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Abstract We study an n-player random game with random payoffs and continuous strategy
profiles sets. The payoff function of each player is defined by its expected value and the
strategy set of each player is defined by a linear joint chance constraint. The random constraint
vectors defining the joint chance constraint are independent and follow normal mean-variance
mixture distributions. We propose a reformulation of the joint chance constraint of each
player. We prove the existence of Nash equilibrium of this game by using the Kakutani
fixed-point theorem under mild assumptions.

Keywords Chance-constrained game - Normal mean-variance mixture - Nash equilibrium.

1 Introduction

We consider an n-player CCG, where H = {1,2,..,n} is the set of players. Let St c
R% be the strategy set of player i which is a non-empty, convex and compact set. The

product set § = [, S% denotes the set of strategy profiles of all the players. For each
ieH §7"= 7:1; ¢ 57 denotes the set of strategy Vector§ of ‘all players‘ Jo J#FILA
strategy profile x = (xl,xz, ...,x™) € § is represented as (x',x™") where x' denotes the

strategy of player i and x~' denotes the vector of strategies of the players other than player
i. In many real life applications, the strategy sets are restricted by random linear constraints,
e.g., 1) the constraints on total random electricity loss, energy generation and reserve arising
in electricity market [20,25]], ii) risk constraints in financial market [22]. In this paper,
we consider the case where the random linear constraints are formulated as a joint chance
constraint. The strategy set of player i, i € H, is further restricted by the following joint
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chance constraint
P(Vix' < D" > a;, )

where a; € [0, 1] is a given probability level, D' = (D%!, ..., D"X))T € RXi is a deterministic
vector and Vi = [Vi’l, s V"’K"]T is a K; X d; random matrix, where VZ-k denotes the k' row
of matrix V! and T denotes the transposition. Let J i= {1,2,...,K;} denotes the index set
of i player’s constraints. The feasible strategy set of player i is defined as

S’;,i = {x[ eS| P(Vix' <D > ai} .

We assume that for each i € H, Siz,» is a non-empty set. Let @ = (a@;);em be the confidence
level vector and S, = [, S’;h_ be the set of all feasible strategy profiles. The payoff function
of each player is defined using random variables. For each x € S, the payoff of player i
is given by f;(x, ), where ¢ is an m-dimensional random vector. We use expected value
approach to model the payoff function of each player. Therefore, the payoff function of player
i is given by

pi(x) =E[fi(x,{)], Vx€Sa.

We assume that the CCG is of complete information, i.e., the payoff function, the strategy
set of each player, and the confidence level vector a are known to all the players.

Definition 1 A strategy profile y* is a Nash equilibrium of the CCG at confidence level
vector « if for eachi € H

pi(yi*,y_i*) > pi(xi’y—i*)’ in c SlaL .

The existence of a Nash equilibrium for a non-cooperative game in various setup has
been extensively studied in the literature. It is mainly based on fixed point theorems which
require the payoff function of a player i to be a continuous function of the strategies of all the
players and a concave function of the strategies of player i for every fixed strategy profiles
of all other players. Under Assumption [I] given below, the abovementioned continuity and
concavity properties hold [22].

Assumption 1 For each player i, i € H, the following conditions hold:

1. fi(-,x7%, 2) is a concave function of x' for every (x7%, ) € ST x R™.
2. fi(+) is a continuous function.
3. pi(x) is finite valued for every x € S.

The games with the strategy sets containing chance constraints play an important role in
various applications, e.g in portfolio optimization [[14]. Recently, the games with strategy sets
defined by chance constraints have been studied in the literature [20H22}[31}[32]]. Singh and
Lisser [31] considered a 2-player zero-sum game with individual chance constraints. When
the row constraint vectors follow elliptical distributions, they showed the equivalence between
a saddle point equilibrium problem and a primal-dual pair of second order cone programs.
Singh et al. [[32]] considered an n-player general-sum game with individual chance constraints.
Under elliptically symmetric distributions, they showed the equivalent between the a Nash
equilibrium problem and the global optimization of a nonlinear optimization problem. Peng
et al. [21]] generalized to joint chance constraints n-player games and showed that there exists
a Nash equilibrium if the row constraints vectors follow a mixture of elliptical distributions.
To the best of our knowledge, the most chance-constrained games have been studied in the
literature under elliptically symmetrically distributed assumption on the random constraints
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vectors. However, in some situation, it is interesting to consider the case when the distribution
of the row constraints vectors are not symmetric since symmetrical distributions are generally
not suitable for many practical distributions. In power system scheduling problems, both
wind power forecast errors and load forecasting errors are generally not normally distributed
[[13]], and can be better fitted by generalized hyperbolic (GH) distributions. Many financial
problems applications are also generally modelled by GH distributions [1}|7,[23]24]].

In this paper, we study the CCG when the strategy profile set of each player is defined
by normal mean-variance mixture (a generalization of GH distributions) independent joint
chance constraints. We derive a new reformulation of the joint chance constraints and show
that there exist a Nash equilibrium under mild assumptions. The remainder of this paper
is organized as follows. In Section 2, we introduce some basic concepts used in the paper.
In Section 3, we show the existence of Nash equilibrium under assumptions on the payoff
function and the threshold defined in the constraint of each player. In Sections 4 and 5, we
propose some algorithm for finding Nash equilibrium and show numerical results. Finally,
some conclusions can be found in Section 6.

2 Basic Concepts and Known Results

Definition 2 (Definition 2.2, [11]]) A real function f : R — R is r-decreasing for some
real number r € R, if f is continuous on (0, +c0) and there exists some strictly positive real
number ¢* such that the function ¢z + " f(¢) is strictly decreasing on (¢*, +c0).

