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ON THE SUPPORTS IN THE HUMILIERE COMPLETION
AND
Y-COISOTROPIC SETS
(WITH AN APPENDIX JOINT WITH VINCENT HUMILIERE)

C. VITERBO

ABSTRACT. The symplectic spectral metric on the set of Lagrangian
submanifolds or Hamiltonian maps can be used to define a comple-
tion of these spaces. For an element of such a completion, we define
its y-support. We also define the notion of y-coisotropic set, and prove
that a y-support must be y-coisotropic toghether with many prop-
erties of the y-support and y-coisotropic sets. We give examples of
Lagrangians in the completion having large y-support and we study
those (called “regular Lagrangians”) having small y-support. We com-
pare the notion of y-coisotropy with other notions of isotropy. In a
joint Appendix with V. Humiliere, we connect the y-support with an
extension of the notion of Birkhoff attractor of a dissipative map to
higher dimension.
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1. INTRODUCTION

In [Vit92], a metric, denoted y, was introduced on the set £7(T* N) of
Lagrangians Hamiltonianly isotopic to the zero section in T* N, where N
is a compact manifold and on ®Ham.(T* N) the group of Hamiltonian
maps with compact support for N =R"” or T" (in [Vit06] a similar metric
was defined on ®$Ham (T*N) for general compact N). This metric was
extended by Schwartz and Oh to general symplectic manifolds (M, w) us-
ing Floer cohomology for the Hamiltonian case (see [Sch00; Oh05]), and
by [Lec08; LZ18] for the Lagrangian caseﬂ In particular this distance is
defined for elements in £;,(M,w) the set of exact Lagrangians in (M, w)
Hamiltonianly isotopic to Ly and can sometimes be extended to £(M, w)
the space of all exact Lagrangians, notably for M = T* N.

The completion of the spaces £y(M,w) and D $Ham (M, w) for the met-
ric y have been studied for the first timeﬂ in [HumO8b|. We We shall de-
note these completions by E(M, w) and muM ,w) and call them the
Humiliere completions.

Our goal in this paper is, among others, to pursue the study of these
completions. Our y-distance is the one defined using Floer cohomology,
but we shall see that in T* N it can also be defined using sheaves (see
Section[d) and this will be useful when applying results from [Vit22].

We wish to point out elements in the Humiliére completion occur nat-
urally in symplectic topology. One example is symplectic homogeniza-
tion (see [Vit08]) where flows of Hamiltonians which are only continu-
ous appear as homogenized Hamiltonians. Another example is the graph
of df where f is only a continuous function. This yields a notion of

TAssuming [w]m2 (M, L) = 0, u72(M, L) = 0.
2Mostly in the Hamiltonian case and for R%", but most the results in [Hum08b] still
hold in this more general case.
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subdifferential, presumably similar to the one defined by Vichery ([Vic])
using the microlocal theory of sheaves. More generally a continuous
Hamiltonian with singularities, if the singular set is small, has a flow in
DHam.(T*N) (see [Humo08b| and a forthcoming publication by the au-
thor).

In Section [7] we shall define the notion of y-support for a Lagrangian
in £(M,w) (see Definition , define y-coisotropic subsets, originally
defined in a slightly different version by M. Usher in [Ush19] under the
name of “locally rigid” (see Definition [7.I). We will then prove a num-
ber of their properties (see Proposition[7.5). In particular we prove that
the y-support of an element in £(M,w) is y-coisotropic, and many y-
coisotropic subsets can be obtained as y-supports. Characterizing the
Y-coisotropic that are y-supports remains however an open problem.

In Section [8|we study elements in £(M,w) having minimal y-support,
i.e. such that their support is Lagrangian. It is legitimate to ask, at least
when the y-support is a smooth, whether L coincides with y — supp(L).
We were only able to prove this for a certain class of manifolds. This point
of view also yields a new definition of C°-Lagrangian : these are the n-
dimensional topological submanifolds which are y-supports of elements
of £(M, w) We show that our definition of y-coisotropic is more restrictive
than previously defined ones (see Proposition [7.10). In a forthcoming
paper with S. Guillermou ([GV22b]) we shall prove that singular supports
of sheaves in D?(N) are y-coisotropic.

Finally in Appendix[C|, which is joint work with Vincent Humiliére, we
study some connection between the y-support and conformal symplec-
tic dynamics and their invariant sets, showing that the y-supports pro-
vide a natural generalization of the Birkhoff attractor in dimension 2.

In a forthcoming publication, we shall continue the study of y-supports
and y coisotropic sets and in particular prove that a Hamiltonian which
is continuous in the complement of a nowhere y-coisotropic set has ac-
tually a flow in the Humiliere completion of the set of Hamiltonian maps

2. COMMENTS AND ACKNOWLEDGEMENTS

This paper precedes, both logically and historically the papers [Vit22]
and [GV22b] which are of course related.

