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ABSTRACT

Launch vehicle design is a multidisciplinary process involving different disciplines such as aerodynamics,
structure, propulsion and trajectory. This latter is a key discipline in the design process as it is used to assess
the overall performance of the vehicle by solving of an optimal control problem involving a system of nonlinear
ordinary differential equations. Usual Multidisciplinary Design Optimization methods for launch vehicle design
consider the trajectory design discipline as an auxiliary embedded optimization problem to find the optimal
trajectory control. In this paper, a multidisciplinary approach is proposed relying on an All-At-Once formulation
by using Gauss-Lobatto collocation technique to solve the optimal control problem. The problem is solved using
a gradient-based optimizer. Furthermore, based on this framework, an uncertainty quantification technique
using post-optimality analysis is derived to perform sensitivity analysis. This allows to analyze the influence
of modeling uncertainty on the optimal launch vehicle performance in the early design phases. The efficiency
of the proposed approach is illustrated on the optimization and uncertainty quantification of a representative

Two-Stage-To-Orbit launch vehicle design problem.

1. Introduction

Launch Vehicle Design (LVD) often consists in finding best archi-
tectures that allow to obtain the maximum performance at the lowest
possible cost for injecting a given payload in a target orbit. In pursuing
these aims, LVD involves multidisciplinary processes to model all the
different disciplines (e.g., structure, performance, aerodynamics) that
are required to assess the performance and reliability of the explored
configurations [1]. These disciplines of LVD are strongly linked to each
other as LVD considers the launcher as a whole, and changes in one
discipline can greatly influence the others. As an example, let consider
two typical disciplines in LVD, like structure and trajectory. On one
side, the structure discipline is in charge of computing the mass of
the different systems composing the launcher considering the loads
undertaken during the flight. On the other side, the trajectory discipline
is in charge of computing the altitude, the attitude (e.g., flight path
angle, angle of attack) and the velocity profiles that the vehicle must
follow to fulfill the requirements of a given mission [2]. A trajectory
has a maximum dynamic pressure point that dictates the maximum
aerodynamic forces experienced by the launcher. The stronger these
aerodynamic loads, the stronger the launcher should be to withstand
them, hence increasing its structural mass. If the initial mass of the
vehicle changes, the path, and velocity profile followed will change
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too. As the velocity profile changes, the maximum dynamic pressure
changes; thus, the structure (and therefore the mass) required for the
launcher to withstand the loads will change. The resultant dependency
loop between both disciplines is an example of the intricate interactions
that are solved during the design process while trying to reach an
optimal solution.

The trajectory assessment is one of the key disciplines in LVD.
Indeed, this discipline is mainly responsible for the performance assess-
ment (e.g. minimization of the total mass, maximization of the payload
mass, minimization of the propellant consumption). This discipline
often involves an optimal control problem that can be transcribed as an
embedded optimization problem to solve (i.e., given a specific LV archi-
tecture candidate, finding the optimal control law in order to optimize
the launch vehicle performance). This optimal control problem requires
to solve an Ordinary Differential Equations (ODE) system that can be
computationally intensive. Betts introduced a compendium of methods
for trajectory optimization for a defined launch vehicle architecture
in Betts [3,4]. Rao did the same for optimal control in Rao [5] and
defined trajectory optimization problems as a subset of optimal control
where the input design parameters are static. Thus, dealing with the
optimization of parametric functions whereas in the more general case
Optimal Control is related to functional optimization problems (infinite
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dimension problems). Two main classifications can be done for optimal
control methods: indirect methods and direct methods. The choice of
the optimal control strategy has a direct impact on the performance of
the multidisciplinary design process. Indeed, as described in Section 2,
indirect methods are more efficient but suffer of a lack of robustness to
the initialization that can be problematic when the domain of variation
of the design variables is large. In this paper, the terms optimal control
and trajectory optimization are used in-distinctively.

Regarding the LVD process, in a classical design approach, indi-
vidual optimization of each discipline (e.g, aerodynamics, structure,
trajectory, propulsion) can be carried out to determine the optimal
values of the design variables (e.g., propellant masses, combustion
chamber pressure, stage diameters). Consequently, the optimum results
are transferred from one discipline to the other disciplines in an itera-
tive process. This approach presents difficulties to consider all of the
complex interactions between the different disciplines, thus yielding
sub-optimal results at the system-level [1]. In the quest for designing
more efficient and lower-cost launch vehicles, Multidisciplinary De-
sign Optimization (MDO) approaches have been used to better assess
the complex interactions among disciplines during the optimization
process. The most common MDO approach for LVD is MultiDiscipline
Feasible (MDF) [6]. In this method, the design variables for all disci-
plines are driven by a unique optimizer in a single level process. At
each iteration of the optimizer, the consistency of the interdisciplinary
coupling variables is guaranteed by solving a MultiDisciplinary Analysis
(MDA) with a fixed point iteration or a Newton solver [7].

MDO formulations can be classified according to the number of
optimizers required as single-level (also called monolithic [7]) or multi-
level techniques (also called distributed). In this paper, a new single-
level MDO approach for LVD is proposed to reduce the computational
cost of traditional methods. It relies on the single-level All-At-Once
(AAO) formulation [8] and involves pseudo-spectral method to perform
the trajectory optimization, with analytical gradient calculation. In the
proposed approach, the design variables, the interdisciplinary coupling
variables, and the variables associated with the transcribed optimal
control problem are driven by the same optimizer, eliminating the
nested loops and reducing the number of calls to the disciplines. It
allows to parallelize the discipline evaluations and to propagate deriva-
tives in the whole design process and to use specific gradient-based op-
timizers to solve the global MDO problem at a reduced computational
cost.

In early design phases of launch vehicles, simplified disciplinary
models are often used in order to explore large design space at a con-
trolled numerical cost [9]. These models are characterized by a reduced
computational cost but with a large level of uncertainty (e.g., due to
numerical approximations, physical simplifications). For instance, for
aerodynamics, CFD Euler simulation may be used instead of CFD RANS.
For propulsion simplified thermodynamics model for the propellant
combustion and the estimation of the engine specific impulse could be
employed. These uncertainties have to be assessed in order to ensure
that the found optimal architecture stays valid in the further design
phases when the disciplinary models will be refined with higher fidelity
models. For that purpose, Uncertainty Quantification (UQ) techniques
can be used [10]. UQ consists of a collection of mathematical methods
to model, propagate and analyze the impact of uncertainties [11].
Among all the UQ methods, the sensitivity analysis techniques allow to
apportion the uncertainty observed in the system performances to the
different sources of the uncertainties [12]. This enables, for instance,
to identify the uncertain parameters with almost no influence and to
freeze them to nominal values, thus reducing the dimensionality for
UQ studies. It also allows to identify the uncertainties that have a
great influence and need to be further investigated. Different sensitivity
analysis techniques may be used such as Morris technique [13], Sobol’
indices [14], HSIC indices [15], etc. For more details about sensitivity
analysis, one may consult [16]. In the context of MDO process with the
use of gradient-based methods, the Derivative-based Global Sensitivity

Measures (DGSM) are interesting sensitivity measures [17] because
they exploit the derivatives of system performances with respect to
the uncertain parameters to compute global sensitivity indices. In this
paper, a methodology to compute these indices is proposed by coupling
the proposed AAO formulation with post-optimality analysis [18] to
efficiently calculate the derivatives of the system performance with
respect to uncertain parameters at the optimal values of the design
variables found by the MDO gradient-based strategy. The sensitivity
measures may provide a first order of magnitude of the influence of the
uncertain parameters on the resulting launch vehicle performances.
The remainder of the paper is organized as follows. In Section 2,
a focus is made on the formulation of the trajectory optimization
problem and the different techniques that can be used for LV optimal
control problems. Section 3 deals with the formulation of the launch
vehicle MDO problem. In Section 4, the proposed formulation coupling
AAO and pseudo spectral control for both optimization and uncertainty
quantification is described. Finally, this formulation is applied on a
Two-Stage-To-Orbit LV design problem in Section 5 to compare its
performance with respect to a classical MDO formulation.

