ILM i ILM

ILM

q

q

η η

η
φ

η

= ° °
=  = ° ° °


 (4) 

where 
LM

q  and 
ILM

q  are the respective total number of NEF in each layer i: 

 
0 ,180

LM LM ILM
q q qη η

η ψ η ψ= ° °

= +∑∑ ∑ ∑  and 
45 ,90 ,135

ILM ILM
q qη

η ψ= ° ° °

= ∑ ∑  (5) 

Due to the presence of inter-fibrillar connections of type-I collagen fibers in LM zone, a 

second term appears in the first equation.  

In what follows, the features of the annulus mechanics are described along with a set of 

constitutive equations for the solid phase behavior using a physically realistic approach 

accounting for microstructure organization at different scales, damage and hydration. 

 

2.2. Free energy of the fluid phase and swelling-related changes  



 

 

6 

 

Local ionic diffusion is responsible for dilatation effects and nonlinear time-dependent 

transversal stretch response of the multi-lamellar annulus [42-45]. The derivation of the 

constitutive model must take into account this chemical coupling in the description of the 

finite-strain kinematics [46]. In this framework, the basic quantity is the deformation gradient 

tensor mapping material tangent vectors in their reference configuration to their actual 

position in the deformed configuration. It is designated here as iF  for each layer i of the 

multi-layered material element. The introduction of an intermediate (virtual) configuration 

assumed stress-free allows to multiplicatively decompose the deformation gradient tensor iF  

into a chemical-induced volumetric part i

chem
F  and a mechanical part i

mech
F  as follows: 

 i i i

c h e m m e c h
=F F .F  (6) 

in which i

chem
F  is the swelling expansion due to internal fluid content variation and i

mech
F  is the 

mechanical (isochoric) stress-producing contribution. The sequence of configurations implies 

also an additive split of the gradient tensor iL
 
of the spatial velocity into a chemical-induced 

volumetric part 
i

chemL  and a mechanical part 
i

mechL  as: 

 
1 1 1

i i
chem mech

i i i i i i i

chem chem chem mech mech chem

− − −

= +
L L

L F .F F .F .F .F& &
14243 144424443

 (7) 

The determinant (Jacobian) ( )det 0i i
J = >F  of the deformation gradient tensor iF  gives: 

 i i i

c h e m m e c h
J J J= , ( )det 1i i

mech mechJ = =F  and ( )deti i

chem chemJ = F   (8) 

where the term i

chem
J  

represents the tissue chemical-induced volumetric change. In view of the 

mechanical incompressibility of all solid components (ECM, OCF and NEF), the term i

mech
J  is 

equal to one. We may define the total Green-Lagrange strain tensor iE , the mechanical 

(isochoric) Green-Lagrange strain tensor i

m e c h
E  and the chemical-induced volumetric strain 

i

chem
ε : 

 ( )1

2

i i= −E C I , ( )1

2

i i

mech mech
= −E C I  and 1i i

c h e m c h em
Jε = −   (9) 

where I is the unit tensor, 
Ti i i=C F .F  is the total right Cauchy-Green strain tensor and 

T
i i i

mech mech mech=C F .F  is the mechanical (isochoric) right Cauchy-Green strain tensor. 

For each layer, the respective volume fractions of the three solid components (ECM, OCF and 

NEF) may be expressed as: 

 _ 0

i

ECMi

ECM i

chem
J

φ
φ = , _ 0

i

OCFi

OCF i

chem
J

φ
φ =  and _ 0

i

NEFi

NEF i

chemJ

φ
φ =   (10) 
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where _ 0

i

ECM
φ , _ 0

i

OCF
φ  and

 _0

i

NEF
φ  are the initial volume fractions in each layer i . 

The volume fraction of the fluid phase 
i

fluid
φ  in each layer i  is then given by: 

 _ 0 _ 0 _ 0
1

i i i

ECM OCF NEFi

fluid i

chemJ

φ φ φ
φ

+ +
= −  (11)  

The Cauchy stress tensor iσ , defined in the deformed configuration, is additively split into a 

mechanical part 
i

mechσ  and a chemical-induced volumetric part 
i

chemσ . The latter tensor is 

given by: 

 
i

i chem
chem i

chem

W

J

∂=
∂

Iσ  (12) 

where i

c h e m
W  is the chemical-induced volumetric free energy function, due to the internal fluid 

content variation, expressed in the following form [47]: 

 ( )( )( )2
1

2

2

1
exp 1 1

2

i i i

chem fluid chem

K
W K J

K
φ= − −  (13) 

where 1K  and 2K  are material constants, 1K  and 1 2K K  being respectively the initial and 

maximal volumetric stiffness values. 

 

2.3. Free energies of the solid phase 

Each individual component of the solid phase (ECM, OCF and NEF) is assumed as isotropic, 

homogeneous, incompressible and hyperelastic body. The mechanical Cauchy stress tensor 

i

m e c hσ  is obtained from the differentiation of the mechanical free energy function i

m e c h
W  with 

respect to the corresponding deformation: 

 2
i

i i iT imech
mech mech mechi

mech

W
p

∂= −
∂

F . .F I
C

σ  (14) 

where 
i

p  is determined from boundary conditions. 

The mechanical free energy i

m e c h
W  is given as a function of the free energies of the three solid 

components (ECM, OCF and NEF) using the volume fraction concept: 

 
_ _ _LM i i i i LM i i LM i

mech ECM ECM OCF OCF NEF NEFW W W Wφ φ φ= + +  (15) 

in LM layer and, 

 
_ _ILM i i i i ILM i

mech ECM ECM NEF NEFW W Wφ φ= +  (16) 

in ILM layer. 
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The free energy functions of the solid components (ECM, OCF and NEF) are separately 

described below. 