I wish to thank Stéphane Guillermou, Vincent Humiliére, Alexandru
Oancea, Sobhan Seyfaddini, Michele Stecconi for useful conversations
related to this paper. I am particularly grateful to Vincent Humiliére for
writing [HumO8a] and his contribution to Appendix

3. NOTATIONS



(T*N,dA) orjust T*N
(T*N,—dA) orjust T*N
(T*N\Oy,dA) or T*N
(M, w)

Y

£(M,w)
(M, w)
Lo(T*N)

Z(T*N)
Z(T*N)

Zo(T*N)
L (M,w)

DHam (M, w)
DHam(M,w)

DHam(M,w)

C. VITERBO

the cotangent bundle of a closed manifold, A its Liouville form
(pdq in coordinates)

the cotangent bundle of a closed manifold, with the opposite
symplectic form

the cotangent bundle of a closed manifold with the zero section
removed

an aspherical symplectic manifold, i.e. [w]m2 (M) =0

and ¢, (T M)m, (M) = 0 either closed or convex at infinity

the spectral metric, defined either for all exact Lagrangians
when M = T* N or on the set of Lagrangians

Hamiltonianly isotopic to a fixed one, L

the set of Lagrangians in (M, w) on which y is well-defined
(i.e. all exact ones in T* N, all those Hamiltonianly isotopic to
a fixed one, for general M) endowed with the metric y

its Humiliere completion (i.e. completion for y)

the space of Lagrangians Hamiltonianly isotopic to the

zero sectionin T* N

the set of compact Lagrangian branes in T* N

the Humiliere completion of the above

(i.e. completion for y)

the set of L in §(T*N) such that L € £4(T*N)

the set of compact Lagrangian branes in (M, dA)
Hamiltonianly isotopic to a fixed exact one

the group of time-one maps of compact supported
Hamiltonian flows endowed with the y-metric

its Humiliere completion (i.e. completion for y)

its Humiliere completion (i.e. completion for y)

4. SPECTRAL INVARIANTS FOR SHEAVES AND LAGRANGIANS

For M a symplectic manifold, (here we only need M = T*N), if A(M)
is the bundle of Lagrangians subspaces of the tangent bundle to M, with
fiber the Lagrangian Grassmannian A(T,M) = A(n), we denote by A(M)
the bundle induced by the universal cover A(n) — A(n).

When using coefficients in a field of characteristic different from 2,
given a Lagrangian L, we assume we have a lifting of the Gauss map
Gr: L — A(T*N) given by x — TyL to amap Gy : L — A,(T*N). This
is called a grading of L (see [Sei00]). Given a graded L, the canonical au-
tomorphism of the covering induces a new grading and we denote it as
T(L) or L[1], and its g-th iteration as T9(L) or L[q]. The grading yields an
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absolute grading for the Floer homology of a pair (L;, L) and hence for
the complex of sheaves in the Theorem stated below. We shall never men-
tion explicitly the grading, but notice that for exact Lagrangians in T* N,
a grading always exists since the obstruction to its existence is given by
the Maslov class, and for exact Lagrangians in T* N the Maslov class van-
ishes, as was proved by Kragh and Abouzaid (see [Kral3|, and also the
sheaf-theoretic proof by [Guil2]). We consider the set Z(T*N) of La-
grangian branes, that is triples L=(L, fr G;) where Lis a compact exact
graded Lagrangian, and f; a primitive of 1;;. We sometimes talk about
an exact Lagrangian, and this is just the pair (L, f7).

When f; is implicit we only write L, for example 0y means (0, 0). For
L = (L, f;) and c a real constant, we write L + ¢ for (L, fi + ¢). Consid-
ering Hamiltonian diffeomorphisms as special correspondences, that is
Lagrangians in T*N x T* N we can consider the corresponding branes,
and denote this space by 2% am(T* N)

Let (L, f1) be an exact Lagrangian in & (T* N) and

L={(q,7p,filq,p), V)| (q,p) € L,T >0}

the homogenized Lagrangian in T* (N x R). We denote by D?(N) the de-
rived category of bounded complexes of sheaves on N. On D?(N x R) we
define ® as follows. First we set s: NxRx NxR — N x N xR given
by s(x1, t1, X2, £2) = (X1,X2, 51 + 12) and d : N xR — N x N x R given by
d(x,t) = (x,x,t) and now

F ®F = Re)d (F'RG")
Then R% om® is the adjoint of ® in the sense that
Moty (F*,R# om®(G*, ")) = Mor py (F* @C", ")
According to [Guil2] (for[1), (2), (4)) and [Vit19] (for the other proper-

ties), we have

Theorem 4.1. To each L € &(T*N) we can associate F[ € DP(N) such
that
(1) SS(FH)NT*(NxR) =L
() F| ispure (cf. [KS90] page 309), F1 = 0 near N x{—oo} and F, = kn
near N x {+o0}
(3) We have an isomorphism

FH' (Lo, Li;a,b) = H* (N x [a, b, R% om® (F},, 7))

(4) F is unique satisfying properties (I) and (2).
(5) There is a natural product map

R om®(F[ ,F],) ® R¥ om® (F[,, F) — RH om®(F[ ,F},)
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inducing in cohomology a map
H* (N x [A, +ool, RZ om® (F[ , F[,)) ® H" (N x [, +0ol, R% om®(F[,, F|.))

|ue
H*(N % [A+ p, +ool, R% om® (F[ , F]))
that coincides through the above identifications to the triangle prod-

uct in Floer cohomology.

