
HAL Id: hal-03770051
https://hal.science/hal-03770051v1

Preprint submitted on 8 Sep 2022 (v1), last revised 11 May 2023 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

How many inner simulations to compute conditional
expectations with least-square Monte Carlo?

Aurélien Alfonsi, Bernard Lapeyre, Jérôme Lelong

To cite this version:
Aurélien Alfonsi, Bernard Lapeyre, Jérôme Lelong. How many inner simulations to compute condi-
tional expectations with least-square Monte Carlo?. 2022. �hal-03770051v1�

https://hal.science/hal-03770051v1
https://hal.archives-ouvertes.fr
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Aurélien Alfonsi* Bernard Lapeyre† Jérôme Lelong‡

September 8, 2022

Abstract

The problem of computing the conditional expectation E[f(Y )|X] with least-square
Monte-Carlo is of general importance and has been widely studied. To solve this problem, it
is usually assumed that one has as many samples of Y as of X . However, when samples are
generated by computer simulation and the conditional law of Y given X can be simulated,
it may be relevant to sample K ∈ N values of Y for each sample of X . The present work
determines the optimal value of K for a given computational budget, as well as a way to
estimate it. The main take away message is that the computational gain can be all the more
important that the computational cost of sampling Y given X is small with respect to the
computational cost of sampling X . Numerical illustrations on the optimal choice of K and
on the computational gain are given on different examples including one inspired by risk
management.
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1 Introduction and Framework
We consider the classical problem of computing a conditional expectation using a least-square
Monte Carlo approach. To be more precise, let (Ω,F ,P) be a probability space, X : Ω →
Rd and Y : Ω → Rp be two random variables and f : Rp → R be a measurable function
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such that E[f(Y )2] < ∞. We are interested in computing E[f(Y )|X] by using a parametrized
approximation. Thus, we introduce a family of measurable functions (ϕ(θ, ·))θ∈Rq from Rd to
R satisfying for all θ ∈ Rq, E[ϕ(θ,X)2] < ∞. This family will be used to approximate the
conditional expectation E[f(Y )|X]. It is well known that E[f(Y )|X] solves the two following
minimisation problems

inf
Z∈L2(Ω,σ(X))

E[(Z − f(Y ))2], inf
Z∈L2(Ω,σ(X))

E[(Z − E[f(Y )|X])2],

where L2(Ω, σ(X)) denotes the set of square integrable random variables that are measurable
with respect to the σ-algebra generated by X . Therefore, we are interested in the following
minimization problems

inf
θ∈Rq

E[(ϕ(θ,X)− f(Y ))2], inf
θ∈Rq

E[(ϕ(θ,X)− E[f(Y )|X])2]. (1)

In practical cases, all these expectations are not explicit and it is often used Monte-Carlo es-
timators to approximate them. The classical problem of regression consists in minimizing
1
N

∑N
i=1 (ϕ(θ,Xi)− f(Yi))

2 with respect to θ, where (Xi, Yi)i≥1 is a sequence of iid random
variables with the same distribution as (X, Y ). In this work, we consider the possibility of hav-
ing for each Xi many samples of Y given Xi. This is the case when samples are generated by
computer simulation and when the conditional law of Y given X can be simulated. More pre-
cisely, let (Xi)i≥1 be a sequence of iid random variables following the distribution of X . For
each i ≥ 1, we introduce independent sequences (Y

(k)
i )k≥1 of iid random variables following the

law L(Y |X = Xi) of Y conditionally on X = Xi. For N,K ∈ N∗, we define the sequence of
functions vKN : Rq → R by

vKN (θ) =
1

N

N∑
i=1

(
ϕ(θ,Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)2

. (2)

We are interested in finding θKN minimizing vKN , so that ϕ(θKN , X) will give an approximation of
E[f(Y )|X]. Formally, the two minimisation problems of Equation (1) correspond respectively
to N =∞, K = 1 and N = K =∞. Note that the minimisation of (2) with K = 1 corresponds
to the classical case, with as many samples of Yi as of Xi. Up to our knowledge, most of
the literature (if not all) considers the case of minimizing v1

N to approximate the conditional
expectation, and we refer to Gyorfi et al. [GKKW02] for a nice presentation of the topic and
references. This may be understood from the point of view of statistics: on empirical data, one
usually have as many observations of X’s and Y ’s. However, when X and Y are generated by
computer simulation, it is relevant to consider the possibility of sampling K ≥ 2 values of Y
for a given X . The natural question then is to understand how to choose N and K in order to
achieve the best accuracy for a given computational time. This is the goal of this paper.

The problem of computing conditional expectations is an important problem that arises in
many different fields of research, such as the approximation of backward stochastic differential
equations [BT04, GLW05], the pricing of American options and more generally optimal stop-
ping problems [LS15], and stochastic optimal control problems [BKS10] to mention a few. It
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has a particular relevance in risk management, see e.g. [BMBR09, BDM15, KNK18], where fi-
nancial institutions have to evaluate risk from a regulatory perspective. The valuation of future
risks naturally involves conditional expectations. To be more precise, let us consider the case of
insurance companies that have to calculate their Solvency Capital Requirement (SCR). This SCR
can be calculated by computing expected losses under some stressed scenarios. This regulatory
procedure to evaluate risk is called the “standard formula”. If one aims at evaluating the SCR at
a future date T with the same procedure, one has to compute conditional expected losses under
the different stressed scenarios, given all the market information between the current date and T ,
see [ACIA21]. Therefore, one naturally has to deal with the numerical approximation of con-
ditional expectations. Let us stress that it is usually natural in this context to be able to sample
conditional laws: assets are usually modeled by a Markovian process that can be simulated, and
we can then simulate as many paths as desired after T , from a given path up to time T .

Many works have developed numerical methods based on nested simulations and refinements
to approximate an expectation that involves conditional expectations. Among them we can cite
[GJ10] which optimize nested simulations to estimate a value at risk on a conditional expectation,
[BRS12] which study nested simulations in the context of risk insurance modeling and [ACIA21]
which use a multilevel approach on the same kind of insurance problem. But to the best of
our knowledge, none of these works are interested in the nested approximation of conditional
expectations using a parametric representation as done in this work.

The paper is structured as follows. First, Section 2 presents our main assumptions, under
which we are able to show, by quite standard arguments, the convergence of θKN as well as a Cen-
tral Limit Theorem. Section 3 presents the main results of the paper. In particular, Theorem 3.2
gives a precise asymptotic of the suboptimality of θKN (with respect to θ?) as a function of K
and N , and the optimal value of K for a given computational budget. It also gives estimators to
approximate it. The computational gain is all the more important as the computational cost of
sampling Y given X is small and the approximation family is close to the conditional expecta-
tion. Section 4 gives a focus on the particularly important case of linear regression. We are able
to refine the result of Theorem 3.2 in this context. Besides, Proposition 4.3 shows for a particular
choice of approximating functions that the optimal value of K can be arbitrarily large. Finally,
Section 5 presents numerical results and shows the relevance of considering K > 1 on different
examples. We also compare different estimators that approximate K, and it comes out that one
estimator is more relevant for practical use.

2 Assumptions and Convergence results
In this section, we apply the general results on the convergence of the estimators of the optimal
solutions presented by [RS93, Section 2.6]. We introduce the function

v∞(θ) = E
[
(ϕ(θ,X)− E[f(Y )|X])2] (3)

and make the following assumptions.

