Mohammad Y Chreif 
  
Malak M Dally 
email: malak.dally@liu.edu.lb
  
On the Irreducibility of Local Representations of the Braid Group B n

Keywords: Braid group, local representation, irreducible. Mathematics Subject Classication. Primary: 20F36. that e

We determine a necessary and sucient condition for the irreducibility of the n-dimensional local homogeneous representation ϕ 3 of the braid group B n for all n ≥ 3. Then, we study the irreducibility of all local linear representations of the braid group B 3 of degree 3. We prove that a local representation of type 1 is reduced to a representation of Burau type. Also, we nd a necessary and sucient condition for the irreducibility of any local representation of type 2. Moreover, we construct a representation of B 3 of degree 6 using the tensor product of local representations of type 2. We determine a necessary and sucient condition that guarantees the irreducibility of the obtained representation.

INTRODUCTION

The braid group B n is represented, due to Artin, in the group Aut(F n ) of automorphisms of the free group F n generated by x 1 , ..., x n . To attack the linearity of the braid group B n , the faithfulness of the braid group representations was studied. One of these represenations is the Burau representation which was, for a long time, a candidate to answer the question of faithfulness of the braid group B n . It was proved that the Burau representation is faithful for n ≤ 3 and not faithful for n ≥ 5. For n = 4, the question of faithfulness of the Burau representation has not been answered yet. For more details, see [START_REF] Birman | Braids, Links and Mapping Class Groups[END_REF] and [START_REF] Chreif | Attacks on the Faithfulness of the Burau Representation of the Braid Group B 4[END_REF].

In addition to the linearity of the braid group B n , the classication of irreducible complex representations of B n was of great concern. In [START_REF] Formanek | Braid group representations of low degree[END_REF], Formanek found a necessary and sucient condition for the specialization of the reduced Burau representation to be irreducible. Moreover, Formanek classied all irreducible complex representations of the braid group B n of degree at most n -1 for n ≥ 7. In [START_REF] Sysoeva | Dimension n Representations of the Braid Group on n Strings[END_REF], Sysoeva extended this classication to representations of degree n for n ≥ 9.

For n = 5, 6, 7 and 8, the classication was completed by Formanek, Lee, Sysoeva and Vazirani. For more details, see [START_REF] Formanek | The Irreducible Complex Representations of the Braid Group on n strings of Degree ≤n[END_REF]. For n ≥ 10, Sysoeva proved, in [START_REF] Sysoeva | Irreducible Representations of Braid Group B n of dimension n + 1[END_REF], that there are no irreducible representations of B n of dimension n + 1.

The local representations of the braid group B 3 were studied by Yu. Mikhalchishina who proved that any local representation of the braid group

B 3 into GL 3 (C) is of type 1 or 2.
In addition, Yu. Mikhalchishina studied the n-dimensional homogeneous local representations ϕ of the braid group B n and proved that ϕ coincides with one of the three representations ϕ 1 , ϕ 2 and ϕ 3 which were dened . For more details, see [START_REF] Yu | Local representations of braid groups[END_REF].

In our work, rst we study the irreducibility of the local homogeneous multi parameter representation ϕ 3 of degree n of the braid group B n . For all n ≥ 3, we determine a necessary and sucient condition that guarantees the irreducibility of ϕ 3 . We prove that the representation ϕ 3 is irreducible if and only if bc = 1.

Next, we study the irreducibility of all local representations of the braid group B 3 . For type 1 representations, we prove that any 3-dimensional representation of type 1 is reducible to a 2-dimensional representation which is proved to be of Burau type. For type 2 representatons, we nd a necessary and sucient condition for the irreducibility of any 3-dimensional multi parameter local representation of type 2. We prove that any representation of type 2 is irrreducible if and only if bc = 1.

