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A LIEB-THIRRING INEQUALITY FOR EXTENDED ANYONS

THEOTIME GIRARDOT AND NICOLAS ROUGERIE

ABSTRACT. We derive a Pauli exclusion principle for extended fermion-based anyons of
any positive radius and any non-trivial statistics parameter. That is, we consider 2D
fermionic particles coupled to magnetic flux tubes of non-zero radius, and prove a Lieb-
Thirring inequality for the corresponding many-body kinetic energy operator. The implied
constant is independent of the radius of the flux tubes, and proportional to the statistics
parameter.
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1. INTRODUCTION

The exclusion principle of quantum physics can be formulated in terms of Lieb-Thirring
inequalities for the kinetic energy of fermionic particles. These inequalities stay true in
various contexts, for instance, when the particles feel an external magnetic field. In this
paper we establish a Lieb-Thirring inequality for extended anyons, modeled as fermions
coupled to magnetic flux tubes of finite radius. The magnitude « € [0, 2] of the magnetic
flux is interpreted as 1+ the statistics parameter (because our basic wave-functions are
fermionic). Our motivation is two-fold:

Date: September 2022.



2 T.GIRARDOT AND N.ROUGERIE

(1) We bridge a gap in the current state of the research program initiated in [32].
Indeed, in [31] a Lieb-Thirring inequality is established for any « # 1, at zero radius.
Thus, ideal anyons of any statistics except the bosonic one satisfy a Pauli exclusion
principle. On the other hand, in [20], bounds suggestive of a Pauli principle are
proven for finite radii R, but under restrictive assumptions on « and R.

(2) We improve the main results [I4, Theorems 1.1 and 1.4] of a previous paper of ours.
Indeed, conditioned on the inequality we prove below, a semi-classical effective model
for almost-fermionic extended anyons could be derived under relaxed assumptions
in a mean-field type limit. This was mentioned in [14, Remark 1.2] and provedEI in
the first author’s phd thesis [13, Chapter 15].

Before stating our inequality precisely we quickly recall basic facts about the two main
concepts of the paper: extended anyons and Lieb-Thirring inequalities. In particular we
give precisions on the vocabulary used above. We will not consider the case of non-abelian
anyons where the exchange phase is replaced by a general unitary operator. See [28] and
references therein.

1.1. Anyons. In a quantum mechanical system, dimensionality plays a fundamental role.
In three or higher dimensions, the indistinguishability of the particles naturally leads to
sorting them out into two types, bosons and fermions. These two types have different
statistical behavior, leading to the commonly used terminology of bosonic (or fermionic)
statistics. This dichotomy no longer holds in two dimensions. The richer topology of the
configuration space indeed allows for more than two statistics. Consider a wave function

v (RQ)N — C, it will formally behave as
U(X1, ey Xy ooy Xy oy XN ) = (X, .y X, s X,y XN) (1.1)

where oy, € [—1,1] is the statistics parameter of the anyons, counted from the bosonic end.
The case a3 = 0 corresponds to bosons and aj = 1 to fermions. The possibility of different
statistics have been known since the 70’s from different approaches [22] B35l [43] [15] and used
to describe quasi-particles emerging in the fractional quantum Hall effect [18, [, 17 [2], [6]
[16] B0], rotating Bose gases [44 [7] and in quantum information [38]. There are two main
ways to model anyons. We can treat W either as a multi-valued function (a section of a
complex line bundle) or, as a usual bosonic or fermionic function with a modified kinetic
energy. We follow the latter approach, called the magnetic gauge picture.

We thus consider a fermionic wave function whose kinetic energy is modified through
a singular change of gauge. Namely, we encode the behaviour of the wave function (L)
under a particle exchange by setting

U (X1, ..y XN) = H Pk d(xy, ..., xy) where ¢, = arg
i<k

X — Xj,
%) — X
with ® a fermionic wave function, antisymmetric under particle exchange and

ar =1+ (1.2)
the statistics parameter, now counted from the fermionic end. We have denoted arg(.)

the angle of a planar vector with the horizontal axis. The case oy = 0 describes a usual

IThe final improvement is actually from 7 < 1/4 to n < 1/3 in the notation of these references, slightly
less than we had hoped for in [14] Remark 1.2].
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fermionic system. Applying this transformation, the momentum operator for particle j
changes as

— iij — Dj = —iij + OéfA (Xj) (1.3)
with
(%) = xi) "
A(xy) =) ~L—= (14)
k] |xj — X
where (z,y)" = (—y,z). Namely, we have the formal identity

. 2
<xpy (=iVy,) \Il> = <<I>\Dij<1>>.

The above is a description of ideal anyons: the system behaves like ordinary particles
attached to infinitely thin solenoids perpendicular to the plane. In other words we added
a magnetic Aharonov-Bohm type interaction between the particles, which can formally be
gauged away by changing the symmetry type of wave-functions. This corresponds to the
particular case of anyons of radius R = 0. In this work we are interested in deriving Lieb-
Thirring inequalities for anyons of radius R > 0, meaning that the Aharonov-Bohm flux
tube will be smeared over a finite radius. Before we describe this in details we recall what
is known for the above model at R = 0. We refer to [1l [32] 33] [8, @] for more details on the
definition of the model, in particular different possible self-adjoint extensions. In the sequel
we always use the Friedrichs extension.

1.2. Lieb-Thirring inequalities for ideal anyons. The celebrated Lieb-Thirring in-
equalities are one of the different ways to quantify the Pauli exclusion between fermionic
particles. We know, for instance [24, Theorem 4.3] that, in two dimensions, fermions exclude
one another in the sense that for any anti-symmetric wave-function ¥

N
2
S [ vufax ek [ petax (1.5
j=1
where

N
p(x) == Z/ |U(x1,....,X; =X, oxy))? H dxy,

j=1 TR ki
is the one-particle density. This inequality remains true with —iV — —iV + A for some
suitable magnetic vector potential A. It implies that the kinetic energy of a large number
N of fermionic particles inside a bounded domain © C R? must grow proportionally to
N2> N: fermions do not like to be packed together and make it known through the large
energetic cost of such a packing.

On the other hand, the best we can achieve with bosons is

N ) C

2
Z/dN Vi, ¥|" dx > N p(x)%dx (1.6)
IR Rd

which is actually the Sobolev inequality and becomes trivial as N — co. Hence the kinetic
energy of a large number N of bosonic particles inside a bounded domain Q C R? may well
stay of order N.