2. Launch vehicle trajectory optimization

Launch vehicle design defines a particular engineering design prob-
lem because the estimation of its performance (e.g., mass of the payload
into orbit, estimation of Gross-Lift-Off-Weight for a given payload) is
often carried out by solving a trajectory optimization problem. Indeed,
in the launch vehicle design process, the trajectory discipline plays a
key role and often drives the design process [1]. In this section, the
main methods for solving optimal control problems for a launch vehicle
are introduced. Trajectory optimization problem for launch vehicle
may be solved using direct or indirect methods to find the optimal
control law that minimizes a performance criterion while satisfying the
path constraints [3]. Typically, the trajectory of launch vehicle can be
described as the evolution in time of some state variables (e.g., altitude,
velocity, flight path angle). It follows a system of Ordinary Differential
Equations (ODEs) to be integrated which represents the equations of
motion:

X(t) = fode(x(t)s W(I))

with x the state vector, ¢ the time, f 4. the equations of motion and
w the control law (for example the pitch angle profile as a func-
tion of time). To define this control law, the trajectory is optimized
with respect to a given criterion J(x(r), w(r)) (e.g., duration of the
flight, propellant consumption, mass of payload). Furthermore, dif-
ferent constraints gpath (X(1), W(1)) can be considered during the flight
(e.g., maximal dynamic pressure, maximal aerothermal flux). Thus, the
generic optimal control problem may be expressed as :

min  J(x(t), w(t)) (1a)
w.r.t.  w()

S.t. X(?) = foqe(x(0), (1)) (1b)
Bpath (X(1), w(®)) <0 (1o)

Xmin S X < Xpax VIET (1d)

Whin S W) < Wy VIET (1e)

X(fy) =X (19

x(rf) =X/ (1g)

where 7 is the time domain, #, and 7, are the initial and final times
of the trajectory and x(t)) = x is in general defined by the trajectory
initialization. The state and control variable vectors are defined within
an interval with corresponding lower and upper bounds. Two main
categories of optimization techniques may be distinguished to solve
such an optimization trajectory problem [3,5]. These are the indirect
and the direct methods. These methods are described in the following
sections.
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2.1. Indirect methods

Considering the optimal control defined previously, the augmented
Lagrangian of the optimization problem can be formulated as follows:

L), W), . . 2) = T, W) + 1T e (K1), WD) + pa[X(1 ) = X ]

I
+ / ATIX@) = foqe(x(@), w(r)]dt (2)
fo

where u, u, are the Lagrange multipliers associated to the constraints,
and A the costate vector. The Hamiltonian of the problem is defined as:

Hx(@), w(t), 4) = AT foge(x(1), W(D)) 3)

Following the Pontryagin Maximum Principle [19], indirect tech-
niques analytically construct the necessary and sufficient conditions for
optimality based on the calculus of variations and the formulation of
first-order optimality conditions on the Hamiltonian for the optimiza-
tion problem (forming the Hamiltonian Boundary Value Problem) [20].
These optimality conditions are written as follows (for the sake of
conciseness, the optimality conditions are only mentioned for optimal
control problems with no path constraints, for more details about
generic inequality constraints, one can consult [21]):

_ OH(x(r), w(1), A)

x(1) o = H (x(1), w(t), 1) (4a)
iy = HEOXOD gy o), w0, 1 (ab)
w(t) = arginin H(x(),v,4) (40)
x(1y) = X (4d)
X(t;) = X; (4e)

Classically, this problem involves a shooting method which consists
in finding the initial values of the co-state vector, the Lagrange mul-
tipliers, and the final time ¢, to satisfy the previous equations using
a Newton-Raphson method for instance. These methods are called
indirect as they solve the problem indirectly by converting the optimal
control problem to a boundary-value problem. Indirect methods are
very precise but also very sensitive to the initial guess (associated to
the co-state vector) and therefore difficult to use within the context
of MDO [1] as the whole launcher is modified along the optimization
process by also optimizing the architectural design variables (e.g., stage
diameter, chamber pressure, nozzle geometry).

2.2. Direct methods

Direct methods discretize the trajectory optimization problem di-
rectly, converting it into a constrained parametric optimization prob-
lem and then it is solved using a NLP (Non Linear Programming)
optimizer. These methods are often used in the MDO context as the
architecture of the launcher is optimized along with its trajectory [1],
as it will be described in the following sections. The transcription of
a trajectory is the process by which a trajectory optimization problem
is mapped into a parametric optimization problem. This is sometimes
referred to as discretization. Transcription methods generally fall into
two categories: direct shooting methods and collocation methods and
are described in the next sections.

2.2.1. Direct single shooting technique for trajectory optimization

The direct single shooting technique [3] is one of the most used
direct methods for launch vehicle trajectory optimization. The tran-
scription of the optimal control problem into a parametric optimization
problem is done by discretizing the control law in time of the launch
vehicle using a finite set of parameters w,, i = 1,...,n which are
controlled by the optimizer to meet the optimality conditions. There-
fore, the control law w(z, w,)isa function of time ¢ and of the control

Xt

state variable

Xo

time

initial ¢ t
conditions

Fig. 1. Single shooting technique for launch vehicle trajectory.

parameters w, . The problem transcription leads to the solving of a
two-point boundary problem by using an initial guess for the trajec-
tory control parameters w(s,w, ). The single shooting technique uses
a numerical iterative method (such as Runge-Kutta) to integrate the
ordinary differential system of equations (ODE) that represents the
equations of motion (EoM) (Fig. 1). The state variables at the final
time are compared with the final boundary conditions and the path
constraints are evaluated. The NLP optimizer uses this information to
identify a new guess for the trajectory control parameters that allows
to meet the optimality conditions. This optimization problem may be
expressed as:

min J <x(t), w (t, wp,-)) (5a)
WLt Wi

st X() = foge (X(t),w (z, wpl_)) (5b)
Zpath (x(t), w (t, w, )) <0 (5¢)

Xmin < X() < Xpay VIET (5d)

Winin S W, S Wpgy VIET (5e)

X(1) = X (5)

X(1;) =X, (52)

This optimization problem may be solved either using gradient-
based algorithms or evolutionary algorithms. It is in general a low-
dimensional optimization problem (few dozen of optimization vari-
ables). As an ODE integrator (e.g., Runge—Kutta integrator) is used
starting form initial conditions (x(t;) = x,), at each iteration of the
optimizer, the launcher trajectory is physically relevant as it follows
the EoM. One of the difficulties with gradient-based optimizers is the
need to compute the gradients, often using finite difference approxi-
mations which implies as many trajectory simulations as the number of
parameters defining the control law. Moreover, the final state variables
are very sensitive to small perturbations of the control law parameters
due to the numerical integration process. The main difficulty is that
small variations on control law parameters occurring at the beginning
of the trajectory may be accentuated all along the trajectory and
so may lead to harmful effects such as trajectory divergence. This
phenomenon is increased by the highly non-linear nature of the dynam-
ics function f,4.(-). Eventually, gradient-based optimizers only ensure
local convergence which could lead to repeated problem solvings with
different initializations (multi-start techniques) when multiple minima
are present. Evolutionary algorithms allow for global convergence but
in general result in a high number of trajectory simulation evaluations.

2.2.2. Pseudo-spectral technique for trajectory optimization

The collocation techniques [22] consist in discretizing the dynamics
in time and replacing the dynamic equations (state and control dy-
namics) by piece-wise continuous polynomials in order to transcribe
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state / control variable

/ B collocation nodes
/ @ state discretization nodes

, control discretization nodes

timé

Fig. 2. Example of pseudo-spectral technique for launch vehicle trajectory, here the
Legendre-Gauss-Lobatto of order 3 (on the first segment, slopes are indicated for the
collocation node).

the optimal control problem into a NLP problem (Fig. 2). There exist
local and global collocation techniques. Global collocation methods
are also called pseudo-spectral. In local orthogonal collocation, the
induced discretization error can be reduced by varying the number
of discretization segments and fixing the interpolating polynomial de-
gree, whereas the inverse approach (ie., increasing the polynomial
degree and fixing the number of discretization segments)is followed
for the pseudo-spectral approaches. The interest for global collocation
approach is the spectral convergence (exponential rate) as a function
of the number of collocation points.

In collocation methods, the coefficients of an interpolating poly-
nomial are calculated simultaneously and are constrained to match
the ODE at the collocation points when approximating the solution of
the equations. Different techniques such as Gauss, Radau and Lobatto
methods exist and their differences are based on the inclusion or not of
endpoints on the current interval. A subset of these methods is orthog-
onal collocation which uses orthogonal polynomials to approximate
the functions, typically Chebyshev or Legendre polynomials, but also
Jacobi polynomials for a High-Order Gauss-Lobatto method. Defect
constraints are added to the optimization problem in order to ensure
the consistency between the exact dynamics (defined by the ODE)
and the approximating polynomials at the collocation points. They
correspond to the error between the slope of the polynomials and the
slope given by the ODE at the collocation nodes (see the first node of
Fig. 2). Thus, the optimization problem results in a large-scale sparse
NLP problem. For more details about pseudo-spectral control, one may
consult [23].

