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Abstract
Polylactic acid or polylactide (PLA) can form amorphous, semicrystalline, or highly crys-
talline structure. In this paper, we provide a model for semicrystalline PLA under strain-
induced dual-phase transformation, between mesomorphization and crystallization. In the
proposed constitutive model, we use an internal state variable approach by considering ini-
tial microstructure, strain-induced dual-phase transformation, intermolecular features, and
preferred network orientation-induced anisotropy. The effective contribution of the newly
created phases is considered in both the elastic-viscoplastic intermolecular resistance and
the viscohyperelastic network resistance using a micro–macro transition approach. We find
a good agreement between the model and experimental data for the semicrystalline PLA
in terms of progressive evolution of the mesomorphic/crystalline phases along with stress–
strain behavior up to very large strains and over a wide range of crystallinities. The relation-
ship between initial crystallinity, strain-induced molecular ordering, newly created phases,
and mechanical response is discussed.

Keywords Semicrystalline polylactide · Strain-induced dual-phase transformation ·
Strain-induced chain orientation · Crystallinity effect ·
Elastic-viscoplastic-viscohyperelastic modeling

1 Introduction

Polylactide (PLA) is a very popular engineering environmental-friendly polymer derived
from renewable agricultural resources and has a vast array of applications in the form of
fibers, films, or massive parts. It is currently used for packaging (Auras et al. 2004; Armen-
tano et al. 2013), but it is also a candidate for medical devices such as medical implants,
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Fig. 1 Semicrystalline PLA mechanical response: (a) Typical tensile response including strain-induced dual-
phase transformation established by Stoclet et al. (2012) by means of X-ray diffraction technique and (b)
one-dimensional visualization of the model; the semicrystalline polymer resistance is split into an elastic-
viscoplastic intermolecular resistance I constituted by four branches and a viscohyperelastic network resis-
tance N

orthopedic devices, drug delivery systems, sutures in dermatology and cosmetics (Middle-
ton and Tipton 2000; Agrawal and Bhalla 2003; Gupta et al. 2007; Vert 2015; Davachi and
Kaffashi 2015; Li et al. 2020). Its biomedical applications originate from properties such
as biocompatibility, bioresorbability, transparency, processability, and mechanical strength.
Its mechanical properties are close to those of traditional petroleum-based polymers. More-
over, it is often used in 3D printing (Ligon et al. 2017; Gonzalez-Henriquez et al. 2019).
An understanding of the PLA structure-property relationship is essential to provide accurate
information for the PLA design.

The PLA can be amorphous or semicrystalline according to its stereochemical structure
with a crystallinity degree up to 40% (Stoclet et al. 2012). PLAs containing more than 93%
L-lactic acid are semicrystalline, whereas those containing between 50 and 93% L-lactic
acid are completely amorphous (Tsuji and Ikada 1996). The semicrystalline PLA molecules
have regular repeating units that allow the chains to fold into dense regions called crystal-
lites, which reduce their flexibility and increase the intermolecular resistances. That results
in higher glass transition and melting temperature compared with their amorphous counter-
part. The level of crystallinity determines a large part of the mechanical, thermal, physical,
chemical, and biodegradation properties. The crystallinity in PLA can come in different
structures (α, β , and γ forms) depending on their preparation conditions (Pan and Inoue
2009). Crystallization from the molten state or from a solution leads to the formation of the
most common α form (De Santis and Kovacs 1968; Miyata and Masuko 1997). Semicrys-
talline PLAs experience a phase transformation in the course of mechanical loading. Fig-
ure 1a provides an illustrative example of experimental results for a tensile test extracted
from (Stoclet et al. 2012). The figure gives a general picture of the microstructural evolution
during straining by considering as initial microstructure two crystalline lamellae separated
by an amorphous phase. The plastic deformation of the crystalline lamellae is accompanied
by the molecular ordering of the amorphous phase inducing a partial transformation into
two newly formed substructures, an oriented crystalline form and an imperfect ordered me-
somorphic form, possessing an intermediate ordering between amorphous and crystal. The
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occurrence of the newly created phases strongly depends on the loading parameters in terms
of strain rate and straining temperature (Picciochi et al. 2007; Delpouve et al. 2008; Stoclet
et al. 2012).