Finally, we nd the tensor product of two local 3-dimensional representations of B 3 of type 2. We prove that the obtained 9-dimensional multi parameter representation is a direct sum of a 3-dimensional local representation of type 2 and a 6-dimensional representation which is proved to be irreducible if and only if

√ b 1 √ c 1 = ± √ b 2 √ c 2 . 2 2. PRELIMINARIES
Denition 1 [START_REF] Artin | The Collected Papers of Emil Artin[END_REF] The braid group, B n , is an abstract group generated by σ 1 , σ 2 , ..., σ n-1 with the following relations

σ i σ j = σ j σ i , for all i, j = 1, ..., n -1 with |i -j| ≥ 2,
and

σ i σ i+1 σ i = σ i+1 σ i σ i+1 , for i = 1, ..., n -2.
Denition 2 [START_REF] Yu | Local representations of braid groups[END_REF] A representation ϕ :

B n -→ GL n (C) is called local if ϕ(σ i ) =   I i-1 0 0 0 R i 0 0 0 I n-i-1   , i = 1, 2, ..., n -1,
where I m is the identity matrix of order m and R i is a matrix of order 2.

Theorem 1 [START_REF] Yu | Local representations of braid groups[END_REF] If ϕ : B 3 → GL 3 (C) is a local representation then ϕ has one of the two types:

(1)

ϕ(σ 1 ) =   α(1 -d) (1-d)(1-α+dα) c 0 c d 0 0 0 1   , ϕ(σ 2 ) =   1 0 0 0 α (1-α)(1-d+dα) γ 0 γ d(1 -α)   ,
where d, α = 1 and c, γ = 0;

(2

) ϕ(σ 1 ) =   0 b 0 c 0 0 0 0 1   , ϕ(σ 2 ) =   1 0 0 0 0 bc γ 0 γ 0  
, where bc, γ = 0.

Corollary 1 [START_REF] Yu | Local representations of braid groups[END_REF] If ϕ : B n -→ GL n (C) is a homogeneous local representation, then ϕ coincides with one of the representations ϕ 1 , ϕ 2 and ϕ 3 dened as follows:

ϕ j : B n -→ GL n (C), (1) ϕ 1 (σ i ) =     I i-1 0 0 0 0 α 1-α γ 0 0 γ 0 0 0 0 0 I n-i-1     , γ = 0, i = 1, 2, ..., n -1. 
(

) ϕ 2 (σ i ) =     I i-1 0 0 0 0 0 1-d c 0 0 c d 0 0 0 0 I n-i-1     , c = 0, i = 1, 2, ..., n 2 
(

) ϕ 3 (σ i ) =     I i-1 0 0 0 0 0 b 0 0 c 0 0 0 0 0 I n-i-1     , bc = 0, i = 1, 2, ..., n -1. 3 
Theorem 2 [START_REF] Formanek | Braid group representations of low degree[END_REF] Let ρ : B 3 → GL 2 (C) be an irreducible representation. Then ρ is equivalent to χ(y) ⊗ β 3 (z) for some y, z ∈ C * , where z is not a root of the polynomial t 2 + t + 1. Here χ(y) is the one dimentional representation and β 3 (z) is the reduced Burau representation. We say that ρ is of Burau type. Denition 3 The principal square root function is the function dened as follows: For all z ∈ C, z = (ρ, α), ρ ≥ 0.

√ z = √ ρe i α 2
, where -π < α ≤ π.

IRREDUCIBILITY OF THE REPRESENTATIONS ϕ 3

Consider the representation ϕ 3 : B n -→ GL n (C), dened by:

ϕ 3 (σ i ) =     I i-1 0 0 0 0 0 b 0 0 c 0 0 0 0 0 I n-i-1     , bc = 0, i = 1, 2, ..., n -1.
For simplicity, we denote ϕ 3 (σ i ) by σ i .

We nd a sucent condition that guarantees the irreducibility of the representation ϕ 3 .

Proposition 1 If

bc = 1, then the representation ϕ 3 : B n -→ GL n (C) is irreducible.
Proof. Let S be a nonzero invariant subspace of C n under the representation ϕ 3 .

Since

σ 1 =   0 b 0 c 0 0 0 0 I n-2   , then σ 2 1 =        bc bc 1 . . . 1       
.

