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Abstract

In this paper, we consider nonlocal nonlinear renewal equation (Markov chain, Ordinary differential
equation and Partial Differential Equation). We show that the General Relative Entropy [29] can be
extend to nonlinear problems and under some assumptions on the nonlinearity we prove the convergence

of the solution to its steady state as time tends to infinity.
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Introduction

In [29], authors introduce the General Relative Entropy (GRE) which gives a natural Lyapunov structure
in linear evolution equation from the linear ordinary differential equations to the linear partial differential

equations (and for stochastic processes [43] with Relative Entropy).

From Malthus to McKendrick - VonFoerster like equations Under assumptions of homogeneity,

size and unlimited resource, a population at time ¢ that has a size n(t) will evolve as follow

%n(t) = (B —D)n(t), i.e, L:g— (B—D)g, (1)

where B is a birth rate and D a death rate. It is well known that the solution to (1) is given by n(0)e(Z—P)t,

Considering that the population has different birth rates and death rates with respect to their age, therefore,

a population at time ¢t and age k of size n(t, k) (with k € [0, N]) will evolve as follow

n(t,0) n(t,0)

n(t, 1 n(t, N
g &1 =M ( ) , te, L:g— Mg,
ot : :

n(t, N) n(t, k)

where M is a Leslie-Usher matrix. We known (see [16]) that,
n(t) ~ Cst.e’N,

where A = sup,,¢ g,(ar) Fle(p) and N is a positive eigenvector associated to the eigenvalue A (Perron Frobe-
nius). When the class age has an infinitesimal length, we obtain McKendrick VonFoerster type of equations
34, 32]

ta) = —2Ln(t.a) — d(t a)n(t, a) + 6 / b(t,a)n(t, a')dd,

&M Oda

ie, L:g— —%g —d(t,.)g + 6Q/b(t,a’)g(a’)da’,

where b is a birth rate and d a death rate. The transport term —% correspond to the aging of the population.

Here again, it is well known that n behaves as
n(t,.) ~ Cst.e*N(.),

where A = sup,,c g,(r) Re(u) and N is a positive eigenfunction associated to the eigenvalue A. More generally,

for a size structured population [34, 29], where n satisfies

%n(t, x) = —%n(t,x) —d(t,x)n(t,z) — / b(x, y)n(t,y)dy + b(t, x)n(t, x),

y>x

. 0
ie, L:gw— 529 d(t,.)g — / b(x,y)g(y)dy + b(t,.)g,
a y>x
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with b the division rate and d the death rate, we have proved the same behavior in long time asymptotic.
And finally, when appears some randomness in the measure of the age (size or more generally trait), we have

a diffusion terms

2

(t,a) = —gn(t7 a) + C’a—n(t,a) —d(t,a)n(t,a) + 50/b(t, a'n(t,a')da,

&n Oa Oa?

2

) 0 0
t.e, L:g~— ~5a9 + C@g —d(t,.)g+ 5o/b(t,a’)g(t,a’)da/7

and we prove a similar result on the asymptotic behavior [1]. More generally, this results seems to hold for

positive semigroups.

Positive Semigroups and “Perron Frobenius” results. The existence, of the eigenelements : (A, N),
is well known for irreducible positive matrix (Perron Frobenius), strongly positive and compact operators

(Krein Rutmann). It is a general result on positive semigroups [13, 33] and we just recall that

Definition 0.1. A strongly continuous semigroup (T'(t))i>0 on a Banach lattice X is called positive if
0< feX implies 0<T(t)f Vt>0.

Theorem 0.1. Let (T(t))t>0 be an irreducible, positive, strongly continuous semigroup with generator A on
the Banach lattice X and assume that sup{Re A : \ € Spectrum of A} = 0. If 0 is a pole of the resolvent
R(., A), then the following properties hold.

e Ker(A) = Fized Point (T'(t)); = lin{N?}, for some positive function N € X.

o Ker(A*) = Fixed Point (T'(t)): = lin{¢} (where A* is the dual operator), for some positive function
pe X"

We refer to [33] for more precise results.