Remark 4.2. The grading G; defines the grading of F [, hence of the Floer
cohomology.

Note that for X open, we denoted by H* (X x [A, u[, # *) the relative co-
homology of sections on X x] —oo, u[ vanishing on X x] —oo, A[ and fitting
in the exact sequence

H*(X X [A‘)u[ﬂg.) - H*(X X [_OO,‘U[,g.) I H* (X X [_OO,A/[,g.)
It is also equal to the cohomology associated to the derived functor RT
where Z is the locally closed set X x [A, u[. We should write H)*(XM u[(X x
R, % *) but this is too cumbersome We should write g’i instead of #; but
this abuse of notation should be harmless.

Definition 4.3. We denote by Io(N) the set of F* in D?(X x R) such that
SS(F*)c{t =0}, F* =0 near N x {—oo} and F* = kx near N x {+o00}.

Note that the set of # ° such that SS(¥*) c {T = 0} contains the Tamarkin
category.

Definition 4.4 (see [Vicl2|, Section 8.3). Let & °be an element in Jy(N).
Leta € H*(N xR,%*) = H*(N) be a nonzero class. We define

cla,F*)=sup{reR|acIm(H" (N x [t,+oo[, F "))}

Note that 7 satisfies , so H*(NxR,%*) =~ H*(N) and thus we have,
using the canonical map

H*(N x [t,+oo[, F*) — H*" (N xR, F*)
and Theorem[4.1]

Proposition 4.5. Then c(a, #]) coincides with the spectral invariant c(a, L)
associated to a by using Floer cohomology (see [Sch00; Oh05].

As a consequence the c(a, F*) satisfy the properties of the Floer ho-
mology Lagrangian spectral invariants, and in particular the triangle in-
equality, since this holds in Floer homology (see [HLS16], theorem 17).
However we shall sometimes need to extend the triangle inequality to
situations where & ° is in J)(X) but does not necessarily correspond to
an exact embedded Lagrangian.
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Proposition 4.6 (Triangle inequality for sheaves (see [Vicl2], proposition
8.13)). LetF|,F,,F; besheaveson X xR such thatgj’ € 99(X). Then we
have

claVg B F, F3) zcla; F|, Fy) + c(B; Fy , F3)
Proof. We set %l.’,j =R om®(F 'i, %L'j) and we have a product
Ug:F®Fp3— Fg
inducing the cup-product
H* (X x [s,+00l; #5) ® H" (X x [t,+00[; F5 3) — H™ (X x [s + t,+00[; F7 3)

(see [Vitl9], section 9). Then we have the diagram

H*(Xx[s,+oo[;§/71”2)®H*(Xx[l‘,+oo[ )—>H*(X><[S+t +oo[; F, )
H* (X x R; F7,) @ H* (X x R; F5 ) H™ (X xR 77 3)

where horizontal arrows are cup-products and vertical arrows restric-
tion maps. So if a ® B is in the image of the left-hand side, which is equiv-
alent to s < c(a, F7,), t < ¢(B, F, 3), we have a U B is in the image of the
right hand side, so that s+t< c(a U B, #1 3). This proves our claim. U

Similarly we have

Proposition 4.7 (Lusternik-Shnirelman for sheaves). Let & * as above. Let
ae€e H" (NxR,F*)and € H* (N xR, &"). Then we have a product aUg f €
H* (NxRF*®E"). Then

clavg B, F ®E)=c(a,F")

and equality implies that B # 0 in H* (m(SS(F*) n{t = ¢}),€"*) where c is
the common critical value. In particular if c(1,%*) = c(un, ") = ¢ and
F* is constructible, then SS(F°) o0y x Tc R.