The form of the matrix σ 2 1 implies that the possible generators of the subspace S are:

• e 1 , e 2 , e 1 + a 2 e 2 , where a 2 ∈ C * .

• e 3 , e 4 , ..., e n-1 , e n .

• e i + a i+1 e i+1 + ... + a n e n , where 3 ≤ i < n and a i+1 , ..., a n ∈ C such that a j = 0 for some j ∈ {i + 1, ..., n}.

Consequently, we consider the following cases:

Case 1: Assume that e 1 ∈ S. It follows that σ 1 e 1 = ce 2 ∈ S, where c = 0. This implies that e 2 ∈ S. We have σ 2 e 2 = ce 3 ∈ S, which implies that e 3 ∈ S. We continue in this manner to prove that S = C n .

Case 2: Assume that e i ∈ S for some i > 1. It follows that σ i-1 e i = be i-1 ∈ S, where b = 0. This implies that e i-1 ∈ S. Proceeding in this way, we get that e 1 ∈ S. By Case 1, it follows that all e i 's are in S and so S = C n .

Case 3: Assume that e 1 + a 2 e 2 ∈ S, where a 2 ∈ C * . For simplicity, denote e 1 + a 2 e 2 by u. We have σ 2 2 u -u = a 2 (bc -1)e 2 ∈ S and bc = 1. This implies that e 2 ∈ S and so S = C n by Case 1.

Case 4: Assume that e i + a i+1 e i+1 + ... + a n e n ∈ S, where 3 ≤ i < n and a i+1 , ..., a n ∈ C such that a j = 0 for some j ∈ {i + 1, ..., n}. For simplicity, denote e i + a i+1 e i+1 + ... + a n e n by u. We have

σ 2 i-1 u -u = (bc -1)e i ∈ S
and bc = 1. This implies that e i ∈ S and so S = C n by Case 2.

This completes the proof of the sucient condition for the irreducibility of ϕ 3 . Now, we give a necessary condition for the irreducibility of the representation ϕ 3 : B n -→ GL n (C).

Denition 4 We dene the vectors

u n 1 = -e n 2 + 1 b e n 3 and u n i = -be n 1 + 1 b i-1 e n i+1
, where 2 ≤ i < n, and {e n j } 1≤j≤n is the standard basis of the vector space C n .

Lemma 1 For n = 3, the representation ϕ 3 : B 3 -→ GL 3 (C) dened by:

ϕ 3 (σ 1 ) =   0 b 0 1 b 0 0 0 0 1   and ϕ 3 (σ 2 ) =   1 0 0 0 0 b 0 1 b 0   .
is reducible.

Proof: Consider the subspace

S 3 =< u 3 1 , u 3 2 >. Simple computations show that σ 1 u 3 1 = u 3 2 , σ 1 u 3 2 = u 3 1 , σ 2 u 3 1 = -u 3 1 and σ 2 u 3 2 = u 3 2 -u 3
1 . This implies that the subspace S 3 is invariant under the considered representation. Denition 5 The representation ϕ 3 : B n+1 -→ GL n+1 (C) is dened by:

ϕ 3 (σ i ) =     I i-1 0 0 0 0 0 b 0 0 c 0 0 0 0 0 I n-i     , bc = 0, i = 1, 2, ..., n.
For simplicity, we denote ϕ 3 (σ i ) on B n+1 by σi .

Lemma 2 Consider the representation

ϕ 3 : B n+1 -→ GL n+1 (C), where n ≥ 3. If bc = 1, then: σ1 (u n+1 n ) = u n+1 1 -u n+1 2 + u n+1 n , σi (u n+1 n ) = u n+1 n for all i = 2, ..., n -1, σn (u n+1 j ) = u n+1 j for all j = 2, ..., n -2, σn (u n+1 n-1 ) = u n+1 n , σn (u n+1 n ) = u n+1 n-1 .
Proposition 2 If bc = 1, then the representation

ϕ 3 : B n -→ GL n (C) is reducible.
Proof: Consider the proposition (P ) :"The subspace

S n =< u n 1 , u n 2 , ..., u n n-1 > of C n is invariant under the representation ϕ 3 : B n -→ GL n (C)".
We prove that (P ) is true, for n ≥ 3, using the mathematical induction principle.