 

2.3.1. ECM free energy 

The ECM proteoglycan macromolecular network is described as an isotropic deformable solid 

component with a free energy i

E C M
W  expressed by a Neo-Hookean form:   

 ( )1

1
3

2

i i

ECM ECM
W G I= −  (17)  

in which ECM
G  is the ECM shear modulus and ( )1 tracei i

mechI = C  is the first stretch invariant.  

 

2.3.2. OCF free energy 

The OCF network gives anisotropy, high stiffness and mechanical resistance to annulus. The 

sketch in Fig. 4 shows the different stretch stages of a stretched fiber in relation to its 

deformation behavior. In addition to fiber orientation and intrinsic properties, the description 

of the OCF nonlinear response requires two distinct relations below and above a stretch *

OCF
λ

to consider the deformation-induced morphological evolution. The OCF free energy i

O C F
W  

is 

expressed as a function of the fourth stretch invariant 2

4

i i i

m e c h
I θ θλ= =.C .a a  by: 

 ( ) ( )( )( )2
*1

4 2 4

2

1
1 exp 1 1

2

i i i i

OCF OCF

C
W H I C I

C
θ θ θλ λ

 
= − − − < 

 
 (18) 

below *

OCF
λ  and, 

 ( ) ( ) ( )2
* *3

4 4 4 41
2

i i i i i

OCF OCF

C
W H I I I Iθ θ θ θ θζ ν λ λ = − − + − ≥  

 (19) 

above *

OCF
λ . 

The stretch *

OCF
λ  defines the stretch transition between the ‘toe’ and ‘linear’ regions of the 

stress-stretch curve [25, 48-49]. These two regions are related to the peculiar local behavior of 

a collagen fiber passing from the initially undulated configuration to the fully stretched state 

as illustrated in Fig. 4. The terms 1C , 2C  and 3C  are material constants of the OCF, ( )H •
 
is 

the Heaviside function that ensures only stretching of the OCF, *

4
I θ

 is the fourth stretch 

invariant for *i

O C Fθλ λ=  and, ζ  and ν are functions that ensure continuity between ‘toe’ and 

‘linear’ regions: 
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 ( ) ( )( )2
* *

1 4 2 41 exp 1C I C Iθ θζ = − −  and ( )( )( )2
* *1

4 2 4

2

exp 1 1
2

C
I C I

C
θ θν

ζ
= − − −  (20) 

 

2.3.3. NEF free energy 

The inter-fibrillar and inter-lamellar network of fibrils is described by the free energy i

N E F
W

given by: 

 
_ _LM i LM i i

NEF
W Wη ψ

η ψ
φ=∑∑  and 

_ _

45,90,135

ILM i ILM i i

NEF
W Wη ψ

η ψ
φ

=

= ∑ ∑  (21) 

For the same reasons invoked for OCF, the free energy of each fibril 
iWψ  is given by two 

distinct relations below and above a stretch *

N E F
λ : 

 ( ) ( )( )( )2
*4

4 5 4

5

1
1 exp 1 1

2

i i i i

NEF

C
W H I C I

C
ψ ψ ψ ψλ λ

 
= − − − < 

 
 (22) 

below *

N E F
λ  and, 

 ( ) ( ) ( )2
* *6

4 4 4 41
2

i i i i i

NEF

C
W H I I I Iψ ψ ψ ψ ψ ψ ψ ψζ ν λ λ = − − + − ≥  

 (23) 

above *

N E F
λ . 

The terms 4C , 5C  and 6C  are material constants of the NEF, ( )H •  is again the Heaviside 

function, 
2

4

i i i

mech
I ψ ψ ψ ψλ= =.C .b b  is the fourth stretch invariant for the NEF, 

*

4I ψ  is the fourth 

stretch invariant for 
*i

FCNψλ λ=  and, ψζ  and ψν  are two functions expressed as: 

 ( ) ( )( )2
* *

4 4 5 41 exp 1C I C Iψ ψ ψζ = − −  and ( )( )( )2
* *4

4 5 4

5

exp 1 1
2

C
I C I

C
ψ ψ ψ

ψ

ν
ζ

= − − −  (24) 

 

2.4. Damage 

Under external mechanical loading, the nature of local failure is the scission of the ECM 

tangled proteoglycan macromolecules, the detachment of the internal bonds in the discrete 

(inter-fibrillar and inter-lamellar) fibrils and the breaking of the regularly-oriented fibers. 

When an individual solid component (ECM, OCF and NEF) is broken, it does no longer 

contribute to sustain the macro-stress. Damage induces thus a progressive evolution of the 

effective amount of the solid components: 

 ( )_ 1i i i

ECM d ECM ECMdφ φ= − , ( )_ 1i i i

OCF d OCF OCFdφ φ= − , ( )_ 1i i i

d dη η ψφ φ= −  (25) 
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where i

E C M
d , i

OCF
d  and 

idψ  characterize the damage evolution occurring within the multi-

layered material element microstructure. This damage representation is in line with the 

general damage mechanics framework for the hyperelasticity theory. The respective internal 

stress of each solid component is considered as the quantity controlling the progressive 

damage evolution from 0.0 for the virgin state to 1.0 for the fully damaged state. Two-

parameter Weibull statistical distributions are used to introduce the stochastic nature of the 

damage process: 

 1 exp

ECMi

ECMi

ECM

ECM

d

α

β

  
  = − −
  
  

P
 (26) 

 1 exp

OCFi

OCFi

OCF

OCF

d

α

β

  
  = − −
  
  

P
 (27) 

  1 exp

NEFi

i

NEF

d

α

ψ
ψ β

  
  = − −
  
  

P
 (28) 

in which α  and β  are two damage parameters controlling respectively the damage rate and 

the damage level, i

ECMP , i

OCFP  and i

ψP  are the effective first Piola-Kirchhoff stresses 

given by the Frobenius norm: 

 ( )tr
T

i i i

ECM ECM ECM
=P P P , ( )tr

T
i i i

OCF OCF OCF
=P P P  and ( )tr

T
i i i

ψ ψ ψ=P P P   (29) 

Taking into consideration the organization of the collagen network at different scales (as 

illustrated in Fig. 1) allows to propose a proper description of the progressive degradation 

considering both localization and anisotropy. The coupling between damage and osmotic 

effects is considered by introducing the following modification of the chemical-induced 

volumetric change: 

 ( )( )( )_ 1 1 1i i i i i

chem d chem ECM OCF NEFd d dε ε= − − −  (30) 

in which 1
n

i i

NEF
d n dψ

ψ
= ∑  is the damage of NEF and n is the number of fibrils. 