General Relative Entropy results. The GRE gives a natural Lyapunov structure in an evolution equa-
tion such as

0
5= Ln, n(t=0,.)=no(.). (2)

ne_

More precisely, for f = NM with LN = AN and L*¢ = A\¢? strictly positive eigenelement associated to

the eigenvalue A = sup{Re A : A € Spectrum of L} and for all H regular, positive and convex, we have that

d
SH($) = DE(P), 3)

where H(f) = (H(f)N, ¢) and, by direct computation,

DE(f) = (H(NE(IN) = H(NIE(N) + H(NE(N) = L(H(HN), ), (4)

ITrue up to a translation of the spectrum by changing A to A — cstld

2£* is the dual operator
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where (u,v) is the duality bracket between a Banach space and its dual. The dissipation can be rewritten,

for convenience, as

D () = (((H'(F@)(F() = F@) + H(f@) = HEC)N)) @), é(x) ). (5)

Therefore, we have the conservation law (H = Id)

(fN,¢) = (fN,¢)(t = 0), (6)

and for H positive and convex and L a positive operator, we have that

d c

SH(f) = DE(P) <0, (7)
Using a LaSalle principle, we see that the w—limit set of n belongs to the kernel of the entropy dissipation

Ker(Df)={f + D§()=0}, (8)

and, under some assumptions on the kernel of DIL_I (irreducibility), we prove that f —;_, . Constant, i.e.,

n(t,.) ~ Cst.e™N(.). (9)
We notice that the dissipation term is linear with respect to £, this means that

L=) aflt=Df=> aDf.
k k

The formalism of the General Relative Entropy (GRE) (see [8, 15, 23, 29, 34, 35, 36, 26, 31, 42]) is an
interesting tool to study semigroup of evolution equations (see [16, 17, 44, 7, 33, 14, 13, 46]). In particular,
in linear renewal equations as in the McKendrick-VonFoerster (see [6, 29, 15]) the GRE has shown its easy

computability and powerful results to study asymptotic behavior of solution to evolution equation.

Example of operators and their entropy dissipation. For instance, for the following operators (with

H convex)

e Linear system of Ordinary Differential Equations : £ = (a;;); ; is a matrix of transitions states (positive

except on its diagonal) and n represents the states vector (see Leslie-Usher population matrix), then

Dfi(f) = = 3 aisN;gs[H'(F)(f; = fi) + H(f)) = H(f;)] <0,

e Differentiation : £ f = f’ corresponds to a transport (term) equation and DI%O( f) = 0 means that the

“transport” operator gives no information on the dynamic of an evolution equation.

e Multiplication by r : LMU! f — i f corresponds, for instance, to a death term in a population evolution

equation and DIEJM““( f) = 0 means that the multiplication operator gives no information on the

dynamic of an evolution equation.
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e Diffusion : L2/ f = Df” and DE”"(f) = —<DH”( HEN, ¢>> < 0. The Kernel Ker(5™"") of
the dissipation is the set {f € X : f |supp pnv= Cst} # 0 if the support of D is not empty.

e Integral : (for instance in the Chapmann Kolmogorrov equation) : L™ f = [ K(.,y)f(y)dv(y) corre-

sponds to a mix states term and

DE™ (f) = _< /K(x,y)((H’(f(m))(f(y) — f(2) + H(f(z)) - H(f(y)))N(y))dv(y),¢>(x)> <0.

In this case, we need that K mixes enough the variables x and y (irreducibility) to have a “useful”

Kernel.

e Birth Term : LBth f = ¢, [ fdv and

L:B'M'th

Dy (f)= —</B(y)((H’(f(0))(f(y) — f(0)) + H(f(0)) - H(f(y)))N(y))dl/(y),¢(0)> <0.

e and so on, by computation - - -

The aim of this work is to extend this result to nonlinear evolution equation

d

" = L{n¥)n. (10)

where 9 can be seen as a distribution function of ressources and (n,) corresponds to the resources con-
sumption by the population (see [34, 7, 9, 5, 11, 10, 12]). We show in section 1 (proves are given in section

4) that we can decompose the entropy dissipation in two terms

d
iEntropy(n) = — Entropy_Dissipation® (n) + Entropy_Increase” (n),

where the Entropy_Dissipation”(n) contains the linear part and the 4+Entropy_Increase”(n) contains the
linear part of the dynamic. In section 2, we study theoretically three examples of application : Markov
chains, an Ordinary Differential equation and a Partial Differential Equation. Finally we conclude in section

3.

1 Entropy calculus and decomposition of its variation

Let B a Banach space. For £ nonlinear operator : £ :n € B— L({n,¢))n € B, with ¢ € B*, such that, for
any fixed n

LM% m s L((n,1))m, is a linear and compact operator (11)
which satisfies

Vze Ry 3C(2) €R s.t. L(z)+ C(2)I; is strongly positive,

sup Sp(L£(0)) >0 and sup Sp(L(c0)) <0, (12)

z € Ry — L(z) continuous.
Assumptions (11)-(12) imply, by Krein Rutmman theorem [22], that for all M € B, there exists (Nas, Pas)
solution to L({M,v¥))Nyr = Ay Ny and L*((M,))dar = Anrdar. Moreover, compactness condition and



10

11

12

condition on the spectrum in 0 and oo implies that there exists a fixed point to M +— Nj; and Ay = 0, i.e.

