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CONVERGENCE OF THE EMPIRICAL MEASURE IN EXPECTED
WASSERSTEIN DISTANCE: NON ASYMPTOTIC EXPLICIT BOUNDS IN R¢

NICOLAS FOURNIER

ABSTRACT. We provide some non asymptotic bounds, with explicit constants, that measure the
rate of convergence, in expected Wasserstein distance, of the empirical measure associated to an
i.i.d. N-sample of a given probability distribution on R?.

1. INTRODUCTION

Let d > 1. We consider . € P(R?), the set of probability measures on R%, and an i.i.d. sequence
(Xk)k>1 of p-distributed random variables. For N > 1, we introduce the empirical measure

1 N
(1) HUN = N Z 0y
k=1

Estimating the rate of convergence of iy to p is of course a fundamental problem, and it seems
that measuring this convergence in Wasserstein distance is nowadays a widely adopted choice. Some
seminal works on the subject are those by Dudley [7], Ajtai-Komlds-Tusnddy [1] and Dobrié-Yukich
[6]. More recently, some results have been established by Bolley-Guillin-Villani [4], Boissard-Le
Gouic [3], Le Gouic [9], Dereich-Scheutzow-Schottstedt [5] and Fournier-Guillin [8]. In particular,
we can find in [8] the following result.

Fix some norm | - | on R? and consider, for p > 0 and p,v € P(R?), the transport cost
Touw) =int { [ Jo—yPe(dn.dy) € € W)}
R4 xR

where H(u,v) stands for the set of probability measures on R x R? with marginals 4 and v. It
holds that 7, = WP, with the usual notation, if p > 1. For ¢ > 0, we also define

M) = [ Jalu(da).

There exists a constant Cy,, , such that for all u € P(R9), for all N > 1, with uy defined in (1),

N—1/2 if p>d/2 and q > 2p,
E[T, (1w, )] < Capg[Mq()]P/7 x ¢ N72log(1+ N) if p=d/2 and g > 2p,
N-P/d if p € (0,d/2) and ¢ > dp/(d — p).

This bound is sharp, as well as the number of required moments, but the constant Cy p 4 is not
explicit. Some explicit constants are provided in [5] when p > d/2, but they are quite large. One
can also get some explicit bounds using [9], see a few lines below.
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2 NICOLAS FOURNIER

It seems that applied scientists really need some explicit values for the constant Cgyp 4. If
following the proofs in [5, 8], one finds some rather large constants. But revisiting these proofs and
optimizing as often as possible the computations, which is the purpose of the present paper, we
obtain some rather reasonable constants, when using the maximum norm |-|, on R?. In particular,
they remain finite as the dimension tends to infinity (but of course, the rate of convergence in N —p/d
is worse and worse).

The reason why the maximum norm |- |, is used in [5, 8] it that the proofs rely on a partitioning
of the unit ball, and that a cube is very easy to cut into smaller cubes. We of course deduce some
bounds for the more natural Euclidean norm | - |2, multiplying the constant by dP/?. This leads to
a constant (for the Euclidean norm) that explodes as d — oo.

Using similar arguments, together with some ideas found in Boissard-Le Gouic [3] and Weed-
Bach [14], Lei [10, Theorem 3.1] proves that one can also find, in the case of the Euclidean norm,
some constants (that he does not make explicit) that remain finite as d — co. We also produce,
in the present paper, some explicit constants in this context.

Finally, let us mention that Dudley [7] and more recently Boissard-Le Gouic [3], Le Gouic [9]
and Weed-Bach [14] study the very interesting problem of obtaining some rates of convergence
depending on the true dimension of the problem: if e.g. u is a measure on R? but is actually
carried by a manifold of lower dimension, what about the rate of convergence ? They introduce
some notion of dimension of the measure p and get some bounds of E[7,(pn, it)] in terms of this
dimension. Let us mention the following formula, that can be found in the work of Le Gouic [9,
Theorem 3.2] (after correcting two small mistakes, with the agreement of the author): for any
metric space (F,d) with finite diameter D, for p a probability measure on E and for py the
associated empirical measure, it holds that for all N > 1, allp > 1, all £ > 0,

9P DP2~P

E[T, Jp)] < 2%—liprol=kr 4 = N(E,ul/P) -1 du},
[T (i, )] < T% S oma s VN )

where N (E, €) is the minimal number of balls of radius € required to cover E. This is a very deep
and elegant formula. Let us mention that when applied to the case where E = B(0,1) in R?, after
optimizing in k, this produces some good bounds, with some constants that are a little greater
than what we will find below. Le Gouic [9] also studies the non compact case E = R%, without
really tracking the constants.

We refer to the introductions of [3, 5, 8, 9, 14] for some much more detailed presentations of
the subject and its numerous applications. Let us also mention the closely related topic of optimal
matching, see Barthe-Bordenave [2] and the references therein.

Let us emphasize that the present paper contains no new idea: all the deep arguments have
been previously introduced in the above mentioned papers. We only try to handle some slightly
more precise computations.

2. MAIN RESULTS
2.1. Basic notation. For m € [1,00) and = = (z1,...,74) € RY, we set

d

1/m
e = (S le™) ™ and ol = max{le. ...l

=1



CONVERGENCE OF THE EMPIRICAL MEASURE 3
For p > 0, for p,v in P(R?) and for m € [1,00) U {00}, we set
T ) =int{ [ o ylng(dedy) i€ € Hinw)},
R4 xR4

where H(j1,v) is the set of probability measures on R? x R? with marginals y and v. For g > 0,
for u € P(RY) and for m € [1,00) U {oc}, we define

M0 = [ faltutaa).

We of course have, since | - oo < |- |m < dY™| | oo,

2) T (wv) < T (pv) < dP T (o) and - MED () < MY™ (1) < dV™MEPD ().

2.2. Covering number. Our proofs are based on a suitable partitioning of the unit ball. The
case of the maximum norm is not hard, because it is easy to cut a cube into smaller cubes. The
other cases are more intricate. For ¢ € (0,1] and m € [1,00), we define

(3) Na(m) = min {k eN:3Jux,...,2, € Bp(0,1) such that B,,(0,1) C UleBm(xi,s)},
where B,,(7,e) = {y € R?: |z — y|,n < £}, as well as

(4) Kém) = sup /N so that for all e € (0,1], N < K((im) g4,
€€(0,1]

See (7) and (8) below for some estimates of these covering numbers.

2.3. Main result. For x > 0 and ¢ > s > 0, we set

_ q/(g—s)\ s/4q
(5) H(m,s,q):(xq 3+(1+x)(g) ) qfs.
Observe that for each z > 0, each s > 0, lim,_,oc H(z,s,q) = 1. The following formulas, that

constitute the main results of the paper, are a little complicated, but rather easy to calculate
explicitly with a computer.

Theorem 1. We fixp >0 and pn € P(RY), we set e, = max{271,27P} and we recall (1).

(i) If p > d/2 and q > 2p, then for m € [1,00) U {o0}, for all N > 1,
(m)
K

m 3. m 6
BITS™ v, 1)) < 22 ME )P0 where 07, = H(=%5.2p,9),
K p
with
(0) 2d/271
Rap = 1 — 9d/2-p’
and with, if m € [1,00),
m m m - 21)—1—d/2 p+d/2
ng’p) = min{/ifiyp?r cr > 2}, where Hg’p?r = Kc(l ) "

(r —1)P(1 — rd/2-p)’
(i) If p=d/2 and q > 2p, then for m € [1,00) U {oco}, for all N > 1,
(m)
m K/d, N m m m E
E[Tp( )(MN7 p)] < 2° \/pﬁ [Mt(z )(M)]p/qet(i,p?q,N’ where egl»p?q,N = H( (T:) 2P, q),
d,p,N
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with (here log, (x) = max{logx,0})

—1
o) 2P 1- 1-2
B = 1o 1084 (217 —21-)VN) +

2p~1
1—27p

and with, if m € [1,00),
m&n;)N = min{fﬁg’z?]vm ir > 2},

where

K(m) 2p N /K(m) 3p
o \/T T log , <2p+1(7“_p — T_zp) ) + d !