Let us denote by &, (7, X,) and W, (1, W,) the piece-wise polynomial
approximations of the state vector x(7) in the kth interval of discretiza-
tion on a total of M segments, with X, W, the polynomial coefficients.
The pseudo-spectral collocation may be formulated as follows:

min J (%, W) (6a)
wrt. X v Wietom

st Xt %) = fode (Xt %), Wit W) k=1,...,M -1 (6b)

Bpath (Xt %), Wit W,)) <0 (6¢)

X1 (e Kiy ) = X1, %) =0, k=1,....M — 1 (6d)

Xmin < X1 X) SXppax VI ET (6e)

Winin S Wi(t3, W) S Wpay VI, €T (69)

x(fp) = X (68)

X(tp) =Xg (6h)

Compared to single shooting techniques, the physical relevance
of the trajectory is only ensured at the convergence of the optimal
control problem since during optimization, the defect constraints could
be violated or the initial node of segment kth and the last node of
segment k—1th may not match. Because of the discretization of the state
variables and control variables into segments, the gradient estimations
are less sensitive to small perturbation of the control law parameters.
Therefore, gradient-based algorithms may be used to solve such high-
dimensional NLP problems with a large number of constraints. The
introduction of such optimal control problem within a MDO problem
rises different challenges and various MDO problem decompositions
may be employed and are discussed in the next sections.

3. Multidisciplinary design optimization methods for launch vehi-
cle analysis and optimization

3.1. Formulations for multidisciplinary optimal design of launch vehicles

Designing a launch vehicle is a multidisciplinary problem that re-
quires to integrate all the necessary disciplines (e.g, aerodynamics,
propulsion, trajectory, structure) into a single process. In particular,
these disciplines share a set of information, called coupling variables that
have to be controlled by the design process in order for the optimal
solution to be feasible. The optimization problem that results from the
mathematical transcription of the MDO problem can be formulated as
follows [6]:

min f(z,y) (7a)
w.r.t. z,y
s.t. g(z,y) <0 (7b)
h(z,y) =0 (7¢)
i =@y ) VG ) E(L . N} i#j (7d)
Zoin < Z < Zpoo (7e)
Ymin Y < Yimax (79)
with:

f(-): the objective function to be optimized (e.g., Gross-Lift-Off-
Weight),

z: the architectural design variable vector z € R” (e.g., propel-
lant masses, launch vehicle stage diameters, combustion chamber
pressure),

y: the coupling vector that is composed of the variables that
traduce the interactions between the disciplines and constitute
the inputs of the different disciplines (e.g., dry mass for trajectory,
axial load factor for structure)

g(-): the vector of inequality constraint functions (e.g, axial and
transverse maximum load factors, maximum dynamic pressure),
h(-): the vector of equality constraint functions (e.g., target orbit
altitude and velocity),

c(-): the coupling responses of the disciplines, that are the out-
puts of the different disciplines (e.g., aerodynamic coefficients for
aerodynamics, thrust for propulsion).

and N the number of disciplines. The main particularity of MDO prob-
lems is the handling of interdisciplinary coupling satisfaction inside
the design process (Eq. (8)). In a two disciplines context (Fig. 3),
the couplings between the disciplines i and j are said to be satisfied
when the following interdisciplinary system of non-linear equations is
verified:

V(i) € {l,...,N}z,i;éj,{ e ®
Yji =¢i(z;,y ;)

with y;; the input coupling vector in discipline i coming from discipline

J» z; the subset of the design variable vector z that inputs discipline ¢ (-),
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Discipline i
Yji f
Cifzyi) t

¥z i)

# Yi

Discipline j

Fig. 3. Input and output coupling variables inside an MDO process.

3 . Isp, T 1
© | Propulsion ¢ |
1 DL
; Structure i ;
3 Cx,Cz |
1 iAerodynamics !
1 Trajectory !
i nx_max ,Pdyn_max [

Fig. 4. Typical interactions between the main disciplines involved into a launch vehicle
design process, with: Isp the specific impulse ; 7' the thrust ; D the diameter of the
vehicle ; L the length of the vehicle ; Cx and Cz the drag and lift coefficients ; nx,,,,
the maximal load factor and Pdyn,,, the maximal dynamic pressure.

max

y,; the subset of the input coupling vector y that enters discipline ¢; (-)
and N the number of disciplines.

Example of coupled design process used at the early design of
launch vehicle is given in Fig. 4.

Regarding the optimal control problem described in Section 2,
this MDO problem formulation can be extended to include trajectory
optimization as follows:

min f(z,y, w(t)) (9a)
w.r.t. z,y, w(t)
s.t. g(z,y) <0 (9b)
h(z,y) =0 (9¢)
i =@y VG ) E(L, . N} i#j (9d)
X(1) = fode(, ¥, X(1), W(1)) (%)
Zpath (2, ¥, X(1), W(t)) < 0 9f)
Xpin SX() <Xpax VIET (98)
Wiin S WO S Wpay VIET (%h)
x(tg) =X (91)
x(t;) =Xs (Cl))
Zoin <2< 20 (9K)
Yimin <Y < Yonax ©n

In that case, the optimization criterion for trajectory J(-) can be in-
cluded either in the objective function f(-) or in the design constraint
g(-) without loss of generality. Different approaches that combine the
MDO problem formulation and the optimal control problem solving
can be proposed. The main existing approaches are reviewed in the
following section.

3.2. Coupled MDO formulation for launch vehicle design

The main coupled MDO formulation, called MultiDiscipline Feasible
(MDF) formulation [8,24] is the most used MDO method to solve
the launch vehicle design problem [6]. In this formulation, the inter-
disciplinary coupling consistency is ensured using a MultiDisciplinary

| System-level optimizer |

2y f

Propulsion ¢

Structure l

=

Trajectory
optimizer

Trajectory
simulation

b IAerodynamic 3

Objective
and
constraints

z: architectural design variables
w: trajectory control variables

Fig. 5. MDF with nested trajectory optimization formulation and MultiDisciplinary
Analysis.

‘ System-level optimizer ‘

2] i

Propulsion

Structure i

{Aerodynamic

Trajectory
simulation

Objective
and
constraints

z: architectural design variables
w: trajectory control variables

Fig. 6. MDF with nested trajectory simulation formulation and MultiDisciplinary
Analysis.

Analysis (MDA). MDA ensures multidisciplinary feasibility, meaning
that the MDO optimal solution has to satisfy the interdisciplinary
couplings between the input coupling variable vector y and the output
coupling variable vector, which is the output of the coupling functions
gathered in c¢(-) resulting from the discipline simulations. Typically,
MDA can be solved using fixed point iteration (e.g., Gauss Seidel
algorithm) between the different disciplines.

Considering the optimal control problem, it can be solved in dif-
ferent manners in an MDF formulation. Either the optimal control is
handled inside the trajectory discipline, in that case, the system opti-
mizer only controls the design variables (Fig. 5), or the optimal control
variables are handled at the same level as the design variables by the
optimizer (Fig. 6). In the first case, two optimization problems are
nested (optimization of trajectory inside the optimization of the launch
vehicle design), whereas in the second case, only one optimization is
performed on an augmented space (design and control law variables).

At the system-level, the optimization problem in the MDF with
nested trajectory optimization can be formulated as follows:

min f(z,y(z)) (10a)
w.r.t. z
s.t. g(z,y(z)) <0 (10b)
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h(z,y(z)) =0 (100)
Zmin <z< Zmax (].Od)

In that case, the optimizer only controls the design variables z. The
coupling variables y are handled by the MDA and the control variables
w(t) are directly handled inside the trajectory discipline.

In the second formulation, i.e. MDF with nested trajectory simula-
tion, considering here the direct single shooting technique for the sake
of simplicity, the optimization at the system level can be written as:

min f(z, y(z, w(t)), w(1)) (11a)
w.r.t. z, w(r)
s.t. g(z,y(z,w())) <0 (11b)

h(z,y(z, w(1))) = 0 (11¢)

8path (2, (2, w(0)), x(1), w(1)) < 0 (11d)
X, (2,y(z, W), W(t)) = X (11e)
Zoin < Z < Zpox a1f)
Whin S WE) < Wy VIET (11g)

In case pseudo-spectral technique for optimal control is used, the dis-
cretized values of the state variables x are also handled as optimization
variables.

In the MDF with nested trajectory optimization formulation (Fig. 5)
[25-28], at each iteration of the system-level optimizer and at each
iteration of the MDA solving Eq. (8), the trajectory discipline carries out
an analysis consisting in solving the optimal control problem Egs. (1b)-
(1g). The system-level optimizer only controls the architectural design
variables z. It results in a nested triple loop process (outer loop:
MDF, middle loop: MDA and inner loop: optimal control) leading
to a large computational cost especially when high fidelity models
(e.g., Computational Fluid Dynamics, Finite Element Method) are used.
At each iteration of the MDA, the output coupling variables of the
trajectory corresponds to the value for an optimal trajectory. In the
MDF with nested trajectory simulation formulation (Fig. 6) [29-32],
the loop corresponding to the trajectory optimization is removed and
only trajectory simulation is carried out inside the MDA. The system-
level optimizer is in charge to control both the architectural design
variables z and the trajectory control variables w, and to satisfy the
path constraints related to the trajectory.