Assumptions Let C ⊂ Rq be a compact set with a non-empty interior C̊.
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(H-1) Uniform integrability: E
[
supθ∈C |ϕ(θ,X)|2

]
<∞.

(H-2) The function θ 7−→ ϕ(θ,X) is a.s. continuous on C.

(H-3) The function v∞ admits on C a unique minimizer θ? ∈ C̊.

(H-4) The function θ 7−→ ϕ(θ,X) is a.s. twice continuously differentiable on C and such that

E
[
sup
θ∈C
|∇ϕ(θ,X)|2

]
<∞; E

[
sup
θ∈C

∣∣∇2ϕ(θ,X)
∣∣2] <∞.

Here, and in the whole paper, the gradient∇ is taken with respect to θ. Let us note that Hypothe-
ses (H-1), (H-2) and (H-4) are satisfied in the case of the linear regression, see Section 4 for
further details.

To apply the results on the convergence of the estimators presented by [RS93, Section 2.6],
we introduce the function

Φ(θ, Z) =

(
ϕ(θ,X)− 1

K

K∑
k=1

f(Y (k))

)2

,

with Z = (X, Y (1), . . . , Y (K)), where the sequence (Y (k))k≥1 is conditionally iid given X , and
given X = x follows the distribution L(Y |X = x)1. We also define, for K ∈ N∗, the function

vK(θ) = E

(ϕ(θ,X)− 1

K

K∑
k=1

f(Y (k))

)2
 , (4)

and vKN (θ) = 1
N

∑N
i=1 Φ(θ, Zi), so that vK(θ) = E[vKN (θ)]. Since |Φ(θ, Z)| ≤ 2|ϕ(θ,X)|2 +

2
K

∑K
k=1 f(Y (k))2, we get the uniform integrability on C by using (H-1). The continuity of Φ

with respect to θ ∈ C is clear by (H-2), and we get the following lemma from the uniform law
of large numbers, see Lemma A.1.

Lemma 2.1 Under (H-1) and (H-2), for every fixed K ∈ N, supθ∈C |vKN (θ) − vK(θ)| → 0
almost surely as N →∞.

The next lemma makes explicit the link between v∞(θ) and vK(θ) defined respectively by (3)
and (4).

Lemma 2.2 We have for all θ ∈ C,

vK(θ) = v∞(θ) +
1

K
E[(f(Y )− E[f(Y )|X])2]. (5)

1In practice, we typically have Y = F (X,U) with U independent of X and F a measurable function, and
the conditional independence means that Y (k) = F (X,U (k)) with X,U (1), . . . , U (K) independent and L(U (i)) =
L(U).
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Proof. We expand (4) and get

vK(θ) =
1

K
E
[
(ϕ(θ,X)− f(Y ))2]+

1

K2

∑
k 6=k′

E
[(
ϕ(θ,X)− f(Y (k))

) (
ϕ(θ,X)− f(Y (k′))

)]
.

On the one hand, using the conditional independence of the Y (k)’s, we get for k 6= k′

E
[(
ϕ(θ,X)− f(Y (k))

) (
ϕ(θ,X)− f(Y (k′))

)]
= E

[
E
[
ϕ(θ,X)− f(Y (k))|X

]
E
[
ϕ(θ,X)− f(Y (k′))|X

]]
= E

[
(ϕ(θ,X)− E[f(Y )|X])2] .

On the other hand, as the conditional expectation is an orthogonal projection,

E
[
(ϕ(θ,X)− f(Y ))2] = E

[
((ϕ(θ,X)− E[f(Y )|X]) + (E[f(Y )|X]− f(Y )))2]

= E
[
(ϕ(θ,X)− E[f(Y )|X])2]+ E

[
(E[f(Y )|X]− f(Y ))2] .

This yields to the claim. �

Let θKN (resp. θ?) be a minimizer of vKN (resp. v∞) on the compact set C, i.e.

vKN (θKN ) = inf
θ∈C

vKN (θ) and v∞(θ?) = inf
θ∈C

v∞(θ).

By Lemma 2.2, vK and v∞ differ only by a constant. So, θ? is also the unique minimizer of vK

for every K. Therefore, we have the following result from [RS93, Theorem A1, p. 67].

Proposition 2.3 Under (H-1), (H-2), (H-3), for every fixed K, θKN → θ? a.s. when N →∞.

Beside this almost sure convergence result, we also have a central limit theorem under additional
assumptions.

Proposition 2.4 Under the assumptions of Proposition 2.3, (H-4) and if

E
[(
ϕ(θ?, X)− 1

K

∑K
k=1 f(Y (k))

)2

|∇ϕ(θ?, X)|2
]
< ∞ and the matrix H := ∇2v∞(θ?) is

positive definite, we have
√
N(θKN − θ?)

L−−−→
N→∞

N (0, 4H−1ΓKH−1) (6)

with
ΓK = A+B/K, (7)

where A,B ∈ Rq×q are the following semi-definite positive matrices:

A = E
[
(ϕ(θ?, X)− E[f(Y )|X])2∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
, (8)

B = E
[
(f(Y )− E[f(Y )|X])2∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
. (9)

Furthermore, we have

N(v∞(θKN )− v∞(θ?))
L−−−→

N→∞
2GTHG with G ∼ N (0, H−1ΓKH−1). (10)
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Proof. First, we check some properties on gradients. We have ∇Φ(θ, Z) = 2(ϕ(θ,X) −
1
K

∑K
k=1 f(Y (k)))∇ϕ(θ,X) and ∇2Φ(θ, Z) = 2∇ϕ(θ,X)∇ϕ(θ,X)T + 2(ϕ(θ,X) −

1
K

∑K
k=1 f(Y (k)))∇2ϕ(θ,X). From Cauchy-Schwarz inequality, (H-4) and E[f(Y )2] < ∞, we

get that supθ∈C |∇Φ(θ, Z)| and supθ∈C |∇2Φ(θ, Z)| are integrable. Besides, the matrix

ΓK = E

(ϕ(θ?, X)− 1

K

K∑
k=1

f(Y (k))

)2

∇ϕ(θ?, X)∇ϕ(θ?, X)T

 . (11)

is well defined since E
[(
ϕ(θ?, X)− 1

K

∑K
k=1 f(Y (k))

)2

|∇ϕ(θ?, X)|2
]
< ∞, and we get (6)

following the result from [RS93, Theorem A2, p. 74].
Let us check that ΓK = A+B/K. We have

ΓK =
1

K2
E

E
( K∑

k=1

ϕ(θ?, X)− f(Y (k))

)2

|X

∇ϕ(θ?, X)∇ϕ(θ?, X)T


=

1

K
E
[
E
[
(ϕ(θ?, X)− f(Y ))2|X

]
∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
+
K − 1

K
E
[
(ϕ(θ?, X)− E[f(Y )|X])2∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
= E

[
(ϕ(θ?, X)− E[f(Y )|X])2∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
+

1

K
E
[
(f(Y )− E[f(Y )|X])2∇ϕ(θ?, X)∇ϕ(θ?, X)T

]
= A+

B

K
.