 

2.5. Summary of the model 

A new model for the microscopic description of the annulus mechanics is constructed by 

using the constitutive equations described above. To formulate the overall mechanical 
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response of the multi-layered annulus under general three-dimensional loading conditions, the 

compatibility at inter-layer interfaces (Fig. 2a) must be respected while the above descriptions 

and definitions are used. In this regard, the continuity conditions in deformation and stress to 

be satisfied are: 

 _ _ 1

0 0

L M i i IL M i i+=F . F .n n  and _ _ 1LM i i ILM i i+=σ . σ .n n  (31) 

where 
0

in  and i
n  are the arbitrary unit vectors between two adjacent layers in the initial and 

current configurations, respectively. 

The macro-deformation F  and the macro-stress σ  of the soft tissue are expressed as [47]: 

 
1

_ _

_ 0 _ 0

1,3... 2,4...

m m
i LM i i ILM i

layer layer

i i

φ φ
−

= =

= +∑ ∑F F F  (32) 

and 

 
1

_ _

1,3,.. 2,4,..

m m
i LM i i ILM i

layer layer

i i

φ φ
−

= =

= +∑ ∑σ σ σ  (33) 

where the deformation gradients and the Cauchy stresses in LM and ILM are given by their 

volumetric and mechanical parts: 

 _ _ _L M i L M i L M i

c h e m m e c h
=F F .F  and _ _ _IL M i IL M i IL M i

c h e m m e c h
=F F .F  (34) 

and 

 _ _ _L M i L M i L M i

m e c h c h e m
=σ σ + σ  and _ _ _IL M i IL M i IL M i

m e c h c h e m
=σ σ + σ  (35) 

The deformation gradients are detailed in Appendix A. The different parts of the Cauchy 

stress tensor are provided in Appendix B. The volume fractions in the initial and current 

configurations, 
_ 0

i

layer
φ

 
and i

layer
φ

 
are, respectively: 

 _ 0

_ 0

i

layeri

layer

tissue

z

z
φ =  and _ 0

_ 0

1

i i

chem layeri

layer m
j j

chem layer

j

J z

J z

φ

=

=
∑

 (36) 

in which _ 0

i

layer
z  is the initial thickness of the layer i  and tissue

z
 
is the tissue thickness:  

 
1

_ _

1,3,.. 2,4,..

m m
LM ILM LM i ILM i

tissue layer layer layer layer

i i

z z z z z
−

= =

= + = +∑ ∑  (37) 

with 
_LM i

layer
z  1,3,...i m=  and 

_ILM i

layer
z  2, 4, ... 1i m= −  are the functions describing respectively the 

LM thickness and the ILM thickness: 

 
_LM i

layer
z ai b= +  and ( )_ _ 1 _ 12 2ILM i LM i LM i

layer ILM LM layer layerz r z z
− += +  (38) 
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where ILM LMr  represents the thickness ratio of the two zones and, a  and b  are constants 

calculated according to the maximum  and minimum thicknesses of the annulus layers max
z  

and min
z : 

 
1

max min
z z

a
m

−=
−

 and min
b z a= −  (39) 

where m  is the number of layers.  

The model makes it possible to estimate the deformation-induced damage and failure of 

annulus under three-dimensional loading conditions. The multi-layered material element will 

be subjected to the different mechanical paths illustrated in Fig. 5, namely, uniaxial (UA) 

stretching in different directions (circumferential, radial and tilted), biaxial stretching and 

shearing.  

 

3. Results and discussion 

In addition to the hierarchical organization of the collagen network presented in Section 2.1, 

some direct structure inputs required by the modeling (namely dimensions, collagen 

orientation/content and water content) are extracted from well-documented papers of the 

literature [11, 50-53] and are listed in Table 1. The in-vitro experiments used for model 

identification and verification do not generally precise the exact disc region whereas 

variations in water content and collagen content/orientation actually exist. Due to the lack of 

precise information, the selected structure features are representative of the annulus anterior 

area. Nine LM/ILM layers are considered resulting in a parallelepipedic material element of 

10 × 4 × 4 mm for circumferential direction, and 2 × 2 × 4 mm for radial direction, in order to 

respect the sample size effect on the mechanical behavior of the annulus [34, 54]. The 

simulations were performed by using a constant strain rate of 0.001 s-1. 

Table 2 gives the identified values of the intrinsic mechanical parameters of the solid 

components (ECM, OCF and NEF) and the swelling response. Their identification was solved 

numerically as an optimization problem using Matlab software considering the two following 

objective functions 
obj

swelling
F  and o b j

s t r e s s
F  to be minimized: 

 

2 22

1

1
h h h h h h
y yobj z z chem chem

swelling h h h
h y z chem

F
ρ λ λ λ λ ε ε

ρ λ λ ε=

  −   − − = + +           
∑

% % %

% % %
 (40) 
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2 2

1

1 h h h h
obj circ circ rad rad

stress h h
h circ rad

P P P P
F

P P

ρ

ρ =

    − −
 = +        

∑
% %

% %
 (41) 

in which the letters with an overbar denote the experimental data with ρ  the number of 

considered data points. The optimization of the model parameters was performed using a few 

well-known available datasets of the swelling response (transversal stretches and volumetric 

strain) and the UA (circumferential and radial) stress responses till moderate stretching and 

ultimate failure. Before their final optimization using formulae (40) and (41), a first set of 

model parameters was estimated via a step-by-step approach to dissociate the different 

phenomena: osmotic effect, directional-dependent straightening of collagen networks and 

damage effect. The volumetric parameters, 1K  and 2K , were identified using the UA 

circumferential data of Baldit [53] describing the time-dependent volumetric response upon 

stretching followed by relaxation. The collagen parameters, 1C , 2C , 4C  and 5C , were 

identified using the nonlinear part (toe zone) of the UA circumferential data of Acaroglu et al. 