This results in a nested double loop process (outer loop: MDF, inner
loop: MDA). At each iteration of the MDA, the output coupling variables
of the trajectory correspond to the results of the trajectory simulation
given the current trajectory control variable values given by the system-
level optimizer. In general, compared to MDF with nested trajectory
optimization formulation, MDF with nested trajectory simulation for-
mulation reduces the associated computational cost. However, due to
the presence of MDA, it still involves a high number of discipline
evaluations.

3.3. Decoupled formulation for launch vehicle design

In order to break the nested loops and to avoid MDA, decoupled
formulations have been introduced [8,33] and used for launch vehicle
design in a limited number of papers [34-38]. The general idea of de-
coupled formulations is to introduce additional optimization variables
such as the input coupling variables y and additional constraints such
as interdisciplinary coupling constraints (see Eq. (12d)). Therefore,
all the optimization variables are controlled at the system-level (the
architectural design variables z, the input coupling variables y). The
multidisciplinary feasibility is only ensured at the system-level opti-
mizer convergence whereas with MDF approach it is ensured at each
iteration of the system-level optimizer. Different decoupled approaches
have been proposed, the most known are Individual Discipline Feasible
(IDF) and All-At-Once (AAO) [8]. The main difference between these

| System-level optimizer |
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vy
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simulation
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z: architectural design variables
w: trajectory control variables
y: coupling variables

Fig. 7. IDF formulation for launch vehicle design.

two formulations is the handling of disciplinary local variables (also
sometimes referred as state variables). These variables are related to the
satisfaction of a state equation internal to the discipline and in general
represents an equilibrium state (for instance thermo-chemical equilib-
rium in engine combustion). In IDF, these variables are handle inside
the different disciplines (which are called discipline analyzers) whereas
in AAO, the local variables are handled as the optimization variables
along with the design variables by the system level optimizer [6] and
the disciplines are called discipline evaluators.

Regarding the handling of trajectory optimization inside the MDO
formulation, both IDF and AAO can be used. Indeed, in the case where
the trajectory discipline is responsible for the trajectory optimization,
an IDF formulation of the MDO problem can be proposed as follows:

min f(z,y) (12a)
w.r.t z,y
s.t. g(z,y) <0 (12b)
h(z,y) =0 (12¢)
¥ij =@y ) VG ) E (L ... N} i#j (12d)
Zpath(Z, ¥, X(1), w(1)) <0 (12e)
Ziin S 2 = Zyyg (12f)
Ymin <Y < Ymax (12g)

In this case, the control law w(¢) is handled inside the trajec-
tory discipline and these variables do not appear in the system level
optimization problem (Fig. 7).

In the case the system level optimizer handles both the design and
control variables in a decoupled formulation, the AAO formulation can
be used. In this case, the trajectory discipline only evaluates the system
of equations of motion. The system level optimizer handles the design
variables z, the interdisciplinary coupling variables y and the control
law w(r). In this case, the coupling constraints and trajectory path
constraints are also added to the system level optimization problem to
ensure, at the convergence of the optimization process, the coupling
consistency and the trajectory consistency. The AAO formulation of the
launch vehicle design problem (Fig. 8) may be expressed as:

min f(z,y, w(r)) (13a)
w.r.t. z,y, w(t)

s.t. g(z,y,w(®) <0 (13b)
h(z,y,w(®) =0 (13¢)
Zpath(Z, ¥, W(0)) <0 (13d)
Yij = €2,y W)Y, ) € {1, ... N} i# (13e)

X, (2, y(z, W), W) = X, (13D
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Wiin S W) < W, vieT (13g)

(13h)

max

Znin <z< Zimax

Compared to MDF, in the decoupled MDO formulations, the system
level optimizer controls z,y, and an additional constraint is added to
ensure multidisciplinary feasibility at the convergence of the optimiza-
tion problem. The main difference between these two formulations is
about the handling of trajectory variables which is performed inside the
trajectory in the IDF formulation and at the system-level in the AAO
formulation.

AAO formulation of the problem allows to avoid the MDA loops and
combine the optimal control problem for the trajectory with the system-
level optimization problem removing all the nested loops. However, it
increases the number of optimization variables that has to be controlled
at the system-level and it increases the number of equality constraints
causing a more difficult optimization problem to be solved.

MDF, IDF and AAO are very generic formulations and do not specify
the type of optimal control inside the trajectory. As explained above,
the trajectory discipline is a key module and different approaches exist
to transcript the optimal control problem into an optimization problem.
In the next Section, the proposed MDO formulation, coupling AAO and
pseudo-spectral method for trajectory, is described.

4. Approach combining of AAO with pseudo-spectral method for
launch vehicle analysis and optimization

4.1. Proposed MDO formulation of the launch vehicle design optimization

The proposed MDO formulation which is referred to as the All-At-
Once Pseudo-Spectral (AAO-PS) formulation for launch vehicle design.
It combines the All-At-Once (AAO) formulation and the pseudo-spectral
method for the trajectory solving (Fig. 9). Compared to the traditional
approach (MDF), the proposed formulation avoids the three layers
nested loop (system-level optimizer, MDA and trajectory optimizer)
in order to reduce the computational cost. Moreover, the proposed
approach exploits the commonalities of AAO and pseudo-spectral tech-
niques: both decouple the optimization problem in order to efficiently
solve it by considering additional optimization variables and additional
optimization constraints. Indeed, AAO formulations add the input inter-
disciplinary couplings and the states variables as optimization variables
controlled at the system-level along with the architectural design vari-
ables. In the pseudo-spectral techniques, the state variables and the
control variables approximated as piece-wise polynomials are con-
trolled by the optimizer. Moreover, in AAO additional interdisciplinary
constraints and residuals for the state variables are added in the for-
mulation and in the pseudo-spectral technique defect constraints and
matching of discretization nodes are also added. The feasibility of
the launch vehicle design and its trajectory is ensured only at the
optimization convergence. Indeed, AAO ensures the interdisciplinary

coupling satisfaction at the convergence of the MDO problem solving
and pseudo-spectral technique ensures the trajectory feasibility through
physical relevance only at the convergence of the optimal control
problem. In the following, to ease the notation, X = X,_;
W m- The proposed AAO-formulation with pseudo-spectral

approach for launch vehicle design is expressed as:

min f(z,y,X, W) (14a)
w.rt z,y,X, W

s.t. g(z,y,X,w) <0 (14b)

h(z,y,%, W)) =0 (14¢)

Vi =¢; @y X W,VG ) E (L. N} i# ) (14d)

X (1% = foge (2.Y, X, (1, X)W, (1, W) k=1,..., M —1(14e)

path (2, ¥(2), X (1, %), W(z, W)) < 0 (14
XX ) — X (%) =0, k=1,..., M -1 (14g)
Xpin < X X) S Xpay VTET (14h)
Woin S WEW) S W VIET (14i)
X(ty) = X, (14)
x(1y) =%, (14K)
Znin S2 52 (14D

‘max

In the proposed approach, the whole MDO of the launch vehicle
is driven by a single optimizer at the system-level. It controls the
architectural design variables z, the input coupling variables y, the
states and control variables nodes for the trajectory %,_; . Wiy u-
Depending on the polynomial choice and the number of democratiza-
tion nodes, the number of optimization variables and the number of
equality constraints vary between few hundreds and few thousands and
therefore only gradient-based techniques are able to efficiently solve
such a complex optimization problem.

Therefore, a key element is to estimate the gradients for the MDO
objective function and constraints including all the quantity of interests
in the trajectory simulation at an affordable computational cost. It is
critical that the gradient calculation does not introduce numerical noise
to ensure optimization convergence. In the implementation of the pro-
posed MDO formulation, the DYMOS package [39] of the OpenMDAO
framework [40] is used. OpenMDAO is a MDO framework allowing
efficient total derivatives calculation and Dymos is its optimal control
library. Considering that the analytical partial derivatives of the disci-
plinary output vector with respect to the disciplinary input vector are
provided, DYMOS relies on the ability of OpenMDAO to compute total
derivatives efficiently using chain rule and the partial derivatives. It
allows to compute gradients analytically and propagate the derivatives
in the whole MDO process including through the trajectory discipline.
Therefore, it facilitates the use of gradient-based optimizer to solve
MDO problem which includes an optimal control problem.