Last, we have v∞(θ)− v∞(θ?) = 1
2
(θ− θ?)TH(θ− θ?) + |θ− θ?|2ε(|θ− θ?|) with ε(h)→ 0

as h→ 0. By Slutsky’s theorem, Proposition 2.3 and (6), we get (10). �

Remark 2.5 Note that the matrix A defined by (8) corresponds to the asymptotic variance of
the optimal regression that we would obtain if we could directly sample E[f(Y )|X]. The addi-
tional term B/K in the decomposition of ΓK is the extra variance generated by the Monte Carlo
approximation of E[f(Y )|X].

Unless in very specific cases where the function v∞ is explicit, it is impossible in practice
to numerically evaluate N(v∞(θKN ) − v∞(θ?)). The next proposition shows that N(vKN (θ?) −
vKN (θKN )) has the same asymptotics as (10). Roughly speaking, the suboptimality of θ? for vKN is
of the same order as the suboptimality of θKN for v∞. This result will be used in the numerical
section 5 to illustrate the convergence.

Proposition 2.6 Under the same assumptions as in Proposition 2.4 and if C is convex, we have

N(vKN (θ?)− vKN (θKN ))
L−−−→

N→∞
2GTHG, with G ∼ N (0, H−1ΓKH−1).
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Proof. We have by Taylor’s theorem

vKN (θ?)− vKN (θKN ) = (θKN − θ?)T
(∫ 1

0

(1− u)∇2vKN
(
θKN + u(θKN − θ?)

)
du

)
(θKN − θ?), (12)

with

∇2vKN (θ) =
2

N

N∑
i=1

∇ϕ(θ,Xi)∇ϕ(θ,Xi)
T +

(
ϕ(θ,Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)
∇2ϕ(θ,Xi).

By Lemma 2.2, we have

∇2vK(θ) = ∇2v∞(θ) = 2E
[
∇ϕ(θ,X)∇ϕ(θ,X)T + (ϕ(θ,X)− E[f(Y )|X])∇2ϕ(θ,X)

]
.

By (H-1), (H-2) and (H-4), we can apply [RS93, Lemma A1 p. 67] and get that
supθ∈C |∇2vKN (θ)−∇2v∞(θ)| →

N→∞
0, almost surely. Since θ?, θKN ∈ C and C is convex, we get∫ 1

0
(1 − u)∇2vKN

(
θKN + u(θKN − θ?)

)
du −

∫ 1

0
(1 − u)∇2v∞

(
θKN + u(θKN − θ?)

)
du → 0, almost

surely. Since∇2v∞ is bounded on C, we get∫ 1

0

(1− u)∇2vKN
(
θKN + u(θKN − θ?)

)
du →

N→∞
H = ∇2vK(θ?), a.s.,

by using Proposition 2.3. This gives that N(vKN (θ?)− vKN (θKN )) converges in law to 2GTHG by
using (12), Proposition 2.4 and Slutsky’s theorem. �

3 Main results
In this section, we present our main theorem that determines the optimal allocation between N
and K to approximate the conditional expectation. Let us denote the computational time for
sampling X and L(Y |X) respectively by CX and CY |X . With these notations, the cost for com-
puting vKN is proportional to NCX + NKCY |X . Without loss of generality, we will assume that
CX = 1. This means that the computational time for sampling X is one unit and that we express
all the other computational times with respect to this unit.

3.1 Optimal allocation between N and K
Definition 3.1 For x > 0, we denote by ν(x) ∈ N∗ the unique natural number such that

(ν(x)− 1)ν(x) < x ≤ ν(x)(ν(x) + 1).

It is easy to check that ∀x > 0, b
√
xc ≤ ν(x) ≤ d

√
xe. Now, we state our main result.
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Theorem 3.2 Under the assumptions of Proposition 2.4 and if the sequence N(v∞(θKN ) −
v∞(θ?))N≥1 is uniformly integrable, we have

E[v∞(θKN )] = v∞(θ?) +
tr(ΓKH−1)

N
+ o(1/N),

as N →∞. If A 6= 0, the asymptotic optimal choice minimizing E[v∞(θKN )] for a computational
budget c→∞ is to take

N? =

⌊
c

1 +K?CY |X

⌋
, K? = ν

(
tr(BH−1)

CY |X tr(AH−1)

)
.

Note that if A = 0 and P(∇ϕ(θ?, X) 6= 0) > 0, then ϕ(θ?, X) = E[f(Y )|X]. The condition
A 6= 0 ensures that tr(AH−1) > 0.

Proof. We have by Proposition 2.4, N(v∞(θKN ) − v∞(θ?))
L−−−→

N→∞
2GTHG with G ∼

N (0, H−1ΓKH−1). From this convergence in distribution and the uniform integrability assump-
tion, we get E[N(v∞(θKN ) − v∞(θ?))] → 2E[GTHG]. Let C =

√
H−1ΓKH−1. Then, G has

the same law as CG̃ with G̃ ∼ N (0, Iq) and thus E[GTHG] = E[G̃TCHCG̃] = tr(CHC) =
tr(HC2) = tr(ΓKH−1), which gives the first claim.

As N → ∞, the minimization of E[v∞(θKN )] with respect to K amounts to minimizing
tr(ΓKH−1) with respect to K. For a large enough budget c, the problem becomes

inf
N,K ∈N

s.t.N+NKCY |X=c

tr(AH−1)

N
+

tr(BH−1)

KN
.

Then, we apply Lemma A.2 to get the claim. �

Remark 3.3 Theorem 3.2 gives the asymptotic optimal allocation to minimize E[v∞(θKN )]. Un-
fortunately, it involves the matrixH which is in general unknown and may be difficult to estimate.
When θ is a one dimensional parameter,A,B andH are scalar values and thusK? = ν

(
B

CY |XA

)
.

Otherwise, since H is a definite positive matrix, we have λHIq ≤ H ≤ λHIq and thus

λ
−1

H tr(ΓK) ≤ tr(ΓKH−1) ≤ λ−1
H tr(ΓK).

Therefore, it is reasonable (though not optimal) to minimize tr(ΓK) under the same computa-
tional budget constraint, which then leads to

N ′ =

⌊
c

1 +K ′CY |X

⌋
, K ′ = ν

(
tr(B)

CY |X tr(A)

)
.

The next corollary gives a bound on the computational gain that can be obtained by the
optimization of K given by Theorem 3.2.
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Corollary 3.4 (Comparison of the estimators θK?

N? and θ1
N for a fixed computational budget)

Let c be the computational budget. Under the assumptions of Theorem 3.2 and with
N = bc/(1 + CY |X)c, we have

E[v∞(θK
?

N? )]− v∞(θ?) ∼c→∞ r?(E[v∞(θ1
N)]− v∞(θ?)),

with

r? =
(1 + ν(ξ)CY |X)

(
1 + ξ

ν(ξ)
CY |X

)
(1 + CY |X)(1 + ξCY |X)

, ξ =
tr(BH−1)

CY |X tr(AH−1)
. (13)

This multiplicative gain r? ∈ (0, 1] satisfies r? ≥ CY |X
1+CY |X

and limξ→∞ r
? =

CY |X
1+CY |X

.

Note that if CY |X = 1, i.e. the computation time of sampling L(Y |X) is the same as the one
of sampling X , we cannot reduce the computation time more than by a factor 1/2. Besides, the
smaller is CY |X , the more we may hope a significant reduction of computational time, and this
really occurs if ξ is large, so that r? ≈ CY |X

1+CY |X
.