[51] and the radial data of Fujita et al. [55]. The stretches, *

OCF
λ  and *

FCN
λ , as well as the 

remaining collagen parameters, 3C  and 6C , were determined using the transition between the 

UA nonlinear response and the UA linear response of the Acaroglu et al. [51] and Fujita et al. 

[55] data. The OCF damage parameters, OCF
α  and OCF

β , were determined using the UA 

circumferential data of Acaroglu et al. [51] whereas the ECM and NEF damage parameters, 

ECM
α , ECM

β , NEF
α  and NEF

β , were determined using the UA radial data of Fujita et al. [55]. 

Unless explicitly otherwise stated, the values in Table 2 will be employed in all model results, 

especially to generate the multiaxial model predictions under other loading paths. 

 

3.1. Chemical-induced swelling  

The swelling response was identified using experimental data under free-swelling and UA 

circumferential stretching [51, 53]. For the latter, only moderate levels of stretching are 

available in the literature. The variation of fluid content by osmotic effect is firstly used to 

identify the free-swelling response. The identification result is provided in Fig. 6a until 

chemical equilibrium in a (physiological) 0.15 NaCl solution. The volumetric tissue 

deformation induced by the internal fluid content variation under mechanical loading was 

then calibrated using the experimental data of Baldit [53] considering UA circumferential 

stretching and relaxation at constant circumferential stretch under a NaCl concentration of the 
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surrounding environment of 0.15 M. The temporal changes of transversal (radial and axial) 

stretches and the associated circumferential stress are given in Fig. 7. Our model considers the 

time-dependent chemo-mechanical coupling in the soft tissue to capture the unusual 

transversal strain history in relation to the actual structure and the chemical-induced internal 

fluid variation. The strong shrinking in the axial direction and the swelling in the radial 

direction upon UA circumferential stretching tend towards more usual transversal behavior 

upon relaxation due to chemo-mechanical equilibrium. The ILM zone is introduced as the key 

structural parameter governing inter-lamellae fluid exchanges under external mechanical 

loading and especially the auxetic behavior. This annulus feature was only appreciated 

through very recent contributions [47, 46, 56] and was shown as determinant in the time-

dependent multiaxial response [34]. The ILM anatomic function is also to confer a shearing 

resistance to the annulus and the inclusion of the network of inter-lamellar fibrils in the model 

allows a more realistic material representation. Note that the ECM reorganization may induce 

viscoelastic features in the annulus fibrosus [57]. Nonetheless, the quantitative estimation of 

the coupling between viscoelastic effects and chemical-induced volumetric effects showed 

that the volumetric features are first-order factors in the annulus mechanics compared to the 

deformation-induced viscoelastic stress in ECM [34, 46, 56]. Although the solid components 

are described by purely hyperelastic laws, the present constitutive representation considers the 

rate-dependency of the annulus mechanics implied by the deformation-induced damage 

mechanisms and the volumetric effects. 

The results in Fig. 7 are presented for a moderate stretch range within which the soft tissue 

stays in a physiological level avoiding any damage effects. The question which arises is now 

how the tissue behaves under large strains till final failure by including as time-dependent 

physical process both volumetric effects and damage accumulation. 

 

3.2. UA stretching path 

The model efficiencies to capture the stress-stretch behavior of the annulus till failure under 

UA stretching is presented in Figs. 8 and 9 for the two main directions in comparison with the 

experimental data extracted from the works of Acaroglu et al. [51] and Tavakoli and Costi 

[57]. The numerical curves show an excellent agreement with the annulus circumferential 

experimental results of Acaroglu et al. [51] in Fig. 8a including the nonlinear stress-stretch 

response and the failure stage displaying stress drop. Fig. 8c shows that both moduli and 

ultimate properties are in agreement with other data taken form the literature [58]. A direct 

relation between the annulus circumferential mechanics and the microstructure at the different 
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scales can be pointed out. The straightening of the collagen network during stretching causes 

a (toe) nonlinear macro-response until the disappearance of the undulations of the collagen 

fibers at a strain of about 13%. Then, a nearly linear response appears up to reach the limiting 

extensibility of the collagen fibers that is seen at a strain of about 16%. A catastrophic 

stiffness decrease is then observed at a strain of about 18% due to damage accumulation that 

arises out of a wide fibril network degradation. The circumferential stretching creates ionic 

imbalance and chemical stress due to chemo-mechanical coupling. The predicted volumetric 

change is provided in Fig. 6b and is found moderately affected by the damage. Nonetheless, 

the chemical disorder induced by the fluid phase diffusion through the tissue plays an 

important role in absorbing the mechanical loads applied to the annulus.  

Fig. 8b shows the progressive damage events in ECM, OCF and NEF upon a circumferential 

UA stretching. The figure provides a clear picture of the sequence of damage operating in the 

different solid components. Before the incubation stretch, from which the damage initiates, 

the chemo-mechanical coupling is a reversible process dependent on hydration. The critical 

stretch is the lowest for ECM and the highest for OCF. The progressive breaking of NEF 

leads to the progressive loss of connectivity between neighboring OCF in a same LM layer, 

but also between OCF of two neighboring LM layers. The damage in NEF during 

circumferential stretching can be explained by NEF stretching due to annulus chemical 

expansion (Fig. 6b). The latter has profound impact on the local damage events and thus on 

the overall annulus mechanics, especially along the circumferential direction. Without 

diffusion mechanism, the damage process is activated prematurely as evidenced in Fig. 8b. 