L(N,¥))N =0 (and L({N,1))*¢ = 0). We define the linear operator at the equilibrium

Leq = ‘C(<Na 7/}>)a

where N satisfies L({N,¥))N = 0. We let

H(g) := (H(g)N, ¢).
Definition 1.1. We define the variation of L around its equilibrium N,

LAN, ¢) + (gN, ¥)) — LEN, ¥))

v Bkl N0}

Moreover, we define the following entropy dissipation
D" (g) i= (Leq (u(z,y) ), 6()),

(Er)5(9) == (| ALG|(N (g + 1) (@){(g(s)H'(9(x)))+ N (s),(s)), 6), >
and

N Do e (g) := —(|AL| (N (g + 1) (@) (ulx, ), ¥(y)), d(2)),

where u(x,y) := (H'(g(x))(g(y) — g(z)) + H(g(x)) — H(g(y)))N(y).

Theorem 1.1. (Entropy Calculus). Let H € C*(R,Ry), convex and H(0) = 0. Then we have

d .
A -1 = DE™ (f = 1)+ (Eg)=(f = 1)+ (En)5(f = 1).
Now, assuming that, for all g, |ALy| is a positive operator, then we have that
d near onlinear
priAd ) = D(f —1) < DE™ " (f — 1) + NDyoeer (f — 1),

Corollary 1.1. (boundedness and Convergence). Assuming there exists C' > 0 so that

g+1 . 1 u
-1<¢g< —) < — _
SC0st € R, V-1<g<O+1, |ALI(NTZ=) < inf (L., +CstId)(<u’ ¢>)
then ng < CN implies that for allt >0, n(t,.) < CN(.). Moreover, if ng < CN and
u
1< i -
st €R, V-1<g< O, |AL|(N(g+1) < inf (Lo, + Cst[d)(w’w)

then g(t,.) — 0 ast — oo, i.e., n(t,.) =00 N.2

(13)

(15)

(17)

Proves of theorem 1.1 and corollary 1.1 are given in section 4. To show the usefulness of the methods we

apply it to different type of evolution system.

3 z, if x>0, -z, if x<O0,
We recall that z4 = and z_ = .
0, if =<0 0, if >0

4We notice that conditions (18) and (19) are directly satisfy for a linear problem, i.e. |ALg| = 0.
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2 Examples of application

This section is subdivided in three paragraph where we give examples of application of the GRE method
: a discrete time evolution equation (Markov Chain), in paragraph 2.1, a continuous in time and discrete
in “space” (Ordinary Differential Equation), in paragraph 2.2 and finally a Partial Differential Equation in
paragraph 2.3.

2.1 Discrete Time evolution equation : application to non homogeneous Markov
chains

Let g a probability vector on R™, 1) € R’ so that (1,7)) = 1 and assume that £({g,)) is a square n x n

positive and irreducible matrix. We have, using Perron Frobenius theorem, that £({g,)) admit a strictly

positive eigenvector associated to the spectral radius of £({g,v)). Moreover, if £({g,v)) is stochastic then

the spectral radius is 1 and we know that ¢ = (1,1, ...,1) is an eigenvector of £L({g,v))" associated to 1, i.e.

L({g,¥))d = ¢ (see [3, 19]). Then, we can construct a, non homogeneous, Markov chain,

ot = 7k L((x* ), keN, (20)

0

where 70 is a given probability vector. Then, by induction, for all k, 7% is a probability vector, i.e.,

(k1) = (7,1) = 1. (21)

Moreover, assuming that g — L({7,1)) is continuous, we have by compactness, existence of 7 solution to

the stationary equation.
7 = L7, ¥)- (22)

Then, we have the following result

Proposition 2.1. If the variation of the transition matrix

m(L({T*, ) — L(7,¥)))

AL = — —
7T<(? - 1)7T>1/}>
satisfies
(inf1/7 — )(sup/m+1) sup  (hALw 1)< it (h(ZEUED 2 gy (23)
h>0, (h,1) h>0,  (h,1) 7
and
7 L((7, TL((T, ) _
(D o P23y g s g = 0ot = (1, 1) (21)
Then, we have that
,n_k _>k—>oo —
Proof. We define
k
Entropy := <(7Tf —1)%7,1),
7r
and its variations by
. rk+1 o ok 9
D§ = (C= ~1m, 1)~ (% — 177, 1),



1 Using (20), (21) and (22), we have that

k . ZRL((F 7L((7
:<(%)2(Wﬁ(<;’¢>))ﬁ71>_<( 7 'CET_< 7w>))2( £(<ﬁ—aw>))ﬁ_71>
k ﬂfkﬁ' T, 9_
= (T — (LT D oy