As regards anyons, we intuitively think that the closer they are to fermions, the more
they exclude one another. This directly leads to the idea of a Lieb-Thirring inequality for
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anyons, proportional to c. Results in this direction are available in [32] B3] [34]. Here we
quote the more recent [31] where a bound is obtained for any oy € [—1,1]:

Theorem 1.1 (Lieb-Thirring inequality for ideal anyons).
Let Dx; be as in (L3). There exists a constant C > 0 such that for any oy € [0,2], N > 1
and Uy € L2 (R2N)

asym
N
S [ suslar= Cli—agl [ payGoix
o Jran Rd

Beware that we use the fermionic convention that wave-functions are anti-symmetric.
In [31] the result is stated with Uy € L2, (R*") and 1 — oy replaced by oy, as per ([L2).
This inequality shows that anyonic particles of any type but the bosonic one (a = 0,5 = 1)
satisfy a Lieb-Thirring inequality and thus an exclusion principle.

The usual approach to Lieb-Thirring inequalities for fermions is to see them as dual
to bounds on eigenvalue sums for Schrodinger operators, and use the Birman-Schwinger
principle, see [24] Chapter 4] for review. This clearly does not apply in the anyonic case,
because the problem is genuinely many-body. A new approach based on the local exclusion
came up in the past ten years [I11, 34} 32 27, B3I, 26, 21, B7, B6]. It consists in proving
possibly N-dependent inequalities on finite subsets of R%. A clever covering of the space
then allows to patch the inequalities together and obtain the correct N-dependence on
the whole space. We will employ this technique here, applying it to the Hamiltonian for
extended anyons that we describe next (see also [20), 29] 121 [14]).

1.3. Model for exented anyons. Consider the 2D Coulomb potential generated by a unit
charge smeared over the disk of radius R

wr(x) = (log| . | * xr) (x), with the convention wy = log| . | (1.7)
and xg(z) a positive, regularizing function of unit mass

1 (0,r) (%)
Observe that
1

Vlwo(x) = ‘);?, and By(x) = VEVtwy = Awy = 278,

so that we recover the magnetic field of the ideal anyon case (in a distributional sense) at
R = 0. A natural regularisation of the ideal anyons potential vector (L4 is
i
Rix.) - il : (%) — %)
A% (x)) = ZV wR(X; — Xp) = Z ]72
k#j k£j % — X[

where we have introduced the regularized distance

(1.9)

x|y := max {|x], R}

The magnetic field felt by particle j is then

]lB(x JR) (Xj)
curl Af{(x;) = 27 ; ;7}32,
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i.e. it sees all the other particles as carrying a tube of flux of radius R. From now on we
only use the fermionic representation and set
a:=aoap =1+ ap.

We always assume that

a € [0,2].
The full kinetic energy operator is
N 5 N )
TR =Y (ij) =Y (~iVy, +aAl(x))) (1.10)
j=1 J=1

acting on the fermionic space Lgsym (RQN ) as an unbounded operator. We denote Dé\f r the
domain of (LIO). When R > 0, A® is a bounded perturbation of —iV. The kinetic energy
T is essentially self-adjoint on its natural domain (see [39, Theorem X.17] and [3]). The
bottom of its spectrum exists for any fixed R > 0.

Apart from providing a analytically useful regularisation of the model, the above Hamil-
tonian with smeared flux tubes is actually the relevant one for emergent anyons [30] 19] in
the fractional quantum Hall effect. The size of the flux tubes is set by the magnetic length

of the host system. Early considerations of the model are in [42] [41].

1.4. Main theorem. We define the kinetic energy of the N-particles system with wave
function Wy as

N
El Wy = Z/ {(—ivxj +aAR (x5)) \IIN{del...de. (1.11)
=1 R2N

We also denote the one-body density of the system

N
0= [ G, =l T axe
j=1 TRAD 7

and state the main theorem of the paper.

Theorem 1.2 (Lieb-Thirring inequality for extended anyons).
There exzists a constant C** independent of R, o and N such that for any L?-normalized

fermionic N -particles wave function Vy € Lgsym (RQN)

e = € a1l [, (xjax.

1.5. Strategy of proof. The rest of the paper is dedicated to the proof of Theorem
We follow the route opened in [32] 33] B4] where, roughly speaking, the authors divide the
plane into squares @, of various sizes |Q| = L?, on which they prove a local Lieb-Thirring
inequality before recombining. To do so, one needs

(1) A local exclusion principle stating that, on a given square, the presence of two
anyonsﬁ is sufficient to get a lower bound on the kinetic energy proportional to L2
For usual fermions this just means that the kinetic energy can have only one zero

20f course, the property “a square contains a certain number of particles” is a probabilistic statement.



6 T.GIRARDOT AND N.ROUGERIE

mode per box (namely, the constant function), so that only one particle per box can
have zero kinetic energy.

(2) A local uncertainty principle derived from Poincaré-Sobolev inequalities. This
does not use the statistics and is equally valid for bosons. Combining with the
local exclusion yields a local Lieb-Thirring inequality on squares with more than
two particles.

(3) A smart splitting algorithm ensuring that the total energy of the squares with
more than two particles is sufficient to compensate for squares on which we do not
have enough particles to obtain the inequality.

In the sequel we essentially keep the same framework with the main following steps:

(1) A local exclusion principle for extended anyons stating that if a box contains
more than a fixed number N of particles, its energy must be positive, proportional
to L~2. The proof technique we use rather depends on the ratio v = R/L.

(2) A local uncertainty principle derived from the diamagnetic and Sobolev inequal-
ities and quite similar to the previously mentioned one.

(3) The Besicovitch covering theorem allowing us to cover the plane with sets each
containing sufficiently many particles to apply the local exclusion principle, while
intersecting one another only a finite number of times.

The third idea was introduced in the recent [37], and allows to think purely locally, without
having to look for compensationsﬁ between different spatial regions as in [32] [33] [34]. Hence
our main task is to provide the local exclusion principle.

If v = R/L < 1 (large boxes), the fact that the anyons are extended intuitively does not
play a very big role, and one should be able to adapt arguments from [31], 20] to obtain the
exclusion. The difference is that in [31] the influence of particles outside of the box can be
gauged away freely because the attached magnetic flux is purely local. We prove that for
~v < 1 this influence can be gauged away at a small, controlable cost.

If vy =R/L ~ 1 (medium boxes) we can use the well-known (combine [23] Theorem 7.21]
and [I0, Lemma 1.4.1])

(9], (=A + curlA)[¢]) (1.12)

DO | =

(¢, (—iV + A)?y) >

to obtain bounds using a two-body model (the curl of (L9)) is a pair interaction). For v ~ 1
the Dyson lemma [25] [40] allows to use the kinetic energy to smear the two-body interaction
over the whole box and get a non-trivial lower bound. This argument is worked out in [20],
whose results we quote and adapt to our situation.

If v = R/L > 1 (small boxes), the box is completely covered by the magnetic flux
attached to each particle inside it. We can then show that the problem becomes effectively
one-body. Intuitively, the magnetic field does not harm the fact that the kinetic energy
only has one zero-mode on the box. We prove a diamagnetic bound vindicating that there
are only finitely many modes with energy less than L~2, uniformly in the magnetic field.
Since our wave-functions are fermionic, this implies the needed lower bound if sufficiently
many particles are in the box.