Advanced engineering applications of semicrystalline PLA systems require tailoring and
optimizing the microstructure evolution during deformation considering the complex com-
petitive process of dual-phase changes with strong effects of loading parameters. That is
a challenging task due to the complex multiscale relationship between macroresponse and
microstructure in terms of initial molecular characteristics, initial ordered (crystalline) struc-
tures, degree of chain orientation, and phase transformation. In this regard, the development
of quantitative predictive modeling of this relationship in semicrystalline PLA is a critical
issue but has not been yet proposed in the literature. The strong influence of structural pa-
rameters (initial crystallinity and dual-phase transformation) and loading parameters (e.g.,
straining temperature) leads to versatile mechanical behaviors of the PLA from elastomeric
type to thermoplastic type. Constitutive models for strain-induced phase transformation have
been proposed within hyperelastic framework (Dargazany et al. 2014; Guo et al. 2018; Ras-
tak and Linder 2018; Aygün and Klinge 2020; Guo and Zaïri 2020; Loos et al. 2021; Khiêm
et al. 2022). The theoretical framework is suitable for the description of the strain-induced
crystallization in crystallizable rubbers as a recoverable mechanism after complete unload
of the sample. When strain-induced crystallization is an unrecoverable (thermomechanically
stable) micromechanism and accompanied with plastic yielding, several constitutive mod-
els were proposed (Buckley and Jones 1995; Adams et al. 2000; Boyce et al. 2000; Rao
and Rajagopal 2001; Ahzi et al. 2003; Makradi et al. 2005; Dupaix and Krishnan 2006;
Shepherd et al. 2006; Dupaix and Boyce 2007; Regrain et al. 2009; Chevalier et al. 2012;
Poluektov et al. 2013; Gehring et al. 2016; Mahjoubi et al. 2019, 2020). Apart from the
papers of Mahjoubi et al. (2019, 2020), the previous models were restricted to petroleum-
based polyethylene terephthalate. A unified elastic-viscoplastic-viscohyperelastic constitu-
tive model was proposed by Mahjoubi et al. (2019, 2020) to capture the amorphous PLA
time-temperature-dependent behavior along with strain-induced dual-phase transformation
considering the competitive mesomorphization/crystallization occurrence with strong ef-
fects of loading parameters. The aim of the present work is adapting the latter for semicrys-
talline PLA to provide a model predicting the influence of the microstructural features (in
terms of initial crystallinity, strain-induced molecular ordering, and newly created phases)
on the overall mechanical response. The model capacities are verified by comparison of
simulations and experimental observations on semicrystalline PLA containing a wide range
of crystallinities and strained up to very large strains. The model is then used to highlight
the influence of the initial crystallinity on the overall mechanical response evolution and the
internal molecular ordering.

The outline of the paper is as follows. In Sect. 2, we provide the main features of the
model formulation. In Sect. 3, we present the model application to semicrystalline PLA.
Section 4 closes the paper with concluding remarks.

2 Model formulation

This section presents the main elements of the finite deformation elastic-viscoplastic-
viscohyperelastic constitutive model.

We use the following notation. Tensors and vectors are denoted by normal boldfaced
letters and italicized boldfaced letters, respectively, whereas scalars and individual compo-
nents of vectors and tensors are denoted by normal italicized letters. The superposed dot
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represents the time derivative. The prime denotes the deviatoric part. The superscript T de-
notes the transpose.

A rheological representation is schematically given in Fig. 1b. A brief description of the
kinematics is provided in Appendix A. The superscripts e and in refer to the elastic and
inelastic parts, respectively. The intermolecular interactions between neighboring polymer
segments (referred with the subscript I ), at the origin of the elastic-viscoplastic response at
small/moderate strains, are introduced by parallel branches. Four separate branches, consti-
tuted by a linear elastic spring in series with a viscoplastic damper, are employed to consider
the intermolecular barriers and flow increase due to the presence of crystals and the occur-
rence of dual phase. The subscripts a, c_init , m, and c refer to the amorphous, initial crys-
talline, and newly formed mesomorphic and crystalline phases, respectively. As a distinct
deformation mechanism, a fifth branch is placed in parallel to represent the resistance to
stretching/orientation and relaxation processes (referred with the subscript N ) of the amor-
phous molecular chains network at the origin of the viscohyperelastic strain-hardening at
large strains. The latter branch is represented by m hyperelastic springs in series with a non-
linear viscous damper. The m hyperelastic springs are introduced by means of the transition
scale microsphere-based method to introduce the orientational effect.