4.2. Derivation of the MDO formulation for uncertainty quantification

In early design phases, due to modeling simplifications, numerical
approximations and environmental uncertainties, a large number of
uncertain parameters should be considered especially in MDO process
which involves different physics and disciplines, for instance, uncer-
tainties related to the specific impulse, the mass flow rate, the structural
mass, the nozzle geometry, ODE solver accuracy, etc. In order to limit
the computational cost associated to uncertainty quantification (UQ)
studies, Sensitivity Analysis (SA) may be used to provide an overview
of the behavior of the system under uncertainty by ranking the un-
certainty variables by importance on a quantity of interest. Therefore,
considering a vector of uncertain parameters U = [U,,...,U;] of
dimension d defined according to a Probability Density Function (PDF)
¢(U), the purpose of SA is to determine the influence of the input
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Fig. 9. Traditional (MDF) and proposed MDO formulation for launch vehicle design based on All-At-Once and pseudo-spectral technique.

variables U on a quantity of interest Y = f(U) with f(-) a model. With
SA, it is for instance possible to identify the variables with almost no
influence on system performance (or constraints) and to freeze them to
nominal values, reducing the dimensionality for UQ studies. Different
SA techniques may be used depending on the analysis purpose such as
Morris technique [13], Sobol’ indices [14], HSIC indices [15]. In the
context of MDAO process with an access to analytic gradient (as dis-
cussed in the previous section), the Derivative-based Global Sensitivity
Measures (DGSM) is an interesting sensitivity method [17]. DGSM is
a global (over the entire definition domain of the uncertain variables)
SA approach that generally requires fewer function evaluations than the
Sobol’ indices [16,41], provided that the partial derivatives of the quan-
tity of interest are available. For more details about sensitivity analysis,
one may consult [16]. The first order DGSM index corresponding to
variable U; can be defined as:

ol = /R ) %(u)qb(u)du @15)

where ¢(-) is the joint PDF of the uncertain vector U. The second order
DGSM index is defined as follows:

2
o = /R , <%(u)> H(uydu 16)

These sensitivity indices use the derivatives of the quantity of
interest with respect to the uncertainty and perform an integral of this
quantity with respect to the PDF of the uncertainty parameters. DGSM
have been widely used for identifying the most influential variables
and links with Sobol’ indices have been made in Kucherenko and
Song [17]. This kind of indices is particularly interesting in case of
design processes providing derivatives because it allows to perform a
sensitivity analysis at a reduced computational cost. Let us consider a
generic AAO problem (without all the pseudo-spectral part to simplify
the notations but without loss of generality) with a realization u,, of an

uncertain variable vector U sampled according to ¢(-):

min f(£,up) (17a)
wrt. ¢

s.t. g(§,uy) <0 (17b)

h(¢,up) =0 (17¢)

(G up) =0 174d)

Cmin < € < Cmax (17e)

with ¢ = {z,y,w(@)} and ¢({,u,) = 0 corresponding to the interdis-
ciplinary constraints rewritten as y; j — ¢y, w),ug) = 0,V3,j) €
{1,...,N}2,i # j to simplify the following derivations. The MDO
problem is solved for a particular realization of the uncertain vari-
able vector. However, considering another realization of the uncertain
variable vector will lead to a different optimal solution and therefore
a different performance at the optimum. In this context, the purpose
of the SA is to characterize the impact of the uncertain variables
vector U on the objective function f(-) at the optimum of the MDO
problem. Therefore, it provides an indication of the influence of the
uncertain parameters on the performance of the launch vehicle. To
efficiently compute the DGSM indices, post-optimality analysis after
MDO problem solving for a particular realization of the uncertain
variables may be used to compute the gradient of the objective func-
tion with respect to a local variation of the uncertain variable vector
without having to re-optimize the launch vehicle for this variation.
This technique allows to estimate the gradient of the objective function
f(-) from the Lagrange multipliers associated to the 15t order Karush—
Kuhn-Tucker (KKT) conditions [42]. It avoids to estimate the gradient
using finite differences and therefore re-optimizations of the launch
vehicle for each local variation of the uncertain variable vector. The
post-optimality analysis consists in efficiently computing:

Ligwm= L ws LE
u, ou,

3¢ u, " w 18



M. Balesdent et al.

with ¢* the optimal solution of the optimization problem Egs. (14)-
(141). Post-optimality analysis has been applied in different aerospace
vehicle design problems [18,43,44]. The novelty here is to combine
global SA technique based on DGSM indices and post-optimality anal-
ysis in order to provide valuable information on the sensitivity of the
optimal launch vehicle performance with respect to uncertainty in early
design phases at an affordable computational cost.

Considering the first order KKT to the proposed AAO-PS formula-
tion, then:

a—c(c u)+2», g u)+2u,—(c
+an—<€ ) =0 (19a)
h(¢*,u) =0 (19b)
g¢*uw) <0 (190)
e¢*u) =0 (19d)
A = 0forie(l,n,] (19e)
;= 0for je(l,n] (190
e = 0for ke[l,n] (19g)
Aihi(¢*,w) = 0 for i € [1,m,] (19h)

Mjgj(c*,u) =0forje [(I,n,]  (191)
mee(€*u) = 0 for k e [1,n,]  (19))

with 4, u and n the different Lagrange multipliers. In the following,
only the saturated inequality constraints are considered (as u; = 0 for
a non saturated inequality constraint g;(-)). Assuming that the set of
saturated inequality constraints stays saturated under a small variation
of u. Then,

dh; _, oh, . oh, ot
€W = S Ea_(‘:

> Z’; ;‘; @, %(c*,m (202)
Z;Z@*, ) = %(c:*,u) Z—ca—‘:@

R aié:_g(c = _ﬁ(g*, ) (20b)
ﬁ({ Z—Z@* w + ‘;if f(c

- ‘%:_C(g Z%(‘:*’“) (200)
Moreover, with Eq. (19a):
%:—C(g "ZA, ac a >+§u,ai;,’§—€<z

. z o S = 1)

Then, by combining Eq. (21), Egs. (20a)-(20c) and Eq. (18), it is
possible to efficiently estimate the derivative of the objective function
with respect to the uncertain variables:

(r: u>+za,a @, U)+Z/4,a—(€ Ju)

& 0
+y mﬁ@’tu) 22)
k=1 q

Finally, the DGSM index for the gth component of the uncertain
variable vector can be computed as follows:

W _ of - ohy;
o -/Rd<au CRUEDNE

1
+ 2 Mj—((,' ) + 2 r]k—({* u)> ¢(u)du (23)

with / the order of the sensitivity index (I = 1 for the first order
DGSM index and ! = 2 for a second order DGSM index). Therefore, the
post-optimality analysis allows to estimate the gradient of the system
performance with respect to the uncertain variable vector by combining
analytical partial derivatives of the objective function and analytical
partial derivatives of the different active constraints with the optimal
Lagrange multipliers. This allows to reduce the computational cost for
global SA based on DGSM indices and it provides valuable information
on the sensitivity of the optimal performance with respect to modeling
uncertainties. This information could be used in further design steps to
refine the discipline models with higher fidelity tools with respect to
the most influential uncertainties on the launch vehicle performances.
In the following, an application of AAO-PS and of sensitivity analysis
is carried out on a Two-Stage-To-Orbit design problem to illustrate the
application of the proposed methodology on a representative test case.

5. Two-stage-to-orbit test case

A case study consisting of a Two-Stage-To-Orbit (TSTO) vehicle
is proposed in this section. The launch vehicle is composed of two
LOx/RP-1 (Liquid Oxygen/Rocket Propellant - 1) stages and aims at
delivering an 11 tons payload into a circular 400 km height orbit. The
global objective to consider is the minimization of the Gross Lift-Off
Weight (GLOW) of the vehicle. The first stage of the launch vehicle is
composed of 9 engines. The radius at perigee of the elliptical transfer
orbit for the payload injection is constrained to be above 145 km.

5.1. Definition of the disciplines and design process

From an MDO perspective, the design process is composed of the
propulsion, mass/sizing, aerodynamics and trajectory disciplines. The
different disciplines are described in the following. The modeling level
is representative of early design phase studies of launch vehicles and
allows repeated evaluations of the disciplinary models from MDO and
UQ perspectives.