Proof. Since we are comparing θ1
N and θK?

N? for the same computation budget, we have c ∼c→∞
N(1 + CY |X) ∼c→∞ N?(1 +K?CY |X). By Theorem 3.2, the multiplicative gain in precision is

r? =
tr(ΓK

?
H−1)/N?

tr(Γ1H−1)/N
→
c→∞

tr(ΓK
?
H−1)

tr(Γ1H−1)
×

1 +K?CY |X
1 + CY |X

.

Since ΓK = A + B/K and K? = ν(ξ), we get (13) after simple calculations. We have r? ≤ 1

since ν(ξ) + ξ
ν(ξ)
≤ 1 + ξ, r? ≥ CY |X

1+CY |X
since ν(ξ) ≥ 1 and limξ→∞ r

? =
CY |X

1+CY |X
since

ν(ξ) ∼ξ→∞
√
ξ. �

Remark 3.5 By the same reasoning as in the proof of Corollary 3.4, we can define

rK =
tr(ΓKH−1)

tr(Γ1H−1)
×

1 +KCY |X
1 + CY |X

(14)

as the multiplicative gain resulting from using θKN instead of θ1
N . Note that this is indeed a gain

if rK < 1 and that we have r? = rK
? .

3.2 Estimation of the matrices A and B
In practice, to calculate the value of K? given by Theorem 3.2, we need to estimate the matrices
A and B. Let (Xi, Y

(1)
i , . . . , Y

(K)
i )i be iid samples such that for all i, Xi ∼ X and Y

(k)
i ∼

L(Y |X = Xi) for k = 1, . . . , K being sampled independently given Xi. From these samples,
we can compute θKN and define

Γ̂KN =
1

N

N∑
i=1

(
ϕ(θKN , Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)2

∇ϕ(θKN , Xi)∇ϕ(θKN , Xi)
T . (15)
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Proposition 3.6 Assume (H-1), (H-2), (H-3), (H-4) and

E
[
sup
θ∈C
|ϕ(θ,X)∇ϕ(θ,X)|2

]
<∞, E

[
f(Y )2 sup

θ∈C
|∇ϕ(θ,X)|2

]
<∞. (16)

Then, we have Γ̂KN →
N→∞

ΓK almost surely.

Proof. We define the function gK : Rq × Rd × (Rp)K → Rq×q by

g(θ, x, (y(k))1≤k≤K) =

(
ϕ(θ, x)− 1

K

K∑
k=1

f(y(k))

)2

∇ϕ(θ, x)∇ϕ(θ, x)T .

Assumptions (H-1), (H-2), (H-4) ensure that the function θ 7→ gK(θ,X, (Y (k))1≤k≤K) is a.s.
continuous, while Assumption (16) gives the integrability of supθ∈C |gK(θ,X, (Y (k))1≤k≤K)|.
From Lemma A.1, we get that

sup
θ∈C

∣∣∣∣∣ 1

N

N∑
i=1

gK(θ,Xi, (Y
(k)
i )1≤k≤K)− E[gK(θ,X, (Y (k))1≤k≤K)]

∣∣∣∣∣→ 0, a.s.

From Proposition 2.3, θKN → θ? a.s. Hence, we deduce that Γ̂KN → ΓK a.s. �

Estimators for A and B From Proposition 3.6 and Equation (7), we deduce estimators of A
and B. For K1, K2 ∈ N∗ such that K1 < K2, we have by Proposition 3.6 when N tends to +∞

K2Γ̂K2
N −K1Γ̂K1

N

K2 −K1

→ A a.s.,
K1K2

(
Γ̂K1
N − Γ̂K2

N

)
K2 −K1

→ B a.s.

We will mainly use K1 = K̄ and K2 = 2K̄ for a given K̄ ∈ N∗, which leads to simpler formulas

ÂK̄ := 2Γ̂2K̄
N − Γ̂K̄N , B̂K̄ = 2K̄

(
Γ̂K̄N − Γ̂2K̄

N

)
.

Besides, we rather work with the following antithetic estimators:

ÂantiK̄ =
1

N

N∑
i=1

[
2

(
ϕ(θ2K̄

N , Xi)−
1

2K̄

2K̄∑
k=1

f(Y
(k)
i )

)2

− 1

2

(
ϕ(θ2K̄

N , Xi)−
1

K̄

K̄∑
k=1

f(Y
(k)
i )

)2

− 1

2

ϕ(θ2K̄
N , Xi)−

1

K̄

2K̄∑
k=K̄+1

f(Y
(k)
i )

2 ]
∇ϕ(θ2K̄

N , Xi)∇ϕ(θ2K̄
N , Xi)

T

B̂anti
K̄ = 2K̄

(
1

N

N∑
i=1

[
1

2

(
ϕ(θ2K̄

N , Xi)−
1

K̄

K̄∑
k=1

f(Y
(k)
i )

)2

+
1

2

ϕ(θ2K̄
N , Xi)−

1

K̄

2K̄∑
k=K̄+1

f(Y
(k)
i )

2

−

(
ϕ(θ2K̄

N , Xi)−
1

2K̄

2K̄∑
k=1

f(Y
(k)
i )

)2 ]
∇ϕ(θ2K̄

N , Xi)∇ϕ(θ2K̄
N , Xi)

T

)
.
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Note that the same value of θ2K̄
N is used. Similarly, we have the almost sure convergence of these

estimators respectively to A and B as N → ∞. Thanks to the convexity of the square function,
B̂anti
K̄

is a semi-definite positive matrix. Unfortunately, the matrix Âanti
K̄

may not be semi-definite
positive. More generally, the matrix A is in general difficult to estimate. From its definition (8),
we see that the better is the approximation family ϕ(θ,X), the smaller is the matrix A for the
natural order (Löwner order). Thus, when the conditional expectation is well approximated, the
matrix A is small and may be smaller than the noise in O(N−1/2), so that the estimated matrix
Âanti
K̄

may have negative eigenvalues. Thus, in practice, we use

K̂A
H = ν

(
tr(B̂anti

K̄
Ĥ−1)

CY |X tr((Âanti
K̄

Ĥ−1)+)

)
(17)

to approximate K?. An alternative is to approximate A by Γ2K̄
N for a (fixed) large value of K̄: it

is a nonnegative estimator of Γ = A+B/K̄ ≥ A, and therefore

K̂Γ
H = ν

(
tr(B̂anti

K̄
Ĥ−1)

CY |X tr(Γ2K̄
N Ĥ−1)

)
(18)

underestimates K?. These estimators are discussed and illustrated in the numerical section 5.

4 The linear regression framework
In this section, we rephrase some results of Section 3 in the framework of linear regression as
they actually take simpler forms. In particular, we show that the uniform integrability assumption
of Theorem 3.2 is always satisfied.

4.1 Main results for the linear regression framework
We consider in this section a function u : Rd → Rq such that E[|u(X)|2] <∞ and

ϕ(θ,X) = θ · u(X), θ ∈ Rq.