That results in stiffening, lower stretchability and a remarkably weakened stress peak as 

shown in Fig. 8a.  

Fig. 9a shows the UA macro-stress response in the radial direction. A fairly good agreement 

between the experimental data of Tavakoli and Costi [57] and the model result is shown in 

Fig. 9a, and that, until complete loss of tissue integrity. Although the data of Tavakoli and 

Costi [57] concern bovine annulus, Fig. 9c points out that both moduli and ultimate properties 

of human annulus, taken from the work of Fujita et al. [55], are also well reproduced by the 

model using the same set of parameters. Stretching in the radial direction shows a different 

behavior to that exhibited in the circumferential direction. This directional effect is observed 

both in the stress response and in the damage mechanisms. The radial stretchability of the 

annulus is considerably higher than the circumferential stretchability. The maximum stress is 

observed at a strain of approximately 200%. Because they are load-bearing elements in the 

radial direction, the onset of damage is earlier in NEF than in ECM as shown in Fig. 9b. In 
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this direction, OCF experiences no damage. The increase in damage amount of NEF causes a 

decrease in stiffness until the observable peak stress at approximately 0.37 MPa. After the 

peak stress, both undamaged NEF and ECM continue to resist the applied stretching until the 

appearance of a second local peak stress at a strain of approximately 400%. Fig. 9c presents 

the moduli and the ultimate properties.  

As shown in Fig. 10 the local stress response in fibrils differs according to the macroscopic 

stretching direction. In physics, the localization and concentration of the maximum stress in 

fibrils is highly dependent on the regional variation of the orientation of the bundles of fibrils, 

i.e. inter-fibrillar and inter-lamellar fibrils, respectively, in LM and ILM zones.  

The model is also used to analyze the macroscopic failure behavior. The annulus is uniaxially 

stretched till failure along a loading direction successively tilted from the circumferential 

direction to the radial direction. The failure state is identified as the maximum stress 

corresponding to the first local failure detected. The computed ultimate points in terms of 

effective stress and maximum principal strain are reported in Fig. 11 such that failure 

envelops are formed. A global view at these plots shows a strong directional effect on the 

macroscopic ultimate properties due to the layered LM/ILM organization and to the 

anisotropic local response of the collagen network in the LM and ILM zones. The respective 

role of the collagen network and the chemical effect on the UA failure response is identified 

in Fig. 11. 

A deeper understanding of the annulus mechanics till final failure is brought by our modeling 

approach. The NEF supports the inter-layer connection and makes the annulus stiff especially 

in the radial direction. As illustrated in Fig. 9a when the NEF influence is neglected in the 

model a weak annulus resistance is obtained in the radial direction and a single peak stress is 

observed. By contrast, in the circumferential direction, no significant change is pointed out in 

the failure response as shown in Fig. 11. Nonetheless, as the stretching direction approaches 

radially, the annulus becomes much softer, with low failure stresses and high failure strains. 

 

3.3. Biaxial stretching path 

The biaxiality effects on the annulus stress-stretch curves till failure are presented in Fig. 12 

for different biaxial states. As far as we know, no experimental data are available in the 

literature when circumferential stretching and radial stretching are combined. These results 

are for predictive purpose only. The computed results are shown for different strain loading 

ratios (= circumferential strain : radial strain, {1:0, 0:1, 1:0.5, 1:1 and 1:2}). The stiffness and 

ultimate properties are strongly influenced by the biaxial stretch ratio with a larger effect on 



 

 

17 

 

the radial behavior than on the circumferential one. The radial stretchability of the annulus is 

considerably decreased under a biaxial stretching state. The difference in circumferential and 

radial behaviors is connected to the difference in how local failure occurs due to the collagen 

orientation. 

The model takes into consideration the directional effects along with electro-chemical activity 

reproduced thought the volumetric effects. It can be employed to study how individual failure 

of the annulus components acts on the overall progressive failure under biaxial loading. The 

macro-stretches at failure are presented in Fig. 13 under a wide range of biaxial loading 

conditions such that a failure envelope is obtained. Again, the retained criterion is the 

nucleation of the local failure macroscopically identified by the maximum stress. The biaxial 

failure envelopes are normalized by their maximal stretch values. Different microstructure 

cases are considered and important insights are observed. When the collagen network is not 

considered, the failure is governed by the isotropic ECM and a symmetric failure envelope 

with respect to the main bisectrix is obtained. The symmetry is lost for the other cases. Both 

collagen network and LM/ILM organization significantly impact the ultimate properties by 

conferring a directional effect on the failure envelope.  

Both tilted and biaxial stretching help us to better understand the chemo-mechanical-damage 

behavior of the annulus till failure in relation to the hierarchical organization of all discrete 

solid components. 

 

3.4. Shearing path 

To illustrate further the predictive capability of the model, the numerical results are compared 

to the annulus shearing data extracted from the literature in Figs. 14 and 15. The predicted 

stress-strain curve is found in acceptable agreement with the typical experimental curve of 

Tavakoli and Costi [57] in Fig. 14, highlighting the predictive capabilities of the model. 

Recall that this typical curve is taken from bovine annulus. 

The numerical shear modulus is calculated in the toe and linear regions and reported in Fig. 

15a. It is compared to shear values reported in other papers considering different species: 

Fujita et al. [59] for human, Gregory et al. [60] for porcine and Labus et al. [61] for bovine. 