3We definitely could have used the splitting algorithms of [32] 26] in our proof instead of the Besicovitch
theorem.
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Strictly speaking (II2]) is not available on a box with Neumann boundary conditions.
Hence, throughout the paper we apply it first on the whole space to obtain

N
1
ER Wy > /R?N 3 3 |(~iVi; + aA” (x;) Uy |” dxy - dxy
7j=1

Vx ‘\I/N’ +27T Xk7R) ‘\I/NP Xm...dXN
J

k#j
= /2N (61(\I/N) —|—€2(\I/N)) dx;...dxy (113)
R
and derive lower bounds to the right-hand side for the above.

In Section 2] we state our local exclusion bound and explain how to deduce Theorem
using local uncertainty and the Besicovitch theorem, as in [37]. The heart of the paper is
then Section Bl where we prove the local exclusion estimate, distinguishing according to the
size of the box. All in all, the logical structure of the argument is

Section Bl = Theorem = Theorem [2.11= Theorem (1.14)

We dispose of the last two implications first, with essentially known methods, in order to
focus on the key new estimates in Section [Bl

Acknowledgments. We thank Douglas Lundholm for insightful discussions. Funding
from the European Research Council (ERC) under the European Union’s Horizon 2020
Research and Innovation Programme (Grant agreement CORFRONMAT No 758620) is
gratefully acknowledged as well as the grant 0135-00166B from Independent Research Fund
Denmark.

2. REDUCTION TO LOCAL ESTIMATES WITH FINITE N

As usual with Lieb-Thirring inequalities, the main point of Theorem is the optimal
dependence on N. In this section we reduce the proof to local estimates with unspecified
N dependence via the Besicovitch covering theorem, following [37].

2.1. Reduction to local Lieb-Thirring at finite N. Let Q C R? a bounded domain
(always taken to be a square in the sequel). We denote the local kinetic energy in @) by

N
EG (W) ::Z/ (e1(UN) + ea(U)) g (x5) dzn (2.1)
— R2N

with the energy densities eq, e2 as defined in (LI3)).
Our local Lieb-Thirring inequality, to be derived in Section is as follows

Theorem 2.1 (Lieb-Thirring at finite N).

There exists three numbers N., Ns and C*™N such that for any ¥y € L? R2N ) with

asym (

N < / pry (x)dx < N (2.2)
Q
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and any square Q we have that
55 [@y] > C*N o — 1 /Q,O?I,N(X)dx.

We now explain how this implies Theorem We recall the Besicovitch covering
lemma [4, [5] which was used to prove Lieb-Thirring inequalities in [37] (using balls instead
of squares).

Lemma 2.2 (Besicovitch covering lemma).

Let E be a bounded subset of R. Let F be a collection of hypercubes in R with faces parallel
to the coordinate planes such that every point x € F is the center of a cube from F. Then
there exist a sub-collection G C F such that

1p <) 1o <bdp, (2.3)
Qeg

namely, E is covered by UQeg Q and every point in E belongs to at most by cubes from G.
The constant by only depends on the dimension d > 1.

Proof of Theorem[L2, last implication in (LI4).
We start by considering Wy’s which do not satisfy the assumption in Equation ([22]) of
Theorem 211 i.e, with

No > /R2 pw, (%) dx. (2.4)

In this case, we can apply the diamagnetic [23] Theorem 7.21] and Sobolev inequalities

1 Jp2 p3,, (x)dx 1 / )
o >§ —iVy [Un|[ day > — N > dx.
N / | WV, | NH o Cy fRz puy (x)dx — CoNo Jge Py (x) dx

It remains to consider the case
N, < / pw, (%) dx.
R2

By a density argument we may assume that Wy is smooth, with compact support in EV
with £ C R? bounded. Then py ~ 1s continuous with a bounded support £ C R?, and we
can for every x € E, find a square Qx C R? centered at x such that

N+ N
/Q puy (y)dy = % (2.5)

where N is as in the statement of Theorem Il We apply the Besicovitch covering
lemma to the collection of squares F = {Qx},cp to obtain a sub-collection G C F
such that

1 < Z 1o < bolg. (2.6)
Qeg
The second inequality in the above implies that

ERwy] > — ZgQ (W]
Qeg
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On each square ) € G we have (2] and may thus apply Theorem 2] to obtain
CFN\a—l\ CFN\a—l\
R 2
& [UN] 2 Z/ P (X)dx > b qu,N(x)dx
o6 2 R
where we used the first inequality of (2.0)) in the last step. This provides the desired estimate

with
cFN
CEA —mind — ———\
mln{ bQ 702N<}

O

2.2. Reduction to a local exclusion principle. We can now state the Local Pauli ex-
clusion theorem we use to establish Theorem 2.1l Its proof will be the content of Section [l

Theorem 2.3 (Local exclusion principle for extended anyons).
There exists three numbers No, N~ and C*A independent of a and R such that for any
square QQ of side-length L and any ¥y € Lasym (QN) satisfying

N < / pwy (x)dx < N (2.7)
Q

we have that

a—1
EGUN] > el | / P (x)dx. (2.8)
Ql Jg
To prove Theorem [Z1] we combine the above with a local uncertainty principle, i.e.
essentially a Poincaré-Sobolev inequality. We use the version from [36, Lemma 3.4], which
is convenient for our purpose.

Lemma 2.4 (Local uncertainty).
Let Uy € HY (RQN) for arbitrary N > 1 and let Q be a square in R?. Then

5@ (Un] > Z/ Vy, \\I/NH 1g (x;) }q{i\gi )()1 ﬁ/qufN (x)dx (2.9)

for a universal constant Cs.

Proof. We apply [36, Lemma 3.4] to the wave function |¥ /. O

Proof of Theorem [21), second implication in (LI4). We assume (7). Combining Inequal-
ities (Z.8]) and (Z.9]) we obtain, for any € € [0, 1]

Co fQ P?I/ /
fQ P\I!N dX |Q| p\IjN

F(1-9) % | o ey

>5i/ P\I/N( )dx+—(C’LE|a—1|N<—e(N> +C’LE|a—1|N>)).
N> Q|

(1—€+6)55[\I’N] > €
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We choose (clearly this is smaller than 1)

o CLE|CY— 1|N<
o N> + CLE‘Oé — 1‘N>

and the desired result follows with

Cs CLEN_ _ Gy CMENL

CFN _ e e M <
N> Ns + CMB|a — 1|Ns = N2 1+ 2CTE’

3. LOCAL EXCLUSION PRINCIPLE FOR EXTENDED ANYONS

There remains to deal with the heart of the matter, namely the proof of Theorem
This result is true without any assumption on v = RL™!, but we use different proofs for
three particular ranges of «, thus covering all v € R;. We introduce two constants ¢; and
¢ > ¢1 to be fixed later on and work in three types of boxes, corresponding to the sketch
of proof given at the end of Section []

(1) Large boxes where v < ¢;.
(2) Medium boxes where ¢; <y < co.
(3) Small boxes where v > cs.