First, by referring to Lemma 1, it is clear that (P ) is true for n = 3. Now, suppose that (P ) is true for n and prove it for n + 1.

In other words, we need to show that the subspace

S n+1 =< u n+1 1 , u n+1 2 , ..., u n+1 n-1 , u n+1 n > of C n+1 is invariant under the representation ϕ 3 : B n+1 -→ GL n+1 (C).
We consider the following cases:

Case 1:

1 ≤ i, j ≤ n -1
S n is embedded in S n+1 via the homomorphism γ dened by: γ :

C n → C n+1 , γ(e n i ) = e n+1 i . Simple computations show that σi (u n+1 j ) = γ(σ i (u n j )).
Since (P ) is true for n, then

σ i (u n j ) ∈ S n . This implies that γ(σ i (u n j )) ∈ γ(S n ) ⊆ S n+1 . Therefore, σi (u n+1 j ) ∈ S n+1 . Case 2: 1 ≤ i ≤ n -1, j = n In this case, σi (u n+1 j ) = σi (u n+1 n ). By Lemma 2, σi (u n+1 n ) ∈ S n+1 .
Case 3: i = n and 1 ≤ j ≤ n

In this case, σi (u n+1 j ) = σn (u n+1 j

). By Lemma 2, σn (u n+1 j ) ∈ S n+1 .

This completes the proof of the necessary condition for the irreducibility of ϕ 3 . Thus, the necessary and sucient condition for the irreducibility of the representation ϕ 3 is obtained.

Theorem 3 The representation ϕ 3 : B n -→ GL n (C) is irreducible if and only if bc = 1 .

IRREDUCIBILITY OF REPRESENTATIONS OF TYPE 1

In this section, we prove that a local representation of type 1 is reducible to a representation of Burau type.

Theorem 4 Let ϕ : B 3 → GL 3 (C) be a representation of type 1, then ϕ is reducible to a representation of Burau type.

Proof. Let ϕ : B 3 → GL 3 (C) be a representation of type 1, then

ϕ(σ 1 ) =   α(1 -d) (1-d)(1-α+dα) c 0 c d 0 0 0 1   , ϕ(σ 2 ) =   1 0 0 0 α (1-α)(1-d+dα) γ 0 γ d(1 -α)   ,
where d, α = 1 and c, γ = 0.

We have the following two cases:

Case 1. d(1 -α) = 1.
In this case, we have

ϕ(σ 1 ) =    α 2 -1+a -α(1-α+α 2 ) (-1+α) 2 c 0 c 1 1-α 0 0 0 1    and ϕ(σ 2 ) =   1 0 0 0 α 0 0 γ 1   .
It is clear that the proper subspace S =< e 3 > is invariant. Consequently, the above representation ϕ is reducible.

We then reduce the representation ϕ to a 2-dimensional representation ϕ dened by:

ϕ (σ 1 ) = α 2 -1+α -α(1-α+α 2 ) (-1+α) 2 c c 1 1-α and ϕ (σ 2 ) = 1 0 0 α
. By simple computations, there is no proper invariant subspace of dimension one if α = 0 and α 3 = -1.

Therefore, the representation

ϕ is irreducible. Case 2. d(1 -α) = 1.
Consider the subspace S =< u, v > where u = e 1 + -c 1-α+αd e 2 and v = e 1 -αc 1-α+αd e 2 -cγ 1-α+αd e 3 . By simple computations, the proper subspace S is invariant. Therefore, the representation ϕ is reducible.

We then consider the representation ϕ restricted to the basis consisting of the vectors u,v, and e 3 .