2.1 Stress decomposition

The overall Cauchy stress tensor σ in the semicrystalline polymer is given by

σ = σ I + σN, (1)

where σ I is the intermolecular Cauchy stress tensor, and σN is the network Cauchy stress
tensor.

The mechanical coupling between the four elementary deformation mechanisms in the
intermolecular resistance I is obtained by the simple rule of mixture (Mahjoubi et al. 2019)

σ I = (
1 − χc_init − χm − χc

)
σ I_a + χmσ I_m + χcσ I_c + χc_initσ I_c_init , (2)

where χc_init is the volume fraction of the initial crystalline phase, and, χm and χc are the
volume fractions of newly formed (mesomorphic and crystalline) phases, for which the ki-
netics are governed by an Avrami-type expression specified in Sect. 2.3 (Eq. (11)).

From a Hencky strain energy function (logarithmic strain-based hyperelasticity law; see,
e.g., Mirkhalaf et al. 2016) the intermolecular Cauchy stress tensor σ I_i in each phase i may
be constitutively given by

σ I_i = 1

J e
I_i

Ce
I_i ln

(
Ve

I_i

)
, (3)

where J e
I_i is the determinant of the elastic deformation gradient tensor Fe

I_i = Ve
I_iR

e
I_i

with stretching and rotation parts Ve
I_i and Re

I_i , and Ce
I_i is the fourth-order isotropic elastic

stiffness tensor expressed in Cartesian components using the Young modulus Ei and Poisson
ratio νi as follows:

(
Ce

I_p

)
ijkl

= Ep

2
(
1 + νp

)
[
(
δikδjl + δilδjk

) + 2νp

1 − 2νp

δij δkl

]
(4)

with δij denoting the Kronecker delta symbol.
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The behavior of the amorphous molecular chains is described using the transition scale
microsphere-based method (Bazant and Oh 1986; Miehe et al. 2004; Göktepe and Miehe
2005). By this way the model takes into account the anisotropic effects caused by the molec-
ular ordering during the strain-hardening at large strains. A summary of the microsphere-
based method is provided in Appendix B. The overall network Cauchy stress tensor σN can
be written in the principal coordinate system as follows (Mahjoubi et al. 2019):

σN_k = Cr

m∑

j=1

ωj
√

NaL−1

((
λe

N

)j

√
Na

)
∂

(
λe

N

)j

∂λk

λk − P, k = 1,2,3, (5)

in which L−1 (x) is the inverse Langevin function given by the Padé approximant, L−1 (x) ≈
x

(
3 − x2

)
/
(
1 − x2

)
, P is an arbitrary scalar due to incompressibility and determined from

the boundary conditions,
{(

λe
N

)j
}

j=1,...,m
are the microelastic stretches, and

{
ωj

}
j=1,...,m

are

the weight factors. The term Cr = nkT is the initial hardening modulus (with n the average
chain density, k the Boltzmann constant, and T the absolute temperature), and the term Na

is the average number of amorphous segments in a single molecular chain.

2.2 Inelastic flow

The tensors Din
I_i and Din

N defining the specificity of the intermolecular and network inelastic
strain rates are defined by the following general flow rules:

Din
I_i = γ̇ in

I_i

σ ′
I_i√

2
∥∥σ I_i

∥∥ and Din
N = γ̇ in

N

σ ′
N√

2‖σN‖ , (6)

where
∥
∥σ I_i

∥
∥ =

√
trace

(
σ ′

I_iσ
′T
I_i

)
/2 is the effective value of σ I_i , ‖σN‖ =

√
trace

(
σ ′

Nσ ′T
N

)
/2 is the effective value of σN , σ ′

I_i is the deviatoric intermolecular stress,

σ ′
I_i is the deviatoric network stress, γ̇ in

I_i and γ̇ in
N are the inelastic shear strain rates given,

respectively, by the Argon (1973) expression for the thermally activated process (Boyce
et al. 2000) and the Bergstrom–Boyce (1998) expression for the thermal-induced relaxation
process of the amorphous molecular chains network:

γ̇ in
I_i = γ0_i exp

(

−�Gi

kT

(

1 −
∥∥σ I_i

∥∥

si

))

and γ̇ in
N = C

∣∣λin
N − 1

∣∣−1 ‖σN‖ , (7)

in which γ0_i is the preexponential constant, �Gi is the activation energy barrier to molec-
ular mobility, si is the shear strength, C is the chain relaxation parameter, and λin

N =√
trace

(
Fin

N FinT

N

)
/3 is the inelastic stretch on each molecular chain in the amorphous net-

work, where Fin
N is the inelastic network deformation gradient tensor. Note that λin

N must
be slightly higher than 1.0 at the beginning of the loading process to avoid singularity; the
stability of the numerical algorithm is ensured by the addition of a perturbation coefficient
equal to 0.01. Similar evolutions of the inelastic flow were used in the literature in the con-
text of strain-induced crystallization of polymers exhibiting a yield event (see, e.g., Boyce
et al. 2000; Ahzi et al. 2003; Makradi et al. 2005; Mahjoubi et al. 2019).
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2.3 Network evolution

The effective contribution of the two newly created substructures is introduced in the net-
work stress by considering the following evolution of the number of amorphous segments
in a single molecular chain Na (Mahjoubi et al. 2019):

Na = Nchain

(
1 − χchain_m − χchain_c

)
, (8)

where χchain_m ∈ [0,1] is the degree of strain-induced mesomorphic segments, and
χchain_c ∈ [0,1] is the degree of strain-induced crystalline segments:

χchain_m = Nm

Nchain

and χchain_c = Nc

Nchain

. (9)

The term Nm is the number of mesomorphic segments, Nc is the number of crystalline
segments, and Nchain = Nc + Nm + Na is the total number of segments per chain.

Due to the different chains orientations in the microsphere with respect to the applied
straining, the transition scale method allows the nonuniform distribution of the micromech-
anisms at the chain scale. The following conditions on the stretch λchain of a single molecular
chain are applied:

χchain_m =
{

0,

χm,

1 ≤ λchain < λinc_m,

λchain ≥ λinc_m,
and χchain_c =

{
0,

χc,

1 ≤ λchain < λinc_c,

λchain ≥ λinc_c,

(10)
where λinc_m and λinc_c are the incubation stretches below which there is no phase transfor-
mation directly extracted from experimental data (see Appendix C).

The overall degrees of newly formed phases χm and χc are given by

χm = φ∞_mκm and χc = φ∞_cκc, (11)

where φ∞_m and φ∞_c are the maximum phase degrees, and κm and κc are the total degrees
of transformation given by the Avrami-type kinetics (Doufas et al. 2000) in which the strain
rate effect is considered:

κ̇m = ε̇

ε̇ref

αKav_m (− ln (1 − κm))
α−1
α (1 − κm) and

κ̇c = ε̇

ε̇ref

αKav_c (− ln (1 − κc))
α−1
α (1 − κc) ,

(12)

where ε̇ is the applied strain rate, ε̇ref is the reference strain rate, α is the Avrami exponent,
and, Kav_m and Kav_c are the phase transformation rates given by the empirical form defined
as (Doufas et al. 2000)

Kav_m = 1.47 × 10−3

(
4πNum

3φ∞_m

)1/3

exp

(

−
(

T − 141

47.33

)2
)

[
s−1, T in ◦C

]
, (13)

Kav_c = 1.47 × 10−3

(
4πNuc

3φ∞_c

)1/3

exp

(

−
(

T − 141

47.33

)2
)

[
s−1, T in ◦C

]
, (14)

where Num and Nuc represent the number densities of nuclei.
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Fig. 2 Strain-induced phase transformation: (a) PLA40, (b) PLA24, and (c) PLA5 (symbols: experiments,
lines: model)

Fig. 3 Stress-strain response: (a) PLA40, (b) PLA24, and (c) PLA5 (symbols: experiments, lines: model)

3 Numerical results

The constitutive model was entirely coded in MATLAB software and is compared to the
large tensile deformation behavior of three semicrystalline PLA systems containing 5%,
24%, and 40% crystal fractions.