In each case we establish a lower bound on the energy of n particles localized in @), uniformly
with respect to a number m > 0 of particles outside the box. We combine the three results
in the end of the section to obtain the energy &g of ([2.1]). The logic is that the first bound
will be proven for ¢; small enough, the third bound for ¢, large enough, but the second
bound is valid for all values of ¢1, co, provided that ¢; be bounded away from zero and that
¢ remains bounded above.

The following notation is used throughout this section. We define the Neumann ground-
state energy for n extended anyons on a domain @ C R? interacting with m anyons in the

exterior Q¢ = R?\ ). We denote Qg = [0, 1]2 and define
m
A (X0, Yin) ZVLwR = Xg) +ZVLwR (X5 — ¥&) (3.1)
= =
the magnetic vector potential for n particles living in @ (with coordinates X,, = (x1,...,Xy))

interacting with m fixed anyons located at Y, = (y1,..., ¥m), all outside Q. In line with
the definition of ey in (LI3)) let also

n

m
Ve(Xn, Yim) = 2772 "’“’ Z y;’Rz (3.2)
k;;é] ]:1 k‘:1
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For ¥,, € L*(Q"), set

1 & .
EF @Y Wal = 3 Y [ |(-iVs, + aAK (X, %)) [ X,
1 ¢ 2 1 9
+Z;/Qn |V, 04| an+1/Qn Va(Xn, Vo) |0, 2d X,

=: / e(U,,Y,,)dX, (3.3)
The fermionic Neumann energy is then

EL@m)i= int inf {€1(Q.¥) (W], Wl o = 1 (3.4)

m

We will drop the arguments @ or m of the previous energy when Q = Qg = [0,1]? or m = 0,
namely
ER(m) = ER(Qp,m) and ET .= EX(Q,0).
We also introduce the notation
ij (Yin) = —iVy, + a AT (X, Vi) -
The main goal of this section is to prove

Proposition 3.1 (Exclusion principle on finite boxes).
There exists constants N > 0 and C > 0 such that, for any R >0, m >0 and N > N

ER(Q,m) > M'
Q|

Before distinguishing between different box-sizes as alluded to above, we start by general
considerations that will reduce the proof to bounded particle numbers. We borrow and/or
adapt several arguments from [31].

(3.5)

Lemma 3.2 (Scaling property of the energy on a square).
For any square Q such that |Q| = L? we have the scaling property

E (Q,m) = Q|7 EJY/* (m) (3.6)

Proof. We first translate the variables to work on [0, L]?, with L the side-length of the
original square. We proceed to the change of variables x — Lx. The first term in (3.3])

becomes
>/,

Using the definition (L9), the property |Lx|p = L ||/, this becomes

YA

with @ (x1,...,x,) = L™V (Lxy, ..., Lx,) so that ng |®> = 1. The second part of B3) is
dealt with similarly and we conclude by taking the infima. O

2
|Q|" dx;...dx,. (3.7)

( Vx + oAl (X, Y )> W (Lxy, ..., Lx,)

2
(3.8)

Y,
(19 + aA T (6, 2) ) @ )
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Next we have the equivalent of [31, Lemma 4.2]

Lemma 3.3 (Superadditivity)
Let Q := UK Qg with {Qq} _, a collection of disjoint and simply connected subsets of Q.

Let i € NK such that Zq:1 ng = N. We define the potential

ZZER (Qg,m+n—ng) 1z (x1,...,xN)

where 15 denote the characteristic function of the subset of Q™ where exactly ng of the
points {x1,...,xn} are in Qq for all1 < ¢ < K.
We have that

m) 2/ W (3.9)
Q?’L
and in particular

K
ER(Q,m) > min Z Efq (Qqg,m~+n —ngy) (3.10)

Proof. Let 15 denote the characteristic function of the subset of ™ where exactly n, of the
points {xi,...,xny} are in @, for all 1 < ¢ < K. Then

Z/n (U, Y,,) an_Z/Al/A2 /AKZZ (U, Y;,))dX 4

q=1jeA,

2
> ZZEW (Qq,m +n —ny) /QAI/QAQ.../QAK|\1/| dX
2 K

{Ar} ¢=1

Here the sum over {A;} runs over all partitions of the particles into the sets Q). We used
the notation
dXa =dXa,---dXa, with dXu = [] dx;.
JEA

Now we reduce to finite particle numbers as announced. Denote

E(n,Q):= inf EFQ,m). (3.11)

R>0,meN

Lemma 3.4 (Reduction to finite particle numbers).
Let N = 4k for some integer k > 1 and N > N. Assume that E(n,Q) > 0 for all
4k=1 41 <n < N. There ezists a constant Cj, > 0, independent of N, such that

E(N,Q) > C,N min (E(4’“ L4 1,Q),..., BE(4*, Q)> (3.12)

The assumption E(n, Q) > 0 for all 4~ +1 < n < N is only temporary. Its validity will
follow from the considerations in the next subsections.
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Proof. This follows exactly the proof of [31], Lemma 4.8]. Without loss (in view of Lemma 3.2])
we work on the unit square and drop @ from the notation. Splitting it into four equally
large squares and using Lemmas [B.3] and we have

4
E(N) > 4mjnZE(nj).
7 o

It is here important that we have taken the infimum over R and m in (BII]). At least one
of the squares must contain n/4 particles, hence, dropping the other terms, we obtain

E(N) >4 min E(y). (3.13)
j=&]+1,..,N

We treat the case N = 4! for [ integer for simplicity (the generalization is straightforward,
as in [31, Lemma 4.8]). Denoting

e, = min {E(j),4” +1<5< 4”“}
we obtain from ([BI3)) that
en > 4min(ep, €,—1)
and, since our assumption implies e, > 0,
en > 4den_1.

Iterating a finite number of times we deduce
E(n) > 4% min <E(4k*1) +1,.. ,E(4k)) > Cjnmin (E(4’f*1) +1,.. ,E(4k)>
where C}, depends only on k, thus on N. O

3.1. Large boxes. Our exclusion principle on large boxes reads as follows:

Proposition 3.5 (Exclusion principle on large_boxes).
There exists a small 0 < ¢; < 1—12, a natural number N > 0 and a C, > 0 independent of R,
m, « or Q such that, for any v = R/L < ¢y and 2 <n < N
C|1 — «f
Pl e
Q)

The proof is inspired from [31]. It occupies the rest of the subsection and requires several
preparatory lemmas.