Moreover, we can separate the nonlinear part and the linear part of the variation of the entropy, noticing
that
k k k
c T L((T", 1)) _ ™ _
D = (T a1y — (T - 1, 1),

and so we have that

Dt = <(7T’“(E(<7Tk,1/)>2* £(<ﬁ,¢>)))(ﬂk(ﬁ((ﬂk,¢>z+ L7 ¥))) 27 1)
(I (e
7k ik — ™ 7k 7k ™
— (£(¢ MM; L(( M/)>)))( (£( ,¢>;T+ L7, 9)) 27 1)
ZRL((F ko FL((%
_ <(( T £5T_< 77/’>))/ _ ?)2( ﬁ(;ﬂ@))ﬁ’ 1>
Now, we focus on the nonlinear part that satisfies the following inequality
k k — T ok k T
It (£(( ﬂ/’>; L(( ﬂ//>)))( (£(( ,¢>;+ L7 Y))) 2)7.1)|
k! ok
<2(inf1/7 — 1)(((? — 1’)(? —1DAL7, 1),¢")
— ’ 7k
< (nf1/7 - DS 12 # L)ALk 1) + (- 1A, 1]
Using assumptions (23) and (24), we have the result. O O

Remark 2.1. Markov chains : Assuming that L is a square n X n positive and irreducible matriz, we have,
using Perron Frobenius theorem, that L (resp. L' =' L) admit a strictly positive eigenvector associated
to the spectral radius of L. Moreover, if L is stochastic then the spectral radius is 1 and we know that
o= (1,1,...,1) is an eigenvector of L' associated to 1 and T can be normalized to be a probability vector. Let

C; = {j Doag; > O}, and we define the equivalence relation ~ by
Ci~ Cj Jig =1, in, ig,ip=j ¢ Ci \Chr #0, Vke[0,r—1].

We note Q.. :={1,2,3,...,n}/ ~ the quotient space states. Therefore, the aperiodic condition of convergence

of Markov chains (see [3, 19]), can be seen as follows :

Q. =1= lim 7 = Teo-
k—o0
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2.2 A time continuous and discrete state : application for an age structured

model

In this section, we are interested in the time evolution of a specie which is state structured. More precisely,
let X(t) = (z;(t))~,, at time ¢, a real vector in RY, where z;(t) corresponds to the number of individuals
at state ¢ at time ¢, which follows the main evolution equation

d

LX) =LX(1), vi>0. (25)

For example, in a discrete age structured model, we use a Leslie like matrix (see for discrete time application

of the Leslie matrix [2, 45, 39])

bi(t) —di—p1 ba(t) bs(t) e ba(t)
D1 —dy — p2 0 e 0
L= 0 D2 —d3—p3 0 e ) (26)
0 e 0 Pn—1 _dn

to modelize the aging with (p;);, the death with (d;); and the birth process with (b;); > 0. The linear
evolution is classical and we only focus on the nonlinear problem : since resources are limited, the birth rate

is depending on the number of individuals which use these resources, i.e., we have that

bi(t) = big(w(®)), (27)

where

w(t) = Y aiXi(t)

represents the total consumption of resource, assuming that individual of age ¢ consume «; > 0 resources

and g the decay of birth rate due to the lack of resources [39].

Proposition 2.2. Assuming that g is a decreasing C' function which satisfies,

g—1< p1t+di . )
_g/( ) bi+32,50 b5 IT_s p:%dlk < 1 1nf(b7)7 inf(ozj)j
pitdy = 2(C + 1) sup(b;); sup(ay);’

i PE1
b1+3 55205 [Thes 5,745

V¢ €[0,C ) aiNj] (28)

and X(0) < CN (C > 1) where N is the stationary solution, i.e., solution to the following equation

bi(D_;ailNi) —di —p1 ba(D; ilNg) b3(Do;ailNi) - ba(D; ailNy)
D1 —da — p2 0 0
0 P2 —ds — p3 0 N =0.
0 e 0 Pn-1 _dn

Then we have that X (t) =00 N.
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Proof. We have that

w(t)—w w(t)—w by bn,
0 0 0 - 0

[ALy] =~ 0 0 =g 0 0 - |, (29)
0 0 0 - 0

for ¢ € [min(w,w(t)), max(w,w(t))]. Moreover, a direct computation gives that

> i biNi(gi + 1)

0
|ALG|(N(g+1)) = —¢'(C)