3.1 Database

The three material systems will be denoted respectively as PLA5, PLA24, and PLA40. The
experimental database extracted from the work of Stoclet et al. (2012) includes the following
loading parameters:

{ε̇ = 0.01/s, T = 65 ◦C} and {ε̇ = 0.01/s, T = 75 ◦C} for PLA5, (15)

{ε̇ = 0.01/s, T = 65 ◦C} and {ε̇ = 0.01/s, T = 75 ◦C} for PLA24, (16)

{ε̇ = 0.01/s, T = 70 ◦C} and {ε̇ = 0.01/s, T = 90 ◦C} for PLA40. (17)

The experimental data are plotted, in the form of symbols, in Figs. 2 and 3 for the differ-
ent loading parameters. The formation of newly formed phases follows a sigmoid kinetics
strongly dependent on the initial amount of crystals. A small temperature variation results in
significant changes in mesomorphic/crystalline phases occurrence along with in the material
inelastic flow.
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Fig. 4 Model results of the
strain-induced stiffening in PLA

3.2 Model parameters

All the model parameters are provided in Appendix C. The kinetics of the strain-induced
dual-phase transformation is firstly designed using the experimental data of Stoclet et al.
(2012). Secondly, according to the model structure, the intermolecular parameters and the
molecular network parameters are identified separately following a deterministic scheme.
The intermolecular parameters both of the amorphous phase and of the newly formed phases
are those already identified in a previous work by Mahjoubi et al. (2019) using the exper-
imental database reported by Stoclet et al. (2010a, 2010b) of an initially amorphous PLA
strained over a wide range of straining temperatures and two strain rates. All the other pa-
rameters were the outcome of a standard optimization procedure to extract the individual
constitutive response of semicrystalline PLA using the experimental stress–strain curves of
Stoclet et al. (2012).

3.3 Simulations vs. experiments

The simulation results are plotted in the form of solid lines in Figs. 2 and 3. The simulation
consists in an isothermal straining under a constant strain rate of 0.01/s. The model is found
to provide a good description of the strain-induced microstructure evolution over a wide
range of crystallinities that are taken into account, with the strong and complex influence of
straining temperature. The important features of the stress–strain behavior are also captured
satisfactorily by the model over a large strain range including the initial elastic response,
the yield event followed by the strain-hardening event. While considering the initial crys-
tallinity, recall that the model considers the main physical processes occurring inside the
material during the progressive strain-hardening response, namely the strain-induced chain
orientation and anisotropy, the thermal-induced chain relaxation, and the micromechanisms
of phase transformation.

3.4 Initial crystallinity effect

The role of the initial crystallinity on the strain-induced stiffening is presented in Fig. 4. The
amorphous PLA stiffening obtained in a previous work by Mahjoubi et al. (2019) is also
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Fig. 5 Model results of the
strain-induced molecular
orientation in PLA

Fig. 6 Modeling results under continuous relaxation of (a) PLA24 and (b) PLA5 at a temperature of 65 °C
followed by a heating until temperature of 75 °C

plotted in the figure. The results are presented for a loading condition leading to the solely
development of the mesomorphic phase. As soon as the new phase appears, the PLA stiffness
increases. Nonetheless, the stiffening in semicrystalline PLA is found significantly lower
than that in amorphous PLA. As a key feature of our approach, the strain-induced internal
molecular ordering and anisotropy were also predicted by the model and plotted in Fig. 5 us-
ing the orientation factor as indicator. The latter exhibits a linear evolution at small/moderate
strains, and then a more gradual increase at larger strains follows. Whereas the increase in
amount of ordered phases depends on the initial crystallinity, the strain-induced anisotropy
effects caused by the molecular ordering are found rather quite insensible.