The matrices of σ 1 and σ 2 become as follows:

ϕ(σ 1 ) =   -1 + α + d -αd -1 1 0 1 0 0 0 1   and ϕ(σ 2 ) =   0 1 -α -d + αd m 1 α + d -αd -m 0 0 1   .
where

m = -(1-α+αd)(1-d+αd) cγ .
It is easy to see that the third row of the matrices of all the generators is (0, 0, 1). We thus reduce our represntation to a two-dimensional one by deleting the third row and the third column to get ϕ :

B 3 → GL 2 (C).
The representation ϕ is dened as follows:

ϕ (σ 1 ) =     -1 + α + d -αd -1 0 1     and ϕ (σ 2 ) = 0 1 -α -d + αd 1 α + d -αd . Let t = -1 + α + d -αd.
Simple computations show that the representation ϕ is irreducible if and only if t 3 = ±1 .

Therefore, any representation of type 1 is reduced to a Burau type representation (See Theorem 2).

IRREDUCIBILITY OF REPRESENTATIONS OF TYPE 2

In this section, we nd a necessary and sucent condition that guarantees the irreducibility of a representation ϕ of type 2.

First, we nd a sucient condition for irreducibility.

Lemma 3 Let

ϕ : B 3 → GL 3 (C) be a representation of type 2. ϕ is irre- ducible if bc = 1.
Proof. Let S be a nonzero invariant subspace of C 3 under the representation ϕ.

We have the following cases:

Case 1: Assume that e 1 ∈ S. It follows that σ 1 e 1 = ce 2 ∈ S. This implies

We have bc = 1. Thus, -1 + b 2 cd γ and c -bcd γ are not both zeros. By Case 4, S = C 3 .

We now determine a necessary condition for irreducibility.

Lemma 4 Let

ϕ : B 3 → GL 3 (C) be a representation of type (2). If bc = 1,
then the representation ϕ is reducible.

Proof. After substituting bc = 1 in ϕ(σ 1 ) and ϕ(σ 2 ), we get:

ϕ(σ 1 ) =   0 1 c 0 c 0 0 0 0 1   and ϕ(σ 2 ) =   1 0 0 0 0 1 γ 0 γ 0   .
Simple computations show that the two dimensional subspace S =< e 1ce 2 , e 1 -cγe 3 > is invariant. This implies that the representation is reducible. Thus, we have determined a necessary and sucient condition for irreducibility.

Theorem 5 Let ϕ : B 3 → GL 3 (C) be a representation of type 2. The representation ϕ is irreducible if and only if bc = 1.

Remark 1 For n = 3, the homogeneous local representation ϕ 3 is the same as the local representation ϕ of type 2 when γ = c.

REPRESENTATIONS OF DIMENSION 6 OF B 3

In this section, we study the irreducibility of the tensor product of two irreducible representations of type 2.

Consider two irreducible type 2 representations

ρ 1 = ϕ(b 1 , c 1 , γ 1 ) and ρ 2 = ϕ(b 2 , c 2 , γ 2 ) of the braid group B 3 .
The considered representations are dened as:

ρ 1 (σ 1 ) =   0 b 1 0 c 1 0 0 0 0 1   , ρ 1 (σ 2 ) =   1 0 0 0 0 b 1 c 1 γ 1 0 γ 1 0   and ρ 2 (σ 1 ) =   0 b 2 0 c 2 0 0 0 0 1   , ρ 2 (σ 2 ) =   1 0 0 0 0 b 2 c 2 γ 2 0 γ 2 0   , where b 1 c 1 = 0, b 2 c 2 = 0, γ 1 = 0 and γ 2 = 0. Denition 6 Consider the tensor product ρ 1 ⊗ ρ 2 dened by (ρ 1 ⊗ ρ 2 )(σ i ) = ρ 1 (σ i ) ⊗ ρ 2 (σ i ), i = 1, 2.
We get the following matrices:

ρ(σ 1 ) =               0 0 0 0 b 1 b 2 0 0 0 0 0 0 0 b 1 c 2 0 0 0 0 0 0 0 0 0 0 b 1 0 0 0 0 c 1 b 2 0 0 0 0 0 0 0 c 1 c 2 0 0 0 0 0 0 0 0 0 0 c 1 0 0 0 0 0 0 0 0 0 0 0 0 0 b 2 0 0 0 0 0 0 0 c 2 0 0 0 0 0 0 0 0 0 0 1               and ρ(σ 2 ) =                1 0 0 0 0 0 0 0 0 0 0 b 2 c 2 γ 2 0 0 0 0 0 0 0 γ 2 0 0 0 0 0 0 0 0 0 0 0 0 0 b 1 c 1 γ 1 0 0 0 0 0 0 0 0 0 0 b 1 b 2 c 1 c 2 γ1γ 2 0 0 0 0 0 0 0 b 1 c 1 γ 2 γ 1 0 0 0 0 γ 1 0 0 0 0 0 0 0 0 0 0 b 2 c 2 γ 1 γ 2 0 0 0 0 0 0 0 γ 1 γ 2 0 0 0 0               
We now show that the representation ρ is reducible.

Proposition 3 The representation ρ is reducible.

Proof. By choosing a dierent choice of basis for C 9 , the representation ρ is equivalent to the representation ψ whose matrices are given by:

ψ(σ 1 ) =               0 b 1 b 2 0 0 0 0 0 0 0 c 1 c 2 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 b 1 c 2 0 0 0 0 0 0 0 0 0 b 1 0 0 0 0 0 b 2 c 1 0 0 0 0 0 0 0 0 0 c 1 0 0 0 0 0 0 0 0 0 0 0 0 b 2 0 0 0 0 0 0 0 c 2 0               and ψ(σ 2 ) =                1 0 0 0 0 0 0 0 0 0 0 b 1 b 2 c 1 c 2 γ 1 γ 2 0 0 0 0 0 0 0 γ 1 γ 2 0 0 0 0 0 0 0 0 0 0 0 b 2 c 2 γ 2 0 0 0 0 0 0 0 γ 2 0 0 0 0 0 0 0 0 0 0 0 0 b 1 c 1 γ 1 0 0 0 0 0 0 0 0 0 b 1 c 1 γ 2 γ 1 0 0 0 0 0 γ 1 0 0 0 0 0 0 0 0 0 b 2 c 2 γ 1 γ 2 0 0               
.

It is clear from the form of the martices of the generators σ 1 and σ 2 that the representation ψ is a direct sum of a representation of type 2 and a representation ϕ of dimension 6.

The representation ϕ is given by:

ϕ(σ 1 ) =         0 0 b 1 c 2 0 0 0 0 0 0 b 1 0 0 b 2 c 1 0 0 0 0 0 0 c 1 0 0 0 0 0 0 0 0 0 b 2 0 0 0 0 c 2 0         and ϕ(σ 2 ) =          0 b 2 c 2 γ 2 0 0 0 0 γ 2 0 0 0 0 0 0 0 0 0 b 1 c 1 γ 1 0 0 0 0 0 0 b 1 c 1 γ 2 γ 1 0 0 γ 1 0 0 0 0 0 0 b 2 c 2 γ 1 γ 2 0 0         
.

We diagonalize the matrix corresponding to ϕ(σ 1 ) by an invertible matrix, say T, and conjugate the matrix ϕ(σ 2 ) by the same matrix T.

The invertible matrix T is given by

T =           0 0 0 0 - √ b 1 √ c 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 - √ b 2 √ c 2 √ b 2 √ c 2 0 0 0 0 1 1 0 0           .
In fact, a computation shows that T