0

< g (O(C+ 12RO

p1tdi
o, 5 )s Veel-1.0l,

b+ 30 by [lhes 550

and

Zi Biui + (CSt —dy — pl)ul
pPi1uq + (CSt — d2 — pg)’UQ
paus + (Cst — d3 — p3)us

Zl57u7
2, ajuj

Pn—1Un—1 + (CSt — dn)un

(uiﬁ)) Do oy

v
o

(Leq + Cstly) (

0

~osup(a;); - sup(ey); by + > > b Hi:Q ;::(;k -

Therefore, assumption (19)-(18) are satisfied as (28) is verified. O

2.3 Partial Differential equation : application to Renewal equation with diffu-

sive effect on the age

Renewal equation appears in mathematical biology to study the evolution of population structured in age
(see [7, 44, 16, 17, 34, 25]). The density n(t,z) at time ¢ and age z follows the main equation (transport
equation with loss due to a death term d and diffusion in age). According to the biologists, the matter of
which sites are active on various chromosomes determines the true age of a biological entity [4]. This true
age is a multidimensional variable and can be determined by time since birth. We are mainly concerned
about the population and not on the individuals, hence we assume that average aging in the population is

measured from time since birth (renewal). Because of lots of sources of variation in the vector valued age

10
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of individuals, the population as a whole diffuse in population age variable. We are interested to study the
dynamics of the following renewal equation with diffusion.
ne(t, z) + ng(t, ) + d(x, S(t, z))n(t,x) = Cng(t,x), t>0, >0,
[oe]
n(t,0) — Cn,(t,0) = / B(z,S(t,z))n(t, x)dz, t>0,
0

(30)
n(0,.) =no(.), mno € L'(RT)NLART),
where 1/5(t, z) represents resource allocated to individuals of trait = at time ¢,
sto)= [ Bl Vo ()
0

Equation (30) with C' = 0 is popularly known as McKendrick—Von Foerster (MV) equation (see [7, 41]).
There are several mathematicians who worked on the stability estimates and longtime behavior of the MV
equation ([7, 17, 44] and the references therein) or MV - like (see [18, 21] for instance). In [37, 40] the
authors have discussed the existence and uniqueness of a weak solution and have also proved the linear
stability around the nontrivial steady state of the nonlinear renewal equation. The linear version of equation
(30) with C' = 1 has been studied in [1]. Touaoula et. al., proved the existence and uniqueness of a weak
solution. They have used Poincaré Writinger’s type inequality to prove the exponential decay of the solution
for large times to a steady state. In [30], Michel et. al., considered the nonlinearity in the boundary term
in equation (30) and proved the convergence of the solution towards the steady state problem. In [20],
Kakumani et. al., proved the existence and uniqueness of a weak solution with S(t) = [ (y)n(t,y)dy and
they have also proved the longtime behavior is some particular cases. We will prove that n converge to IV

solution to the corresponding steady state equation (of (30))

N'(2) +d(z, S(@)N(x) = CN"(@). 2 >0,
N(0) — ON(0) = / Bz, 5(x)) N (x)d,

(32)
/ N(z)dz < 0o, S(x / Blx,y)N
Moreover, we will need the solution to the adjoint equation, i.e. ¢ solution to
—¢(x) + d(z, $(2))p(z) = C¢"(x) + ¢(0)B(,S(z)), >0,
'(0) =0,

/ " o) N (x)dz = 1.
0

Main results Throughout this section, we assume that the functions d, B, 5 are nonnegative and contin-

uous. Further we assume that there exists L > 0 such that for all x, Sy, Sy we have

\B(x,Sl) — B(l‘,Sg” S L|Sl — 52‘7 |d(l‘751) — d(l‘,SQ)l S LlSl - SQ|, (34)
0 0
%d(., ) >0, %B(., ) <0, (35)

11
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0< B, <B(,.)<Buy, 0<d,<d(.,.)<dy, 0<B<Pum

where B,,, By, dpm,dyr, By are positive constants.

Proposition 2.3. Assume (84)—(36), then there is a unique weak solution
n € C(RT; LYRT)) N LE (RT; WH2(RT)) solving (30) - (31). Moreover, assuming (35) and

loc

E<B<k 0<k<k<oo

So — B(x,S2) is strictly decreasing and Sy — d(z, S1) is strictly increasing on [o, 8], a<p

and

B(z,0) —d(x,0) >0 B(z,00) —d(z,00) <0

are satisfied then there exists a solution to (32)-(33).

Since, in this work, we focus on the convergence of n to IV, we give the proof of existence and uniqueness

in annex 4. Now, we give assumptions which leads to the convergence of n, solution to (30) -

solution to (32).

Proposition 2.4. Assuming that n(0,.) < KN(.) for K > 0 and

B(x,S) — B(x, S) (K+2) 1. . [B(ySu(y)dy
B M T Ny OO
(Cbound) ® S d(m,S)‘ )
P

then for all t > 0, n(t,.) < KN(.). Moreover, if we assume that

B(x’ 5;_ B(z, |/5 2,y)Ndz < By, $)N(y)/K,
/ / |x—y|ﬁ x,y | )_g(x’5)|d1/(x) <CN(S)¢(8)/K7
=B ] < i
R A R O 5( m | | A

is satisfied, then n(t,.) ——00 N, i.e. [7(f(t) —1)%dv — 0.