MdpNe T Ty (r—1)Pplogr Kc(lm) 2 (r—=1p(rr—1)

(iii) If p € (0,d/2) and q > dp/(d — p), then for m € [1,00) U {0}, for all N > 1,

(m) 1-2p/d
K m m 2°7°P d
]E['E)(m) (pnv, )] < 2P d.p [M( )( )]p/qﬂ( ) where 0T = H(isp 7pp7Q>7

Np/d d.p,q’ d,p,q /Q(m) "d—
d,p
with
(00) Qp—2p/d(1 _ 2—d/2)1—2p/d
Rap = 1 — 2p—d/2 ?
and with, if m € [1,00),
(m) dr2p(1 _ —d/2\1—2p/d
(m) _ oop (m) m) _ (Kg \PArPA—r"7)
Kg, =min{r, ' o1 > 2}, where Ky, ( : ) =IOk

2.4. Comments. By invariance by translation, we can replace ME;") (1), in all the formulas, by
inf{/ | — xo|L,p(dz) : z € Rd}.
Rd

Let us next observe, and we will see that this is often advantageous, that concerning the bound
of E[E(m)(uN, w)] when m € [1,00), we can replace, by (2),

n(m) by dp/mK(O;) and Hén;)q by 9(00) in items (i) and (iii);

o k(" by PR and 057 by 057) - in item (ii).

In each case, we present the bound under the form

(dia.meter of B,,(0, 1)) (bound in the compact Case> [Mgm)(p)]p/qx(ﬁgz)q or 951";)(1 N),

where diameter of B,,(0,1) equals 2 and where by compact case we mean the case where p is
supported by the ball B,,(0,1/2) with diameter 1.

One can tediously check that in each case, ¢ — Hd P (or ¢ — 6{(172)(1 ~) is decreasing and tends

to 1 as ¢ — oo. Hence if we are in the compact case, i.e. if p is supported in B,,(0,1/2), then
M,(Im)(,u) < 277 for all ¢ > 0, and we find that
P
; ; (m) (m) _
qlggo (dlameter of Bm(O,l)) x [ My (u)]p/qx(Hdﬁpﬁq or deqN) =1,

which justifies the denomination bound in the compact case.
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One can tediously check from (iii) that p — (n&?)l/” is increasing for p € (0,d/2), which is

natural by monotony in p of [T, (i, v)]'/P. Actually, when m € [1,00), it holds that p + (ﬁg?;)m)l/p
is increasing for p € (0,d/2) for each r > 2.

However, in the non compact case, we did not manage to guarantee such a property: it does not
hold true that in item (iii), p [/{((in;) Géz?q}l/p is increasing for p € (0,d/2), as it should. Hence it

may be sometimes be preferable to use the bound: for p € (0,d/2) and ¢ > dp/(d — p),

, [F&Elmé]p/p’ ,
6) E[T (™) < inf E[T™ p/P < ipf PP (m) (, P/afgl™) Jp/p
(6) E[T, (uN,u)]_p,EEd/z) (T, (s )] <t 2 N MG ()]0 I

with the convention that 9;”;? , = o if ¢ < dp'/(d—p'). This is the major default of this work. We
identified some computations that might be done more carefully, but this led to awful complications,
without producing some marked improvements.

Finally, one can easily check from (iii) that for any p > 0,

: (00) _ : @) _
dlirgo Kap =2° and dhﬁrr;o Koy =4

Concerning the Euclidean case, we use (8) below which implies that limdﬁoo(K(gQ))l/d

find that limg /15121)) .= (r—1)7Pr? for each r > 2, and this (optimally) equals 47 with r = 2.

When m € [1,00) \ {2}, we deduce from (7) that

=1, we

lim sup /ff]';) < 12P.
d— 00 ’

2.5. Numerical values in the compact case. We start with the maximum norm.

d=1 d=2 d=3|d=4|d=5|d=6|d=7|d=8|d=9|d=100 | d=500

2.42 0.73log N+1 3.72 2.45 2.09 1.94 1.87 1.84 1.82 1.98 2.00
N1/2 N1/2 N1/3 N1/4 N1/5 N1/6 N1/7 N1/8 N1/9 N1/100 N1/500

TaBLE 1. Bound of E[7;°° (s, p)] for N > 1 (actually N > 4 when d = 2), if i € P(Boo(0,1/2)).

d=1|d=2|d=3 d=14 d=5|d=6|d=7|d=8|d=9|d=100 | d =500
1.05 1.42 2.20 | +/0.73log N+1.26 | 2.75 2.20 2.01 1.92 1.87 1.98 2.00
N1/4 N1/4 N1/4 N1/4 N1/5 N1/6 N1/7 N1/8 N1/9 N1/100 N1/500

TaBLE 2. Bound of \/E[T3° (un, )] for N > 1 (actually N > 8 when d = 4), if 1 € P(Boo(0,1/2)).

For all m € [1,00), we have the classical easy estimate
(7) K™ <3 da>1.

Concerning the Euclidean norm, when d is large enough, some much better results are available. By
Verger-Gaugry [13, (1.1)-(1.3)-(1.4)], where (1.1) is due to Rogers [12] (we know from the author
that there is a typo in [13] and d > 8 is the correct condition, instead of d > 2),

(8) K <max{KP) KD KPR, d>s,
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where (recall (3)-(4); we have N, = vp,, with 27" = 1/r and n = d in the notation of [13])
K = d®[logd + loglog d + 5],
1 mv2d
@ _ 74(10g7)/7\/? 3/22(d 1)logd + 3 logdﬁ—log(r 2)
.2 4 2 (1-2/logd)(1 —2/v7d)(log )2
1 71'\/7
(d—1)log(2d) + (d — 1)loglog d + 5 logd + log(r 2)
(1-2/logd)(1—2/Vrd)

K} = Vard

d=8|d=10|d=12|d=15|d=20|d=25|d=35|d=50|d=75|d=100 | d=500

12.47 8.91 7.67 6.74 6.00 5.60 5.17 4.85 4.60 4.47 4.12
N1/8 N1/10 N1/12 N1/15 | N1/20 | N1/25 | Ny1/35 | Ny1/50 | Ny1/75 | N1/100 | N1/500
5.18 5.73 6.29 7.11 8.36 9.47 11.38 13.76 17.01 19.73 44.60

N1/8 | N1/10 | Nyi/12 | N1/15 | N1/20 | N1/25 | N1I/35 | N1/50 | N1/75 N1/100 N1/500

TABLE 3. Bound of IE[’T1<2) (uw,p)] for N > 1 if p € P(B2(0,1/2)), using the bound proposed for
the Buclidean norm in Theorem 1-(iii) (second line) and using v/d times the bound proposed for the
maximum norm (third line). In bold the one to be used.

d=8|d=10|d=12|d=15|d=20|d=25|d=35|d=50|d=75|d=100 | d= 500

12.95 9.06 7.73 6.76 6.00 5.60 5.17 4.85 4.60 4.47 4.12
N1/8 | N1/10 N1/12 | N1/15 | N1/20 | N1/25 | N1/35 | N1/50 | Ny1/756 | N1/100 | [y1/500
5.41 5.84 6.35 7.13 8.36 9.47 11.38 13.76 17.01 19.73 44.60

N1/8 | NI/10 | N1/12 | N1/15 | N1/20 | N1/25 | N1/35 | N1/50 | N1/75 | N1/100 N1/500

TABLE 4. Bound of 4/E [T(Q)(MN,M)] for N > 1if p € P(B2(0,1/2)), using the bound proposed for

the Euclidean norm in Theorem 1-(iii) (second line) and using v/d times the bound proposed for the
maximum norm (third line). In bold the one to be used.