Proof. By assumption « vanishes in H*(Nx] —oo,c — €[, % *) but not in
H*(Nx]—o0,c+e[,F"). Assume f vanishes in (N\U)x]c—¢,c+¢[. Then
a U fvanishes in H* (Nx] —oo,c—e[U(N\U)x]c—¢,c+ e[, F*®E") and
by assumption does not vanish in

H*(Nx]—oo,c+e[,F " ®E")

But deforming Nx] —oo,c—€[U(N\U)x] —o0,c+¢e[to Nx]—oo,c+¢[ can
be done through a family of hypersurfaces bounding W; such that

Wo=Nx]—o00,c—e[UIN\U)x]—o0,c+€|
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while W, = Nx] —o0, ¢+ €[, and we assume

SS(F* @E)n{(x,p) | xe [ Wi\ Wi} < Onxr

s>t

According to the microlocal deformation lemma ([KS90], lemma 2.7.2
page 117 and corollary 5.4.19 page 239), this implies that the natural map
H W,F*®%°) — H*"(Wy,F* ®E") is an isomorphism. In our case
this implies that @ Ug B is zero in

H*(Nx]—oo,c+e;F " ®E")
hence c(a U B; F°* ® &*) = ¢+ € a contradiction. U

Obviously when #* = 7/ the equality c¢(1, #]) = c(un, #;) implies Lo
Oy x TR hence L=0y.

Corollary 4.8. Asaresulty defines a pseudo-metric on Iy(N). It restricts to
a metric on the image of Z (T* N) by the embedding L — %, which yields
a bi-Lipschitz embedding.

Proof. We have
c(LF , F)zc(,F, F,) + (L, F,y , F3)

and
O=c(uF , F)zc,F ,F)+c(F, , F7)
W, F, F) =z c(F, F)) +c(u, Fy, F5) = c(L,F, Fy)
so that y (&', #,) = 0. OJ

Let uy € H"(N) be the fundamental class of N and 1y € H°(N) the
degree 0 class.

Definition 4.9. We set for * in 9y(N)
c(F°)=clun, F")
- (FHY)=cn,F")
Y(F)=ci(F)—c(F)
We set DF* to be the Verdier dual of ¥*° and s(x,t) = (x,—t) and F* is
quasi-isomorphic to 0 — kyxg — s~ (DF*) — 0.

We notice that SS(DF*) = —SS(F*) where for A < T*(N x R), we set
-A={(x,—p,t,-1) | (x,p, t,T) € A} (see [KSI0| Exercise V.13, p. 247). As a
result, Fe L =%, where —L={(q,—p) | (g, p) € L}. The triangle inequality
then implies

Proposition 4.10. We have for * constructible in Jy(N)
(1) ¢t (F*)zc(F°)
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@) ¢ (F)=—Cc(F*) c(F*) = —ci(F*) so that F* — F* isany-
isometry.
And of courseif Le Z(T* N) we have c+(¥]) = c+(L) andy(F[) = y(L).

v

Proof. Note that for #* cohomologically constructible, we have & * = %*
O

Of course if L € £(T* N) the c.(L) are not well defined (they are only
defined up to constant), however y(L) is well-defined.

4.1. Persistence modules and Barcodes as sheaves on the real line. By a
Persistence module, we mean a constructible sheaf on (R, <). We refer to
[Bar94; Cha+09; ELZ02; KS18; ZC05] for the theory and applications. Such
a Persistence module is uniquely defined by the spaces V; = % (] — oo, £])
and the linear maps r; ; : V; — V; defined for s < ¢, such that

(1) fors<t<uwehaver,;ors;=rgy

(2) lims¢ V; = V; where the limit is that of the directed system given

by the r; ;

(3) I'yr = Id
Obviously ki, p is such a persistence module. As a consequence of Gabriel’s
theorem on quivers (see [Gab72]), we have

Proposition 4.11 ([Cral5]). Any persistence module is isomorphic to a
unique sum
@k[a]‘,b]‘[
J

where aj € RU{-oo},bj € RU {+oo} and aj < b;
It will be useful to remind the reader that

Lemma 4.12 (see [KS18]|, (1.10)).

kforasc<b<d

Mor(Kia,p|, Kic,ar) = { 0 otherwise

There is a graded version, when we consider DP((R,<)). We denote by
kiq,p[n] the element in DP((R, <)) given by the complex 0 — ki, p([n] —
0 concentrated in degree n. We set DZ(N) to be the category of con-
structible sheaves on N

Proposition 4.13 (see [Guil9; KS18]). Any elementF* in D?(([R, <)) is iso-
morphic to a unique sum

D kia; p;1(n)1
i
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where aj € RU{—oo},bj € RU{+oo}, aj <bjandnj € Z. If F* vanishes at
—oo and is equal to kf( at +oo, then all the a; are different from —oco and
the number of j such thatbj = +oo is exactly d.

We refer to [GV22b] for extensions to the non-constructible case. It
is quite clear that elements of Df ((R,=<)) are obtained by considering
graded persistence modules th for d in a finite range (in Z) and with
the maps r ; we have maps 6 : th — th+1 so that

1) 62=0
(2) 5sors,t = rs,t°6t

Remark 4.14. One has to be careful, it is not true that
Mor (g <)) (Kia, b [, Ki¢,q1[n]) = 0 for m # n'!