Definition 3 A function f : Q — (0, +o0) is r-concave on a convex set Q C R® for a given
r € (—oo, +00) if forany x,y € Q and @ € [0, 1],

1

flax+ (1 —a)y) = [af(x)" + (1 —a)f(y)"]r, when r #0,
flax+(1—a)y) > f(x)?f(y)'~?, otherwise.

Definition 4 An n-dimensional random vector U follows a normal mean-variance mixture
distribution with parameters (u,vy,%, W), i.e., U ~ NMVM(u, y, 2, W), if we have the
following representation:

Ugy+7W+\/WZ%Z,

where:

(i) Z is an n-dimension standard Gaussian distribution N,, (0, 1,,).

(ii)) W a positive random variable with a density function independent of Z.

(ili) = e R™" is a positive definite matrix and £ € R™" such that £ (£2)T = X.
(iv)  u and y are n-dimensional real vectors.

d. . . TP
Here, = implies that the both sides have the same distribution.

Normal mean-variance mixture distributions are generally not symmetric. They are
symmetric if and only if y = 0 and the distribution is elliptical in this case. The family of
normal mean-variance mixture distributions has an important application in finance. For a
good overview, we refer to [19]. An important subset of the family of normal mean-variance
mixture distributions is generalized hyperbolic (GH) distributions.
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Definition 5 An n—dimensional random vector U follows a GH distribution with param-
eters (u,y,%, x,¥,4), i.e., U ~ GH(u,y,Z, x,¥,4) if U ~ NMVM(u, vy, 2, W) where
W ~ N7 (4, x,y) follows a generalized inverse Gaussian (GIG) distribution whose density
function with respect to the measure of Lebesgue is:

1
fu(w) =Cy.w' ' exp (—5()(‘4’_l + l!/W))-llo,m) (w),

where Cy is a constant, 1 denotes the indicator function and

x>0,y >0 if 1<0.

x>0,y >0 if 2=0.

x =0,y >0 if 2>0.
The family of GH distributions is a generalization of many elliptical distributions. For
example, the t-multivariate distribution with parameters (X, u, v) is a particular case of

hyperbolic distributions when A = _7" ; x =vi; ¥ =0;y=0.We summarize some selected
p—dimensional elliptical distributions in Table 1.

Table 1 Representation of selected p—dimensional elliptical distributions in GH form

Distribution | u | £ | ¥ a X v
Normal w200 +00 +oo | 0
t-distribution | u | £ | 0 = v 0
Cauchy ul=]o s 1 0
Laplace w200 1 0 -2
Pearson VIl [ [E [0 [ Z-N] m [0

3 Existence of Nash equilibrium

For each i € H, we assume that:

Vi,k ~ NMVM(”i,k, ,yi,k’ Zi,k’ Wi,k)’

where V¥ are mutually independent, k € Ji. Moreover, the support domain of W% is

. ik ik ik i,k
an open interval (w)"", wy"), where 0 < w"™ < wy® < +oco (1 and u represent "lower" and

"upper" in short, respectively). Let A; x min be the smallest eigenvalue of the positive definite
matrix 2%, Define, S~l(r, =8, \{0}. Forx' € 5’(;‘_, let:

_(xi)Tyi,k Wi . Di,k _ (xi)T/Ji’k ’
[[(x))T (%) 2| VWER|| (x))T(Z5K) 3 |
ZT((Zi,k)%)Txi
[|(x)) T (6K 3 )|

gi,k (xi’ Wi,k) =

£ = @
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where Z is defined in Definition El, [| - ||2 denotes the Euclidean norm. Let Q¥ be the
set of x' € S' such that:

. . y Dk — (x))T ik
_ (xl)T,yl,k,[Wl’k + v(‘;xi H
i,

. R i,k X i,k 1 )
> 4||(xl)T(El,k)%||2 M ’Wl ||/’t 2 for any Wl,k [ {k Wﬁk].
V/li,k,min \/ i,k,min ,
3

It is well known that £-% (x?) follows 1-dimensional standard Gaussian distribution [9)].
We rewrite the constraint () as follows:

]P’{Vixi < Di} > «a;,

=3 1_[ P {(Vi’k)Txi < Di’k} > @; (using the independence of the row vectors).
keJt

“

Since Vi-k ~ NMVM(u®:k, yk 2i-k Wi-k) we deduce that (@) is equivalent to:

1_[ P(((#i,k)T+Wi,k(yi,k)T+WZT((Zi,k)%)T)xi < Di,k) > a;,

keJt

o — 7T (k1T pisk _ ()T ik
o l_[ ( ( l)T,yl,k_'_,[WL,k (( ,)2)1x < ' (x) /'ll >
e \IGDT(EH)3 | IGDTEF) 2N ) TEF)2
)
Using the notations in ), (3) can be rewritten as:
Wik k i\T i,k
HP( ity gy < W)
gesi \GOHT(EEF)2 ] ()T ()2 |
s 1_[ P (fi’k(xi) < g[’k(xi,Wi’k)) > q;. 6)
keJt
Using the law of expectation in probability theory, we rewrite (€) as follows:
l_[ E (l{é:i.k(xi)Sgi‘k(xi,wi‘k)}) >
keJ?
= H E (E (l{fi,k(xi)Sgi,k(xi’Wi,k)} | gi’k(xi,Wi’k))) > ;. (@)
keJt

Note that Z and W'>¥ are independent. Since £-F (x?) depends only on Z and g"-* (x?, Wi-¥)
depends only on W*, we deduce that £-% (x) and g*-* (x, W’-¥) are independent. Then, the
inner expectation can be rewritten as follows:
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E (l{fi.k(xi)ggi‘k(xigwi‘k)} | gi’k(xi, Wi’k)) =d (gi’k(xi, Wi’k)) >

where @ is the cumulative distribution function of 1—dimensional standard Gaussian
distribution.
Therefore, we rewrite (]ﬂ) as follows:

1_[ Eywix (dD (gi’k(xi, Wi’k))) >
keJt
s Z log (Ewi,k (<I> (gi’k(xi,Wi’k)))) > log(a;). ®)

keJt

The convexity of the feasible strategy set Siz,« plays a very important role in showing the
existence of Nash equilibrium. We will show that 7, is a convex set for all @; € (], 1],
where a] is a threshold defined in the following assumption.