B (Q,m) (3.14)

Lemma 3.6 (Upper-bound for the two-particles energy on the unit square).
The two-particles energy on the unit square can be bounded by a constant C which does not
depend on R, m or .

EEf(m)<C

Proof. We can construct a fermionic trial state on the unit cube @y by setting

o (x1,%2) := (m% — x%) + (:c% — x%)
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with the notation x; = <x}, x?) We then have

2

1
. X1 — X
Il B () < Ef Toal =2 [ |=i¥ + 02228y
Q(Q) |X1 — X2|R
2
= 2/ <|Vx17/)2|2 + 042%) dxdxs
Q3 ’X1 - Xzf

<3

where we expanded the square using that v, is real and applied both that || < 1 and that
|X1—X2|RZ |X1—X2|. ]

A key step is to reduce the lower bound to the energy with exactly two particles in a
square. The basic idea is simple: if the ground state for n particles is nearly constant, it
assigns non-zero probability to the event “a subsquare contains exactly two particles”. If
the ground state is not nearly constant, it must come with some positive kinetic energy.

Lemma 3.7 (A priori bounds in terms of Ef).
There exist two constants C1 and Cy independent of R, o, n or m such that

Ef (m) > Cn

where C,, = (Z) (%)n72.

Proof. We follow the same route as in [3I, Lemma 4.3] but with fermionic wave functions
becoming bosonic wave functions via the diamagnetic inequality.

We start from Ef (m) and divide Qq of side-length 1 in four equally large squares of
side-length 1/2

Qo:=Q1UQUQ3UQ4
We apply Lemma to obtain

N
S [ ew )z [ wief
j=17Q¢ 0

and we use the scaling property (B.6]) to get

4
W >Wy =4E3" (m+n—-2)Y Y (ng=2)1z
n g=1
with the notation (P) = 1 when the statement P is true and (P) = 0 otherwise. We can
compute

[ W= B () (5) (Z) — € Bf (m)

by counting the probability that exactly two particles are in a given square. We now want
to estimate
Wy |¥].
Q0
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To this aim we will use a little bit of the kinetic energy and the inequality ([B.9]) to obtain
TER™ = gTRE™ L (1 — k) TE™ > gTE™ 4 (1 - k) Wy
for any x € [0,1]. The diamagnetic inequality leads to

ER(m) = inf (U, TEM )
WELZ 0 (QF) I¥lI=1
= inf ([P[, (—rAgp + (1= k) W2) |W])
VL2 (QF)Ivl=1 ’
> inf spec (—kAgn + (1 — k) Wa) (3.16)

CWeLZ,, (Qp)Ivl=1

where Agy is the neumann Laplacian on @Y. Note that E[(Qo,m) was defined on
fermionic wave functions whereas now the operator of ([B.I6]) acts on bosons. We consider
the orthognal projection

P = IUQ><U()‘
onto the normalised ground state of Ay, i.e. the constant function uy = 1, and the
orthogonal complement
Pt:=1-P
for which we have
— AQg > 2pt.

We use a Cauchy-Schwarz inequality to get that
Wo= (P+PY) Wy (P4 PH) = (1-2) PWoP+ (1 - 7)) PAW, Pt

for arbitrary e € [0, 1].
Now we have

PWyP =P Wy
Qo
and
PEWoPt < PH W, < 16E3% (m) P
The combination of the previous estimates leads to
—KkAgp + (1 —K) Wa > (k? — (1 — k) (7' = 1) 16E3" (m)) Pt
+(1—k&) (1 —¢)CLE2E (m) P.
We choose k to make the prefactors in front of the projections equal
B (m) [Ch(1—e)4+16 (e —1)]
S w2 B3R (m) [Cn (1 —€) +16 (7! — 1)]
We then obtain the bound

2 _ 2R
B (m) > i mCy, (1 —¢) E5™ (m)
72+ E2R(m)[Cp (1 —€) +16 (71 — 1)]
where the choice ¢ = % combined with the upper bound on Ef (m) of Lemma gives the

result.

O
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The above lemma provides a lower bound in terms of the energy with exactly two particles
inside the box, but possibly with the extra influence of many fixed particles outside the box.
For R = 0, the influence of the latter can be gauged away as in [31]. In our case, the magnetic
flux-tube they carry might overlap the box. We next check they still can be gauged away,
at a controlable cost. Indeed, since R < L the flux-tube of outside particles touches the
particles in the box only when they are close to the boundary.

Lemma 3.8 (Gauging away particles outside the box).
There exists a small vy < % such that for any v < v we can find a constant C independent
of R, m, o or Q and a constant C,, only depending on -y such that

either EX(Q,m) > C1ER(Q) or EF(Q,m)> (3.17)

Cyp
!Q\
Proof. Here we drop the second term in (33]) to consider only the magnetic kinetic energy.
We remove from () a very thin corridor such that the particles (of small radius) inside the
restricted domain cannot interact with the outside. The proof will show that if the density
is small in the corridor, we can neglect it. If not then the kinetic energy has to be large
enough for the statement to hold.

We assume that L > 4R and define S = [2R, L —2R]>. On S*2, define the change of
gauge

m
H APt m) Py with ¢y = arg —J Yk (3.18)
Pt %; = Vil

where y1,...,¥m are the coordinates of particles outside the box. Note that

1 1
(X ye)T (% —yk)
Vx;bjk = 2 2
1% — ¥l % = Ykl
when [x; —y| > R, and that V;¢;, is regular and curl-free in that range. We thus have,
using also the fermionic symmetry,

m 2
e @Y 2] > [ |71+ lD2X ) —i—aZ Wy dxudx,
2 |x1 —X2|R =1 |x1 — Yk|R
N 2
. (x1—x2)" \ &
> —iVi + — Yol 1g (Xl) dx;dxs
? X1 — x2[R
1
> §E§ (Q)/ ’\DQ’Q]IS (Xl)dxldXQ
QQ
1
> §E§ Q) (/ |Wo|2dx;dxy — / y%\?dxlde> (3.19)
Q? QxQ
where we denote 2 = Q\S and use that |\172| = |Ws|. Note that
|Q| = 8LR — 16R? < 8LR (3.20)

We then observe that if for a small number ¢ < 1

/ |\I/2|2dX1dX2 S C/ |\I/2|2dX1dX2
237 Q?
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the first inequality of (BIT) results from FI9) with C; = 5 (1 — ¢).
On the other hand, when

/ ]\Ilz\QdX1dX2 > 0/2 ’\IJQ‘QdX1dX2 (3.21)
Q%N Q

we introduce P, the orthogonal projector on the constant function and P+ such that

P—{—Pl :]1L2(Q4).