Except Labus et al. [61], the precise annulus position is not provided. The model prediction of 

the toe shear modulus is found in acceptable agreement with that of the inner annulus from 

[61]; it is lower than the outer annulus since collagen content and layers dimensions are 

smaller. The Tavakoli and Costi [57] toe shear data, that is between the inner and outer values 

of Labus et al. [61], is underestimated by the model prediction. By contrast, the model is in 
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good agreement with the value of Fujita et al. [59]. The model overestimates the values of 

Gregory et al. [60] in the toe and linear regions. But for the shearing failure strain, it falls 

within the experimental standard deviation intervals of Gregory et al. [60] as shown in Fig. 

15b. However, the shearing failure stress of Gregory et al. [60] is largely overestimated as 

shown in Fig. 15c. Although the predicted failure stress is found smaller than the Tavakoli 

and Costi [57] shearing data, the predicted failure strain is in excellent agreement with the 

experiments. Like a loading in radial stretching, the important role of NEF to keep the 

integrity of the inter-layer connection is shown again. 

 

4. Concluding remarks 

In the present paper, a novel human annulus multiscale model was proposed to constitutively 

relate the structure at different scales (tangled ECM, network of nano-sized fibrils/micro-sized 

fibers and multi-layered LM/ILM organization) and the multiaxial macroscopic response till 

failure in connection to volumetric effects and damage mechanisms. It was shown that the 

model captures quantitatively experimental observations including directional effects upon 

different loading histories. The model provides a useful tool for annulus failure estimate in 

relation to complex interactions between external loading mode, structure features, damage 

events and hydration.  

For future works, the annulus regional microstructure will be implemented in an axisymmetric 

version of the present (multiscale and multiaxial) model in the main goal to predict 

anisotropic damage and failure in a complete intervertebral disc model including nucleus-

annulus interaction.  

 

Appendix A. Deformation gradients 

A.1. Chemical-induced swelling 

The hydration effect is considered in our modeling approach. Under a free-swelling, the 

deformation gradients of a layer i are: 

 ( )_ _ _diag , , 1,2,...

i

mech

i i i i

chem chem x chem y chem z i mλ λ λ

=

= =

F I

F
 (A1) 

in which _

i

chem x
λ , _

i

chem y
λ  and _

i

chem z
λ  are the chemical stretches in the x, y and z directions, 

respectively. 

No fluid transfer occurs under shearing, i.e., i

c h e m
=F I . Under UA or biaxial stretching, the 

chemical deformation gradient is empirically expressed as follows: 
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 ( )diag cos , cos ,i i i i i i i

chem x x y y z zξ χ ω ξ χ ω ξ χ= +F I  (A2) 

Such that the chemical-induced volumetric strain 
i

chemε  is given by: 

 ( )( )( )1 cos 1 cos 1 1i i i i i i i

chem x x y y z zε ξ χ ω ξ χ ω ξ χ= + + + −  (A3) 

where ω  is a coefficient that changes according to the loading mode.  

Guided by the experimental observations of Baldit [53] and Derrouiche et al. [45] on 

circumferentially stretched annulus specimens, the chemical deformation gradient (A2) was 

initially proposed by Tamoud et al. [47]. The term ω  is introduced here to consider the 

loading angle effect on tilted stretching behavior and on biaxial stretching behavior.  

For tilted stretching, the term ω  is given by: 

 ω γ=  (A4) 

in which γ is the angle between the loading direction and the circumferential direction. 

For biaxial stretching, the term ω  is geometrically deduced from the biaxiality ratio:  

 ( ) ( )( )1tan 1 1
rad circ

ω λ λ−= − −  (A5) 

in which circ
λ  and rad

λ  are the applied stretches in the circumferential and radial directions, 

respectively. 

The terms i

x
ξ , 

i

y
ξ  and i

z
ξ  are the chemical expansions at the equilibrium state and, i

x
χ  ,

i

y
χ  

and i

z
χ  are functions of time [47]:  

 ( )1 expi i

x xtχ τ= − − , ( )1 expi i

y ytχ τ= − −  and ( )1 expi i

z ztχ τ= − −   (A6) 

where i

x
τ , 

i

y
τ  and i

z
τ  are the chemical expansion rates. 

In what follows, the mechanical deformation gradients of each loading case, given in Fig. 5, 

are separately provided.  

 

A.2. UA stretching path 

The UA stretching of the multi-layered material element can be carried out along the 

circumferential direction, along the radial direction or along a direction tilted by an angle γ 

with respect to the circumferential direction. The mechanical deformation gradients may be 

expressed as a function of the applied stretch λ  and the stretch in the fiber direction 
fλ : 

 ( )1 1
2 2_ _ _diag , , 1,3,...

T TLM i i i

mech y z f f f z y i m
γ θ θ γλ λ λ− − = =
 

F R . R . .R .R  (A7) 

in LM layer and, 
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1 1
2 2

_

_ _ _

diag , , 2, 4,... 1
TILM i

mech y yi i i

chem x chem x chem x

i m
γ γλ λ λ

λ λ λ

− −    
 = = −           

F R . .R  (A8) 

in ILM layer. 