As a final point of discussion, the response during continuous relaxation combined with
heating is analyzed in Fig. 6 for two initial crystallinities. The simulation consists of an
isothermal straining at 65 °C up to a predetermined strain level of 1.5 under a constant strain
rate of 0.01/s, and keeping this strain level constant for a prescribed delay during which
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a progressive heating is performed at a constant rate until 75 °C. We can observe that the
mesomorphic phase develops before relaxation for the two initial crystallinities, the strain-
induced crystalline phase develops upon the temperature change during heating, whereas
the mesomorphic phase remains unrecoverable. The stress evolution in response to heating
combined with relaxation is significantly dependent on the initial crystallinity, whereas a
strong connection is considered with the micromechanisms of phase transformation, chain
orientation, and relaxation.

4 Concluding remarks

We have presented a physically based model able to capture the elastic-viscoplastic-
viscohyperelastic behavior of semicrystalline PLA along with the mesomorphization/crys-
tallization caused by the straining. The model considers the influence of the initial crys-
tallinity on the competitive process of dual-phase transformation in relation to the strain-
induced molecular ordering. A quantitative evaluation of the model was presented under
uniaxial straining, and favorable comparisons to experimental observations were shown over
a wide range of crystallinities. The model was then used to clarify the influence of the initial
crystallinity on the strain-induced molecular ordering and the overall mechanical response.

The model provides a useful tool to better understand the separate and synergistic effects
of key factors (microstructure features and loading parameters) governing the strengthen
mechanisms in semicrystalline PLA under uniaxial straining. A complete verification of the
model capabilities under more complex mechanical loading conditions remains nonetheless
an important issue for further investigations. Although quite sophisticated, the model needs
improvement for a fully realistic description of the micromechanisms of mesomorphization
and crystallization through a thermodynamic reasoning; see, e.g., Guo and Zaïri (2020).

Appendix A: Kinematics

The key quantity of the kinematics is the deformation gradient tensor F = ∂x/∂X mapping
a material point from its initial position X to the current position x. Parallelism of the five
branches implies isodeformation (Fig. 1b), and thus the deformation gradient tensors are
equal:

FI_a = FI_c_init = FI_m = FI_c = F and FN = F. (18)

The intermolecular and network deformation gradient tensors FI_i and FN can be then fur-
ther decomposed into elastic and inelastic contributions via multiplicative forms using the
conceptual sequence of configurations proposed by Lee (1969):

FI_i = Fe
I_iF

in
I_i and FN = Fe

N Fin
N . (19)

The time derivative is Ḟ = LF, in which L = ∂v/∂x is the spatial velocity gradient with
v = ∂x/∂t additively split into elastic and inelastic parts,

LI_i = ḞI_iF−1
I_i = Le

I_i + Lin
I_i and LN = ḞN F−1

N = LN = Le
N + Lin

N . (20)

The inelastic velocity gradients Lin
I_i and Lin

N are given by

Lin
I_i = Fe

I_i Ḟ
in
I_iF

in−1

I_i Fe−1

I_i = Din
I_i +Win

I_i and Lin
N = Fe

N Ḟin
N Fin−1

N Fe−1

N = Din
N +Win

N , (21)
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where Din
I_i and Win

I_i are the symmetric (deformation rate) and skew symmetric (spin rate)
parts, respectively:

Din
I_i = 1

2

(
Lin

I_i + LinT

I_i

)
and Win

I_i = 1

2

(
Lin

I_i − LinT

I_i

)
. (22)

Assuming irrotational inelastic flow both in the intermolecular resistance and the network
resistance, the skew symmetric part of the inelastic velocity gradient vanishes, Win

I_i = 0 and
Win

N = 0, without loss in generality (Gurtin and Anand 2005), and the evolution equation of
the inelastic deformation gradients, Fin

I_i and Fin
N , becomes

Ḟin
I_i = Fe−1

I_i Din
I_iF

e
I_iF

in
I_i and Ḟin

N = Fe−1

N Din
N Fe

N Fin
N , (23)

where the elastic deformation gradient tensors Fe
I_i and Fe

N are then deduced from the de-
formation multiplicative decomposition (19).