-1 σ 1 T =         - √ b 1 √ c 1 0 0 0 0 0 0 √ b 1 √ c 1 0 0 0 0 0 0 - √ b 2 √ c 2 0 0 0 0 0 0 √ b 2 √ c 2 0 0 0 0 0 0 - √ b 1 √ c 1 √ b 2 √ c 2 0 0 0 0 0 0 √ b 1 √ c 1 √ b 2 √ c 2         . After conjugation, we get T -1 σ 2 T =            0 0 γ 2 b 1 c 1 2γ 1 γ 2 b 1 c 1 2γ 1 γ 2 √ c 1 2 √ b 2 - γ 2 √ c 2 2 √ b 2 0 0 γ 2 b 1 c 1 2γ 1 γ 2 b 1 c 1 2γ 1 - γ 2 √ c 1 2 √ b 2 γ 2 √ c 1 2 √ b 2 γ 1 b 2 c 2 2γ 2 γ 1 b 2 c 2 2γ 2 0 0 - γ 1 √ c 2 2 √ b 2 - γ 1 √ c 2 2 √ b 2 γ 1 b 2 c 2 2γ 2 γ 1 b 2 c 2 2γ 2 0 0 γ 1 √ c 2 2 √ b 2 γ 1 √ c 2 2 √ b 2 b 2 √ b 2 √ c 2 2γ 2 - b 2 √ b 2 √ c 2 2γ 2 -b 1 √ b 2 c 1 2γ 1 √ c 2 b 1 √ b 2 c 1 2γ 1 √ c 2 0 0 - b 2 √ b 2 √ c 2 2γ 2 b 2 √ b 2 √ c 2 2γ 2 -b 1 √ b 2 c 1 2γ 1 √ c 2 b 1 √ b 2 c 1 2γ 1 √ c 2 0 0           
.

For simplicity, we denote T -1 σ 1 T by σ 1 and T -1 σ 2 T by σ 2 .

Assume that b i and c i , i = 1, 2, are non-zero complex numbers on the unit circle. We determine a sucient condition for the irreducibility of the representation ϕ of B 3 of dimension 6.

Lemma 5 The representation

ϕ : B 3 → GL 6 (C) is irreducible if √ b 1 √ c 1 = ± √ b 2 √ c 2 .
Proof. Simple computations show that σ i σ * i = I 6 , where i = 1, 2, * denotes the complex conjugate transpose, and I 6 denotes the 6 × 6 identity matrix. Therefore, the representation is unitary. Consequently, if S is an invariant subspace then the orthogonal complement of S is also invariant. Thus, it is sucient to prove that there is no possible proper invariant subspace of dimensions 1,2,3.

• σ 2 (e 5 ) =

γ 2 √ c 2 2 √ b 2 (u -v) • σ 1 (u) = - √ b 1 √ c 1 u • σ 2 (u) = -b 1 c 1 2 u -b 1 c 1 2 v + √ b 2 b 2 √ c 2 γ 2 e 5 • σ 1 (v) = √ b 1 √ c 1 v • σ 2 (v) = -b 1 c 1 2 u -b 1 c 1 2 v - √ b 2 b 2 c 2 γ 2 √ c 2 e 5
Thus, the subspace S is invariant.

Case 2:

√ b 1 √ c 1 = - √ b 2 √ c 2
Let S = < e 5 , u, v > where u = e 1 + γ 1 γ 2 e 4 and v = e 2 + γ 1 γ 2 e 3 . Simple computations show that:

• σ 1 (e 5 ) = b 1 c 1 e 5 • σ 2 (e 5 ) = γ 2 √ c 2 2 √ b 2 (u -v) • σ 1 (u) = - √ b 1 √ c 1 u • σ 2 (u) = b 1 c 1 2 u + b 1 c 1 2 v + √ b 2 b 2 c 2 γ 2 √ c 2 e 5 • σ 1 (v) = √ b 1 √ c 1 v • σ 2 (v) = b 1 c 1 2 u + b 1 c 1 2 v -

b 2 c 2 . Let S be an invariant subspace of dimension ≤ 3.We have the following cases: Case 1. S =< e i >, i = 1, ..., 6.Case 2. S =< e i , e j >, i, j = 1, ..., 6, i = j. Case 3. S =< e i , e j , e k >, i, j, k = 1, ..., 6, i = j = k.

√ b 1 √ c 1 = ± √ b 2 √ c 2 .