Assumption 2 Foralli € H, let:

a(l) = max & M wi1k
= max al
l kest \ Vi k,min
A e e 7 ll2 (v - wi)
o o max | V[ Il L b

- wit + +
! keJi ik . . ik "
Wi’ /lz,k,mm ‘V/li,k,min W;’ \//li,k,min Wi,
ik 1 i,k i,k
V3wl Rl wg™ = wyt)

a® = max @ +
! keJi i,k ik
wy’ VAi k. minyW’
Leta} := max(a';]), a.(z), a.(3)). Assume that «; € (a}, 1].
1 1 L

Lemma 1 LetAssumptionEholds,foralli € H. Then, Siai is a convex setforall a; € (a}, 1].
In order to prove Lemmal[T] we need four following lemmas.

Lemma 2 Let Assumption Eholds and x' € S";li, Vi € H. Then D% > ("M x' for all
kel

Proof The proof is given in Appendix A.

Lemma3 Letx' € §',, Vi€ H. Then,

ik ik ik
T ik, [y *[(wy" —w kg ;
Ewix |® %g”k(x’,z) + : i >a;, Vze [w;’k,wﬁjk],k e J'.
Wi V/li,k,min W;!

Proof The proof is given in Appendix B.
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Lemma 4 Let Assumption[2|holds. Then, for all i € H:

Conv(S;'m) c ﬂ Qi
keJt

where Conv represents the convex hull.
Proof The proof is given in Appendix C.

Lemma S Let Assumption Eholds, then for any convex subset Q™% of Ngec i QUX such that
0 ¢ Qbk, ghk(xf, W"’f) is defined and (—2)-concave according to x' on Q" foralli € H,
ke J and Wik e [w;’k,wlu’k].

Proof The proof is given in Appendix D.
Using Lemmas 2} f] and 5} we prove Lemmal[I]

Proof (of Lemmall) Let a; € (a7, 1], 2 € [0,1] and 21,25 € S%,. We need to show that
A+ (1-Dzn €S,

Case 1: Let z; = 0 or zo = 0. Without loss of generality, we assume that z, = 0. This gives
D% > 0 for all k € J?, which in turn implies that

P(Vidz; < DY) > P(Viz; < DY) > a;.

Hence, Az; + (1 - A)z; € S‘;li.
Case 2: Let z; # 0, zo # 0 and Az; + (1 — A)zp = 0. In this case, zp = %zl € S~’m and
z1 € §i, . It follows from Lemmathat

; A-1_. . . .
W0z > TD”k, (1" Tz, < D Yk e Ji.

This implies that D™k > 0 for all k € J'. Therefore, Az; + (1 - )z =0 € S%, .
Case3: Letz; # 0, 2o # 0 and O € Seg(zy, z2), where Seg(z,22) =

{z1 +1(z2 = 21),0 < I < 1}. Then, the points on the line segment Seg(z;, z2) are either
belong to Seg(z;,0) or Seg(0, z»). It follows from Case 1 that Seg(z;,0) and Seg(0, z,) are
subset of S, . Therefore, Az1 + (1 — )z € S%, forall A € [0,1].
Cased: Letz; # 0, 2o # Osuchthat O ¢ Seg(z;, z2). Itis clear that Seg(z;, z2) C Conv(Si,i).
From Lemmas and g"k (-, Wik) is defined and (—2)-concave on Seg(zi,z2), for all
Wik e [w{’k,w’u’ ]. Therefore,

g (Az1 + (1 = Dzo, W)

_l . .
> (/l(g"’k(zl),Wi’k)’2 +(1 —/l)(gi’k(22),Wi’k)_2) *forany Wik e [wi, wik]. (9)

. & 3 . . .
Since, z1 € Sy, and @; > a} ), using Lemma for any € [wf’k, wf;k] we have:

_ ik
[y UGy " = wy

Vi ik 1
—g"" (z1,) +

R =

wi V/li,k,min\lwi’k

By definition of 0/1.(3), we have:

Eyix |® >al. (10)
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i,k 1 i,k i,k
0(3) S @ 3wy ||7”k||2(Wlu _W; )

+
i
[ ik [ ik
Wl V/li,k,min Wl

Using (I0) and (TT)), we deduce that:

an

i k ik ik
T [y l(wy”™ = wp®)
L ”k(zl,t)+ u 1

— _
Wik V/li,k,min\lwi’k
/3wi,k ik wi,k _ wi,k
> ® u + ||7 [2( u 1 ' (12)

[ ik [ i,k
Wl V/li,k,min Wl

From (T2), it is clear that g (x', z) > 0. Then, we have:

Ewi.k (0]

ik
. . . . .
—\/%g”"(zl,z) < ‘fkg”k(zl,z), for any Wk e [wi*, wirk]. (13)
s Wl,

1

We deduce from (T2)) and (T3) that:

i,k 1 i,k N
we Iy 11 wg™ = wi™)
% g " (z1,1) +
= —~
) VI
Iy - i) K
> - ! ,forany t € [w{’k,wi;k]

+
[0k [ ik
W \//li,k,min w

This implies that
. . 1 . . .
0 < g™ (21, W)™ < 2. forany W e [wpt,wi].
Similarly,
. . 1 . . .
0 < g™k (20, WHK)72 < §,f0r any Wik e [w;’k,wf;k].
By applying the non-decreasing function ®(+) on both side of (9), we can write