As we can see, in large dimension, the bounds concerning p = 1 and p = 2 are very similar.
We also see that, for p = 1 and p = 2, it is better to use v/d times the bound proposed for the
maximum norm when d € {8,...,12}. If using (7), we find that for d € {2,..., 7}, it is also better
to use V/d times the bound proposed for the maximum norm.

2.6. Numerical values in the non-compact case. Here we study how 95’% is far from 1.
When p = d/2, we observe that N 9((;2)(1 ~ s decreasing, and we e.g. study 9((;2)(1 100 (which

controls 9((1?;?qu for all N > 100). We start with the maximum norm.

d=1|d=2|d=3|d=4|d=5|d=6|d=7|d=8|d=9|d=100 | d=500
4.4 4.2 3.3 3.0 2.9 2.8 2.8 2.7 2.7 2.5 2.4
9.8 9.4 7.3 6.8 6.5 6.4 6.3 6.2 6.1 5.5 5.5
404 | 39.0 | 29.9 | 27.7 | 266 | 25.9 | 25.3 | 25.0 | 24.6 22.3 22.1

TABLE 5. Here p = 1. Minimum value of ¢ so that G(OO) <cifd#2or Gd 1.g,100 S € if d = 2, with
¢ =4 (second line), ¢ = 2 (third line), ¢ = 1.25 (fourth hne).
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d=1|d=2|d=3|d=4|d=5|d=6|d=7|d=8|d=9|d=100 | d=500
5.1 5.0 4.9 4.9 4.1 3.7 3.5 3.3 3.2 2.6 2.5
9.5 8.9 8.4 8.4 6.9 6.4 6.0 5.8 5.7 4.6 4.5
37.0 | 345 | 324 | 325 | 26.7 | 24.6 | 23.4 | 22,5 | 21.9 17.7 17.4

TABLE 6. Here p = 2. Minimum value of ¢ so that 9;?;; <cifd#4or 1/9;?;)%100 <cifd=4,
with ¢ = 4 (second line), ¢ = 2 (third line), ¢ = 1.25 (fourth line).

Comparing Tables 5 and 6, it seems clear that, at least for large values of d, it is preferable to use
the bound (6).

We do the same job concerning the Euclidean norm. We only deal with 9&22 g 38 defined in

Theorem 1 for simplicity, even if we recall that it is preferable to use (2) and the bound concerning
the maximum norm for low dimensions.

d=8|d=10{d=12|d=15|d=20|d=25|d=35|{d=50|d="75|d =100 |d = 500
2.4 24 2.3 2.3 2.3 2.3 2.3 2.3 2.3 2.3 2.3
5.3 5.2 5.2 5.1 5.1 5.1 5.0 5.0 5.0 5.0 5.0
21.8 | 21.5 21.3 21.1 20.9 20.8 20.7 20.6 20.6 20.6 20.5

TABLE 7. Here p = 1. Minimum value of ¢ so that Hffiﬁq < ¢ with ¢ = 4 (second line), ¢ = 2 (third
line), ¢ = 1.25 (fourth line).

d=8|d=10|d=12|d=15|d=20|d=25|d=35|d=50|d="75|d=100|d = 500
3.2 3.0 2.9 2.8 2.7 2.6 2.6 2.5 2.5 2.5 2.5
5.4 5.1 4.9 4.7 4.5 4.5 4.4 4.3 4.2 4.2 4.2
20.5 | 19.3 18.5 17.9 17.3 17.0 16.6 16.4 16.2 16.1 15.9

TABLE 8. Here p = 2. Minimum value of ¢ so that \/9;2% ¢ < ¢ with ¢ =4 (second line), ¢ = 2 (third
line), ¢ = 1.25 (fourth line).

Comparing Tables 7 and 8, it seems again clear that it is not vain to use the bound (6).

2.7. On a possible lowerbound. As mentioned to us by Pages, we have the following lower-
bound, holding for any m € [1,00) U {co}. Consider X7, ..., Xy independent and p-distributed.
It holds that 7,™ (pun, i) > SS™ (s X1, ..., Xn), where

Slgm)(u;xl,...wd) 1nf{ (;420[21;) @;)i=1,..N €| 01 Zal—l}

and Luschgy-Pages show in [11] that, under some technical conditions on p,

im N—P/R[S(M (4 I'(1+p/d) P/
Jim NS i s, X)) = et | )

where f is the density of u, where )y is the Lebesgue measure on R? and where T is the classical
I function. Choosing for y the uniform law on B,,(0,1/2), we find that

o _ . _ I'(1+ p/d)
d m d m . —.
1}\1[111an »/ E[7p( )(MN,P«)] > 1\}1111 NP/ E[SZ(, )(,u,Xl,...,Xn)] = 5 = Yd.ps
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to be compared with /{E{Z) when p € (0,d/2). This may be a rough lowerbound, because this is

an asymptotic bound as N — oo, and because S,()m)(u; X1,...,Xn) is likely to be really smaller
than ﬁ(m)(,uN, ) (in particular it decreases in N™2/¢ when p > d/2 while 7;,m) (un, p) decreases
in N~'/2 in general when p > d/2).

We have 41 € (0.44,0.5) for all d > 3, to be compared with the numerators in Tables 1 and 3.

(0)

Hence when p = 1 and say d > 4, see Table 1, s, is at worst (2.45/0.44) ~ 5.6 times too large.
When p =1 and d > 8, see Table 3, min{mgi, \/gligf)} is at worst (6.74/0.44) ~ 15.4 times too
large. We hope this is pessimistic.

It holds that ,/7q2 € (0.47,0.5) for all d > 5, to be compared with the numerators in Tables 2
and 4. When p = 2 and d > 5, see Table 2, (Fag’);))l/Q is at worst (2.75/0.47) ~ 5.9 times too large.
When p = 2 and d > 8, see Table 4, min{(ﬁgg)lp, \/a(/f((f;))lm} is at worst (6.76/0.47) ~ 14.4
times too large. Again, we hope this is pessimistic.

We do not discuss the non compact case, but the numerical results do not seem quite favorable.

2.8. The case with a low order finite moment. Since this last result is likely to be much less
useful for applications, we only treat the case of the maximum norm.

Theorem 2. Let ¢ > p > 0 such that ¢ < min{2p,dp/(d — p)}, i.e. ¢ € (p,2p) if p > d/2 and
q € (p,dp/(d—p)) if p € (0,d/2]. Fiz pu € P(R?). For all N > 1,
(00)

oo > d7 :
BT, (v, )] < M) () o,

where, setting £, = max{271,27P},

o 90 /a1 2d=1 \2(q—p)/g 1 —27P . aP aP

G = [Ep? P (201/2 - 1) 1— 2dfpfdp/q] ac(lno) (aP*Q/z 1 tic apfq)'
2.9. Plan of the paper. In Section 3, we provide a general estimate of the transport cost between
two measures. In Section 4, we apply this general estimate to derive a bound of E[T,(un, )], for
a general norm, for all the values of p > 0 and in any dimension. In Section 5, we precisely study
some elementary series. We obtain a bound of E[7,(un, p)], for a general norm, separating the
cases p > d/2, p=d/2 and p € (0,d/2) in Section 6. We conclude the proof of Theorem 1 for the
maximum norm in Section 7 and for the other norms in Section 8. Finally, we check Theorem 2 in
Section 9.