12
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1 proof of proposition 2.4. We recall that we denote ¢ = f — 1. The assumption (40) is the translation
> of assumption (18) to the problem (30) therefore the result holds (we notice that supg g |M‘ < 00
s implies te existence of C'st in assumption (18). First we decompose the variation of the entropy in a negative
+ and positive part in lemma 2.1. Then we show that under assumptions (40) and ((41) or(42)), the negative

s part (which forces the convergence) wins against the positive part (which creates oscillations).

s Lemma 2.1. Let n,N,¢ be solution to equation (30) (82) and (33) respectively, f = n/N and dv(z) =
1 N(z)¢(x)dx. Let the entropy defined as follows H(f fo —1)2dv. Then we have
d ) ren -
) = D5 ff(f)+D2 (f) + By ()] + B3 (f),
~———
<0 >0

s where the entropy dissipation due to diffusion and the renewal terms are

D () = =2 [ (5 1e0) dvta),

D5 () = =000) [ {(#ta)=1)" = (500 ~1) "= 2(40.0)) [1it.0) - £(6.0)] } Bla. S)N )i

By (1) =-000) [ [2(5(6.0) - 1) (B@.8) - B(s.5)] sndo
—2 [ o) - e, $) - o, )] it 0)] (o)
and the positive terms due to non linearities is given by
B (1) =200) [ [(700.0)=1) (B(w. ) - B, )] fVds
+ [ ) - Dde. ) - die. 5] 0.0)]_dvio)

10 The proof of this lemma is a direct computation (application of theorem 1.1). Now, we prove the

u  proposition.

Proof. of proposition. Using that B (resp. d) increases (resp. decreases) with respect to S, we notice that

(760~ 1) (B, 5) - B )], = [ - 1D 2 )|< >(< >)L

and

20/(t2) = 1)[d(z, 9) — d(, 9)]]

Thus, we have that,

N /0°° |d(:1c, S) —d(z,S) | [29(157 z)(S — 5)} ().

13



Since, for all a,b € R, we have that® : (ab)_ < (a — b)?, then, using Jensen inequality, we obtain that

(/ﬁ(@y)g(t,y)g(t,az)dy)_W < (Q(t,x) —/Q(t ) fﬁ /ﬂ z,y')
< / (9(t,2) — g(t.))2B(x. y)dy, (43)

with g = f — 1. Therefore, we have that

/ | xSS ? g)\(/5(9«“,y)g(uy)g(t,o)dy)_de:c
<o [[1PED=RED a0 ) (g00.0) - gt0.0)) rVdaay

+2//|B<x’S;:§(x’S)\B(M/)(g(tax)—g(t,y))Qdewd% (44)

and

/ | $7S ot S)|(/5(x,y )g(t,y)g (tO)dy) [Ndzx

-8
//| & S ‘5 (z,y ( (t, y)—g(t,O))szdxdy. (45)

Moreover, using (43), we find that

/000| o /5 ,y)9(t, y)g(t, x)dy) f(t,z)dv(z)

S — S
//‘ = S |f (t,2)(9(t,x) — g(t,9))* B, y)dydv(z).

Since, g(t,z) — g(t,y) = fyT 2 g(t, s)ds, we have that (Poincare inequality)

1SN ([ s gteate.ody)_Ses)ivtz)
< [ (o) [ [ ] 1o vipte.an LD =00 s i )] as,
and, using Fubini Tonelli theorem, we have that
JaE /Bxy (tw)gtt,2)y) 1t )dv(r)
/ gt s) / / & — ylB(a, y)dy| 2 SS) ;i 5 a)du(a)]ds. (46)

Moreover, we find that

// {d(% 5; - dg(% 5) |f(t.z)(g(t, z) — g(t,y))*B(z, y)dydv(z)

<2 [(g(t.2) - 910,07 /!d(z’s)_d(x’s)lftx xy)dy]du(x)
/ g(t,0)) /’ yS |fty yx)du(y)]dx. (47)

5(ab)— < (a—b)2, if sgn(ab) >0 and (ab)— < (a—1b)2 — (Ja]2 + [b]?) < (a—b)2, if sgn(ab) <0

14
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Then, using (45)-(46), we find that

Ei(g)éqﬁ(o)/( (t,y) — /\ x’S g ]6x y dex}dy
vz [ (I’SS), 25| (e glt.2) — a(t.9)? Bl )y @)

or, using (45)-(47), we find that

Erj(g)écb(o)/((y) /} :cS |5znydx}
+/(%g(t, s) 2/8 /o |9c—;1/|ﬁ(ac7y)dy|Cl(gc’s:s)v:%(aj’g)}f(t,ac)du(;zc)}ds7

or, using (44)-(47), we find that

55(0) < 60) [ (9000 900,0)) | 2020 [y [0, ay) v

+/(aig(t,s))2[4¢(0)/soo/os|xy|ﬂ(x,y)dy| L 5:5( ) )|deI:|ds

[ (o) 2 [ o= w13t )| =D 1 gy a.