The quantities _ i

z

θR  and y

γR  are the basis-change tensor in each layer, with a rotation iθ  

around the z-axis and stretch direction γ around the y-axis, respectively: 

 _

cos sin 0

sin cos 0

0 0 1

i i

i i i

z

θ

θ θ
θ θ

 
 = − 
 
 

R  and 

cos 0 sin

0 1 0

sin 0 cos

y

γ

γ γ

γ γ

− 
 =  
  

R   (A9) 

After a series of lengthy but straightforward derivations, we get the mechanical deformation 

gradients under UA stretching path: 

 ( )

2 2

3

_ _2 2

__ 2

3 2 3 3

2 2

3

_ _2 2

cos sin 1
cos cos sin

cos sin

1 sin cos
cos sin sin

i

i ii i
chem x chem x

i

chem xLM i i i i i

mech

i

i ii i
chem x chem x

S
S S

S S S S

S
S S

λ γ γ λγ γ γ
λ λ

λ
γ γ

λ

λ λ γ γγ γ γ
λ λ

  
  + −

   
 
 

= + 
 
  
  − +

    

F  (A10) 

in LM layer and, 

 

2 2

_ _

_ _

_

_

2 2

_ _

_ _

cos sin 1
0 cos sin

1
0 0

1 sin cos
cos sin 0

i i

chem x chem x

i i

chem x chem x

ILM i

mech

i

chem x

i i

chem x chem x

i i

chem x chem x

λ γ γ λγ γ
λ λλ λ

λ λ

λ
λ

λ λ γ γγ γ
λ λλ λ

λ λ

 
 

  
  
  + −  
  
   

 
 =
 
 



 
 
  − + 
   
  

F









 (A11) 

in ILM layer. 

The terms 
1

i
S , 

2

i
S  and 

3

i
S  are given by: 



 

 

21 

 

 

1 3
3

4 2

1 2

_

2

2 1 2

_ 1

3 2

2

tan 1 tan

4 3cos 2

1

3 cos

1
cos sin

i i
i

i i

chem x

i i

i i i

chem x

i i i i

i

S

S S
S

S S
S

θ λ θ
λ θ

λ
λ θ

θ θ

   = − −      

 
= +  
 

 
 = −
 
 

 (A12) 

 

A.3. Biaxial stretching path 

The biaxial mechanical deformation gradients may be expressed as a function of the stretches 

in the fiber axes 
1x

fλ , 
2xfλ  and 

3x
fλ : 

 ( )
1 2 3

_ _ _diag , , 1,3,...
T

x x x

LM i i i

mech z f f f z i m
θ θλ λ λ= =F R . .R  (A13) 

in LM layer and, 

 _ __

_ _

diag , , 2, 4,... 1

i i

chem x chem zILM i circ rad
mech i i

chem x circ rad chem z

i m
λ λλ λ

λ λ λ λ
 

= = −  
 

F  (A14) 

in ILM layer. 

The mechanical deformation gradient in LM layer is given by: 

 

6

_

_

6 5

_

0

0

0 0

icirc

i

chem x

LM i i i

mech

rad

i

chem z

S

S S

λ
λ

λ
λ

 
 
 
 =
 
 
 
 

F  (A15) 

The terms 
4

i
S , 

5

i
S  and 

6

i
S  are given by: 

 

( )

( )

22

_

4

_ _

4

42

5

_

4
6

_

2cos sin

tan 1
tan

2

tan

2cos sin

i i i

chem zi circ cir

i i

chem x chem x rad

i

i i circ

i

chem x

i i
i circ

i i i

chem x

S

S
S

S
S

λ θ θλ λ
λ λ λ

λθ
λ

λ θ
λ θ θ

−

 
= − −  

 

 −
 = +
 
 

= −

 (A16) 

 

A.4. Shearing path 

The annulus under shearing is subjected to the following mechanical deformation gradients: 
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 _ _

1 0 0

0 1

0 1

LM i ILM i

mech mech κ
κ

 
 = =  
  

F F  (A17) 

where κ  is the shear stretch. 

 

Appendix B. Multi-layered annulus behavior 

The mechanical Cauchy stress tensor 
i

mechσ  is written as follows: 

 
_ _ _LM i i LM i LM i

mech ECM OCF NEF= +σ σ σ +σ    (B1) 

in LM layer and, 

 
_ _ILM i i ILM i

mech ECM NEF= +σ σ σ    (B2) 

in ILM layer. 

The NEF Cauchy stress tensor 
i

NEFσ  is given by the sum of the Cauchy stress tensor i

NEFη
ψ

σ  of 

all discrete fibrils as follows: 

 
_ _LM i LM i

NEF NEFη
ψ

η ψ
=∑∑σ σ  and 

_ _

45,90,135

ILM i ILM i

NEF NEFη
ψ

η ψ=

= ∑ ∑σ σ  (B3) 

In Eq. (14), the derivation may be expressed as follows: 

 441

1 4 4

ii i i i ii

mech mech mech mech

i i i i i i i

mech mech mech mech

IW W W I WI

I I I

ψθ

θ ψ

∂∂ ∂ ∂ ∂ ∂∂= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂C C C C

 (B4) 

with 

 1

i

i

mech

I∂ =
∂

I
C

, 4

i

i

mech

I θ∂ = ⊗
∂C

a a  and 4

i

i

mech

I ψ
ψ ψ

∂
= ⊗

∂C
b b  (B5) 

After a series of straightforward derivations, the different parts of the Cauchy stress tensor are 

given by: 

 
_

T
i i i i i

ECM ECM d ECM mech mechG pφ= −F .F Iσ  (B6) 

 ( ) ( ) ( )( )( ) ( )

( ) ( )( ) ( )

2
_ *

4 _ 1 4 2 4

_ * *

4 _ 3 4 4

1 2 1 exp 1

1 2

T

T

LM i i i i i i i i

OCF OCF d mech mech OCF OCF

LM i i i i i i i

OCF OCF d mech mech OCF OCF

H I C I C I

H I C I I

θ θ θ

θ θ θ

φ λ λ

φ ζ λ λ

 = − − − ⊗ <  

 = − − + ⊗ ≥
 

F . .F

F . .F

σ

σ

a a

a a

 (B7) 

 ( ) ( ) ( )( )( ) ( )
( ) ( )( ) ( )