3. UPPERBOUND OF THE TRANSPORT COST BETWEEN TWO MEASURES

The result we prove in this section, Proposition 4, is more or less classical, see Boissard-Le Gouic
[3, Proposition 1.1], Dereich-Scheutzow-Schottstedt [5, Lemma 2 and Theorem 3], Fournier-Guillin
[8, Lemma 5] and Weed-Bach [14, Proposition 1]. As noted in [14], similar ideas can already be
found in Ajtai-Komlds-Tusnady [1]. However, we provide a slightly more precise version, that
allows us to get some smaller constants. We consider fixed the following objects.

Setting 3. (a) We fiz a norm |- | on RY. We denote by B(x,r) = {y € R? : |z — y| < r} the
corresponding balls, by T,(p,v) = infecp () fRded |z — y|P&(dx, dy) the corresponding transport
cost, and by Mq(p) = [ga |2|?u(dz) the corresponding moments.

(b) Let Go = B(0,1). Fora > 1, we set G& = Gq and, for alln > 1, G2 = B(0,a™)\ B(0,a™"1).
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(c) We consider a family (Qe)e=o,...x of nested partitions of Gy such that Qo = {Go}. For each
L=1,...,k, each C € Qy, there exists a unique F € Qy_1 such that C C F; we then say that C
is a child of F. For £ =0,...,k, we denote by |Qy| the cardinal of Q; and we set

d¢ = max sup |z —y|.
CeQr g yeC

For C C R? and 7 > 0, we put rC = {rz : € C}. Recall that e, =271 v 27P.

Proposition 4. We adopt Setting 3 and consider p,v € P(R?). For all a > 1, there are some
nonnegative numbers (Tq.n.e(its V))n>0.=0,... k—1 Satisfying

k—1
(9) Zra,nl(/% V) < 1
(=0

for all n > 0 and, with the convention that 0/0 = 0,
(10)
1 w@"FNGY) v(@"FNGY) @ CNG)  ve"CnNGe)
Tan,e\, V S = a AN o ‘ _
w5 3 (e @),

wa@rFNGe) v(e"FNGe)
foralln >0, alll=0,...,k—1, and such that for all p > 0,

C child of F'

k—1
Tolusv) <3 " (22, |u(Gs) = v(Go)l + (u(Ga) AV(GED ] + 3 Framelin,v)]).
=0

n>0 =

The coefficients rq n¢(p, v) are actually explicit, but it seems difficult to use more than the
properties (9)-(10). We start with the compact case.

Lemma 5. Let p,v € P(B(0,1)). There is (ug(pt,v))e=o,....k—1 € RE satisfying

k—1
(11) ZUg(/.L,V) <1
£=0
and
1 n() v(©)

12 <= F F —_— — k=1
(2) w5 S @ENE) 3 R L
and such that for all p > 0,

k—1

7;)(#7 V) S(Sz + Z 65“@(:“’7 V)'

=0
Proof. For all 0 <i</{<kand C € Qy, let f;(C) be the unique element of Q, containing C'.
Step 1: construction of the coupling. For all F' € Qy,, we set
_ #lr(dz) v|p(dy)

13 dz,dy) =
Then by reverse induction, for £ € {0,...,k — 1} and F' € Q,, we build
(14) Er(da,dy) = > pefe(de, dy) + qrap(de)Br(dy),

C'child of F'
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where

oo = wc)  v(C)
u(F) ) v(F)’
)

which depends only on C' € Qy41 since F' = fy(C), where

! we) _vC)
09 SR  al
and where
1 nw(C)  v(C)\ ple(dr)
ap(dz) = . CC}%:MF (H(F) V(F))+ w(C)
1 v(C) B w(C)\ v|c(dz)
Br(dz) = o Cczd:fF(V(F) u(F))+ v(C)
It holds that ar and Sr are two probability measures on F', because
B pw(C)  v(C)y v(C)  u(0)

Step 2. Here we show that {g, € H(p,v), so that Tp(u,v) < [pa,palz — y[Pea, (dz,dy). We
recall that Gy = B(0,1) is the unique element of Q.

We actually prove by reverse induction that for all ¢ € {0,...,k}, all F € Qy, it holds that

§r € Mo “lF 3> y”(‘;:)) The result will then follow by choosing £ = 0 and F = G.

This is obvious if £ = k, see (13). Next, we assume that this holds true for some ¢+1 € {1,...,k},
and we consider F' € Q,. For A € B(R?), we use (14) to write

uANC)

a0 +qrap(A)

Er(AxRY) = Y pobe(AXRY) +qrap(A)= Y po

C child of F C'child of F

by induction assumption. Thus

" W(C)  ¥(C)  (n(C) w(C)y 1uANC) #(C) (AN C)
cxrh= 3 |TEnomt G o) o 2 e e
whence p(A x RY) = u(AN F)/u(F). One shows similarly that £(RY x A) = v(AN F)/v(F).

Step 3. For i € {0,...,k} and F' € Q;, we put mp = [pa, pa |2 —y[PEp(de, dy). In this step, we
show by induction that for all i € {0,...,k — 1},

C' child of F! C'child of F'

i ¢ i1
(17) ma, < 6hac, + Y 00 Y (H Pf,-(@))flce + ) (H Pfj(cm))mcm'
(=1 CieQ, j=1 Cit1€Qi41 J=1

Recalling (14), since the set of all the children of Gy is Q1, and since |z —y| < ¢ for all z,y € Gy,
so that [pu, pa [T — y[Pag, (dz)Ba, (dy) < 6F, we see that

ma, < 6quo + Z pcymc, = 66)QG0 + Z Pfi(C1)MCy s
C1€Q1 C1€Q1
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which is (17) with ¢ = 0. Assume now that (17) holds true for some i € {0,...,k — 2}. For all
City1 € Qiq1, we use (14) and that [, pa |z — y[Pac,,, (dz)Be,,, (dy) < 67, to write

4
Mc; 44 < 5i+1qc7‘,+1 =+ E PCi42MCyo-
C¢+2 child 0fC1'+1

Hence, since f;(Cit2) = f;(Ciq1) forall j =1,...,i+ 1 if Ci49 is a child of Ci4q,

i+1 i+2
Z (H pfj(ciﬂ))mc"*l <&, i+l Z (H Pf;i(Citr) )qclﬂ + Z (H pfj(ci+2)>mci+2'
Cit1€Qi41 j=1 Cit1€Qi+1 j=1 Ci12€Q42 j=1

This last formula, inserted in (17), gives (17) with ¢ + 1 instead of 1.