Since, we have that,

D5 (9) = ~000) [ (slt0) - 9(0.0)) Bl SN iy

. ®© 5 2
Dy g) = 2 [ (halt,) dv),
0 S
both conditions (41) and (42) leads to the decay of the entropy and, so, to the convergence of f to 1 as

t — oo. O

3 Conclusion

We show in this paper that the GRE is a powerful method to study the dynamic of solutions of evolution
equations (from positive semigroups) which appears in biology (where population stays positive). We prove
that the study of the kernel of the entropy dissipation is the key to study the dynamic. We see that the
variation of the entropy can be decomposed in a negative part which participates to the convergence to the
equilibrium (containing the linear part around the equilibrium) and the positive part which participates to
the oscillations (coming form the nonlinear part of the evolution equation). The difficulties (and so the
assumptions that would be find), to prove the convergence, come from the comparison between these two
effects : oscillation versus back to the equilibrium. We do not claim that assumptions we gives here are
optimal but are sufficient to obtain the convergence in each models. It could be interesting to study optimal
assumption in order to have the convergence and so to compare more accurately L? norms which appear in

the GRE computation.

15



. 4 Annex

. 4.1 Proof of th. 1.1

Proof. Using the main equation (10), we have that

LY < (1) By s (A )

Now, noticing that (L({N,))N) = 0, we have that

n((n—N),).

d oy L((n, ) — LUN, %)) . L
ZnN~! = [L(N¥)n+ TN n{(n = N),9)| N1 = (LN, @) N)nN T N

Let H : 2z H(z—1) a C', function, we find that

SN = 1N [, e+ LD = EUE

dt
Then, we have directly that

S{HONIN, 6) = (' (nN =) [[LUN, v)n +

L((n,¢)) — LUN, ¥))
<n7¢> - <N>1/J>

~ (LUN, ) NN 2| N, 6) = (H(N )N, L((N, )" 8) + (H(nN LN, 1)V, 6),

n{(n = N),¥)]N~*

and replacing nN~! by f we find that

SN, 6) = ('() [LUN0)(FN) ~ (LN, )N 5], 6) — (AN, LN, )" 9)
(SN, ) = LUN, v))

LN )N + (07 (1) 2D

and finally we obtain that

%(ﬁ(f)l\ﬂ 0) = (LUN ) ((H (F@)(f ) = F@) + H(f (@) = H(F @) N W), o))

LUSN, ¢) = LUN, ¥))
(f =1)N,9)

with (H'(f) LA CUROL (N ) ((f = )N, 9),¢) = (En)5(f — 1) + (Eg)=(f — 1). This proves that
LU(f—1) = DE(f—1) = DE ™ (f = 1)+ (Ex)=(f — 1) + (Ex)4(f — 1). Since H is convex, positive and
H(0) = 0 we have directly that

+ (H'(f) (NA(f = 1N, %), 8).

(H'(f (@) f(9))+ < H'(f(x))f(s) + —H(0) + H(f(x)) — H'(f(x)) f () ~H(f(s))

= (H'(7@)(f(s) = J@) + H(f () — H(](5)))

3 and so (EH)fr(g) < NDJI}fon linear(g)_ .

+ 4.2 Proof of corollary 1.1

Proof. Let C >0 and H : 2 +— ((x — C)4)?, then, we have directly that

(2(g(z) — O)+(9(y) — 9(2)) + ((g(x) = C)4)* = ((9(y) — C)4)?)
= —((g(z) = CO)+ — (9(y) — C)4)" = 2(g(x) — O) 4 (g(y) — C)—,

16



and (g(s)H'(g(x)))- = 2(g(z) — C)4+9(s)—. Therefore, we find that

D" (g) i= (Leq ((H’(g(fﬂ))(g(y) —g(x)) + H(g(x)) - H(g(y)))N(y)) ;o))
= ~{Leq(((9(2) = C)1 = (9ly) = €)2)*N (), ()
=~ 2Ly ((9y) = C)-N () (9(2) = C) 4, 6(x),

and

(Em)%(9) = (IALg|(N (g + 1)) (@)((g(s)H' (9(2))-N(s), (s)), &)
= 2(JALy|(N (g +1))(2)(9(2) = C)4, 9){(g(5)-N(s), ¥ (s))-