Appendix B: Microsphere-based approach

The transition scale microsphere-based approach is employed to consider the orientational
effect and the effect of the newly formed phase on the strain-hardening. In this approach
a material point is represented by a unit sphere O0 including a uniform distribution of m

molecular chains, the chain end-to-end distance representing the microsphere radius (Miehe
et al. 2004; Göktepe and Miehe 2005). The orientation of a molecular chain is parameterized

by the classical spherical angles
{
ϕ

j

chain

}

j=1,...,m
∈ [0,π] and

{
θ

j

chain

}

j=1,...,m
∈ [0,2π]. The

average 〈υ〉 of a microvariable υ is obtained by integration over the microsphere of total
area |ζ |:

〈υ〉 = 1

|ζ |
∫

ζ

υ (rchain) dA, (24)

where dA is the infinitesimal area of the unit sphere.
The continuous integration over the continuous space orientations is approximated by a

discrete sum of a set of m orientations:

〈υ〉 ≈
m∑

j=1

υ
(
r

j

chain

)
ωj . (25)

A set of m = 21 integration points for a hemisphere is adopted as suggested by Bazant and
Oh (1986) and Miehe et al. (2004). The weight factors

{
ωj

}
j=1,...,m

satisfy the following
expression:

m∑

j=1

r
j

chainω
j = 0. (26)

The terms
{
r

j

chain

}

j=1,...,m
are the chain orientation unit vectors expressed in the Cartesian

coordinate system by the following relation:

r
j

chain = t j /
∣
∣t j

∣
∣ = cos

(
θ

j

chain

)
sin

(
ϕ

j

chain

)
x + sin

(
θ

j

chain

)
sin

(
ϕ

j

chain

)
y + cos

(
ϕ

j

chain

)
z,

(27)
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Fig. 7 Mesomorphic incubation strain and maximum phase degree as functions of (a) temperature and (b)
reduced strain rate

where the term t j = Fe
Nr

j

chain is the deformed tangent with the elastic network deformation
gradient tensor Fe

N .

Accordingly, the azimuth angle
{
ϕ

j

chain

}

j=1,...,m
is expressed as

ϕ
j

chain = cos−1
(
t
j

3 /
∣∣t j

∣∣
)

= cos−1
(
t
j

3 /
(
λe

N

)j
)

, (28)

where
(
λe

N

)j = ∣∣t j
∣∣ is the microelastic stretch of a single molecular chain.

The criteria (10) of the main body of the paper allows the distribution of the two newly
created phases on each molecular chain distributed uniformly in the microsphere. The in-
cubation stretches are taken from the macroscopic observations (see Appendix C) and are
directly used as constraints at the chain scale. The macrovariables of amounts are found by
the averaging of all the molecular chains in the microsphere:

〈χm〉 =
m∑

j=1

χ
j

chain_mωj and 〈χc〉 =
m∑

j=1

χ
j

chain_cω
j , (29)

where χ
j

chain_m and χ
j

chain_c are the microvariables obtained by projection on the orientation
vector.

Appendix C: Parameters

C.1 Parameters of the dual-phase transformation

The number densities of nuclei Num and Nuc are expressed by the formulae

Num = 2 × 1010 exp (−0.182T ) and Nuc = 3.2 × 109 exp (−0.111T ) [T in ◦C] .
(30)

The incubation stretches λinc_m and λinc_c , from which the mechanism of phase transfor-
mation nucleates, and the maximum phase degrees φ∞_m and φ∞_c are directly taken from
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Fig. 8 Crystalline incubation strain and maximum phase degree as functions of (a) temperature and (b)
reduced strain rate

Fig. 2 and reported in Figs. 7 and 8. The two quantities are significantly influenced by the
straining temperature and the initial crystal fraction. It is possible to aggregate them by in-
troducing the reduced strain rate, as observed in Figs. 7 and 8, and the following formulae
can be used to describe them:

λinc_m = 17.65 exp
(−345aT _mε̇

)
and λinc_c = 1.51 exp

(−65aT _cε̇
) [

ε̇ in s−1
]
, (31)

φ∞_m = 114.8 exp
(−692aT _mε̇

)
and φ∞_c = 0.647 exp

(−71.4aT _cε̇
) [

ε̇ in s−1
]
,

(32)
where aT _mε̇ and aT _cε̇ are the reduced strain rates for the mesophase and for the crys-
talline phase, respectively, expressed using the Williams–Landel–Ferry (so-called WLF)
time-temperature equivalence principle

ln
(
aT _m

) = C1_m

(
T − Tref

)