Then
Q
/ Wy Pdxrdxs < 2092 [ b1, 2dxy dxs +2/ | PL Wy [2dx; dxs
QxQ 1Q x Q| Jge QxQ

1

L*R 3

< 16—4/ |P|Wy|2dx; dxs + 2/Q x Q2 (/ \Piywz\y4dx1de>
L Q2 Q2

where we used the Cauchy-Schwarz inequality and (3.20]). We now apply a Poincaré-Sobolev
inequality [23, Theorem 8.11] to P+ |Wy| = [Wy| — P| ¥y

1
L 4 : 2
‘P ‘\IIQH XmdXQ S Cps IV‘\IIQH XmdX2
Q2 Q?

which provides

Cps/ ‘v’\I}QHQdX1dX2 Z ‘\Ilg‘zdxldXQ — / ’\I}Q‘de1dX2 (322)
Q2 Q2

1 R
SLVLR /QXQ 2L2VLR
1 _
> 15 [ [P axidxe (c(4vm) " - V)
Q2

using ([3.20) again and Assumption ([B.2]]) for the first term in the right hand side of (3.22]).
The diamagnetic inequality [23] Theorem 7.21] allows to obtain the second bound of ([B.I7)
provided that we chose a v small enough. O

We are now reduced to a bound on the energy of two particles inside the box, with no
particles outside. This can be estimated using previous results of [20]. Essentially, with two
isolated particles the effect of the flux tube between them may never be spoiled] by that of
other particles, and it provides a non-zero energy via a Hardy-type inequality.

We need to introduce the function

g Ry x[0,1] =R
v,y g° (1,7)

which is the smallest positive solution A associated with the Bessel equation

/

U U
/
—u - =4
r

2= Au (3.23)
on the interval [y, 1] with Neumann boundary conditions while g (v,v) = v for v > 1. The
function ¢ has the property that

9(v,7) P Jy = Vv (3.24)

“Recall that an integer flux can be gauged away.
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where j/, denotes the first positive zero of the derivative of the Bessel function J,,.

Lemma 3.9 (Bound on EX).
There exists a y1 < 1/12 such that for all v < 1 there is a constant C, only depending on
v1 such that

EJ > C,y la—1]. (3.25)

Proof. We apply [20, Lemma 5.3]. Note that this result is stated for anyons based on a
bosonic wave function while in our case we used a fermionic one (LI]). However, the proof
given in [20] may be applied to this case. Indeed, the basic building block is [20, Lemma 3.1].
We use it in the antipodal-antisymmetric case rather than the antipodal-symmetric case,
and otherwise follow the rest of the proof mutatis mutandis. The result is

™
Bf > 29 (can, 129) (1 - 129)]

where

aN = min mln 2p+1) (1 — ) — 2¢q| .
wi= _omin o min|2p+1)(1-0) - 2

We use that as = |1 — af for a € [0,2]. Combining with the limit property ([8.24]) we can

pick a 71 such that
Efzcw‘l_a"

We may now conclude the

Proof of Proposition [33. We start by applying Lemma [B.7] with the scaling property (B.0])
to the energy

ER(Q,m )>@E2’Y(m+n—2)

We use Lemma B8] to bound the two-particles energy appearing in the above. We then
restrict 2y < 79 and obtain that

B @ G xfest o 1)

If we consider the C.,; case there is nothing more to prove and the final constant is C,,C),.
In the other case we use Lemma [3.9] which provides a new restriction 2v < 7; under which

the bound (3.27]) leads to

ETIL%(Q7 ) ‘Q’01071’1 ‘

This concludes the proof, upon redefining C,, and taking ¢; = %min {70,71}. The final
constant is not uniform in n, whence our assumption that n < N. ]

3.2. Medium Boxes. We now deal with medium boxes where ¢; < v < ¢ with ¢; < V2 <
ca. In this case |20l Lemma 5.1] essentially provides the desired bound.

Proposition 3.10 (Exclusion principle on medium boxes).

Let c; <~v=R/L < ¢y and Q be a square of side-length L. There is a constant C (cy,c2)
depending only on c1,co such that

L—al(n-1),

Ef (m,Q) > C (c1,c2) 72
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Proof. We simplify notation by working on the unit square. We introduce the function

Iy (, /2|a|)
K, = 2|o| ————=
I (,/2|a|)
where I, is the modified Bessel function of order v. One can show that
CIO (2) > Ka > 2

when «a € [0,2]. Indeed, the second bound comes from [20, Lemma 5.1] while the first one
folllows from the fact that Ip is an increasing function and that for x € [0, 2],

> 1 x 2m+1 T
hi@)=> o (m + 2) (5) “ar @)

m=0

We use [20, Lemma 5.1], which provides two bounds depending on the range of -, stated
for bosonic based anyons. The proof starts from ([LI2]), so that lower bounds are obtained
in terms of the modulus of the wave-function, which is always bosonic. One can thus follow
the argument mutatis mutandis in our case.

The first bound of the lemma holds when v < v/2 and is obtained by the application of
Dyson’s lemma on the kinetic energy added to the magnetic interaction energy obtained
via (LI2) (see [20L Lemma 1.1] for details). It states that

|| min {(1 — 72/2)71 ,Ka/2}
>
et 200l (— 10 (1/v2))

Under the additional assumption that c¢; < ~ the divergence of the logarithm is under
control and the bound reduces to

ER(

n

n—1),.

R (o, |a|
) = 1) 1 (g (a/vD)

The second bound is valid for any v > v/2 and is obtained using the magnetic interaction
of 20l Lemma 1.1] where the indicator function equals 1 on the whole box Q:

(n—1),.

(n—=1). > Cilal(n—1), .

- 2|al
B}t (m) > 2laly*n (n - 1, > 2z
2

These bounds are conclusive when |a| > ¢ > 0, choosing
C (c1,¢2) = min {Cy, 2/03} .

There remains to deal with the case where || is allowed to become small, were we have to
use that our basic wave-functions are fermionic, a constraint we dropped in the argument
above (indeed, we have used only the second term in (33))).
Consider the function 5
o ERm)

Rn>2meN (n — 1)+

where the infimum on R is taken over a finite sub-interval of (0,00), as in the statement
of the result. The function h is an infimum of continuous functions of o and is thus itself
continuous. On the other hand, the above considerations imply that

h(a) > Cla.

ha) ==
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Moreover, at a = 0, h(«) is bounded below in terms of the grounds-state problem for free
fermions in a box, hence h(0) > ¢ > 0. It follows by continuity that h(«) > ¢ > 0 for any
«, which concludes the proof. O

3.3. Small boxes. We now work under the assumption that v > co > V2. We shall
actually assume more, namely that the particle number is uniformly bounded from above,
and that ~ is sufficiently large compared to that upper bound. We use only the first term
in (B3] to obtain:

Proposition 3.11 (Exclusion principle on small boxes).
Assume that v > co > V2. There exists a N such that, if N <n < N and R/L > CvV/N
for a sufficiently large constant C, then

ER(Q,m) > 0=

o (3.26)

independently of R and m.