2
_ _ *

4 _ 4 4 5 4

_ _ * *

4 _ 6 4 4

1 2 1 exp 1

1 2

T

T

LM i i i LM i i i i i i

NEF d mech mech NEFNEF

LM i i i LM i i i i i

NEF d mech mech NEFNEF

H I C I C I

H I C I I

η
ψ

η
ψ

ψ η ψ ψ ψ ψ ψ

ψ η ψ ψ ψ ψ ψ ψ

φ φ λ λ

φ φ ζ λ λ

 = − − − ⊗ <  

 = − − + ⊗ ≥
 

F . .F

F . .F

σ

σ

b b

b b

 (B8) 
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 ( ) ( ) ( )( )( ) ( )
( ) ( )( ) ( )

2
_ _ *

4 _ 4 4 5 4

_ _ * *

4 _ 6 4 4
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where 
i

p  is written from boundary conditions in each loading case: 

 ( )
2

__ 2 2

_ 2 3 3

i

chem xLM i i i i i

ECM d ECMp G S S S
λ

φ
λ

  
 = + +     

 and 

2

__

_

i

chem xILM i i

ECM d ECM
p G

λ
φ

λ
 

=   
 

 (B11) 

for UA stretching path, 
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for biaxial stretching path and, 

 ( )2

_ 1i i

ECM d ECMp Gφ κ= +  (B13) 

for shearing path. 
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Figure 1. Multiscale view of (a) the intervertebral disc annulus fibrosus (AF: annulus fibrosus, 

NP: nucleus pulposus) starting from (b) the multi-layered material element to the local 

organization of the collagen-network at the (c) microscale and the (d) nanoscale. The picture 

is adapted from the experimental analyzes in [6, 7, 11]. 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

                                                      (a)                                                     (b)  

   

Figure 2. Coordinate systems of (a) the multi-layered material element (n0-axis is the unit 

vector at inter-layer interfaces and a-axis is the unit vector along OCF that forms an angle θ 

with the x-axis) and (b) of the five NEF bundles η = {0°, 45°, 90°, 135°, 180°} (b-axis is the 

unit vector along NEF that forms an angle y with the a-axis).  

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

  

 

 

 

 

 

 
         

    (a)               (b) 

Figure 3. Quantity of NEF (a) in LM and (b) in ILM; continuous lines: Eq. (3), dashed lines: 

experimental data [11]. 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

Figure 4. Behavior of a single collagen fiber stretched until failure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

Figure 5. Loading paths applied on the multi-layered material element.  
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                                      (a)                                                                        (b) 

Figure 6. Volumetric response of the multi-layered material element: (a) under free swelling 

(line: model, symbol: experimental data of Acaroglu et al. [51]), (b) under UA circumferential 

stretching (solid line: model, dashed line model without damage).  
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      (a)               (b) 

Figure 7. Temporal changes of (a) transversal stretches and (b) normalized stress of the multi-

layered material element under a UA circumferential stretching until 1.1 followed by a 

relaxation (lines: model, symbols: experimental data of Baldit [53]). 
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(c) 

Figure 8. UA circumferential stretching of the multi-layered material element: (a) stress-

stretch response (solid line: model; dashed line: model without chemical effect, symbols: 

experimental data of Acaroglu et al. [51]), (b) local damage events in the different solid 

constituents (solid line: model; dashed line: model without chemical effect), (c) toe and linear 

circumferential moduli, failure strain and failure stress.  
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(c) 

Figure 9. UA radial stretching of the multi-layered material element: (a) stress-stretch 

response (solid line: model; dashed line: model without NEF activation, symbols: 

experimental data of Tavakoli and Costi [57]), (b) local damage events in the different solid 

constituents, (c) toe and linear radial moduli, failure strain and failure stress.  
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Figure 10. Local NEF stress maps under (a) UA circumferential stretching and (b) UA radial 

stretching. 
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(a)                                                                                (b) 

Figure 11. UA failure envelopes: (a) effective stress [MPa] and (b) maximum principal strain 

[%] (continuous blue line: model, dashed yellow line: model without NEF, dashed red line: 

model without chemical effect). 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

     (a)                                                                          (b) 

Figure 12. Biaxial stretching of the multi-layered material element for different biaxiality 

ratios: (a) circumferential stress-stretch response, (b) radial stress-stretch response. 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

  

Figure 13. Biaxial failure envelope.  

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

                                               

Figure 14. Shearing of the multi-layered material element (continuous line: model, symbols: 

experimental data of Tavakoli and Costi [57]). 
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Figure 15. Shearing of the multi-layered material element: (a) Toe and linear shear moduli, 

(b) failure strain and (c) failure stress.  

  

 

 

 

 

 

 

 

 



 

 

Parameters Values References 

maxz  0.76 [ ]mm  [52] 

minz  0.69 [ ]mm  [52] 

ILM LMr  0.133 [ ]−  [11] 

θ  30 [ ]deg  
[52, 53] 

 

collagenφ  0.07 [ ]−  
[50] 

 

_ 0fluidφ  0.7 [ ]−  
[51] 

 

Table 1. Structural parameters. 

 

 Components Parameters Values 

Swelling Fluid 
1K  0.14 [ ]M Pa  

  
2K  0.075 [ ]−  

Toe ECM 
ECMG  0.01 [ ]M Pa  

OCF 
1C  26 [ ]M Pa  

2C  12 [ ]−  

NEF 
4C  25 [ ]M Pa  

5C  0.2 [ ]−  

Linear OCF 
3C  70 [ ]M Pa  

*

OCFλ  1.09 [ ]−  

NEF 
6C  1.5 [ ]M Pa  

*

FCNλ  1.7 [ ]−  

Damage ECM 
ECMα  2 [ ]−  

ECMβ  5.5 [ ]M Pa  

OCF 
OCF

α  5 [ ]−  

OCF
β  43 [ ]M Pa  

NEF 
flα  6 [ ]−  

flβ  850 [ ]M Pa  

Table 2. Model parameters.  



 

 

 

 

 

 

 

 