Since g > —1, we have that (g(y) — C)- > Cg_(y),therefore, we obtain the following inequality,

Clg(s)-N(s),9(s)) < ((9(y) = C)-N(s),¥(s))

and so we find that (En)%(g) < 2(|ALy|(N (ggl) ) (@) (g(z) —C) g, ) ((g(s) —C)-N(s),%(s)). Under assump-

Leg ((g(y)—C)fN(y))
< (9(5)—O)_N@),9()) * (g(l‘) - C)+¢($)> Now,

tion (18), we have that <|A£g|(N2(gT+1))(x), (9(x) — C)1+0)
we assume that g(t = 0,.) < C and we let

T =sup{g(s,.) < C, Vse€|[0,t[}.
>0

Assuming that T* < oo, then in a neighborhood of T* : |T* — u, T* + p[, 0 < (g — C)4 < e <1 and so

a
dt

(g+1)
C

((9(z) = C)IN,¢) < —(|ALy|(N )(x), (9(x) = C)1.0) <0, V€ [0,T" +pl,

which means that g(¢,.) < C, for all ¢ € [0,7* + u[ (absurd) and so we have that T = oo.

For the convergence result, it suffices to notice that under assumption (19), we have that
Dﬁinear(f o 1) + ND.I/}fonlinear(f o 1) <0,

and so, using the inequality (17) we have the decay of the entropy and the convergence to the equilibrium

f =1 (Lasalle principle). O

4.3 Proof of prop. 2.3

In this section, we prove existence and uniqueness result of solution to (30)—(31), (32) and (33). We use
the same definition of weak solution and follow the similar arguments which are used in [20] to prove the

existence and uniqueness result to (30)—(31). We start with the following a priori estimate of n.

Lemma 4.1. Assume that S(.) € LS (RT x RT), then there exists a unique weak solution

n € C(RT; LY(RT)) N LZ (RT; WH2(RT)) which solves (30). Moreover, we have n > 0, and

loc

/ In(t, z)|dx ge|\<B*d>+Hwt/ [no(x)|dz. (48)
0

0
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Theorem 4.1. Assume (34) — (36), then there is a unique weak solution
ne CRYLYRT))NLE (RT; WH(RT))
solving (30).

Proof’s of Lemma (4.1) and Theorem (4.1) goes in similar lines that are given in [20]. So we omit the proofs.

Now we prove the existence and uniqueness of (32) and (33). First we observe that for a given S, we have

to consider the associated eigenvalue problem of (32) and (33).

Before we prove Proposition 2.3, we prove some lemmas which are helpful. We notice that for a given S

there exists (Ag, Ng, ¢g) solution to the eigenproblem (see [1],[24] for details),
8IN§ = CANSv - d(m, S’)Ng - )\gNg,

N3(0) — CN(0) = /B(x,S*)Ng(m)dx, Ng € WH2(R,),

(49)
—Oppg = CApg — d(z, S)ps + ¢5(0)B(x, S) — Agdg, bg € WH(Ry),
5(0) =0 and /¢5N§(x)dm ~1
Lemma 4.2. Assume (35) then we have
0 0 0
5ghs = —/ (ﬁd)]\@(égdx—i— ¢5(o)/ (as )Nsd:c <0. (50)
Proof. The proof goes in similar lines that are given in [27, 28]. Therefore we skip the proof. O

Lemma 4.3. Assume (35), Ao > 0, Ao < 0 and (37) then there exists a solution to (32).

Proof. Using that A\g > 0, Ao < 0 and the decay (50), we have the existence of I' decreasing regular function
defined on [0, S*[ (with S* € [0,00]) so that {S : Ag =0} = {(S,I'(5)) : S € Ry} C R% (I1-dimension
manifold).

O

Remark 4.1. It is easy to check that the Proposition 2.3 is an immediate consequence of Lemma 4.3. Notice

that using (39), we have Ao > 0, Ao < 0 are satisfied.

Uniqueness of U: Let U solution of the eigenproblem given by the Proposition 2.3 and V an another

positive solution to

V’+d(x,/V1/J)V: V' V() - V'(0) = /B(m,/Vw)V(x)dx

with [ V) # [Uw. Then there exists V, ¢, A solution to the eigenproblem
V' +d(e /quv V" — AV, V(0 /B /Vw

~3 4 da, [ V)5 =C3" - 35+ B, / Vio(0), @(0) =0
with X # 0 (smce 55As < 0). Therefore by integration, we have Xf V¢ =0 and hence V = 0.
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