@ (gi’k (/lzl +(1- /1)Z2,Wi'k)) >

_1 X .
@((xl(gi’k(zl,Wi’k))’2+(l — (g (22, W) 2) 2),for any WK € [wik, wik].
(14)
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Since, ®(-) has (3)-decreasing density, from Lemma 3.1 of [11], the function t > @ (t 2)

is concave on (0, %). Therefore, we can write

@ ((A(g‘*k(zl, W)+ (1-)(8" (22, W"’k))fz)_j)

> (@ (g (2, W) ) + (1= ) (@ (87 (22, W'E) ) ) for amy Wi e [, wit].
(15)

From (T4) and (T3), we have
® (g (Az1 + (1= Dz, W) ) >
A (<I> (gi’k(z1, Wi’k))) +(1-2) (<I> (gi’k(zz, W[’k))) ,for any Wik e [w{’k, wik1. (16)

By taking Eyy .« on both sides of (T6), we deduce that:

By [® (¢ (221 + (1= Dz, W) )| 2
o o (W - s o e )

This implies that the composition function Eyy .« [CD ( gk (~))] is a concave function over
Seg(z1, z2), then also a log-concave function, i.e the logarithm function is concave (see [[11]]).
It follows from the constraint (8) that Az; + (1 — )z € S, .

Next, we prove that S’;li is a closed set. In fact, the closeness of S‘;,l, follows directly
from the upper semi continuity of the probability function x' +> P(Vix’ < D) which is a
corollary of Proposition 3.1, [26]. Therefore, the feasible strategy set Sin is a compact set
because, it is a closed subset of the compact set St Finally, we show that there exists a Nash
equilibrium of the CCG.

Theorem 1 Consider an n-player CCG defined in Section |ZI where

1. Assumptions[I|and 2] hold.
2. For each i € H, we assume that V5% ~ NMVM(ui’k, yi’k, ik Wi’k) and the vectors
Vik are mutually independent, k € J'.

Then, there exists a Nash equilibrium of the CCG for any a € (aj, 1] X ... X (ay,, 1], where
aj, i€ H, is defined in Assumpti0n|z|

Proof Leta € (aj, 1] X ... X (a;, 1]. Under Assumption the payoff function p; (x%, x7%) is
a concave function of x’, for every x™* € §7*, and a continuous function of x. It follows from
Lemmathat the feasible strategy set Si,i, i € H, is a convex set for all @; > «;. For each
i€H,S lm- is a compact set. Then, the existence of a Nash equilibrium of the CCG follows
from Theorem 4 of [8]].
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4 Algorithm for Finding Nash Equilibrium

For simplification of notations, we consider a 2— player CCG (n = 2) (the same algorithm for
a general n—player game). For a fixed x? € S%Q’ the player 1 solve the following optimization
problem:

[P1] max p;(x',x?)
subjectto  x! e S! (18)

ap”

The set of optimal solutions of [P1] which is also called the best response set of player
1, is given by:

BR (x*) = {x' | pi(x".x") > p1(x'.x%), Vx' € 5., } (19)

[e3]

Similarly, for a fixed x! € § }Y] , the player 2 solve the following optimization problem:

[P2] max py(x',x?)

subjectto  x* € S%lz. (20)
The best response set of player 2, is given by:
BR,(x") = {)Ez | pz(xl,)fz) > pz(xl,xz), VxZ e Siz} 21)

Itis clear thatif x'* € BR;(x?*) and x** € BRy(x'*), then (x'*, x**) is a Nash equilibrium
of the CCG. We propose the best response algorithm as follows:

Algorithm 1 Best response algorithm

Step1 : Select initial feasible point x20) ¢ S%,z for player 2, set k := 0 and choose a tolerance parameter
e > 0.

Step2 : Solve optimization problem [P1] with x% = x2(K) and find a point x1(K) e BR (x2(F)),

Step3 : Solve optimization problem [P2] with x! = x'(®) and find a point x2(k+1) ¢ BR, (x!(K))_1f
|p2 (xR x2(K)y — py (1K) x2(k+1))| < ¢ stop and set (x!*, xZ*) = (x!(K) x2(K)) Otherwise, set
k := k + 1 and go to Step2.

If Algorithm 1 stops, (x'*,x?*) is a Nash equilibrium of the CCG. By the way, the
question when Algorithm 1 cycles is still open.
Using Algorithm 1, at each iteration, the two players have to solve their optimization

problems [P1] and [P2]. For each x2e S%,z, we reformulate [P1] as follows:

[Pl] max [H}axpl(xl’xz)7p(07x2)]’
x10

subject to Z log (Ewl,k [CD (gl’k(xl, Wl’k))]) > log(ay). (22)
keJ!

By introducing the auxiliary variables z'*¥, (23) can be reformulated as follows:
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[P1] max [maxpi(x',x*), p(0,x7)],
x1£0
1,k

subject to i) Eyix [<I> (gl’k(xl,Wl’k))] >et

i) ), 2 2 log(an),

keJ!
iii)y z"% <0,k e J'. (23)

In order to solve (23], we use the partial sampling technique to approximate the expec-

tation Ey,1,x. Here, we draw N Lkjid samples, w}’k, s w]l\’[l . of the univariate distribution

of W, Thanks to these samples, we get an approximation of the expected value by using
Monte-Carlo method:

[P1] max [max p;(x',x%), p(0,x?)],
x1#0

N].k
. 1 .
subject to i) i Z [q) (gl»k(xl,wtl’k))] > ezlk,
=1

i) Y 2 2 log(an),
keJ!
1,k 1
iii) z°°<0,VkelJ. (24)
Let C* (xl,Wl’k) = P (g]*k(xl,wtl’k)). It is clear that C* is a continuous function.