Step 4. For all C, € Qi, we have m¢, < d), by (13) and since z,y € C}, implies that |z —y| < d.
Hence, by definition of pp,

(Cr)
> (Hpmck))mckq > H “ffjlgk =5 > u(Cr) =4

CreQr j=1 CreQy j=1
This, inserted in (17) with ¢ = k — 1, tells us that
k—1

¢
Go < 004a, +Z55 Z (Hﬂfj o) )qce + 6§

(=1 CeQ, j=1

Since T,(p,v) < mg, by Step 2, we conclude that

N
=

To(u,v) < ) 0Fue(p, v) + 6,
0

o~
I

where
¢

uo(p, V) = qa, and up(p,v) = Z (M1 rscn)ac, for Le{l,....k—1}
CreQq j=1

Step 5. We now check by induction that for alln =1,...,k,

n—1 n
(18) Yuwwr)=1= 3" T[rsc
(=0

CreQn j=1
and this will imply (11). If first n = 1, by (16),
uo(i,v) = qao = Y ((Cr) = v(Ch))y =1— Y [w(C)Av(C)]=1- > pe,
C1€Q C1€ C1€Q
as desired. If next (18) holds with some n € {1,k — 1}, we write

n n n n+1
Sulwr)=1= 3 lenen+ 2 (Ilenen)ie. =1 3 Tlenca
=0 Cn€Qn j=1 Cn€Qn j=1 Crn+1€Qn+1 j=1

. Chn v(Cp . . .
because, recalling (16) and that pc, ,, = “fL(C:;) A IE(C:;) (if Cpq1 is a child of Cy,),

qc, = Z (M(Cn+1) _ V(Cn+1))+ —1_ Z P

Chp1 child of Cyy ’u(C”) V( ") Ch1 child of C,,
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Step 6. It only remains to verify (12). But for £ = 1,...,k — 1, by definition (15) of g¢, and
. ¢
since [[;_1 pr;(c) < #(Ce) Av(Co),

¢ 1 w(Cer1)  v(Cryr)
wip)= 3 ([eseo)io <5 3 W@ rvicy) 3 |Fres =58

CveQ, j=1 CreQyp C(H,lchild of Cy

Hence we have (12) for any £ =1,...,k — 1. Next, since Qo = {Go} and p, v are carried by G,

1 1 m(C) _ v(Ch)
uolv) = a0, =5 . IW(C) = v(Cl =5 Y (uCo) Av(Co) Y | (Co) _u(Co)"

CreQ Co€Qo C1€Q1
whence (12) with ¢ = 0. O

We next consider the non compact case.

Lemma 6. For any pu,v € P(RY), any a > 1, any p > 0,
(19)  Tor) € 30 (P, u(G8) — v(G)] + ((G) A V(G Ty (R Row)).
n>0

rlaa

where R& s the image measure of M) by the map x — a™ ™

x.

Proof. We fix a > 1 and p > 0 and consider, for each n > 0, the optimal coupling 7,, between R% 1t
and R&v for T,. We define §,, as the image of 7, by the map (z,y) — (a"x,a™y). It holds that &,
belongs to H(u|ga /u(G3), v|ge /v(Gy)) and satisfies

(20) / |z — y|P&n (da, dy) = apn/ |z — y|Pmy (dx, dy) = a?" T (R, Rev).
R4 xRd R4 xRd

Next, we introduce ¢ = 1 >0 lH(GY) — v(GF)| and we define

(21) (dz, dy) = Y (w(G2) Av(GR))én(dz, dy) + ga(dz) B(dy),
n>0
where
1 a oy M (dz) 1 a oy Vs (dy)
a(dz) = 5%(#(@) - V(Q;)MW and B(dy) = gg(V(Gn) - M(Q)HW-

Using that (G%)n>0 is a partition of R%, that &, € H(p|ge /u(GS),v|ga /v(GE)) and that
=Y W(Gh) =G = D (u(Gh) = v(GR) =1 = Y _(n(Gy) Au(Gr),
n>0 n>0 n>0
it is easily checked that o and 8 are probability measures and that £ € H(u,v). Furthermore,
setting ¢, = 1V 2P~1,
[ Je-yPa@nsin e, [ (ol + P)adosn)=c, [ sPatds) +e, [ Py,
R x R4 Ré X R4 R4 Rd
We have |z| < a™ for all € G%, whence
q/Rd y & — y[Pa(dz)B(dy) <c, Y a""[(w(Gh) = v(Gy))+ + (W(Gh) — u(G)+]
X n>0

(22) =2, Y a”|u(Gy) — v(Gy)l.

n>0
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Using that T,(u,v) < [payga [ — y|PE(dz, dy) and (21)-(20)-(22) completes the proof. a
We can now give the

Proof of Proposition 4. Fix y and v in P(R?) and a > 1. For each n > 0, the probability measures

R%u and Rev, defined in Lemma 6, are supported in B(0, 1), and R%u(C) = % forall C €

B(R%). Hence we know from Lemma 5 that there exists some numbers rq 5, (@, V) = ug(REp, REv)
s k—1
satisfying >, _q Ta,n,e(it,v) < 1 and

1 a"FNGE) v(@"FNGe a"CNGE v(a"CNGE
romtr) <2 3 (u( ) U ) T ‘u( ) v( )

1(G3) v(Ga) w(@"FNGe) v FNGe)

FeQy C child of F/

and such that

k—1
To(Rop, Row) <00 + D 6 rame(,v).
=0
Inserting this into (19) completes the proof. O

4. A GENERAL ESTIMATE CONCERNING THE EMPIRICAL MEASURE
To go further, we need a more precise setting.
Setting 7. Same points (a) and (b) as in Setting 3.

(c) There are some constants A, D > 0 and r > 1 such that for each k > 1, there is a family
(Qk.e)e=0,...k of nested partitions of Go such that Qo = {Go} and such that

(23) Ve=1,...,k, | Q.| < Ard

and

24 Ve=0,...,k, 0pe¢ = max sup |z —y| < Dr "
(24) k.t Cerm,yepc| yl <

Recall that e, = 2~1 v 27P, The goal of this section is to prove the following result.

Proposition 8. We adopt Setting 7, consider u € P(RY) and the associated empirical measure
pun, see (1). Fizp >0 and assume that My(u) < oo for some ¢ > p. For alla > 1, all N > 1,

E[Tp(un, )] < Ky + min{Ln, My},

where

o= o) 1 T oy i) B

Ly =

DP/Ard N 2N g J(Ga,

2VN £>0 n>0

_ n —D a \/Zrde/Q-‘rd G%
My =D"(1=r ) 3" 3 s ‘(W& A [3pam )
n>0 >0

We simply write Ky, Ly, My for readability, but these quantities also depend on p, a and p.
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Proof. We fix u € P(RY), a > 1 and p > 0. We also fix k > 1; we will let & — oo at the end of
the proof. Applying Proposition 4, with the family (Qk ¢)¢=o,... .k, With g and v = pn and taking
expectations, we find

(25) E[T,(un, )] S Ungp+ Vi + Whg,

where, setting pr.ans = E[((GE) A pun(G2))rk amne(th pn)] (With 74 qn0(p, pn) as defined in
Proposition 4 with the family (Qk ¢)e=0,... k),

Unk =22y Y aBlu(Gy) — pn (GR)l],

.....

n>0
k—1 k-1
VN,k = Z aP™ Z &ijk,a,n,f < DP Z aP" Z r_pepk:,a,n,b
n>0 £=0 n>0 =0
(26) Wik =0, Z aP"u(Ge) < DPr—Pk Z a’" (GS).
n>0 n>0

We used that 8 o < Dr—¢ for all £ € {0, ...k}, see (24).

Since Nun(G2) is Binomial(N, u(G2))-distributed, it holds that E[un(G%)] = p(G%) and
Var [un (G2)] = N7 u(G2) (1 — u(G2)), from which we deduce that

Bl(G3) — i (G)] < (201~ w(G2)]) A (2(G2) o/ HCRNL=1GE))

We used that [z —y| =|(1—2)—(1—y)| <1—x+1—yforall z,y € [0, 1] for the first bound, that
|z —y| < x +y for the second one, and the Bienaymé-Tchebychev inequality for the third one. All
this implies that for all £ > 1,

(27) Unvi < Ky.