In particular remember that given two elements Ly, L; € & (M, ) the
Floer complex of Ly, L; is generated by the intersection points of Lo N L;.
This complex is filtered by f7,, 1, (x) = f, (x) — f1,(x) for x € Ly N L. Since
the boundary map is given by counting holomorphic strips, it decreases
the filtration, and we can define V; = FC*(Ly, L1; t) the subspace of the
Floer complex generated by the elements with filtration less than ¢. There
is a natural map for s < t from V; = FC*(Lg, Ly;t) to Vg = FC*(Lgy, Ly; 1)
which defines a persistence module. By the previous Corollary, this is also
the persistence module associated to W; = FC* (Lo, L;; t). By the previous
theorem, this yields an isomorphism between this persistence module
and some B kiq;,b;1[1;].

Since V; vanishes for ¢ small enough, the a; must all be finite. Since up
to a shift in grading we have by Floer’s theorem FH k(Lo, Li;t)=H k (Log) =
HI(Ly) for t large enough, the number of j such that b j=+occand nj=k
is given by dim H k (Lg) = dim H k(Ll). Finally, if # ].' is associated to L; by
Theorem |4.1| we have that the above persistence module is given by the
sheaf (Rt), (RZ om® (F;, F,)). We thus get

oy . TR) 3 T — F
Pr(;posmon 4.15. Let us set (according to Proposmon for 7 7L,
an

(R0)« (R om®(F{, F3)) = D kia; b, (1]
j

Then there is a unique j— such thatbj_= +oo and n;_ is minimal and then
aj_ = c-(Lo,L1) and a unique j, such that b;, = +oo and nj, is maximal
and then a;j, = ¢y (Lo, L1). Moreover nj, —n;_ = n=dim(Ly) =dim(Ly). In
particular if Q is a connected open set with smooth boundary, we have

HY(Q xR, RZ om® (F;', F»)) = H i~ (Q)
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and
HYQ xR RZ om®(F, Fy)) = HE(Q xR, 00 x R; RZ om® (F', F5)) =
Hk'—l’lj, (Q)

Remark 4.16. The actual values of n;.’, n; depend on the grading of L, L,
: shifting the grading shifts the values by the same quantity. Note that
F* = R%om@)(%l’,%z') satisfies SS(F*) c {Tr = 0} and " equals kx[n;-]
over X x {+oo} (we will shorten this by writing #* = kx[n;-] at +oo). Note
that we sometimes assume & * = kx, which is equivalent to normalizing
nj-=0.

Proof. Only the last statement needs a proof. But by assumption
SS(R¥ om® (F',F,)) < {r =0}
SO
H*(QxR, R om® (F', F,)) = H*(Qx{+o00}l, R# om® (F;,F>)) = H "~ (Q)
U

5. VARIOUS SPACES, METRICS AND COMPLETIONS
We shall use the following

Definition 5.1. We set

(1) Z(T*N) to be the set of pairs L = (L, f;) of graded exact closed La-
grangians L and a primitive f; of A, i.e. d fi = Ap.

(2) The action of R on £ (T* N) given by (L, f1) — (L, f1 + ¢)is denoted
T,.

(3) ForLi,L, € Z(T*N), and a € H*(N), we denote the spectral in-
variants obtained using Floer cohomology by c(a, Ly, L,). They are
usually shortened in c(a; Ly, Lp) if f1,, f1, are implicit.

(4) On L (T*N) we define c.(e,®) = c(i;,9), c_(e,®) = c(1;e,¢). For
elementsin andy(e,e) = cy(e,#) —c_(e, ). The metric c given by

c(L1,Lp) = lcy (Ly, Lo) | + |c_ (L1, Lp)|

(5) We denote by £(T* N) the set of exact closed Lagrangians. There is
a forgetful functor unf : £ (T*N) — £(T* N) obtained by forget-
ting fr and the grading. The quantity y descends to a metric on
L(T*N), still denotedy.

As we mentioned, Proposition[4.5|implies that for complexes of sheaves
of the form #, the spectral invariants defined by Deﬁnition coincide
with those defined using Floer cohomology. It will be useful to define
some modified metrics and completions. We may now state
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Proposition 5.2. The following holds

(1) Set Ham (T*N) to be the set of compact supported Hamiltonians
on [0,1] x T* N and D$Ham (T* N) the space of compact supported
Hamiltonian diffeomorphisms. Then the compact supported iso-
topy (9% ie(0,1) uniquely defines the Hamiltonian, so there is a fi-
bration Ham (T*N) — DHam (T*N) (which is essentially the
path-space fibration).

(2) Thereis an action of Ham.(T*N) on £ (T* N) given by

oL, f1) = (L), H#f1)
where

1
(Hi#f1)(2) :fL(Z)‘i'fO [p(1)q (1) — H(t,q(1), p()]dt

where q(t), p(1)) = (pltq(z). The action does is the obvious action
on the grading (and of course commutes with the shift L — L[k]).
This action descends to the canonical action of D $Ham.(T* N) on
L(T*N).