Moreover, C* is dominated by the identity function l(wl,k Wik which is an integrable
function. Using Theorem 7.48, [27], Ey 1.« [Ck ( Wl’k)] is continuous and the average
sample converges to Ey, 1.« [Ck (-, Wl’k)] w.p.1 uniformly on S'. Using Theorem 5.3, [27],
we deduce that the optimal value of (24) converges to the optimal value of when the
number of samples goes to infinity. By introducing new auxiliary variables ytl’ , Z4) can be
reformulated as follows:

[P1] max [H}aXpl(xl,xz),P(O,xz)],
x1#0

subject to i) @ (gl’k(xl,wtl'k)) 2 ytl’k’

N],k
. 1 1.k
ii) Z y,’k > NLk 2
=1

ity Y 2 > log(an),

keJ!
iv) VK <0,VkelJt,
v) yik>0.vked' 1<t < NUK (25)

Using the definition of g'*¥ and the increasing monotonicity of ®, we rewrite (23) as
follows:
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[P1] max  [maxpi(x',x%). p(0.2%)],
x'#0
subject to 1) = (x!)Ty Ky F 4 DIE - (T 2 @D ()T 2,
MLk

.. 1,k
i) Z y,l’k > NbE 2",
=1

ity Y 2 > log(ay),

keJ!
iv) 2k <0,vkeJt,
v) yrf=0vked' 1<t < NUK, (26)

(26) is a convex problem if @V () is a log-convex function. In the following, we study
necessary conditions for that.

Lemma 6 ®V (.) is monotonically increasing, nonnegative and convex on [0.5,1). More-
over, log(®~V (1)) is monotonically increasing on [0.5, 1) and convex on [®(1), 1).

Proof The increasing monotonicity and the nonnegative property are trivial. First, we prove
that ®(-V (.) is convex on [0.5, 1). Thanks to the formula of derivatives of inverse functions,
the first order and the second order derivatives of ®(~1 (-) are:

d(@ "V (x) 1
dc /(@D (x)’
dz(q)(il) ()C)) _ -1 ’7” (-1 1
@ joempt @ gty

_ -0 (@)

= M,Vx <€ [05, 1) (27)

For all r € R, we have:

1 2
(1) = ——eF .
=75
—t 2
[0Xd = —e 2. 28
)= e (28)

Since ®(~V () is nonnegative on [0.5,1), we deduce that ®'(®(-D(x)) > 0 and
@”(®D(x)) < 0,Vx € [0.5,1). Then, the second derivative of @~V (-) is nonnegative on
[0.5,1). Therefore, @1 (-) is convex on [0.5, 1).

Next, we prove that log(®(~1 (-)) is convex on [®(1), 1).

Let ¢(-) := @~V (.). The first order and the second order derivatives of log(®(~1(.))
are:

d(log(@™V())) _ ¢'(x)
dx @(x)
d*(log(@V () _ 9" (x).0(x) ~ (¢’ (1))
dx? @2 (x)

,Vx € [0.5,1).
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Using (27) and 28), we deduce that:

at0)
¢'(.) = \/E.gT
9" () = ¢().2m.e? )

Therefore, we have:

" ().0() = (¢'())? = (¢*() = 1) 2me? 0.
It is easy to see that ¢ > 1 on [®(1), 1). Hence, log(®~1 (+)) is convex on [®(1), 1).

Lemma 7 Let x' be a feasible solution of 9. IfAssumptionEholds, then g% (x!, wtl’k) >
4 ( Y AN T

— w1
1,/1],k,mil’l V/ll,k.min " wll‘l”

Proof The proof follows the same arguments as the proof of Lemmafd]except that we change
the expectation Eyy 1.« by the mean of its partial samples on w,l’k .

Lemma 8 ||(xl)T(Zl’k)% |l2 is log-convex according to x'.

Proof Tt suffice to show that m(x') := (x")T(Z"*¥)x! is a log-convex function which is
equivalent to prove that m” (x)m(x") > m’(x!).[m’(x")]T, where A > B is equivalent
to A — B is positive semidefinite. We have m’(x') = 221¥x! and m” (x!) = 221-%. Then,
m” (xHm ") —m’ (). [m’ (xDH]T = 4(HT(EHF)x) . 2bk —4xbk x1 (xHT.21%, The pos-
itive semidefiniteness of m”’ (x)m(x') — m’(x1).[m’(x")]7 is equivalent to the positivity of
its quadratic form at z, for all z € R%, i.e th5e positivity of the following term:

(ZTZI,kZ) [(XI)T(Zl’k)Xl] _ (ZTZU‘xl)2.

However, from linear algebra, the above term is always positive. Then, we deduce the
proof.

Using Lemmas|[6]and (8), we prove the following theorem of the convexity of (26).

Theorem 2 [f the following condition holds:

1,k 1,k 1
4 MJW:‘J‘_FM > 1,
1//ll,k,min \/ﬂl,k,min ’Wll’k

then 26) is a convex problem.

Proof Let (xl,ytl’k,zl’k) be a feasible solution of (26). Note that we can choose yll’k =
(o} (gl*k(xl, wtl’k)) without changing the optimal value of (26). Using Lemma we have
aall 1

”y—\lwu’k 17 T > 1. We deduce that ytl’k > O(1)
\j/ll,k,min VA komin \/Wll'k

gl’k(xl,wtl’k) > 4, (
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by using the monotonicity of ®. Therefore, we can add the constraint y,l’k > @(1) without
changing the optimal value of (26). Using Lemma@ log(®-1( y,l’k)) is convex according to
y;"*. On the other hand, using Lemma | (x1T(1%) 7 ||, is a log-convex function according
to x!. Since the product of two log-convex functions is also a log-convex function, we deduce
that @1 (ytl’k).|| (xl)T(Zlvk)% |2 is a log-convex function, then also a convex function.
Therefore, we deduce that is a convex problem.