In this case, we have ∇ϕ(θ,X) = u(X), ∇2ϕ(θ,X) = 0, ∇v∞(θ) = 2E[(θ · u(X) −
E[f(Y )|X])u(X)] and ∇2v∞(θ) = 2E[u(X)uT (X)] does not depend on θ. Therefore, Assump-
tions (H-1), (H-2) and (H-4) are clearly satisfied for any compact C, while (H-3) holds if, and
only if

H = 2E[u(X)uT (X)] is positive definite and θ? = 2H−1E[f(Y )u(X)] ∈ C̊. (H-3-lin)

We also get a simpler expression for θKN and Γ̂KN :

θKN =

(
1

N

N∑
i=1

u(Xi)u(Xi)
T

)−1(
1

N

N∑
i=1

(
1

K

K∑
k=1

f(Y
(k)
i )

)
u(Xi)

)
,

Γ̂KN =
1

N

N∑
i=1

(
θKN · u(Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)2

u(Xi)u(Xi)
T .

11



Here, we assume that H is positive definite and N is large enough so that 1
N

∑N
i=1 u(Xi)u(Xi)

T

is positive definite by the law of large numbers. However, it may be convenient to slightly modify
the estimator as in the next proposition. This new estimator satisfies in particular the uniform
integrability assumption of Theorem 3.2, as shown in the proof of Proposition 4.2.

Definition 4.1 For a positive semi-definite matrix S ∈ Rq×q and ε ∈ R∗+, S∨(εIq) is the positive
definite matrix such that (S ∨ (εIq))el = max(λl, ε)el, where (el)1≤l≤q is an orthonormal basis
of eigenvectors with respective eigenvalues (λl)1≤l≤q.

Proposition 4.2 We assume (H-3-lin), E[|u(X)|4+η] < ∞ and E[f(Y )2+η|u(X)|2+η] < ∞ for
some η > 0. Let ε > 0 be such that H − 2εIq is positive definite and define

θK,εN = 2

((
2

N

N∑
i=1

u(Xi)u(Xi)
T

)
∨ (εIq)

)−1(
1

N

N∑
i=1

(
1

K

K∑
k=1

f(Y
(k)
i )

)
u(Xi)

)
.

Then, we have θK,εN → θ? a.s.,
√
N(θK,εN − θ?) L−−−→

N→∞
N (0, 4H−1ΓKH−1) and

E[v∞(θKN )] =
N→∞

v∞(θ?) +
tr(ΓKH−1)

N
+ o(1/N).

The conclusions of Theorem 3.2 hold.

Proof. By the law of large numbers, 2
N

∑N
i=1 u(Xi)u(Xi)

T → H , almost surely. Since H − 2εIq
is positive definite, there exists, almost surely, N̄ such that for N ≥ N̄ , 2

N

∑N
i=1 u(Xi)u(Xi)

T −
εIq is positive definite and thus θK,εN = θKN . This gives θK,εN → θ? a.s. by Proposition 2.3 and√
N(θK,εN − θ?) L−−−→

N→∞
N (0, 4H−1ΓKH−1) by Proposition 2.4.

Now, we check the uniform integrability of the sequence N |θK,εN − θ?|2. We have

θK,εN − θ? = 2

(( 2

N

N∑
i=1

u(Xi)u(Xi)
T

)
∨ (εIq)

)−1

−H−1

E[f(Y )u(X)]

+ 2

((
2

N

N∑
i=1

u(Xi)u(Xi)
T

)
∨ (εIq)

)−1(
1

N

N∑
i=1

(
1

K

K∑
k=1

f(Y
(k)
i )

)
u(Xi)− E[f(Y )u(X)]

)
Note that for two symmetric matrices M1,M2 such that M1 − εIq and M2 − εIq are definite
positive, we have |M−1

1 −M−1
2 | = |M−1

1 (M2 −M1)M−1
2 | ≤ 1

ε2
|M2 −M1|. Thus, we obtain

|θK,εN − θ?| ≤ 2

ε2

∣∣∣∣∣
(

2

N

N∑
i=1

u(Xi)u(Xi)
T

)
∨ (εIq)−H

∣∣∣∣∣ |E[f(Y )u(X)]|

+
2

ε

∣∣∣∣∣ 1

N

N∑
i=1

(
1

K

K∑
k=1

f(Y
(k)
i )

)
u(Xi)− E[f(Y )u(X)]

∣∣∣∣∣ .
12



Then, Lemma A.3 with the assumptions on the moments gives the uniform integrability of the
sequence (N |θK,εN − θ?|2)N≥1. Last, observe that 0 ≤ v∞(θ)− v∞(θ?) = (θ− θ?)TH(θ− θ?) ≤
|H||θ − θ?|2. Therefore, the sequence N(v∞(θK,εN ) − v∞(θ?)) is uniformly integrable, and we
get E[v∞(θKN )] =

N→∞
v∞(θ?) + tr(ΓKH−1)

N
+ o(1/N) as in the proof of Theorem 3.2. �

4.2 Piecewise constant approximation framework
We now specify our results in the linear case when X takes its values in [0, 1]d, with q = Md and
the basis

un(x) =
d∏
j=1

1Iaj (xj), (19)

for n − 1 = a1 + a2M + · · · + adM
d−1 with a1, . . . , ad ∈ {0, . . . ,M − 1}, and Ia = [ a

M
, a+1
M

)
for a = 0, . . . ,M − 2 and IM−1 = [M−1

M
, 1].

The next proposition shows that with this choice of basis, the optimal number of inner simu-
lations is (under suitable assumptions) at least of order M . This illustrates that the sharper is the
family ϕ(θ, x) to approximate the conditional expectation E[f(Y )|X], the larger is the optimal
number of inner simulations.

Proposition 4.3 Let us assume that E[f(Y )|X] = ψ(X) with ψ : [0, 1]d → R being a Lipschitz
function with Lipschitz constant L. Let us assume that E[f(Y )2|X] − (E[f(Y )|X])2 = σ2(X)
for a function σ : [0, 1]d → [σ,+∞) for some 0 < σ < ∞. We consider ϕ(θ,X) = θ · u(X)
with θ ∈ Rq, q = Md with the basis defined by (19).

Then, tr(AH−1) ≤ 1
2
L2Md−2 and 1

2
σ2Md ≤ tr(BH−1). In particular, tr(BH−1)

tr(AH−1)
≥ σ2M2

and thus K? ≥ γM for some γ > 0, with K? given by Theorem 3.2.

Proof. We have un(x) = 1Cn(x), with Cn = Ia1 × · · · × Iad . Since Cn ∩Cn′ = ∅ for n 6= n′, we
have that u(x)u(x)T is a diagonal matrix. Then, the matrices H , A and B are diagonal and we
get:

Hnn = 2P(X ∈ Cn), Ann = E[(θ? · u(X)− E[f(Y )|X])21X∈Cn ],

Bnn = E[(f(Y )− E[f(Y )|X])21X∈Cn ] = E[E[f(Y )2|X]− (E[f(Y )|X])21X∈Cn ].