The proof, given at the end of the subsection, will consist of the combination of several
lemmas that we discuss first.

The magnetic field created by the particles inside of the box is constant for v > /2,
covering the whole box, and the total flux in the box is small when + is large. One can then
reduce to a fermionic one-body problem with an external magnetic field.

Lemma 3.12 (Reduction to a one-particle operator).
Assume R > /2L, let Yy, = (¥1,--.,¥m) € (Q°)*™. Define the vector potential
i m
A(x) = (n— 17+ > V¢iwg(x—y;)) (3.27)

associated to the magnetic field

curl A(x) = % ((n -1)+ Z ]1|x—yj|§R> . (3.28)

k=1
Define the (Neumann realization of the) associated one-particle magnetic Schrodinger op-
erator

ha = (=iVx + aA(x))” = > Ae|ug) (ug (3.29)
k=1

together with its spectral decomposition (with eigenvalues labeled in increasing order and
L2-normalized eigenfunctions). We have that, for any ¥,, € L2 (Q") and any k € N

asym

1 k—1 knL?
55 (QaYm) [\Iln] > §n)\k <1 — " - C 22 > . (3.30)

Proof. We use only the first term in (LI3]) here. By fermionic symmetry

26,7(Q, Yom) [¥n] >
2

n/ —iVy, + aZVLwR(xl —xp) + aZVLwR(Xl —yi) | Yn| dxi...dx,.
" k=2 j=1
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We observe that, under our assumption on v = R/L we have

1
X1 — Xk
VJ‘wR(xl —Xp) = %
for x1,x; € Q. Define then
N no
(x,y) = — R}; and &, = H eflalp(xl,xk)\lfn
k=2
Since
1
y
VXSD(X’ Y) = _ﬁ
we find that

2

/ 1VX1—|—CMZV wr(X1 — X, —|—aZV wr(x1 —y;) | Yn| dxi...dx, =
2

-l m
/n —iVX1+a(n—1—12 Z X1 —yj) | Pn| dxp...dx, =

/ [(=iVy, + @A (x1)) B, 2 dx; . .. dx,

Inserting now the spectral decomposition of ha

/ |(=iVy, + aA(x1)) Dp)? dx; ... dx, = ZAj/
n ,:1 Qn—l
>N |1 Z/

where we picked an energy level A\; and dropped the contribution of all levels with 7 < k.
Next we split

i

2
dxs...dx,

wj(x1)Pp (X1, ..., Xp)dx
Q

2
u] X1) <I> n(X1, ..y Xy )dxg

2
dxo...dx,

/ wj(x1)Pp(x1,. .., X,)dx;
Q

:/ i (x1)uj(y1)Pn (X1, -, X0) P (Y1, - -+, Xy )dy1dxidxy .. dx, =T+ 11

with

/ uj(x V)Un(x1, .., X0) U (Y1, ..., xp)dy1dxidxs . . . dx,

/n

(H el (x1,xi) —iap(y1,xe) _ 1) i (x1)uj (Y1) ¥n(X1, -, X)W (Y1, - - -, Xp )dy1dxidxs .
" \k=2

dXQ..

Ldx,

.dx,,
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Now, the first term I is just n~! times the occupation number of the mode uj in the fermionic
wave-function V,,. Hence

1
T < —.
n
On the other hand, since all variables sit within the box @ of side-length L we clearly have
L2
(1, %%) =y, xu)| < O 55
and hence
1 H elap (1) —iap(y1,xy) < C|a|%.
k=2
Thus, with a Cauchy-Schwartz inequality
nL?
111} < Cﬁ [ (x1)||w; (Y1) [ Wn (X1, Xn) [ [Wn(yi, - X)) | dyrdxidxs .. dx),
Qn
nL? 9 9 nlL?
< Cﬁ /Qn [uj (x0)|" [Wn(y1, ... xn)|" dyrdxidxsy ... dx, = Cﬁ'
The desired final result is obtained by collecting the previous inequalities. O

Now we may look for lower bounds to a fermionic one-body problem with an external
magnetic field. The latter can be quite general, because of the influence of particles sitting
outside the box. Diamagnetic considerations however imply estimates independent of this

field:

Lemma 3.13 (Diamagnetic bound).
Consider the Neumann realization of the magnetic Laplacian

Hp := (—iV 4 A)?
on H} (Qo) , where A and curlA are bounded functions. Define the number
N (A, A) := the number of eigenvalues of H less than or equal to A.
There exists a function f:R — R independent of A such that
N(AA)< f(A).

We now turn to the proof of Lemma [B.13] first reducing to the case where 7- A =0 on
the boundary.

Lemma 3.14 (Reduction to tangential vector potentials).
The general case of Lemma [313 is implied by the particular case where the normal compo-
nent of A vanishes on the boundary, V- A =0 on 0Q.

Proof. Let ¢ be the unique solution to the Dirichlet problem
A¢p = B = curl(A) in Qo
¢ =0 on 0Qy.

By definition
curlA = curlV+o
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and hence there exists some ¢ such that
A =V + Ve in Q.
Thus we may change gauge . .
e¥YHae ' = Hgi,
where the multiplication operator €'¥ is unitary. Hence Ha and Hyi, have the same
spectrum. Since ¢ is constant on the boundary, clearly 7- V¢ = 0 there. U

From now on we thus assume that

curlA =B
A7 =0 on 6@0

where 7/ is the normal vector of 9Qy. We denote {); (A)};)i1 the eigenvalues of Ha. The
associated eigenfunctions W; are solutions of

(—1V + A)2 \I/j = )\j\I’j on Qo
v- (—1V +A) \I/j = (—1V . 17) \I/j =0 on (%20
For any real number e > 0 we define the magnetic Neumann Green function G;} “ to be the
solution of

(Ha+¢€) G (x) = 6y (x) on Qo
(—iV - D) G?’e (x)= 0 on 9Qp.
in the weak sense that

/QGSIA’S (%) (-1V + A)? ¢ (x) dx + e /Q Gy (x) ¢ (x) dx = ¢ (y)

for all p € O (Q).

This way, the function
w0 = [ G2 (09 ) dy
g € C*(Q) is the unique solution of
(Ha +€)ug (%) =g (%)

in the above weak sense (cf the Lax-Milgram theorem). In other words G;} “(x) is the
integral kernel of (Ha +¢) ™.

Our aim is now to show that the Green function with magnetic field is always smaller than
the one without magnetic field. To this end we use Kato’s inequality as in [24] Section 4.4].
We need a version thereof valid in the case of Neumann boundary conditions:

Lemma 3.15 (Kato’s Inequality with Neumann boundary conditions).
Let u € HY(Q) such that (—iV - #)u = 0 and Hau be in L _(Q). Let sgn (u) = i/ |u| if
u(x) # 0 and 0 otherwise. Then

— Alu| < Resgn (u) Haul

in the weak sense that the inequality holds when integrated against any positive ¢ € C* (Q)
with U- V¢ = 0 on the boundary, i.e.