C2_m + T − Tref

and ln
(
aT _c

) = C1_c

(
T − Tref

)

C2_c + T − Tref

, (33)

where Tref is the reference temperature taken equal to 70 °C, and C1_m, C2_m, C1_c , and C2_c

are parameters adjusted to aggregate the data as much as possible. The following expressions
as functions of the initial crystal fraction are found:

C1_m = 2 (1 − χm)10 and C2_m = 60 (1 − χm) [◦C] , (34)

C1_c = −5.47 (1 − χc)
10 and C2_c = 30 (1 − χc) [◦C] . (35)

C.2 Intermolecular parameters of the amorphous phase

The glassy-rubbery variation with temperature of the amorphous stiffness modulus Ea is
described by the same formulae identified for the amorphous PLA in a previous work
(Mahjoubi et al. 2019):

Ea = 402.85 − 2.273T [MPa, T in ◦C] for T < Tg − �Tg/2, (36)
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Ea = 128.92

(
1 − tanh

(
5

�Tg

(
T − Tg

)))
− 0.783

(
T − Tg

)
[MPa, T in ◦C]

for T ≥ Tg − �Tg/2,

(37)

where �Tg = 10 °C is the glass transition interval.
The amorphous shear strength sa and activation energy �Ga are those identified in a

previous work (Mahjoubi et al. 2019):

sa = 1.434×104 exp (−0.1307T ) [MPa, T in ◦C] and �Ga = 8×10−19 [J] . (38)

The preexponential factor γ0_i is taken identical for all the phases:

γ0_a = γ0_c_init = γ0_m = γ0_c = 1.75 × 106
[
s−1

]
. (39)

C.3 Intermolecular parameters of the initial crystalline phase

The initial crystalline stiffness modulus Ec_init is given by

Ec_init = 54306 exp (−0.07T ) [MPa, T in ◦C] for PLA5 and PLA24, (40)

Ec_init = 7.106 exp (−0.14T ) [MPa, T in ◦C] for PLA40. (41)

The shear strength sc_init is given by

sc_init = 3634 exp (−0.06T ) [MPa, T in ◦C] for PLA5 and PLA24, (42)

sc_init = 160 exp (−0.025T ) [MPa, T in ◦C] for PLA40. (43)

The activation energy �Gc_init is given by

�Gc_init = 7 × 10−19 [J] . (44)

C.4 Intermolecular parameters of the newly created phases

The values of the intermolecular parameters of the newly created phases are those identified
in a previous work (Mahjoubi et al. 2019) for an initially amorphous PLA. The stiffness
moduli of the created phases Em and Ec are given by

Em = 365688 exp (−0.152T ) [MPa, T in ◦C] , (45)

Ec = 12411 exp (−0.077T ) [MPa, T in ◦C] . (46)

The mesomorphic shear strength sm and activation energy �Gm are given by

sm = 41918 exp (−0.13T ) [MPa, T in ◦C] and �Gm = 7.5 × 10−19 [J] . (47)

The values of sc and �Gc for the newly formed crystalline phase are given by

sc = 20095 exp (−0.112T ) [MPa, T in ◦C] and �Gc = 7 × 10−19 [J] . (48)
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C.5 Network parameters

The average number of segments in a single molecular chain Nchain and the hardening mod-
ulus Cr are expressed as

Nchain = 3T − 140 [T in ◦C] , (49)

Cr = (−0.17T + 15.8)χc_init [MPa, T in ◦C] for PLA5 and PLA24, (50)

Cr = −0.02T + 2.50 [MPa, T in ◦C] for PLA40. (51)

The thermal-induced chain relaxation parameter C is given by

C = 4.10−8T − 3.10−6
[
MPa−1 s−1, T in ◦C

]
for PLA5 and PLA24, (52)

C = 7.10−9T − 2.10−7
[
MPa−1 s−1, T in ◦C

]
for PLA40. (53)

Data Availability The datasets generated during and/or analyzed during the current study are available from
the corresponding author on reasonable request.
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