Next, we observe that 25;01 Prante < 1(GE) by (9) and we claim that for ¢ =0,....k—1,

L /1Qke41lp(GE)
< ) =7
(28) Pk,an,l > 9 N

. . a a a" FNGy, a" FNGy n a
Recalling (10) and using that (u(G2%) A ;LN(G"))(“( ;L(Gg) ) A HN;N(GQ) )) < un(@"FNGL),

1 pn(a"F NG )u(a"CNGy)
(29) Pk.,a,nb <= Z Z E HMN(QTLC N G?L)_ — n — n
2 FEQy.¢ Cechild of F /L(a FnN Gn)
But for C' a child of F', the conditional law of Nuy(a™C N G$) knowing that Nun(a"FNG2) =i
(a"CNG2)

pn (a"F N GR)p(a"C NGy
p(a"F N Gg)

is Binomial(z ), whence

i p@ NGy
N2 y(a"FNGe)’

EH;LN(a"C’ﬂGZ) — ’NuN(anFﬂGZ) = Z} < \/

Hence, since E[\/Nun(A)] < \/Nu(A) because E[uy(A4)] = E[u(A)],

||/ S L ) o[ G)

(@ F N Ga)u(a"C 0 G)
u(aF 1 G3)

EHNN(anCmGg)

p(a"C'N Ga)
—_ N .
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This, inserted in (29), proves the claim (28), since by the Cauchy-Schwarz inequality,

3 3 wa"CNGE) CﬂG paCNGR) _ [1Qke1l(GE)
—_ N .

N
FeQy,¢ Cchild of F Cer +1

We deduce from (28) and (23) that

k—1 k—1 k—1
S < 5 31O < SR S i,
{=0 o 2[: 2\/7 £=0

Since Vi, < DP Y -, aP™ 212;01 r’pzpk,a’mb we conclude that for all & > 1,

(30) Ve < D7 Y LELLOR 57 ooyt
n>0 2VN £>0

Next, we set Sk qne = Zf:o Pkan, for £=0,...,k—1and Si qn,—1 =0 to write

k—1 k—1 k—1

—pl —pl —pl —pk
§ r? Pk,ant = E r P (Sk,a,n,é Sk a,n,bl— 1) (1 - p) § r? Sk,a,n,é +rP Sk,a,n,k—l-
=0 =0 {=0

But for each ¢ = 0,...,k — 1, we both have Sk qn¢ < p(G2) (since Z?;Ol Prant < p(GL), as
already seen) and, by (28) and (23),

S < 2k, Z“"“‘ \/A“ Z d(i+1)/2 VAR (G
Framt = eV N
Hence
k—1 k—1
VArdt/2+d 1(Ge B .
ZT pkanf< 177" p ZT ( |: (d/2_1) (N )])+T pk:u‘(Gn)'
=0 =0

Recalling that Vv, < DP 3" -, aP™ Z?;Ol r*pfphmm@ we conclude that for all £ > 1, it holds that

Via <D 3" (1= r2) Y (i) n [ LA JIGRY L ook S o

/2 _
n>0 £>0 Q(T / 1) N n>0
(31) =My + DPr—Pk Z aP" u(Gy).
n>0
Gathering (25)-(26)-(27)-(30)-(31), we have proved that for all k > 1,

(32)  ElTy(un.m)] < Kn -+ min{ Ly, My + DPr7* 3 ar(G2) } + Dt 37 aru(G).
n>0 n>0

Since u(G2) < My(p)alt=™19 for all n > 1 because G¢ C B(0,a™ )¢, and since ¢ > p, we deduce
that >, -, a”"u(Gy) < oo. Letting k — oo in (32) thus completes the proof. O

Let us mention that the penultimate paragraph of this proof, where we handle a discrete inte-
gration by parts, is crucial to obtain reasonable constants when p € (0,d/2).
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5. PRECISE STUDY OF SOME SERIES

Lemma 9. Fizr >1, 5> a >0 and z > 0 and put

U, op(z Zr [1A (zrP9)].

£>0

With the notation log, v = (logz) V 0, it holds that

1 1/x 1
(33) ¥ ple) <(EEE L L ifB=a,

1 1
< a/p ; )
(34) Vpap(0) <(gma—g + 7o ) #8>a

Proof. We fix a = > 0 and prove (33). If z > 1, we write
1 T
\' < —al _ < .
r,a,,@(x) — Z’F l—p—a = 1 —p«
£>0

If z € [0,1], we set t, =log(1/x)/(Blogr) >0, {, = |t,| € Nand s, =t, — €, € [0,1) and write

‘, o0 —a(ly+1)
N4 (IE)<Z.’L‘+ Z T ( +1)+L:u+v
e £=0 =0, +1 ’ L=rme 7

where u = xt, + /(1 —r~%) is the desired bound and where, since z = r~ %%

r—a(€m+1) — ,r—(x(l—sm) -1

v=a(ly+1—1t;)+ = :x[l—sx—i— =
To show that v < 0, which will complete the proof of (33), it suffices to prove that g(u) = u+5—= 1
(alog7)?

is nonpositive for all u € [0,1]. But ¢"(u) = r~®% > 0, so that g is convex, and g(0) =

g(1) = 0. The conclusion follows.

1—r—«

We fix 8 > a > 0 and prove (34). If z > 1, we write

a/B

—al _ L
TO"B <ZT 7a§177a7a'
£>0

If x € [0,1], we set t, =log(1/z)/(Blogr) >0, £, = |t,| € Nand s, =t, — €, € [0,1) and write

T(ﬁ_a)(zl+1) r_a(‘em+1)

Zm oo
Vpa,p(7) < Zmr(ﬁ_o‘)é + Z rm < g a1 T, —utY
=0 (=lo+1

where u = 2%/ /(rP=* — 1) 4 2*/8 /(1 — r=%) is the desired bound and where, since z = r~Ft=,

pr(B—a)(tat1) _ ga/f  p—allatl) _ go/B

B—a)(1—sg) _ —a(l=—sz) _
rb-a _ 1 1—r—«@ rb-a 1 1—r—«
To show that v < 0, which will complete the proof of (34), it suffices to show that g(u) = %-&-
% is nonpositive for all u € [0,1]. But ¢"(u) = % (B %Tﬁau 2 0, s0

that g is convex, and it holds that g(0) = g(1) = 0. O
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6. THEORETICAL RESULT FOR A GENERAL NORM

Recall that €, = 271V 27P and that H was defined in (5). Here we prove the following general
result, to be applied to some specific norms later.

Proposition 10. We adopt Setting 7, we fix p € P(Rd) and consider the associated empirical
measure pin, see (1). We fiz ¢ > p > 0 and assume that My(p) < co.

(i) If p > d/2 and q > 2p, then for all N > 1,
BIT, (v, 0] < 222 M ()" H (2 2p.q),
where
DPy/Ard
fdp = op¥1(] _ pd/2—p)
(ii) If p = d/2 and q > 2p, then for all N > 1,

BIT, (v, 1) < 2022 (M )/

&g
P 2p, q) ,
Kd,p,N

DP+/ArP N) DP/Ar?