Therefore, we get tr(AH−1) = 1
2

∑q
n=1 E[(θ? · u(X)−E[f(Y )|X])2|X ∈ Cn] and tr(BH−1) =

1
2

∑q
n=1 E[E[f(Y )2|X]− (E[f(Y )|X])2|X ∈ Cn] = 1

2

∑q
n=1 E[σ(X)2|X ∈ Cn] ≥ σ2q

2
. Besides,

we observe that θ?n = E[ψ(X)|X ∈ Cn] since θ? minimizes v∞(θ) =
∑q

n=1 E[1Cn(X)(θn −
ψ(X))2], and therefore |θ?n − ψ(x)| ≤ L/M for x ∈ Cn by the triangular inequality. This gives
tr(AH−1) ≤ 1

2
(L/M)2q, and then the claim. �

Remark 4.4 (Asymptotic optimal tuning of M , K and N ) We work under the assumptions of
Proposition 4.3 and assume in addition that σ(x) ≤ σ <∞. We are interested in minimizing

E := E

 1

N

N∑
i=1

(
θKN · u(Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)2
 ,
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which is the averaged quadratic error on the sample. Following the lines of [Gob16, Theorem
8.2.4], we get E = E1 + E2, with

E1 = E

[
1

N

N∑
i=1

(
θKN · u(Xi)− ψ(Xi)

)2

]
and E2 = E

 1

N

N∑
i=1

(
ψ(Xi)−

1

K

K∑
k=1

f(Y
(k)
i )

)2
 ,

representing respectively the approximation error and the statistical error. We show in the same
manner that E1 ≤ L2

M2 and E2 ≤ σ2Md

KN
. To achieve a precision of order ε > 0 (and a quadratic

error of order ε2), we then take L2

M2 = ε2 and σ2Md

KN
= ε2. This leads to M = cε−1 and KN =

c′ε−(2+d) for some constants c, c′ > 0, for an overall computational cost of O(ε−(3+d)). Taking
the optimal choice K? of Theorem 3.2 does not change the order of convergence but improves
its multiplicative rate.

5 Numerical experiments
The present numerical section is organized as follows. We first present the different estimators to
approximate K? and describe the Monte-Carlo algorithm that is used for all the examples. Then,
we begin with a toy example that illustrates that K? may be arbitrarily large. In this case, as the
computational time CY |X is equal to CX , the theoretical multiplicative gain r? ≈ 1/2, and we
almost reach this bound in practice. The second example shows a case where the computational
time CY |X is much smaller than CX , and therefore where the multiplicative gain may be larger.
The last example is more practically oriented and deals with risk management concerns.

In this section, we compare the performances of the following estimations of K? based on
Theorem 3.2,

K?
H = ν

(
tr(BH−1)

CY |X tr(AH−1)

)
with the one suggested by Remark 3.3,

K?
�H = ν

(
tr(B)

CY |X tr(A)

)
,

which is much simpler to estimate. Following (17) and (18), we approximate K?
H or K?

�H
by the

four estimators

K̂A
H = ν

(
tr(B̂anti

K̄
Ĥ−1)

CY |X tr((Âanti
K̄

Ĥ−1)+)

)
; K̂A

�H = ν

(
tr(B̂anti

K̄
)

CY |X tr((Âanti
K̄

)+)

)

K̂Γ
H = ν

(
tr(B̂anti

K̄
Ĥ−1)

CY |X tr(Γ2K̄
N Ĥ−1)

)
; K̂Γ

�H = ν

(
tr(B̂anti

K̄
)

CY |X tr(Γ2K̄
N )

)
,

(20)

where Ĥ = ∇2vKN (θKN ). Note that in the linear regression framework, we simply have
Ĥ = 1

N

∑N
i=1 u(Xi)u(Xi)

T . When q = 1, matrices are scalar, and we take K̂A
H = K̂A

�H
=

14



ν
(

B̂anti
K̄

CY |X |Âanti
K̄
|

)
and K̂Γ

H = K̂Γ
�H

= ν
(

B̂anti
K̄

CY |XΓ2K̄
N

)
. Since Γ2K̄ ≥ A is a semi-definite positive ma-

trix, K̂Γ
H and K̂Γ

�H
will slightly underestimate K?

H and K?
�H

. However, as we will see they have a
much smaller variance and give a nearly optimal computational gain.

For each example, we run our algorithm 20, 000 times to approximate E[vKN (θ?)]−E[vKN (θKN )],
which is (under uniform integrability assumption) an estimator of E[v∞(θKN )] − E[v∞(θ?)]
by Proposition 2.6. Namely, we calculate for J = 20, 000 the estimator 1

J

∑J
j=1 v

K
N,j(θ

?) −
vKN,j(θ

K
N,j), where (vKN,j)1≤j≤J are iid samples of (2) and, for each j, θKN,j is the minimum of vKN,j .

This minimum is computed explicitly for linear regression and can be approximated by a gradient
descent otherwise. The value of θ? is approximated by minimizing v1

N(θ) for N = 100, 000. In
comparison, the values of (N,K) to sample vKN,j and then θKN,j are such that N 1+KCY |X

1+CY |X
≈ 5000.

Using the 20, 000 runs, we compute as many samples of the estimators K̂A
H , K̂A

�H
, K̂Γ

H and
K̂Γ
�H

and plot their empirical distributions on the window 0, . . . , 110. We also calculate the mul-
tiplicative computational gain rK defined by Remark 3.5 by using the estimator

1
J

∑J
j=1 v

K
N ′(N,K),j(θ

?)− vKN ′(N,K),j(θ
K
N ′(N,K),j)

1
J

∑J
j=1 v

1
N,j(θ

?)− v1
N,j(θ

1
N,j)

(21)

with N = 5000 and N ′(N,K) =
⌊
N

1+CY |X
1+KCY |X

⌋
. In fact, assuming the uniform integrabil-

ity of the family N ′(N,K)(vKN ′(N,K)(θ
?) − vKN ′(N,K)(θ

K
N ′(N,K))), we get by Proposition 2.6 that

E[vKN ′(N,K)(θ
?)]−E[vKN ′(N,K)(θ

K
N ′(N,K))] ∼N→∞

tr(ΓKH−1)
N ′(N,K)

exactly as in the proof of Theorem 3.2.
By (14), this gives

E[vKN ′(N,K)(θ
?)]− E[vKN ′(N,K)(θ

K
N ′(N,K))]

E[v1
N(θ?)]− E[v1

N(θ1
N)]

→N→∞
1 +KCY |X
1 + CY |X

tr(ΓKH−1)

tr(Γ1H−1)
= rK .

5.1 Toy example in a Gaussian framework
Consider a one dimensional toy example in a Gaussian framework. Let (X, Y ) be a Gaussian
vector such thatX and Y are two standard normal random variables with covariance ρ ∈ [−1, 1].
Let f be the square function, f : x ∈ R 7−→ x2. We consider a constant approximation meaning
that the function ϕ is defined by ϕ(θ, x) = θ, for θ ∈ R and x ∈ R. Easy computations lead to
explicit formulas

E[f(Y )|X] = ρ2X2 + (1− ρ2)

θ? = 1; A = Γ∞ = 2ρ4; B = 2(1− ρ4).

In this case, the value of K? is given by

K? = ν

(
1− ρ4

ρ4

)
.
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Figure 1: Computational multiplicative gain as a function of K for the
Gaussian toy example (ρ = 0.1) with regression on the constant function.
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(b) Distribution of K̂Γ
H with K̄ = 32

Figure 2: Comparison of the 2 estimators K̂A
H and K̂Γ

H for the Gaussian
toy example.
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This very simple example shows that the optimal number of inner samples K? can vary from 1
to arbitrary large values. As the parameter θ is one dimensional, the Hessian matrix H is scalar
valued and therefore K? = K?

�H
. Thus, the four estimators reduce to two.