5.1.1. Propulsion

The propulsion discipline is based on the open-source software
Chemical Equilibrium with Applications (CEA) [45] and is useful to
compute the specific impulse. CEA has been developed from the 1950s
at the NASA Glenn research center and allows the calculation of ther-
modynamic and transport properties for different mixtures of reactants.
In this work, the oxidizer is assumed to be liquid oxygen (LOx) and
the fuel is kerosene (RP-1). The same models are used for the first
and second stages. The module is based on a set of design variables
z,, consisting of the pressure at the combustion chamber (P,), the
pressure at the nozzle exit (P,), the mixture ratio (O/F) and the thrust at
vacuum (7,,,) for the first and second stages. To avoid flow separation
in the first stage nozzle the value of P, is lower bounded to 0.4 times
the atmospheric pressure at sea level (Summerfield criterion [46]).
Thermo-chemical equilibrium is considered in the combustion chamber
and up to the throat, whereas the flow is assumed frozen in the nozzle
(that is the composition does not change in the nozzle). The propulsion
discipline allows the computation of the isentropic coefficient and
gas molecular mass at the throat and of the combustion chamber
temperature as a function of P. and O/F. From these quantities, the
specific impulse of the engines (1sp) is calculated using classical rocket
propulsion equations [47]. The evaluations of CEA in the propulsion
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module are replaced by a surrogate model using a bivariate spline on
a given design experiment. This approach gives access to the partial
derivatives required for the optimization process. The level of accuracy
of the surrogate over the entire design space allows to replace the exact
model (relative error lower than 0.2% on the specific impulse between
the exact model and the surrogate model).

5.1.2. Mass and sizing

The main purpose of the mass/sizing discipline is to compute the
dry mass of the first and second stages. It uses the models described
in Castellini [48] for the first stage and a regression model for the
second stage. This discipline requires the design parameters z,, con-
taining the mass of propellants of the first and second stages and the
diameter of the vehicle. The considered engines correspond to gas
generators. The two stages and fairing are considered to have the same
diameter. The models for this discipline require as input the thrust at
vacuum, which is a design variable shared among all the disciplines and
the mixture ratio that is shared with the propulsion discipline. It also
requires the feedback couplings with the trajectory discipline in order
to design the structures according to the maximum dynamic pressure
and the maximum axial load factor.

In the proposed approach, the mass/sizing discipline input coupling
variables are provided by the system level optimizer along with the
design variables. Additional equality constraints are added in order
to ensure that at the convergence of the MDO problem, the input
couplings match the output couplings given by the trajectory. The
mass models for the first stage consider a cryo-storable propulsion type
with RP-1 as fuel and liquid oxygen as oxidizer. The thrust frame and
structures are assumed to be built in aluminum. The tanks are disposed
in an “intertank” configuration. The thrust vector control is assumed to
be hydraulic.

The structural mass of the first stage is modeled as a function of
the mass of propellants, the mixture ratio, the stage diameter, the
thrust at vacuum of the stage, the number of engines, the maximum
dynamic pressure and the maximum axial load factor. The mass of
the different modules (tanks, thrust frame, thrust vector control, avion-
ics, etc.) are estimated using Weight Estimation Relationships (WERs)
from Castellini [48]. The structural mass of the second stage relies also
on WERs depending on the mass of propellants (see Fig. 10).

5.1.3. Aerodynamics

The aerodynamics model used in the design process is based on
MISSILE datcom [49]. MISSILE datcom implements a large collection of
analytical and semi-empirical methods encompassing a wide range of

launcher configurations, geometries and flight conditions, and allowing
fast estimation of launch vehicle aerodynamics coefficients. It is an
adapted aerodynamics model for early design phase studies. It provides
the profiles of drag and lift coefficient as a function of the angle of
attack and the Mach number, and the geometry of the vehicle. These
profiles are then used in the trajectory discipline to compute the drag
and the lift as functions of the dynamic pressure. To do so, these
profiles are interpolated using piece-wise cubic Hermite polynomial
interpolation [50] in order to provide derivatives that will be used in
the pseudo-spectral method for trajectory optimization.

5.1.4. Trajectory

The trajectory is modeled using Gauss-Lobatto pseudo-spectral tech-
nique using DYMOS [39], as described in Section 2.2.2. The flight
is assumed to happen in the equatorial plane and is modeled in 2D
polar coordinates. The jettisoning of the first stage and payload fairing
for the TSTO vehicle are considered and constrained according to
threshold values of dynamic pressure and heat flux. The injection into
circular orbit of the payload is done using an Hohmann transfer ascent.
During the trajectory, the aerodynamic loads, the drag and the lift are
computed as a function of velocity and altitude, based on U.S. Standard
Atmosphere models [51].

The considered equations of motion are:

F =vsin(¢)

i _ vcos ()

A= r

. . _ —D+T cos (—¢) _ 2 .
fode 10 =—— +( g+ w r) sin (¢) 24
— L + T sin (0—¢) + ((uzr—g)cr)s(z})) +2m+ v cos ()
mv mv v r
m =-q

with @ the Earth’s angular velocity, 4 the longitude, r the position
vector from Earth’s center to a fixed point in the launcher (e.g., the
center of gravity), 0 the pitch angle, ¢ the flight path angle, « the angle
of attack, m the mass of the launcher at any given time, g the mass flow
rate, g the acceleration of gravity, D the drag force, L the lift force,
T the thrust force and v the velocity. The trajectory is divided into
four phases: lift-off, pitch-over maneuver, gravity turn and bi-linear
tangent (see Fig. 11). For each part of the trajectory, specific control
variables have to be defined. After the lift-off and a vertical flight
(controlled by the duration of the phase A,WHH ), a linear pitch-over
maneuver is carried out (controlled by 3 parameters: the duration of the
phase A,,W , the pitch angle target w,,» the parameter of the exponential
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Table 1
Design variables for propulsion, sizing and aerodynamics.
Stage Disciplines Variables Notations Bounds Units
Chamber Pressure Pc, [8 % 10°,107] Pa
Propulsion Nozzle Exit Pressure Pe, [3x10%2x105] Pa
1 Oxidizer to fuel ratio OF, [2,3] -
Thrust in vacuum Ty, [5% 10,9 x 10°] N
Sizing Mass of propellant Mp, [200, 250] tons
Aerodynamics Stage diameter D [3.4] m
Chamber Pressure Pc, [8 x 10°,107] Pa
Propulsion Nozzle Exit Pressure Pe, [103,10%] Pa
2 Oxidizer to fuel ratio OF, [2,3] -
Thrust in vacuum Ty, [8 x 10, 10°] N
Sizing Mass of propellant M p; [60, 80] tons
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Fig. 11. Trajectory phases.

decay w,,,). This maneuver is composed of a linear pitch over phase
Eq. (25a) and an exponential decay of the pitch angle Eq. (25b) [48].
Then, a gravity turn phase (no parameter) is involved to minimize the
aerodynamics loads Eq. (25c). Once a lower threshold on the dynamic
pressure is reached, this phase is followed by an exo-atmospheric phase
Eq. (25d) that is parameterized by a bi-linear tangent law (3 variables
Wy, 1 = 1,...,3). For further details on the guidance for launch vehicle

in MDO context, one can consult [48].

wlpo
Glpa = ¢ + At (t[pa - t[pao) (253)
Ipo
=3 toap = tedp,)
p~ edpy
Oedp = & = Wipo - €XP | ——— (25b)
wedp
th = ¢ (25C)
Wity Wity Tot1 =1 puly
, t Wy, tan 0,,,,0 + (tan Whity = Wy, tan 19,,,,0) T,
= arctan
bit W (1~ wbn2> ot~
bit, Wiy, At
(25d)

1, s the initial time of the phase x, 4r, the duration of the phase, 7,
the current time of the phase, and 6, the value of the pitch angle at
the beginning of the phase.

5.1.5. Interdisciplinary couplings
The disciplines that have been presented in the previous section
share interdisciplinary couplings. Feedforward couplings include the

specific impulse (/sp) and mass flow rate thrust (¢) of the stage (from
propulsion to structure), length (L) and diameter (D) of the stages
(from structure to aerodynamics), drag (Cx) and lift (Cz) coefficients
(from aerodynamics to trajectory). Feedback couplings are composed of
the maximal axial load factor (nx,,,) and maximal dynamic pressure
(Pdyn,,,). These two coupling variables come from the trajectory
to the structure disciplines. All the interdisciplinary couplings are
summarized in Fig. 4.

5.2. Application of multidisciplinary design optimization with pseudo-
spectral methods

5.2.1. Definition of the original optimization problem

The design variables that compose the design problem for Propul-
sion, Sizing and Aerodynamics disciplines are summarized in Table 1.
The total number of design variables is 11 (6 for the first stage:
diameter of the stage, chamber pressure, nozzle exit pressure, oxidizer
to fuel ratio, thrust in vacuum and propellant mass, and 5 for the second
stage: combustion chamber pressure, nozzle exit pressure, oxidizer to
fuel ratio, thrust in vacuum, and propellant mass). The two stages
share the same diameter. As described in the previous section, the
launch vehicle flight is divided into four phases (see Fig. 11): vertical
lift-off, the pitch-over maneuver, the gravity turn, and finally the exo-
atmospheric phase with a bi-linear tangent. Four constraints are present
in the optimization problem: the altitude of the apogee of the transfer
orbit has to be equal to 400 km: the perigee of the transfer orbit
has to be greater than 145 km; the surfaces of the first and second
stages nozzle exit have to be less than a given threshold (for interstage
and launch pad compatibility reasons). The objective function is the
minimization of the Gross-Lift-Off-Weight (GLOW).