Even when the problem (26 is a convex problem, it might has a computational difficulties
due to the term log (CD(fl) ()’,l ’k)). The piecewise linear approximations can be used to

simplify the calculations and provides lower bound and upper bound of (26). By choosing T
different increasing points &1, ..., &7 in (@(1), 1), we use the piecewise linear function

1
DD (&)@ (@D (&)

composed by the tangent lines at those points to approximate log (<I>(‘1) (x)) and get a
lower bound. Moreover, if x € [£g, £41], we use the function

.....

GlL’k(x) = maxT{
s

(x - &) +log (d><-'><§s>)}

log (@1 (£,11)) — log (@ (&)
§s+l - é:s

composed by the segments containing those points to get an upper bound.

Gyt (x) =

(x - &) +log (0 (&)

5 Numerical Tests

All the numerical results are performed using Python 3.8.8 on an Intel Core i5-1135G7,
Processor 2.4 GHz (8M Cache, up to 4.2 GHz), RAM 16G, 512G SSD. We illustrate our
theoretical results using randomly generated examples.

5.1 Piecewise Linear Approximation Results

In this subsection, we study the convergence of piecewise linear approximation method
appliedin 26) ford; = 2, K' =20and N'*¥ = 5,Vk = 1,2, ..., K, where d; is the dimension
of x!, K' is the number of constraints and N'-¥ is the number of samples in the Monte-

T
Carlo method. The deterministic vector D! = (Dl’l, ...,DUK ]) is randomly generated in

RK'. For each k = 1,2,...,K", "k and y"¥ are vectors uniformly generated in [1,1.1]4
using command "random.uniform(1,1.1)". =¥ is a d;-dimensional diagonal matrix with all
elements on the main diagonal equal to A1 x and A x is uniformly generated in [63x K, 64 x
K']. wh* is uniformly generated in [1, 1.1] and wll’k is uniformly generated in [0.9, 1]. The
objective function p1(x!, x?) is chosen to be linear with respect to x!, i.e., p' (x!, x?) = cTx!,
where c¢ is a dj— dimensional real vector. In this setting, we choose ¢ = (1, 1). Choose «a;
such that the assumption [2]is satisfied. Such a choice of parameters verifies the condition in
1 k||

Theorem ie., 4. (Hy— w},’k + M;) > 1,Vk = 1,2, ..., K! which makes

V/ll,k,min ‘/ll‘k'mm lel,k
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Table 2 Bounds and CPU time (s) of piecewise linear approximation method

T Upper bound | CPU time (s) | Lower bound | CPU time (s) | Gap (%)

5 41.346 4.345 38.122 4.126 7.8%
10 40.947 20.4 39.011 16.475 4.73%
20 40.679 30.126 40.274 35.6 0.99%
50 40.589 90.849 40.571 120.4 0.04%
100 40.589 301.327 40.589 478.127 0%
500 40.589 1578.361 40.589 2016.6 0%

the problem @) to be convex. We choose T = 5, 10, 20, 50, 100, 500. For each choice of T,
we obtain a lower bound and an upper bound of the optimal value of 26).

The first column of Table 2 gives the value of S. The second and third columns give
upper bound of the optimal value of (26)) and the CPU time in seconds. The fourth and fifth
columns give lower bound of the optimal value of (26) and the CPU time in seconds. The
final column shows a relative difference between the upper bound and the lower bound, i.e.:

Upper bound — Lower bound

Gap

- max (|Upper bound|, [Lower bound|)

X 100%.

Our method is also robust in term of K1, i.e., when we increase the number of constraints.
Table 3 and Figure 1 shows the CPU time in second with different number of constraints
K! =5,10,20, 100, 500 while 7 = 100 and the other parameters are fixed.

Table 3 CPU time (s) with increasing number of constraints

KT [ CPU time (s)
5 40.126
10 100.475
20 416.4
100 1478.127
500 3016.6
3000
2500
o 2000
.E 1500
& 1000
500
O T T T T T
100 200 300 400 500

Number of constraints

Figure 1 : CPU time (s) with different number of constraints
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5.2 Nash Equilibrium of a 2-player CCG

In this subsection, we verify the performance of the best-response algorithm. We consider
the following setting. For n = 2, let d; = do = 2 and p1(x!,x?) = pa(x',x?) = (x)T.x?
(we assume that the payoff functions of both players are linear with respect to strategies of
each player). Let K!' = K2 =20 and Nk = N>k = 5 Vk = 1,2, ..., K'. The deterministic

T
vector D! = (Dl’l,...,Dl’Kl) is randomly generatedin [0, 50]X'. Foreachk = 1,2, ..., K,

% and y* are vectors uniformly generated in [1, 1.1]%. ¥ is a 2-dimensional diagonal
matrix with all elements on the main diagonal equal to A1 x and A  is uniformly generated in
[63xK!, 64xK']. w ,14”‘ is uniformly generated in [1, 1.1] and wll’k is uniformly generated in
[0.9, 1]. We consider similar parameters for player 2. Set the tolerance parameter € = 0.001
for the stopping criterion and the number of iterations is 5000. Using the Best-Response
algorithm in Section 4, we start with initial point xé = (1, 1)T, solve alternatively the
optimization problem of each player and obtain a sequence of strategy vectors for each
player. We present the strategy vector of each player in R?. Figure 2 shows the sequence of
best responses of each player which converges to a Nash equilibrium point x'* := (0,0)T and
x%* = (0,0)T.