For our numerical experiments on this toy example, we fix ρ = 0.1, in which case the the-
oretical value of K? is 100. Figure 1 clearly shows that the gain rK is almost constant for any
K ≥ 20. Even though from a theoretical point of view K? = 100, any values of K larger than
20 are equally good in practice. Note that from Corollary 3.4, r? ≥ 1

2
; this lower bound is al-

most attained by rK for K ≥ 20. Figure 2 shows a comparison of the distributions of the two
estimators K̂A

H , and K̂Γ
H . The estimator K̂A

H has a very large standard deviation (equal to 79)
and may take values as large as 4275, whereas the estimator K̂Γ

H is much more concentrated and
only takes two values 8 and 9. These are typical behaviours of these estimators: as discussed at
the end of Section 3.2, the estimated matrix Âanti

K̄
may have negative eigenvalues coming from a

too large variance in the Monte Carlo computation and leading to non reliable estimations of A.
On the contrary, K̂Γ

H uses Γ2K̄
N as an approximation of A from above leading to a conservative

estimation of K? from below with far less variance. The gains rK reported in Figure 1 for K = 8
or K = 9 are very close to the best possible gains. In the example, we can conclude that K̂Γ

H

with K̄ = 32 is much better than K̂A
H , since it has small fluctuations and gives a nearly optimal

computation gain.

5.2 A SDE conditioned on an intermediate date
We consider the following SDE

dXt = cos(Xt)dWt; X0 = 0

where W is a real valued Brownian motion. We aim at estimating E[X2
t2
|Xt1 ] with t2 = 10 and

t1 = 9. This amounts to take Y = Xt2 , f(x) = x2 and X = Xt1 in (1). The SDE is discretized
using the Euler scheme with 200 time-steps, hence inner simulations are cheaper than outer
simulations; their relative cost is CY |X = 1

9
. We consider two different settings for the family of

functions (ϕ(θ; ·))θ: a polynomial with degree 3 (see Figures 3 and 5) and a piecewise constant
approximation (see Figures 4 and 6). In both settings, the parameter θ is multi-dimensional, so
the Hessian matrix is a true matrix and the estimators with and without H are actually different.

We build the piecewise constant approximation on R in the following way. First, we center
the samples of X around their mean and rescale them by their standard deviation, then we apply
the function x 7→ 1√

π

∫ x
−∞ e−t

2
dt to map R into (0, 1). Finally, we split the interval [0, 1] into M

regular sub-intervals.
Figures 3 and 4 exhibit very similar gain profiles for rK . The polynomial regression of

order 3 works quite well on this example, which is related to the choice of f(x) = x2. Figure 4
compares the multiplicative gain for two different local regressions: one with M = 50 intervals
and the other one with M = 100. As expected, increasing the number of cells improves the
approximation and thus the gain, according to Corollary 3.4. The multiplicative gain obtained is
around 0.2 for M = 50 and 0.15 for M = 100, to be compared with the best gain 1

10
given by

Corollary 3.4.
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Figure 3: Computational multiplicative gain as a function of K for the
SDE example with a polynomial regression of order 3 and t1 = 9.
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Figure 4: Computational multiplicative gain as a function of K for the
SDE example with a local regression with t1 = 9 and M = 50 (orange
crosses) or M = 100 (blue crosses).
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Figure 5: Comparison of the 4 estimators K̂A
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H and K̂Γ
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for the
SDE example with a polynomial regression with degree 3 and t1 = 9.
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Figure 5 shows a comparison of the four estimators defined in (20) in the polynomial regres-
sion setting. The estimators K̂A

H (resp. K̂Γ
H) and K̂A

�H
(resp. K̂Γ

�H
) have very similar distributions.

Simplifying H in the ratio tr(BH−1)
CY |X tr(AH−1)

even tends to slightly reduce the variance of the esti-

mator without significantly changing its mean. The estimators K̂A
H and K̂A

�H
based on the use

of Âanti
K̄

have larger variances and may return very extreme values (between 4 and 340). On
the contrary, the estimators K̂Γ

H and K̂Γ
�H

have very small standard deviation and show a much
more concentrated probability function than the estimators based on Âanti

K̄
. The use of Γ2K as

an approximation of A tends to produce smaller approximations of K?: their empirical means
are shifted by approximately −20. However, the gain profiles of Figure 3 are almost flat for
K ≥ 20, hence this shift does not change the best gain attained by our method. As a conclusion,
we recommend to use K̂K

�H
to approximate K?.

In Figure 6, we observe very similar behaviours for the piecewise constant approximation
setting as the ones we described above for the polynomial regression framework. However, we
note that the estimation of the matrix H is more difficult than in the previous polynomial frame-
work, especially for the intervals with few data. This explains heuristically why the estimators
without H are less noisy.

5.3 An introductory example to risk management in insurance
In the introduction of the present paper, we have indicated the relevance of computing conditional
expectations for risk management. Here, we take back this example from [ACIA21] that mimics
the methodology of the standard formula to calculate the Solvency Capital Requirement, in the
sense that it applies a shock to the underlying asset (we refer to [ACIA21] for further details). We
now describe this example and consider an asset whose price follows the Black-Scholes model:

St = S0 exp

(
σWt −

σ2

2
t

)
, t ≥ 0,

where S0, σ > 0 and W is a standard Brownian motion. In practice, insurance companies are
interested in computing the losses of their portfolio when a shock occurs in the economy. Here,
for simplicity, we will consider a butterfly option as a crude approximation of a true insurance
portfolio. Thus, we are interested in a butterfly option with strikes 0 < K1 < K2 that pays

ψ(ST ) = (ST −K1)+ + (ST −K2)+ − 2

(
ST −

K1 + K2

2

)+

at time T > 0. The price of such an option at time t ∈ [0, T ] is given by E[ψ(ST )|St]. Solvency II
in its standard model assumes that there is a shock on the asset at time t ∈ (0, T ) that multiplies
its value by 1 + s, s ∈ (−1,+∞). Then, in the Black-Scholes model, we have to computed the
following quantity

L = E[max(E[ψ(ST )− ψ((1 + s)ST )|St], 0)], (22)

which can be seen as the expected loss generated by the shock. In this particular example,
E[ψ(ST ) − ψ((1 + s)ST )|St] has an explicit form by using the Black-Scholes formula, that we
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Figure 6: Comparison of the 4 estimators K̂A
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for the
SDE example with a local regression with M = 50 and t1 = 9.
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can use as a benchmark to compute the mean square error of our estimator of (22). Note that
since x 7→ max(x, 0) is 1-Lipschitz, we have∣∣∣∣E[max(ϕ(θ, St), 0)]− E[max(E[ψ(ST )− ψ((1 + s)ST )|St], 0)]

∣∣∣∣
≤
√
E
[
(E[ψ(ST )− ψ((1 + s)ST )|St]− ϕ(θ, St))

2].
The estimator θKN minimizes empirically the right hand side, which gives at the same time an
upper bound on the approximation error of the expected loss.

Here, we have used our approach to compute E[ψ(ST ) − ψ((1 + s)ST )|St]. Thus, we have
X = St, Y = X exp

(
σ(WT −Wt)− σ2

2
(T − t)

)
and CX = CY |X (the simulation of X and of

Y given X both require to sample one normal random variable)2. We have taken s = 0.2, t = 1
and T = 2 and consider the local regression with M = 50, using the same transformation as the
one used for the SDE example presented in Subsection 5.2.