5.2.2. Problem formulation using MDF with direct single shooting method

The reference approach to compare the results is the MDF method
using single shooting method, as it is one of the most used methods in
the literature [6]. The transcription of the original problem using MDF
is the following:

min GLOW (z,y(z,w)) (26a)
w.r.t z = {Pc, Pe;,OF, T, ,Mp,,D, Pcy, Pey,OF,, T, Mp,}
W = (W) pgs Aljpos Weaps Whir, s Whiry > Whiry }

s.t. g(z,y(z,w)) <0 (26b)
h(z,y(z,w)) =0 (26¢)
Zpath (Z, (2, W), X(1), W) < 0 (26d)
Win < W < Wpao (26€)

with nx,,. and Pdyn,,, the feedback coupling variables between the
trajectory and the structure. These variables are handled by the MDA
(Fig. 3) and consequently are functions of the optimization variables
(z,w). In the implementation, the MDA involves a Gauss-Seidel algo-
rithm [10]. g represents the nozzle exit area constraints, gy, is the
inequality constraint about the altitude of the transfer orbit perigee, h
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Table 2
Optimal design variables for AAO and MDF.
Stages Disciplines Variables Notations MDF AAO Relative difference
Chamber Pressure Pc, 107 107 0%
Propulsion Nozzle Exit Pressure Pe, 5.55x10* 5.51x10* 0.67%
1 P Oxidizer to fuel ratio OF, 2.30 2.30 0.14%
Thrust in vacuum Toae, 7.10 % 10° 7.12%x 10° 0.24%
Sizing Mass of propellant Mp, 2.41 x 10? 2.36 x 102 1.78%
Aerodynamics Diameter D 3.78 3.80 0.44%
Chamber Pressure Pc, 107 107 0%
Propulsion Nozzle Exit Pressure Pe, 3.48 x 10° 3.61 x 10° 3.76%
2 P Oxidizer to fuel ratio OF, 2.36 2.34 0.46%
Thrust in vacuum Ty, 8.85x 10° 9.19%x 10° 3.89%
Sizing Mass of propellant Mp, 7.18 x 10* 7.53x 10* 4.93%
Table 3
Optimal coupling variables for AAO (optimization variables) and MDF (handled by the MDA).
Stages Disciplines Variables Notations MDF AAO Relative difference
Nozzle Exit Area Ae, 7.99 x 107! 8.04 x 107! 0.62%
Propulsion Mass flow rate q 2.32x 103 2.32x 103 0.11%
1 Specific impulse Isp, 3.12 x 10? 3.12 x 10? 0.01%
Traiector Maximal axial load factor X s 6.01 5.95 1.0%
y Y Maximal dynamic pressure Pdyn,,,, 7.0 x 10* 6.97 x 10* 0.45%
Nozzle Exit Area Ae, 7.19 7.24 0.62%
2 Propulsion Mass flow rate q 2.66 x 107 2.76 x 107 3.88%
Specific impulse Isp, 3.40 x 10? 3.40 x 10? 0.01%

stands for the equality constraint on the transfer orbit apogee altitude.
Consequently, the optimization problem to solve is composed of 16
optimization variables, three inequality constraints and one equality
constraint. To perform the optimization, the system-level optimizer is
based on the Covariance Matrix Adaptation — Evolution Strategy [52],
that proved to be efficient to solve such a problem [53,54]. In MDF
with direct single shooting method, an evolutionary algorithm is used
instead of a gradient-based optimizer as the propagation of gradient
through the trajectory integration (e.g., using Runge-Kutta integrator in
direct single shooting method) is challenging as a small modification of
control law parameters may lead to a large modification of the launch
vehicle states at the end of the trajectory.

5.2.3. Problem formulation using AAO with pseudo-spectral method
The transcription of the original MDO problem into an AAO formu-
lation with pseudo-spectral method is as follows:

min GLOW (z,y,X, W) (27a)
w.r.t. z={Pc, Pe;,0OF,T, . ,Mp,,D,Pc,, Pe,,OF,,T,,. ., Mp,}

y = {Ae,, Aey, q,,4,, I5p,, nx,,, ., Pdyn, , }
X ={F, 5k’7~/k7d~’k7ﬁ’k}
w={w}k=1..M

s.t. g(z,y,%, W) <0 (27b)
h(z,y,X,w) =0 (27¢)
Vi =¢;@y %W,V ) E(L,... N} i#j (27d)
X (1.8 = fode (2.Y, X, (1 X)W, (1, W) k=1,...,M —1(27€)
8path (2,¥(2), X(1,%), W, W)) <0 (279
XX ) =&, %) =0, k=1,...,M -1 (27g)
Xmin < XX <xp VIET (27h)
Winin S WEW) < W VIET 271)
x(t)) =X, 277)
x(t;) =X, (27k)
Zoyin < Z < Zoy 27D

In order to decouple the different disciplines, additional coupling vari-
ables (nozzle exit area Ae, mass flow rate of the engine ¢, specific

impulse Isp, maximal dynamic pressure Pdyn,,,, maximal axial load
factor nx,,,,), and corresponding coupling constraints are added. More-
over, the state and control collocation variables x and w are included
in the optimization problem. In the same way, additional constraints
related to the consistency of the trajectory are added to the original
problem. Comparatively with the direct shooting MDF formulation,
the number of design variables and constraints are increased. To sum-
marize, the optimization problem to solve is of dimension 597, the
number of equality constraints is 567 and the number of inequality con-
straints is 13. To solve this large optimization problem, a Sequential-
Quadratic-Programming algorithm is used. The computation of the
total derivatives of the objective and constraint functions necessary for
the optimization problem solving are computed analytically based on
the combination of the provided partial derivatives of the disciplinary
models and the chain rule using DYMOS [39].

5.2.4. Comparative analysis

In this section, the results of the optimizations performed using the
two MDO formulations (MDF and AAO) are described. The initialization
point for both formulations (initial point for AAO and centroid of
the CMA-ES search for MDF) is the same and is at the center of the
design search domain. The optimal GLOW found by AAO is 357.9t and
the optimum found by MDF is 358.3t, that represents a difference of
0.1%. Table 2 summarizes the optimal values of the design variables
obtained at the convergence of the two optimization processes. The
optimal configurations found by AAO and MDF are very close. The
same observation can be made regarding the coupling variables as
summarized in Table 3. Even if the optimal control variables present
slight differences (Table 4), especially for the pitch over maneuver, the
two ascent trajectories are very close, as it can be analyzed on Fig. 12
that represents the evolution of the main state variables (altitude,
relative velocity, flight path and pitch angles, mass, dynamic pressure,
thrust and loads) as functions of time. The differences in terms of
variable values at the convergence can be explained by the fact that
an evolutionary algorithm is used in MDF, and convergence of such
algorithms is not defined through the satisfaction optimality condi-
tions (Karush-Kuhn-Tucker) at the difference of the gradient-based
algorithm that is used in AAO.

The performance of proposed AAO approach with respect to the
reference approach can be illustrated regarding the computational time
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Fig. 12. Optimal trajectories (orange: MDF, blue: AAO). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 4
Optimal control variables for AAO and MDF.
Stages Variables MDF AAO
Lift-off duration (s) 5.0 6.0
1 Pitch over duration (s) 7.36 5.0
Pitch over angle (deg) 8.41 8.34
Exponential decay duration (s) 10.0 17.0
Bilinear tangent initial angle (deg) 23.9 20.8
3 Bilinear tangent final angle (deg) -1.70 0.72
Bilinear tangent form parameter (-) -0.17 -0.13

to obtain the optimal configuration. Indeed, the proposed method con-
verges with 706 evaluations of the objective and constraint functions,
and 371 evaluations of the gradient (Table 5). The MDF method re-
quires 48000 evaluations of the functions to converge (corresponding to
4000 iterations of a population of 12 individuals). To this aspect, even
if the problem complexity of AAO is greater in terms of dimensionality
and number of constraints, the proposed method achieved to converge

Table 5
Computational time analysis.
AAO MDF
GLOW (tons) 3579 t 358.3 t
Function evaluations 706 48000
Gradient evaluations 371 -

to a slightly better optimum than the baseline approach and with a
large speed-up factor (nearly 50). The large number of evaluations
in case of MDF is due to the embedded MDA process (Gauss—Seidel)
inside the optimization process that takes between 3 and 4 iterations
to converge at each individual proposed by the CMA-ES algorithm.