10 1 — Player1
—— Player 2
P81 @ Initial point 1
06 & Initial point 2
0.4
0.2
0.0
—0.2
-0.4
-0.2 0.0 02 04 06 08 1a

Figure 2 : Nash equilibrium of a 2-player CCG

6 Conclusion

In this paper, we studied the n-player non-cooperative chance-constrained game. We as-
sume that the strategy profiles set of each player is given by an independent joint chance
constraint and the row vectors of the stochastic matrix are normal mean-variance mixture
distributed. Under mild conditions, we prove the existence of Nash equilibrium for this
chance-constrained game.
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Appendices
Appendix A: Proof of Lemma 2]
Letx’ € 87, . Using (8), we have:

1—[ Eyix [CD (gi’k (', Wi’k))] > a;.
keJt
Since, Eyy .k [dD (g% (x!, Wi’k))] € [0,1] and a; > a/i(l), Vi € H,k € J', we deduce that:
By |@ (¢4 (!, W) | > 0. (29)

‘We have the following inequalities:

|(x)TyE k] < (|5 ]]ally"¥ ]2, the Cauchy-Schwarz inequality,
V) TZERXE >\ minl 6|2,
Wik < \Jwik. (30)

From (30), we deduce that:

—(x)Ty"* Wikl < X (211" * 112 /Wt'l,k _ Iyl Wik, 31)
V(xi)TEi ki VA ke min X7 ]2 VAi,k.min
Hence, using the increasing monotonicity of ® and the definition of g"** in @), we
deduce from 29) and (BT) that:

ik ik iNT ik
s X Dbk _ ,
By @ 12202 ik . .(x) o |l>a. (32)
\//li,k,min VW”k”(xl)T(zl’k)EHZ
By definition of afl), we have:
ik -
\//li,k,min

Hence, we deduce from (32) and (33) that:

o

Ewi,k

[P A et G0 ol | N [
u - . . u :
VA min VW (x))T(Z5K) 2 | Vi k. min

Once again, using the increasing monotonicity of ®, we deduce that D*% — (x") T > 0.
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Appendix B: Proof of Lemma3]

Letx! € S{ll_. Using Lemma DH% > (u*) Tyl for all k € J°.
LetR:= —80Y" andz e [w*, wi¥]. Using the definition of g"* (x*, Wi*) in ,

we can verify the following equation:

) ) Rz — RWi-k . ; )
ig”k(x’,z) + Z—, for any Wik e [w:’k,wf,’k]. 34)

\/Wi,k \lwi,k

We have the following inequalities:

gi,k(xi’ Wi,k) —

|(x) Y5k < 1% ]]21ly"¥ ]2, the Cauchy-Schwarz inequality,
VEOTEERX > VA kominl X2,
VWik < (Jwik,

|z = WK < whk —wik, (35)
We deduce from (33) that:

Rz — RWi,k B (xi)T,yi,k (Z _ Wi,k) B ||)’i’k||(Wfl’k _ Wf’k (36)

\/Wi,k \/(xi)TZi,kxi \/Wi,k mﬁ
Using th bound of R RW™E (36). we h
sing the upper bound of ———— in , we have:
\/Wl',k
ik i,k i,k
o o Kll(wyt —w ) ) )
gkt whky < —\/E gk (xt 2) + Lol IS ' ), for any Wik € [wi’k,wﬁ;k].

Tk -
wi V/li,k,minvwiyk

Taking Eyy .« (®(+)) on both sides of (37), we deduce that:

(37)

; ik ik
Iy K1 Ow™ = wy

i,k
V/li,k,min\lwl

N
ng’k(xl,Z)"‘

By ik [‘I’ (gi’k(xi,W[’k))] < EByix |

On the other hand, since x’ € S;a[ , from @) we have:
1—[ Eyix [CD (gi’k(xi, Wi’k))] > a;.
keJi

Since, By ik [® (g% (x!, Wk))| € [0, 1], we deduce the proof.
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Appendix C: Proof of Lemma]

Let x' € Sin. Using Lemma since a; > afz), Vi € H, then for any z € [wf & wﬁk], we

have:

ik ik i,k
. . ’ w bl 1%
ORI i [Ueu o) | NS 58

,_',k ’ i
wr \//li,k,min\lwi’

By definition of al.(z), we have:

Ewix [®

44 whk ik ik vk whk _ ik
IO RV nyn T 7N D i (el 0] RS

i [ i ] /
ik
'Wl l k min A 1 k,min w1 /1i,k,min wy

Using (38) and (39), we deduce that:

; ik ik
Iy 1 owg™ —w)

Vioik !
g (x2) +

— -

w V/li,k,minwwi’k

4# ol T ik uwwwﬁ —wik)
nyu T | S )
,/w; Vi kmin V7% ) AT i

From (@0), it is clear that g (x', z) > 0. Then, we have:

Ewi,k (I)

. . \[Wi’k . . . . .
ig”k(x’ 7) < —ug”k(x’,z), for any Wk € [w;’k,wi;k]. 41)

Wik T ik
"

We deduce from @0) and @I) that:

w/wf;k

i,k i,k k
L i)

1)) : gi’k(xi,z)+
W{’k V/li,k,minﬂwi’k
4y wik ik ik LE{|(wivk — ok
o Hyu e 7 T N [t ] B

ik i,k
\,Wl l k min \/ i,k mm\[ V/li,k,minﬂwl

Using the increasing monotonicity of ®, [@2)) is equivalent to:

i,k i,k
lwx@>4nyn TS i
lkmm v zkmm\[
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Since z is an arbitrary point in [w{’k , wf;k], by definition of Q%¥, we obtain:

Sk < () Q.

keJt

Note that Q%% is convex. Then, we deduce the proof.

Appendix C: Proof of Lemma 5]

For x’ € Qi’k, let:

1
(gi,k(xi,Wi,k))Z'
(xi)TZi,kxi
- Wik [ (x))Tyi-k]2 + Wli’k [Dik — (x)Ti-k]2 4 2[ (xF) Tyik ] [ (x0) T pi-k — Diok]
iNTsi,k i -1
= ((x")"Zx"). M.

fi‘k(xi, Wi,k) =

where Mi,k = Wi,k[(xi)T,yi,k]Z + ﬁ[Di’k _ (xi)Tﬂi,k]Z + 2[(xi)T,yi,k] [(xi)Tﬂi,k _
Di’k].