(3) The above action commutes with T,. We have

ce(Tely,Ip) = cx(Ly, T-cLy) = ¢ (L1, L) + ¢

(4) The metric c on £ (T* N) and the metricy on £(T* N) are related
by the following formula

y(Ly, Ly) = inf{c(Ly, Ly) | unf(L,) = Ly, unf(L,) = Ly}

(5) For H < K we have c; (¢g(L1), L) < ¢+ (@g (L), L2) and the same
holds for c_.

Proof. Proofs of the first three statements are left to the reader. For the
fourth, we just notice that we may change fi,, fi, to fi, + ¢1, fi, + ¢z for
any two constants ¢y, ¢;. Then c+(L1, Lg) is changed to c+(L1, Lg) +c1—Co,
and c(Ly,L,) is changed to

ler (L1, Ly) + ¢y — cal + - (L1, L) + ¢1 — ¢

and this is minimal when c_(L;,Ly) < ¢, — ¢1 < ¢4 (L1, L2) and takes the
value

¢ (L1, Lo) — c- (L, Lp) = y(L1, Lo)
The last statement is equivalent to c(a, (p;I(Itl), fg) isincreasing for H = 0.
But this follows from the formula (see [Vit92], prop 4.6 and Lemma 4.7)
for almostall £ € [0,1] we have

d - -
Ec(a«p;,(Ll),Lz) = H(t,z)

for some point z of ¢%, (L) N Ly. O
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We may set

Definition 5.3.
(1) §(T*N) is the c-completion of £(T* N) and E(M, w) the Humil-
iere completion of £(M, w).
(2) DHam(M,w) is the Humiliére completion of D Ham. (M, w)

Remarks5.4.

(1) Elements in §(T*N) or W‘L(M, w) are not necessarily com-
pact supported : they could be limits of sequences with larger and
larger support.

(2) It is not clear whether the connected component of the zero sec-
tion in £(T* N) coincides with the completion of £,(T* N).

(3) According to the continuity of the spectral distance in terms of
the C%-distance, proved in [BHS21], an element in the group of
Hamiltonian homeomorphisms, that is a C°-limit of elements of
DHam.(M,w), belongs to m(M, w). Moreover an element
in £(T*N) (or m(M, w)) has a barcode, as follows from the
Kislev-Shelukhin theorem (see [KS22] and Appendix in [Vit22])
and was pointed out in [BHS21].

The relationship between the two completions P(T*N) and £(T*N)
is clarified by the following:

Proposition 5.5.
(1) Thereis a continuous map

unf: Z(T*N) — &(T*N)
extending unf and a continuous map
T.:Z(T*N)— Z(T*N)
extending T¢. e .
2) ﬂ € £(T*N), there exists L € £ (T*N) such that unf(L) = L (i.e

unfisonto) _ S -
(3) unf(L,) =unf(Ly) ifand only if L, = T.L, for some c € R.

Proof. (1) Thisis obvious since Lipschitz maps extend to the comple-
tion. Now unfis 1-Lispchitz, while T is an isometry.

(2) Let (L;) be a Cauchy sequence in £(T *N). We may assume that

yY(Lj,Lj+1) < 27J. There is a lift L; of Lj, well determined up to a

constant, and we can recursively adjust L;; so that ¢(L;j, Lj+1) <

27J. Indeed, assume the L j are defined for 1 < j < k. Since if Ij’k 1

is in the preimage of Ly, we have y (L, Li+1) = infeer c(Ly, l"kH +
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¢) we just choose Li,1 = L}, | + €41, 50 that ¢(Lg, Lis1) <275, As
a result (L;)jen is a Cauchy sequence so defines an element in
§(T* N). Moreover its limit L projects on L.

(3) Set L; = unf(L;) with Ly = Ly. Let (L¥)=1, (L)1) be Cauchy se-
quences in Z(T* N), converging to L;, L, so that the Lj? converge
to Lj. We showed that y(Lk, lec) =inf.ep c(z’f, f’zc + ¢) and since by
assumption, y(L¥, lec) goes to zero as k goes to infinity, we have a
sequence ci such that limy c(Lk, 172“ +c¢;) =0. But cy (E]f, f§ +cp) =
Cy (L, Z§)+ck, and sincelimy c; (f’f, f’zc) =cCy (fl, Zg), we must have
limy cx = —c+ (L1, Ly). As aresult

Li=1y-c(y,L,)
]

Remark 5.6. Notice that to a pair Z],zg in 21 (M, w) we may associate a
Floer homology as a filtered vector space. Indeed, by the Kislev-Shelukhin
inequality (see [KS22], or [Vit22], Appendix), the bottleneck distance be-
tween the persistence module, denoted V (L, LIZC ) associated to FH* (L¥, L'ZC; a,b)
satisfies

Bk LY, vl L) <2y@k L +y(k, L))
so we get a Cauchy sequence of persistence modules, and this has a limit
as well (however if we started with persistence modules with finite bar-
codes, the limit will only have finitely many bars of size > € > 0, but pos-
sibly an infinite number in total).