_/Q|u|A¢§/QRe[SgD(U)HAU]¢
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Proof. We may follow the proof of [39] Theorem- X.33]. Essentially, if u is smooth and non-
vanishing, the result holds pointwise. Where u vanishes, |u| is minimum, so that the left-
hand side of the inequality is non-positive whereas the right-hand side is null by definition.
Hence the inequality holds pointwise for smooth functions. Using a standard regularisation
we deduce that the inequality holds in the weak sense by performing integrations by parts.
The boundary terms vanish because we have 7- V¢ = 0 and 7 - V|u| = 0 on the boundary.

A more complete proof is obtained as in [39, Theorems X.27 and X.33] by working with

the regularized absolute value
ue (x) = V/|u(x) |2+ 2.

The additional ingredient is the observation that - Vu = 0 on the boundary implies that
also 7 - Vue. = 0 on the boundary, so that integration by parts do not produce boundary
terms.

O

We prove another intermediary lemma.

Lemma 3.16 (Positivity of the Laplace Green function).
The operator

(~A+e) " L2(Q) = H' (Q)
f=u
defined by

7-Vu= 0 on 0Q.

preserves positivity, i.e, (—A +e)_1 f>0if f>0. Hence the Green function G%¢ with
zero magnetic field is non-negative.

{—Au+eu: f on Q

Proof. The function u being the solution of —Au + eu = f we know by the Lax-Milgram
theorem that u is the unique minimizer on H' (Q) of the energy

E] = % </\Vu\2 +eyu\2> - /fu

but since f > 0 we clearly have & [u] > £ [|u|] and thus u = |u| > 0 by uniqueness of the
solution. ]

We have all the ingredient to relate Green functions with and without magnetic field:

Lemma 3.17 (Diamagnetic inequality for Green functions).
Let G&° and GS = G2 be defined as in B31). For almost every z € Q

|GA (2)] < G5 (2)
Proof. We take two positive functions f,h € C* (Q) and define
w ) = [ @)y and g 00 = [ 65607 () ay.

We know by Lemma [3.16] that uy is positive. We apply Lemma [3.15] to uy, to obtain
(A +e) |unl(x) < h(x).
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We now multiply by uy and integrate to get that

/ G () ) (=€) ()| dxdy < [ G500 () ) iy

/ fFy)|up (y)|dy < / Gy (%) f (y) h (x) dxdy
where we used that (—Ax +¢€) Gy, (x) = dy (x). We then obtain (recalling that f > 0),
‘ / G2 (y) f (y) g (x)dxdy| < / GS (x) f (y) h(x) dxdy
2

{GAG { < Ge( )
by taking g — 0x and f — dy. O

Now we may conclude the
Proof of Lemma 313 We define the Birman-Schwinger operator
K, := VA (HA + 6)71 VA
If H%) = \i) we have
(HA +e) v = Ay

with e = A— X > 0. Hence v/A1) is the eigenfunction of K, associated with the eigenvalue 1.
We denote

B. := the number of eigenvalues of K, larger than or equal to 1.
The Birman-Schwinger principle (see [24, Equation 4.3.5]) states that
N (A A) = B.. (3.31)
We bound B, in the following way, for any m > 1
B, < Tr[K]"]

= AT [(HA 4 o) ]
= o G2 (x,y1) G2 (y1,y2) ..G2 (Ym—1,%x) dxdy1dys...dym—1
we take the absolute value and use Lemma (B.I7) to get
B, <A™ o GY (x,y1) GY (y1,¥2) --.G2 (Yim—1,%) dxdyidys...dym—1
=A"Tr (-Ax+¢)™ ™

[e.e]

=A"S (O AN

j=1
=:f(A) (3.32)
where f is finite for m > 2 and independent of A. O

Finally we may give the
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Proof of Proposition [311]. Scaling length units by a factor L, we apply Lemma B3l to the
magnetic Schrodinger operator ([3.29). We thus find that the number of energy levels below
a threshold AL~2 is bounded above by a function of A only. Pick some value of A, say A = 2
for reference and denote N the number of eigenvalues of h4 below AL~2. Using ([3:30) (with
a proper choice of \; in relation with 2L72) and inserting the consequences of Lemma [B.13]
we just mentioned, we find

EX QYY) W] > CL ™ n (1 - (N—1)n~" = CNnL*R™?).

Under our stated assumptions on n and ~, the quantity inside the parenthesis is bounded
below by a positive universal constant, and this concludes the proof. O

3.4. Conclusion of proofs. First note that Proposition Bl follows immediately from a
combination of Lemma [B4] Propositions B ITH3.TOH3.5

Proof of Proposition[31. Let N be as in Proposition B.I1l and N = 4* be such that N <
4+=1 4 1. Using (BII) and applying Lemma [B.4] we find

Ef(Q.m) = E(N,Q) = CNmin (E(4*™ +1,Q), ..., E(4,Q)).

Note that the assumption E(n,Q) > 0 for all 4! +1 < n < N made in Lemma B4 is valid
as shown by a combination of Propositions and Lemma 3.7

We are thus reduced to a uniform strictly positive lower bound on |Q|E(n) for particle
numbers n with N < n < N. We obtain this using bounds on E(n,Q) provided by
Propositions or BT depending on the value of v = R/L. If v > C(N)'/? for C
sufficiently large, we may use Proposition B.I1l We use (8I4)) if v < ¢, the constant in the
statement of Proposition Finally we use Proposition 310 in the remaining range of .
In all cases we find
C|1 —«f

Q|

when N < n < N, independently of R, and this yields the result. ]

E(n,Q) = inf B (Q,m) >

We next use Proposition Bl to conclude the

Proof of Theorem [2.3. We work under the assumption that ¥y has a density satisfying
1+ N < Nc g/ pwy (x)dx < N (3.33)
Q

where N is as in the statement of Proposition Bl We split the quantity to estimate
according to how many particles are in the square )

5 [Wn] > ZER Q,m)pn (YN, Q) (3.34)

with p, (¥, Q) the n-particle probability distribution induced from Wy

= 3 [ e [T T ax

AC{1,,N}|A|=n keA  1¢A
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satisfying

N N

D (Un,Q) =1 and Y np, (Vn,Q) = / Puy-

Then, using Proposition B.J] we obtain

Cla —1|
Q|

On the other hand, using (3.33) and ([B.35) we have

> (TN, Q) = N+1- > np, (¥n,Q)

n>N n<iN

>N+1—(N=1)) pn(¥n,Q)

n>0

N
81wy > > (N, Q).
n=N

> 2

and hence

Cla — 1|

ERp ] > == 71
Qw2 IQIN>  Jo

PV (X) dX,

concluding the proof.

27

(3.35)
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