= 2 VAT o (20 —p) D) VAT
2rt+iplogr 08+ ( (r r) A 2r+i(rp — 1)
(iii) If p € (0,d/2) and q¢ > dp/(d — p), then for all N > 1,

where

Kd,p,N

Kd 21=2p/de - dp
< op V&P p/q p
BIT, o, )] < 2 M )P H (S 22, o),

where
DPAP/dpp(pd/2 _ 1)1-2p/d

Kd,p = op+2p/d(pd/2—p _ 1)

Proof. We fix ¢ > p > 0. We have (G&)° C {x € R?: |z| > 1} and G2 C {x € R¢: |z| > a" "1} for
each n > 1, whence

(35) L= p(GY) < My()  and  p(G5) € My()a= D ifn> 1.
We know from Proposition 8 that E[7,(un,u)] < Ky + min{Ly, My}.
Case (i): p > d/2 and q > 2p. First, by (35), we have

n Mq(ﬂ) ap
KNgngp\/ +2ngzap N/Naq(" 5 = 2Pe,\/ X [1+ 17ap7q/2].
(d/2—p)t pn pﬂd,p
Z 1+Z e (n 1) 72 H‘/M()1—ap q/Q)

>0
recall that kg, = (D/2)PVArd/[2(1 — rd/2_p)]. All in all, we have proved that

Next,

2p aP
(36) E[Tp (ks p)] < Vo ("v’d,p + 1/ My() [Ep +(ep + “d:p)m} )
This holds true for any value of a > 1 and we optimally choose a = [¢/(2p)]?/(?~2P) and set
B aP B q q 2p/(q—2p)
Up’q_lfaP*‘I/Q_q—Zp(%) '
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We thus have

E[Tp(un, )] < % (“d,p +y/ Mq(p)lep + (ep + “d,p)vp,q]) = %ﬁ <1 +y/ Mq(ﬂ)pd,p,q)7

where pa,p.q = €p/Kdp + (€p + Kd,p)Vp.g/Kd,p-

For any a > 0, we may apply this formula to u®, the image measure of u by the map = — az,
which satisfies E[T,(u%, #%)] = oPE[T,(un, )] and My (p*) = a9M,(p). We thus get

2pl<3d’ 1
BITy (s 1)) < = o0 (1 /@t Mo ()pagq )
We optimally choose o = [(q — 2p)pa.p.q/ My (1)/(2p)]~2/9 and find

2Pk — 2p\2r/4
(T, o 1] <202 [0 () 1 5 22) 7

VN 2p q—2p
2PKqp €p q—2p  €p+Ka q—2p\2r/a ¢
— P M p/q (71“ 4+ P P o )
\/N [ q(ﬂ)} K;d,p 2p K;d,p D,q 2p q-— 2]?
2P -2 q/(g—2p)\ 2p/q
_Z Rdp [Mq(u)}p/%iq P, p + Kdp (i) ) q
VN Kdp 2D Kdp N2 q—2p
2plﬁld P 3
= P [ M p/qH<7lf’7 2p, )
\/N [ q(ﬂ)} ’fd,p D, q

Case (ii): p=d/2 and q > 2p. Exactly as in Case (i),

Mg (p) a?
D q
Ky < 26, =% [1+1_ap_q/2]
We next write
[ Apdt/2+d 1
My <DP(1—r )3 a?"u(G4) S r—p‘f(1 A { -

2(r/2 —1) Nu(G%)D

n>0 >0
VArd
=DP(1—r") } " u(Gy)¥, a2 :
n%% 3 <2(7“”l/2 —-1) NM(G%))

By (33) with a = 8 = p = d/2, we can bound My by

- o an [108L 202 — 171 /Np(Gg) /A) 1 VArt
DL —r )nzzoa H(G")[ plogr + 1—7"—P]2(rd/2_1) Nu(Ge)
DP\/Ar? (1 —r7P)log, (2(r~? —r=27)\/N/A) on AT
=57 - 1)\/W{ plogr " 1} ga #G)

since u(G%) < 1. Observing that, by (35),

n [T n, | Ma(p) / ar
Zal’ w(Ge) < 1—|—Z>:1ap aq(i_l) =1+ Mq(,u)l —ap—a/2

n>0

and recalling that

(D/2V/ Ao, (27 — =) NTA) _ (D/2yV/Ar>
2plogr 2(rp — 1)

Kd,p,N =
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My < 21’%(1 + \/Mq(u)l_:;%qﬂ).

All in all, we have proved that

E[T,(un, )] < % (“d’PvN * \/m[gp (e + ”d*p*N)le%W} )

From there we conclude exactly as in Case (i) (compare the above formula to (36)) that

, 2P, q)-

we conclude that

Ep

pFdp, N p/q
BIT, (v, 0] < 20222 (M () (2

Case (iii): p € (0,d/2) and q > dp/(d — p). We write, using that 2p/d € (0,1) and then (35),

—2p/ _ a /
]1 2pd{ 1M7((;0)]2pd o

i ]1—2p/d|: H(G%)rp/d

Ky <2%2, |2(1 - u(G§)) + 22, Y o [2(GE)
n>1

Mq(u)rp/d+2p£pzam[2/\4q(u)]172p/d[ M, (1) ]zp/d

<ore [om, (] " )
<o, [oMa)] [\ TR et Nt

ni

212 My ()]0

2172p/d[MlI(:u’)]17p/d Z apnfq(lfp/d)(nfl)

_9p p
=2P¢, N/ + 2Pg, N/
n>1
—9P, 2172p/d[Mq(N)]17p/d (1+ a? )
p Np/d 1 — gp—atpa/d)’

We used that p — ¢ + pg/d < 0 because g > dp/(d — p). Next,

VArd )

MN S Dp(l _ T_p) Z G,pnﬂ(Gyal)\I/’r‘,P,d/2<2(rd/2 — 1) N/,L(Ga)

n>0

as in Case (ii). Thus, using (34) with & = p and 8 = d/2,

1 1 VArd 2p/d
My <DP(1—r7P (G
v D1 —r )[rd/2—1’—1+1rp}r;)a g ”)(2(7«d/2—1) NmGg))
K;dv mn a —
=2PN,,/pd " [u(Gy)] P,
n>0
because
D\P 1 1 Ard  N2p/d  DPAP/dpp(pd/2 _ 1)1=2p/d
(3 0=+ s ()™ = F ey e

2 rd/2=p —1 1 —r=P]\2(rd/2 — 1) 2p+2p/d(pd/2=p — 1) ’

But, using (35),

S )] < 1 3 [P

qa(n—1) 1 — gp—a+pa/d’
n>0 n>1

whence

o Kdp 1—p/dL)
My <2 Np/d (1 + [Mg(w)] 1 — gp—atpa/d)’
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All in all, we have

_ _ _ aP
E[T,(pn, p)] < N/dQWW+”A%UM1p“P12W%¢+(T %M%**%”IiZﬂiﬂE@D
2r T _ a?
=7 (R + Mo/ |22, 4 (2172, g ) e ),
where we have set 7 = dp/(d — p). We choose a = [¢/7]7/®@=7)) > 1, for which
B a? g g\
B (7) '
Thus
2Pk4 - 2172p/d€ _ Vd,p,
[T ovs 1] 77 (1 M7 [t (2172 ) 222
_2 Kd,p

= (L M) ).

where pg.p =22/, /ka, + (27, + kg p)Vap.e/Kdp. As in Case (i), we deduce that

2Pkqyp 1
Np/d 074

E[Ty (o, )] < S92 = (14 [0 M ()] pap )

for all &« > 0. With a = [pd,p}qu/T(q —7)/7]77/(P0) | which is optimal, we find

2PKq.p qg—T\7/9 q
E[Tp(pn, p)] < Np/d M( (p d,p,q ) Py
_ 2 “d,p )]p/a (21 2p/d5 -7 2172/ 4+ Ky q— T>T/q q
)
Np/d ‘1 Fdp Fd.p d,p,q q—7
2p;‘£d’p 21- 2p/d€ g—1 2~ 2p/d€ + Kdp a/(a—T)\7/9 ¢
= Mt ( + 5 )
Kd,p Kd,p T q—T
PRy w2 QT’/dep
=7 Mo () H@;E—m@
as desired. ]

7. CONCLUSION FOR THE MAXIMUM NORM

Here we consider the maximum norm |- |«. We claim that Setting 7-(c) holds true with A =1,
D =2 and r = 2. Indeed, consider, for each £ > 0, the natural partition Q; of Gy = [~1,1]¢ into
24¢ translations of [-27¢,27¢]¢ (we actually have to remove some of the common faces, but this is
of course not an issue). Then for any k > 1, (Q¢)s=o,... 1 is a family of nested partitions of Gy, we
have |Q| = 2% = Ar® for all ¢ = 1,...,k and 6; = maxceg, Sup, yec |z —y| =2 x 274 = Dr~*
for all € =0,.... k. ‘

We thus may apply Proposition 10 with these values A = 1, D = 2 and r = 2. This gives
Theorem 1 (with the norm |- |o) with the announced formulas, which we now check.