6. DEFINING THE y-SUPPORT

An element Lin £(M, w) is not a subset of M (and an element in D/S’Ju\m(M W)
does not define a map), but we may define its y-support as follows:

Definition 6.1 (The y-support).

(1) Let L€ £(M,w). Then x € Y —supp(L) if for any neighbourhood U
of x there exists a Hamiltonian map ¢ supported in U such that
Y(p(L),L) > 0. N

(2) Let L is in £ (T*N). Then x € ¢ —supp(L) if for any neighbour-
hood U of x there exists a Hamiltonian H supported in U such that
ci(@p (D), L) >0.

Remark 6.2. Notice that for unf(Z) = L we may have c(@y(L),L) > 0 but
Y(py(L), L) = 0. For example if H = ¢ on L(but H is compact supported)
then ¢, (@r(D),I) = c¢,c_(pr(L),L) = c so that c(@y(L),L) = 2¢, while
of course y(¢(L),L) = 0. Note that in this case ¢y (L) = L+ c hence
ci (X (@), D =k-c.
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We can however get rid of the second definition
Proposition 6.3. We have for lTn\f(Z) =1L,
c— supp(f) =7y —supp(L)

Proof. Indeed, if this was not the case, we would have a Hamiltonian H
supported near z such that c(¢y(L), L) > 0 while L = ¢ 5(L). According to
Proposition , this implies that ¢ () = L+ c. This is impossible for
H supported in a displacable set, since we would have (p’;{(z) =L+k-c.
and then, possibly replacing H by —H, we may assume ¢ > 0 and then
using the triangle inequality and that for a displacable set, sup{c; (@) |
supp(H) c U} = c(U) < +oo (see [Vit92], prop. 4.12 which is valid in any
manifold) we have

k-c=ci @k (D),T) < ci(9%) < c(supp(H)) < +oo
a contradiction. 0

We may now define compact supported Lagrangians and Hamiltoni-
ans in the completion

Definition 6.4. (1) We deﬁne:(ZZ(M ,w) (resp. SAEC(M ,w)) to be the set of
Le §(M, w) (resp. L€ E(M, w)) such thaty —supp(L) is bounded.
(2) We define mc(M,w) to be the set of ¢ € m‘l(M, w) such
that the y-support of T (¢) is contained in the union of Ay and a
bounded subset of M x M.

Remark 6.5. For an element in m‘t(M ,w), the y-support is of course
just the closure of the y-support of its graph in (M x M, w € w) with the di-
agonal removed. However there is a natural smaller support that one can
define, using the action of ® $am(M, w) by conjugation on DHam(M, w).
We say that z is in the restricted y-support of ¢ € DHam(M, ) if for all
€ > 0 there exist p € D$Ham.(B(z,€)) such that ppp~! # ¢. It is easy to
show that the restricted y-support is contained in the y-support.

Clearly, by Proposition [6.17, given a sequence L; such that the y —
supp(Ly) are contained in a fixed bounded set and y-converging, then
the y-limit of the Ik isin Z.(M, dA). However the converse is not clear :

Question 6.6. Is an element in :‘Z?C(M ,dA) the limit of a sequence (L) x>1
in (M, dA) such that their support is uniformly bounded ? Same ques-
tion for D Ham (M, w).

We shall make repeated use of the fragmentation lemma
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Lemma 6.7 ([Ban78] Lemma II1.3.2). Let (M,w) be a closed symplectic
manifold and (Uj)epy,n) an open cover of M. Then any Hamiltonian iso-
topy (9" re(0.1] can be written as a product of Hamiltonian isotopies ((pj-) r€[0,1]
with Hamiltonian supported in some Uy j). The same holds for compact
supported Hamiltonian isotopies.

Remarks 6.8. (1) The number ofisotopiesis not bounded by the num-
ber of open sets: we may have more than one isotopy for each
open set.

(2) The lemma is stated in [Ban78] for compact manifolds, and for U;
symplectic images of ball, but a covering can always be replaced
by a finer one by balls. Moreover the proof works for compact
supported isotopies with fixed support inside an open manifold
and this is how it is stated in [Ban97], p. 110.

(3) In the sequel, by support of an isotopy we mean the closure of the
set{ze M |3t,¢"'(z) # z}. If the complement of the support is con-
nected and the isotopy is generated by a Hamiltonian H(t, z), this
is also the projection on M of the support of H in [0, 1] x M. When
the isotopy is implicit, we still write supp(¢) for the support of the
(implicit) isotopy and supp(¢) (or supp(¢p) or supp(H)) for the
support of the implicit Hamiltonian. Note that in Banyaga’s the-
orem we may assume the support of the Hamiltonians are in the
Uy (j) (since the complement of a small ball is always connected).

This implies
Lemma 6.9. We have the following properties for the supports

(1) Let L be an element in £(M, w) and ¢ € DHam (M, w) be such that
Y(p(L),L) > 0. Then supp(¢) Ny —supp(L) # @.