As the proposed AAO is based on a gradient-based algorithm (local
search algorithm), a robustness analysis to the initialization has been
carried out. For that purpose, 20 runs of AAO have been performed
from random initializations over the search domain defined in Table 1.
On the 20 runs, 16 have converged, that represents a success rate
of 80%. The dispersion of the optimal objective functions on the
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Fig. 14. Convergence curves of AAO and MDF methods (only feasible designs with
respect to the constraints are depicted), for one representative AAO repetition.

converged runs is illustrated in Fig. 13, and the convergence of the
methods is depicted in Fig. 14. As it can be seen, apart from 3 runs,
the objective function dispersion is very small and concentrated in the
region near the global optimum, illustrating the ability of AAO to find
the global optimum found by using evolutionary strategy with MDF.
The trajectories obtained with AAO and MDF are depicted in Fig. 15.

5.3. Uncertainty quantification using post-optimality analysis

In this section, a sensitivity analysis is carried out to study the
influence of modeling uncertainty in the early design phase on the
launch vehicle optimal performances. Therefore, the proposed AAO ap-
proach is applied to uncertainty quantification analysis by calculating
sensitivity analysis based on the gradient information provided by the
MDO process. The efficiency of the proposed UQ analysis is linked to
the efficiency of MDO solving with AAO formulation combined with
post-optimal analysis and gradient-based sensitivity index estimation.
First, the considered modeling uncertainties for SA are described. Then,
the DGSM indices are estimated and analyzed to identify the most
influential uncertain parameters on the launch vehicle performance.
It allows to illustrate the ability of the proposed approach to estimate
relevant sensitivity indices in a MDO context.

5.3.1. Description of uncertainties

In this section, the structure module that has been derived from
Castellini [48] is assumed to present modeling uncertainties. Indeed,
in the early phase design of launch vehicles, the mass balance of the

Fig. 15. Trajectories obtained with AAO (in red) and with MDF (in blue). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

launch vehicle often suffers from modeling uncertainties of the different
structures of the launch vehicle. In this paper, 12 uncertain variables
are considered. For the first stage, the considered uncertainties are: the
oxidizer tank pressure, the fuel tank pressure, the thrust vector control
system mass, the engine mass, the avionic system mass, the thrust
frame mass, the thermal protection system mass, the intertank mass,
the electrical and power system mass and the unburnt propellant at the
end of the launch vehicle flight. For the second stage, two uncertain
parameters are considered: the unburnt propellant and the stage dry
mass estimation. Table 6 summarizes the uncertain variables and the
associated distribution laws given by expert knowledge.

5.3.2. Results synthesis

As it is mentioned in the previous section, to perform sensitivity
analysis on the optimal objective function considering the uncertain
variables, it is required to compute the gradient of the objective func-
tion with respect to the uncertain variables. Unfortunately, as these
variables are not optimization variables, direct calculation is not pos-
sible and in the proposed approach a Post-Optimality Analysis (POA)
is carried out. To validate the results provided by POA, a comparison
has been performed with respect to finite difference calculations. The
results of this comparative analysis are summarized in Fig. 16. The
derivative estimations provided by POA are very accurate (the largest
relative difference is 0.014% on the avionics mass uncertainty, see
Table 7). It is interesting to note that the POA only requires one
solving of the MDO problem with AAO formulation to estimate all
the derivatives whereas the finite difference scheme requires 13 MDO
problem solvings. This speed-up factor is directly proportional to the
number of considered uncertainties.

The first order and second order DGSM indices are depicted in
Fig. 16. For the calculation of the sensitivity indices, a Monte Carlo
analysis is carried out with 5000 realizations of uncertainties to com-
pute the integrals involved in the DGSM. The ranking obtained by
taking into account either the first or the second order DGSM is the
same. The higher indices are obtained for the uncertainties considering
the unburnt propellant of stages 1 and 2. The sensitivity associated to
the second stage unburnt propellant is the most influential due to the
fact that this unburnt propellant is analog to an additional payload mass
that has to be injected into orbit whereas the unburnt propellant of
the first stage is jettisoned during the flight. Then, the uncertainties
about the TVC mass, the engine mass, the avionics mass, the thrust
frame mass, the thermal protection mass, the electric power system
mass and the intertank mass seem to have a quite equivalent impact
on the output using DGSM. Finally, the uncertainties associated to the
tank masses (stage 1 and 2) are the less sensitive ones. This sensitivity
analysis is useful to detect which sub-model about the mass balance is
the most influential with respect to the performance of the designed
architecture. This allows to identify the effort to put on the refinement
of the mass sub-model in order to increase the robustness of the optimal
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Table 6
Signification of uncertainties and probabilistic modeling.
Signification Name Probability law
Oxidizer tank pressure u, N(3,0.05)
Fuel tank pressure U, N'(3,0.05)
Thrust vector control system mass Uryc N(0,10)
Engine mass Upng N(0,20)
Stage 1 Avionics system mass Ugpio N(0,10)
Thrust frame mass Urp N(0,50)
Thermal protection system mass Urps N(0,20)
Intertank mass Uy N(0,15)
Electrical and power system mass Ugps N(0,10)
Unburnt propellant amount Uy, N(1,0.001)
Stage 2 Unburnt propellant amount Ui, N(1,0.001)
8 Global dry mass uncertainty Ugm, N (1,50)

Table 7

Validation of Post optimality analysis : Comparison of finite difference scheme (requiring 13 optimizations) and post optimality

analysis (requiring 1 optimization).

Type of uncertainty Finite differences

Post Optimality Analysis Relative difference (in %)

Oxydizer tank pressure 3.7137x 1073 37134 x 1073 7.30 x 1073
Fuel tank pressure 2.7280 x 1073 2.7273 x 1073 2.31x1073
TVC mass 2.9062 x 10" 2.9063 x 10’ -9.62x 10~
Engine mass 3.1725 x 10! 3.1725 x 10! —1.29x 1073
Avionics system mass 4.9286 x 10° 4.9293 x 10° —1.40x 1072
Thrust frame mass 3.2289 x 10° 3.2292 x 10° —9.19% 1073
Unburnt propellant mass stage 1 1.1627 x 10* 1.1627 x 10* 437 x 107
Unburnt propellant mass stage 2 7.4172 x 10* 7.4173 x 10* —6.06 x 1074
Dry mass stage 2 2.2107 x 10! 2.2107 x 10! —7.59 x 1073
TPS mass 3.8654 x 10° 3.8654 x 10° —-6.27x 107
EPS mass 1.6106 x 10° 1.6106 x 10° —-6.32%x 107
Intertank mass 1.0630 x 10° 1.0630 x 10° 2.89 x 1073
10° {0 Firet order DGSM * (system-level optimizer, MultiDisciplinary Analysis and trajectory op-
% Second order DGSM timization), the proposed approach exploits the commonalities of AAO
108 - * and pseudo-spectral techniques regarding the decoupling of the opti-
mization problem. This enables the use of gradient-based optimizers
10° 4 to provide efficient convergence properties. In addition, a Sensitivity
* Analysis technique in the context of MDO problem has been proposed
10° 1 * by combining the AAO formulation and post-optimality Analysis to es-
107 ] * x * timate derivative-based global sensitivity measures indices. This allows
* kX % * % to analyze the influence of modeling uncertainty on the optimal launch
100 * : * % * vehicle performance in the early design phases. The proposed approach
has been applied on a representative Two-Stage-To-Orbit (TSTO) design
10-2 4 test case illustrating the efficiency of the proposed AAO formulation
* % compared to traditional MDF. Moreover, the sensitivity analysis allows
1074 4 to identify the most influential modeling uncertainties of the optimal
* % TSTO performances providing modeling refinement perspectives. In

T T T . T T T T T T
Upoe  Upr Uryc Ueng Uavio UTF Uunbl Uunb2 Udm2 Utps Ugps  Uint

Fig. 16. First order and second order DGSM indices.

solution founds in early design phases. In that case, the corresponding
model needs to be refined with respect to identification of the unburnt
masses of propellant which have a predominant effect. To the contrary,
the tank pressures could be fixed to their mean values as their effects
are very small on the overall launch vehicle performance.

6. Conclusions

In this paper, a MDO formulation dedicated to launch vehicle design
has been proposed to deal with the specificity of the optimal con-
trol problem involved in the trajectory design discipline. It combines
the All-At-Once (AAO) decoupled formulation and a pseudo-spectral
decomposition (with Gauss-Lobatto collocation) of the trajectory op-
timal control problem. Compared to traditional Multi Discipline Fea-
sible (MDF) formulation which results in a three layers nested loop

future work, the proposed approach could be applied to higher fidelity
models and more complex launch vehicle design problems.
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