Figure 7 plots the multiplicative computational gain as a function ofK, while Figure 8 shows
the empirical distribution of the different estimators (20). We see from Figure 8 that most of the
computational gain is realized for K ≥ 5. Similarly to the previous example, Figure 8 shows
that the estimator K̂Γ

�H
is a good one to choose K: it has few fluctuations and avoid the issue of

estimating Ĥ .
We now focus on the numerical approximation of (22). Figure 9 illustrates the mean square

error on the estimated expected loss as a function of (N,K) for a given computational budget,
as explained in the introduction of Section 5. More precisely, from the sample (θKN ′(N,K),j, 1 ≤
j ≤ J), we compute:

1

J

J∑
j=1

(
E[max(ϕ(θKN ′(N,K),j, St), 0)|θKN ′(N,K),j]− L

)2
,

and plot the different values. Here, we compute

E[max(ϕ(θKN ′(N,K),j, St), 0)|θKN ′(N,K),j] =

∫
R

max(ϕ(θKN ′(N,K),j, S0e
σ
√
tx−σ2t/2), 0)

e−x
2/2

√
2π

dx

and L by numerical integration, using the Black-Scholes formula for L. We find L ≈ 3.077.
We first note from Figure 9 that in this example, as in all the other ones in Section 5, the choice
K = 1 that is commonly used is suboptimal. Numerically, the optimal choice of K seems to be
K? = 8 or K? = 9, which is in line with the estimators K̂Γ

H and K̂Γ
�H

. However, any choice of K
between 5 and 20 leads to an MSE that is close to the optimal one, which confirms that a precise
estimation of K? is not needed to take the benefit of the proposed method.

2Note that CX = CY |X is particular to the Black-Scholes model for which exact simulation is possible. For a
more general diffusion, one typically uses a discretization scheme to approximate it, like in Subsection 5.2. Then,
we rather get CY |X ≈ T−t

t CX and the computational gain may be important when t→ T .
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Figure 7: Computational multiplicative gain as a function of K for the
butterfly example with a local regression with M = 50.

6 Conclusion
In this work, we have investigated how to balance the computational effort between inner and
outer simulations when computing conditional expectations with least-square Monte Carlo. The
computational gain can be significant when the computational cost CY |X is small with respect to
CX , and when the family (ϕ(θ,X))θ well approximates the conditional expectation E[f(Y )|X].

We have proposed several estimators to approximate the optimal number of inner simulations
in practice. Numerical simulations have shown that the estimators K̂Γ

H and K̂Γ
�H

have much
smaller standard deviations. Although they provide smaller estimations of the optimal number
of inner samples K?, they almost attain the best gain and should be used in practice in favour of
those relying on Âanti. When it comes to choosing between K̂Γ

H and K̂Γ
�H

, one should keep in mind
that H is a Hessian matrix, whose computation may be extremely costly and noisy. The effect
of removing H in K̂Γ is to reduce the noise, and in all our experiments, this estimator almost
reaches the optimal gain. Then, as the best trade-off between accuracy and ease of computation,
we suggest to use KΓ

�H
.
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A Technical results
We start by recalling the uniform law of large number, that can be found e.g. in [RS93, Lemma
A1, p. 67].

Lemma A.1 Let X : Ω → Rd be a random variable, ψ : Rq × Rd → R a measurable function
and C ⊂ Rq a compact set. Let (Xi)i≥1 be an iid sequence with the same distribution as X . If
C 3 θ 7→ ψ(θ,X) is a.s. continuous and E[supθ∈C |ψ(θ,X)|] <∞, then

sup
θ∈C

∣∣∣∣∣ 1

N

N∑
i=1

ψ(θ,Xi)− E[ψ(θ,X)]

∣∣∣∣∣ →N→∞ 0, a.s.

The next lemma solves the optimisation problem that arises to find the best estimator for a given
computational budget.

Lemma A.2 Let a, b, c̄ > 0. As c→ +∞, we have

inf
x,y∈N∗:x+xyc̄≤c

a

x
+

b

xy
∼c→∞

1

c

[
a+ bc̄+

b

ac̄

(
ν

(
b

ac̄

)
+ ν

(
b

ac̄

)−1
)]

,

and the following solution is asymptotically optimal

x?(c) =

⌊
c

1 + y?c̄

⌋
, y? = ν

(
b

ac̄

)
, (23)

in the sense that it satisfies x?(c) + x?(c)y?c̄ ≤ c and

inf
x,y∈N∗:x+xyc̄≤c

a

x
+

b

xy
∼c→∞

a

x?(c)
+

b

x?(c)y?
.

Proof. We consider the semi-discrete minimization problem infx>0,y∈N∗:x+xyc̄≤c
a
x

+ b
xy

. For each
y ∈ N∗, the optimal choice is to take x = c

1+yc̄
, and the infimum is given by

g(y) :=
a+ bc̄

c
+

b

cy
+
ac̄

c
y.

Let y?0 =
√

b
ac̄

. We check easily that g is decreasing on (0, y?0) and increasing on (y?0,+∞).
Therefore the minimum on N∗ is reached by 1 if y?0 ≤ 1, and by p or p + 1 if y?0 ∈ [p, p + 1] for
some p ∈ N∗. We compare these two candidates and rewrite g(y) = a

c
+ bc̄

c
+ ac̄

c

(
y +

(y?0)2

y

)
.

Since

p+
z2

p
≤ p+ 1 +

z2

p+ 1
⇐⇒ z2 ≤ p(p+ 1),
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we get that p is optimal if (y?0)2 ≤ p(p + 1) and p + 1 is optimal if (y?0)2 ≥ p(p + 1) (both
are optimal for (y?0)2 = p(p + 1)). Therefore, the infimum is reached by y? = ν

(
b
ac̄

)
(see

Definition 3.1), and we have

inf
x>0,y∈N∗:x+xyc̄=c

a

x
+

b

xy
∼c→∞

1

c

[
a+ bc̄+

b

ac̄

(
ν

(
b

ac̄

)
+ ν

(
b

ac̄

)−1
)]

.

Now, we simply notice that infx>0,y∈N∗:x+xyc̄=c
a
x

+ b
xy
≤ infx,y∈N∗:x+xyc̄=c

a
x

+ b
xy

and that a
x?(c)

+

b
x?(c)y?

∼c→∞ 1
c

[
a+ bc̄+ b

ac̄

(
ν
(
b
ac̄

)
+ ν

(
b
ac̄

)−1
)]

. �

The next lemma gives a sufficient condition to get some uniform integrability in the central limit
theorem.

Lemma A.3 Let (Zi)i≥1 be an iid sequence of random variables in Rd such that E[|Z1|2+η] <∞
for some η > 0. Let Z̄N = 1

N

∑N
i=1 Zi. Then, the sequence (N |Z̄N − E[Z1]|2)N≥1 is uniformly

integrable.

Proof. This is a direct application of [GHJvW18, Proposition 2.4] that gives

E[(N |Z̄N − E[Z1]|2)1+η/2] = E[(
√
N |Z̄N − E[Z1]|)2+η] ≤ C2+ηE[|Z1 − E[Z1]|2+η],

for some constant C2+η <∞. �
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