It is clear that the (—2)— concavity of g"*(x!, Wi¥) is equivalent to the convexity
of fiK(x', W) on the domain Q*. In order to prove the convexity of fi-*(xi, Wi-k),
it suffices to prove that the Hessian matrix of f%K(x’, WK) w.rt x' is positive semi-
definite on Q%%, YW’k ¢ [wf’k,w{;k]. Let v, f%(x', W5K) be the gradient vector of
FoR(E, Wk wrt x* and H,: f-% (x7, WiK) be the Hessian matrix of f%-% (x/, W) w.r.t x'.
Using differential calculations in linear algebra, we can verify the following formulation of
Vi fi’k(xi, Wi’k):

Vi fk (e, Witk = ZM;izi,kxi

_ ZM;i[(xi)Tzi,kxi] x [Witk (xf)Tyisk 4 (x1)T ik — pisky, (,yi,k + ‘l;‘vl_li) .

V(W) € 05K x fwp K, wil. (43)
Note that the gradient vector of (xH)TZikyt §s 231 ’kxf and the gradient vector of M; i

. . . . . . . . ik
w.rt xtis 2[WHK () Tyhk 4 (x)T ik — DHK]. ()/"k + V‘:/tlk ) To obtain ([@3J), it suffices to

apply the product rule of differentiation.
Similarly, by differentiating both side of (@3), we have:

T
(M; x)* ik ik ik Tk iy vk ik o ik ik, M

5 Ha [ W) = My X054 3[(F) ER (WS p ) v+
_ Z[Wi,k(xi)T,yi,k + (xi)T#i,k _ Di,k] [Zi,kxi(,yi,k)T + ,yi,k(xi)TZi,k]

1

i,k iNT,. ik iNT i,k _ nik
= 2(WHE G T () T - D

[Ei’kxi(/,ti’k)T +/.li’k(xi)TZi’k]. (44)
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In order to prove that H,: f*¥ (x?, W¥k) is positive semi-definite, it suffices to prove that
the quadratic formofo,f’ k(x wis k) atz € Q"*ispositive, i.e., 2V H, fK (x7, Wi-K)z > 0,
Vz e R%, V(x| Wik) € QK x [whk, wi].

Using @4)), we have:

M; i )? o
ZT( ;k) .Hxif”k(xl,W”k)z
2
. 1 .
Tsi,k lel k(- T, ik T, ik
= xh > VWi —_—
k2 24+ 3[(x) ( (z'y )+\/W(Zu ))
_ 4[Wi,k(xi)T,yi,k + (xi)T i,k _ Di,k]
x ((szi”‘x">[(y’*’<>Tz] i T [ ]) (45)
From linear algebra, we have the following inequality:
12720 x| < ZTZik f(xi) TRk xi, (46)
Using @8)) in {3), we deduce that:
M; x)? i
ZT( 12k) .Hxifl’k(xl,Wl’k)Z
2
> M: Tzl,k i th,k i ik (T, 0.k T, ik
> Mz E 2+ 3[(x) VX | VWRE (2 y )+W(zu )
_ 4|Wi,k (xi)T ik (xi)T ik _ Di,k| % \/ZTEi»kz\/(xi)TZi’kxi
X (I(Vi’k)TZI * g k)TZI) : (47)

Note that [W'* (x*)Ty"*k 4 (x!) Tk — DK | = \JWkM; ;. and
. . . . . 2

3T (VW (T4 + e (i) 2 0.

Then, from @7), we deduce that:

M; )? o
ZT—( ‘2”‘) H o fiR (iR 2
. - - - . 1 :
> M Tzl,k _4 M Tzl,k Tzl,k l,k l,k T l,k T . 4
> My k2" 57 — dy/My NZTEik 2 x x(\/W [(y"") Z|+—W|(ﬂ ) zl]. (48)
The case z = 0 is trivial. Otherwise, we have
. 2 . . .
/T (Mzz,k) .Hxifl’k(.xl,Wl’k)Z
(ZTSikZ) ((xF)TEbk )
Mik | Mk ozl T o)
= (xi)TZi’kxi (xi)TZi’kxi ZTZi’kz W ZTEi’kZ !
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Note that —k = [g"F(x!, Wk)]2. Since x € Q"*, then x € Conv(S,) Using

)TE‘ kxi

Lemma@x € Ql kie., gb*(x!, Whk) >0, VYWik e [wf’k w'*]. Then,

M; k

_ ikyod i,k
ik~ 87 @ W

Therefore, (@9) is equivalent to:

- )2 . . .
T (M:Z,k) .foft,k(xl’ Wl,k)z
(ZTZi’kz)((xi)TEi’kxi)

. . . . . . i,k\T 1 ( i’k)TZ
> ik i i,k 2_4 ik i i,k ik (7 ) < M )
> [g"* (o, W] — 4ghk (xF, WHE) (VW o |t | e (50)
We have the following inequalities:
(Vi’k)TZ Iy Mzl ™
ZTZl!kZ V Lkmm”Z” V/li,k,min
(T lu® _ et
ZTzl’kZ V t,k,mm”Z” V/li,k,min
VWi-k < \/wf;k,
1 1
— < . 51
wt. i,k
)
Hence, by using (31), we deduce from @9) that:
2 . S
ZT(an,k) .Hxif"k(x’,W”k)z
(ZTSik7) ((xf)TEikyi)
. o . S ' i,k 1
> [gl,k(xl’wl,k)]z _4|gl,k(xl’wl,k)| ”7 ” W i,k + ”ﬂ ” ) (52)

V/li,k,mm V/li,k,min [W;‘,k

Since x' € Qi we deduce that the right-hand side of @) is positive which finishes the
proof.
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