If first p > d/2, we have

(o) DP+/ Ard 2d/2—1

dp = 9p¥I(] — pd/2-p) 1 2d/2-p’
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If next p = d/2, we have

o DP/ArP _ oo [N DP/Ar?p
mg,p,)N =—————1log, (2(r P_p 2p) Z) +

~2rtlplogr 2rHL(rp — 1)
or—1 op—1

- 1 ( 9l=p _ 9l-2p \/N) .
plog2 o8+ ( ) + 1—2-p

If finally p € (0,d/2), we have

(00) DpAp/drp(rd/Q _ 1)172p/d 2p72p/d(1 . 2*d/2)172p/d

dp 2p+2p/d(rd/2—p _ 1) - 1 — 9p—d/2

8. CONCLUSION FOR THE OTHER NORMS
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We now work with m € [1,00). The following lemma follows from Le Gouic [9, Lemma 3.18|

Recall that Kc(lm) was defined in (4) and that B,,(z,7) = {y € R?: |y — z|m < 7}

Lemma 11. For any k > 1, any r > 2, there exists a family (Qk ¢)e=o,... s of nested partitions

of By, (0,1) such that Qro = {Bm(0,1)}, with |Qke| < Klgm)Q’drde forall £ = 1,...,k and

Ok,e = MaAXceQ, , SUp, yeo |z — ylm < (4r/(r — 1))7"Z foralll =0,...,k.

It suffices to use [9, Lemma 3.18] with E = B,,(0,1), d(z,y) = |z — y|m, D =2, e =r~! and to

note that for £ =1,....k, since |Qy ¢| < Né:m_)e and 2r—¢ € (0, 1], we have |Qy /| < K((im)2—drdf_

Thus Setting 7-(c) holds with any r > 2, with A = Kc(lm)Q’d and D = 4r/(r — 1), so that we
may apply Proposition 10 with these values. Optimizing in r > 2, this gives Theorem 1 (with the

norm | - |,,,) with the announced formulas, which we now check.

If first p > d/2, we find ”((172) = min{/ﬁgr;)r :r > 2}, where

m) __ DPVArt [y 2T
dpr — optl(] — pd/2-p) 4 (r—1)P(1 —rd/2=p)’

If next p = d/2, we have Hg?;)’N = min{mgg)’N’r ;1 > 2}, where

my _ DPVArP | o oy [N DP\/Ar?p
Rd.p.N.r - 2vtiplogr 08+ ( (r=® =r=%) Z) * 2p+1(rp — 1)

/K(m) 2p N K(m)
= d " log (21’“(7’*’) - r*2p) ) + d

2 (r—1)rplogr K™

If finally p € (0,d/2), we have fil(i?;) = min{ngz),r 7 > 2}, where

2 (r=1)p(rr—-1)

(m) DpAp/drp(,rd/Z _ 1)172p/d K((im) p/d T2p(1 _ ,rfd/2)172p/d
= (=) (r—1)p(1 = rp-0/2)

dp,r 2p+2p/d(pd/2—p — 1) 4

9. THE CASE OF A LOW ORDER FINITE MOMENT

We finally handle the case where p has a low order moment. We only treat the case of the
maximum norm for simplicity. We thus may apply Proposition 8 with A =1, D =2 and r = 2,

see the beginning of Section 7.
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Proof of Theorem 2. We consider p > 0, ¢ € (p, min{2p,dp/(d—p)}), u € P(R?) and the associated

empirical measure py. We know that E[’Y;(OO) (un, )] < Ky +min{Ly, My} by Proposition 8,
and we have

(37) 1(G2) < ME (n)a= 1Y ifn > 1.

as usual. First,

Ky <

(00) (o0)
o 3o [ | T
2\/@ 4+ 9P¢ apz (p— ””[(2/\/12“)(@) /\( /\/l‘(?;)(maqnﬂ)]

2P¢ o 1
=2 e, M a2 — )
2\ NMg~ ()

Since ¢/2 > g — p because ¢ < 2p, we may apply (34) with r» = a, with « = ¢ —p and 8 = ¢/2:

2P 1 1 1 2(¢g—p)/q
Ky = j\]; +2rre Mgw)('u)ap[apfq/z -1 + 1-— ap—‘l} ( )
2/ NME (1)
e o (00) (,,\P/a 2%p/a—1
= \/N + 2%ppa [Mq (U)] N@—p)/a’

where p, = aP[1/(a?~%/? —1) + 1/(1 — a?~9)]. Next, recalling that A =1, D =2 and r = 2,

, 2d712d2/2 ﬂ(Ga)
My <2?(1-27)3 a3 277 [M(Gg) A ( T\ )} < My + My o,
n>0  £>0

where we separate the cases n =0 and n > 1, i.e.

2d—12d€/2

=0 i (G )] - g

>0 >0

and

Mo =2 (1 -2 Y Yo M) (20 MLy

ad(n—1) 2d/2 _ 1 Nqga(n—1)
n>1 £>0

—or(1 -2 Y2 3 g {Mff’o)(u) N (2‘“2“/2 Mff’o)(u)”

adn 2d/2 _ 1 Nain
£>0 n>0

=2P(1 —27P)a? S 27PN gl [Mg@(u) A (QGHW/ 2 (M () aqn/2)}

24/2 _ 1 N
£>0 n>0

=271 = 277)a" ME (1) 32 W o (
0 (24/2 = 1)/ NME ()

2d712dﬁ/2 )
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(34) with 7 = a, @ = ¢ — p and 8 = ¢/2, recalling that p, = a?[1/(a?~9/% — 1) + 1/(1 — a?~9)],
24-12d¢/2 )2<q—p>/q

My <2°(1— 2P )M§) (u)pa Y 277
20 (242 — 1) NME ()

Ml(;oo)(li)]p/q 2d=1 \2(¢=p)/a 1 —27P
N@—p/a <2d/271) 1— 2d=p=dp/a’

:2ppa [

observe that d — p — dp/q < 0 because ¢ < dp/(d — p). All in all, we conclude that

E[7,°) (pv, 12)] < 2?(% +14pq

Y (- L e S |
N(qu)/q p 2d/2 _ 1 1 _ 2d7p7dp/q

For any a > 0, we may apply this above formula to pu®, the image measure of p by the map
x> az, for which E[T,° (4%, u®)] = oPE[T,° (1w, p)] and M (1) = et M (). We get

2 e
BT (v, 1)) € = (= +14pa

[ Mg ()]

2d=1 \2(q-p)/g 1 —27P
N(a—p)/q ) D

D
2p/q—=1, (2 -
aP [£p2 +(2d/2 -1 1 — 2d=p—dp/q

VN

Letting a — oo, we find

M ()]

2d=1 \2(q-p)/g 1 —27P
N(a—p)/q ) D

E[,Y;)(OO)(MNvﬂ“)] §2p 2d/271 172d7p7dp/q

Pa [5p22p/q—1 + (

Since p, = a?/(a?~9? — 1) +aP /(1 — aP~9) and since this result holds for any a € (1,00), the proof
is complete. O

(1]
2]

3

[4

= =

(10]

11]
[12]
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