(2) Let L be an element in Z (M, a)) and H be a compact supported
Hamiltonian such that c(¢ (L), L) > 0. Thensupp(H)nc—supp(L) =
supp(H) Ny —supp(L) # @.

Proof. (1) Indeed, if this was not the case, for each x € supp(¢p) there
would be an open set U, such that for all isotopies ¥’ supported
in U, we have y(wl(L),L) = 0. But by a compactness argument,
we may find finitely many x; and U; = Uy; (1 < j < k) such that
supp(¢) is covered by the U;. Then ¢! is a product of v j sup-
ported in Uy ), but since y(y (L), L) = 0, we get by induction

Y(Wroyzo..oyjqoy;(L),L)=
and finally y(¢ (L), L) = 0, a contradiction.

(2) The second statement is analogous, since ¢y is the product of
¢n; with Hj supported in Ug;). If we had c(¢p;(L)) = L for all j,
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then we would have ¢ (L) = L, a contradiction. Note that here we
do not assume that the support of H is small, so we may well have
Supp(H) # supp(@n)

O

Proposition 6.10. Let L, € £(T*N), Ly € £.(T* N). Theny—supp(L1) Ny -
supp(Ly) # @. In particulary — supp(L) is not displacable, and intersects
any exact Lagrangian. It also intersects any fiber T N.

Remark 6.11. Of course, unless we know somme singular support which
does not contain -or is not a C°-limit- of exact smooth Lagrangians, this
does not add anything to the known situation, that any two closed ex-
act Lagrangians intersect, a consequence of the Fukaya-Seidel-Smith (see
[ESS08]).

We shall need the following Lemma

Lemma6.12. LetLe E(T* J\D ang H be a Hamiltonian equal to a constant
aony—supp(L). Then (L) = L+ a (hence py(L) = L).

Proof. Let (L) k=1 be a sequence in (T* N) converging to L and assume
first H = a on a domain containing all the Ly = unf(Zy). Then 1 obviously
since (pH(Lk) Li+a=TuLy), by continuity we get (pH(L) L+ a. Now
let H; be equal to a on a domain containing all the L (hence necessarily
containing y —supp(L)). Then <p;11 oy is generated by

K(t,2) = H(t, ¢}, (2) = Hi(2, @7 (2))

and K vanishes on y —supp(L), since (,0;,1 preserves y —supp(L) and H =
H; = a on y —supp(L). Now we claim that if K = 0 on y —supp(L) then
we have @ (L) = L. Indeed, if this was not the case, we would have by
Lemma ﬁ 2) that supp(K) N ¢ — supp(L) # @, a contradiction. Hence
0, H o@n(L) = L and we conclude that @y (L) = ¢ H (I) = L+ a and this
proves our claim. 0

Proof of Proposition[6.10. Let Ly, L, be elements in Z(T*N) having im-
age by unf equal to L, L,. Assume their y-supports are disjoint and the
Y-support of L, is compact. Let H be a compact supported Hamiltonian,
and assume H has support in the complement of y —supp(L;) and equals
a <0 in a neighbourhood of y —supp(L,). Then

(L (L), 1) = ¢y (9 (T1), Lo) — ¢4 (I1, o) =
i (L1, @3 (L) — ¢ (L1, L) = -

since ¢ ; \Iy=Ly-a by the previous Lemma. As a result supp(H) inter-
sects Y —supp(L) and this implies that y — supp(L;) Ny —supp(Ly) # @.
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It is easy to prove that for L € £,(T* N), we have that y —supp(L) in-
tersects any vertical fiber T N. Indeed, if this was not the case, we could
find a small ball B(x, €) such that T*(B(x,€)) Ny —supp(L) = . Now if f is
a smooth function such that all critical points of f are in B(x, ¢), then for
any bounded set W contained in the complement of T* (B(x, €)) we have
graph(tdf) n W = @ for ¢ large enough, so graph(td f) n L = @. But this
contradicts our first statement.

U

Question 6.13. What can y —supp(L) be ?

Example 6.14. Let f € C°(N,R). Then y —supp(graph(d f)) = df. There-
fore 0f intersects any exact Lagrangian L. If L is isotopic to the zero
section, then L has a G.EQ.L. and 0f n L is given by the critical points
of S(x,&) — f(x).

The goal of this paper is to partially answer this question. In [HumO08b]
section 2.3.1. a different notion of support was presented:

Definition 6.15 (H-support). A pointx € M is in the complement of the H -
supportofL € £(M,w) if thereis a sequence of smooth Lagrangians (Li) =1
converging to L and a neighbourhood U of x such that Li,NnU = @.

We shall first prove that our definition of the support yields a smaller
set than Humiliere’s. We shall actually prove something slightly more
general.

Definition 6.16. Let X be a sequence of subset in the topological space Z.
We define its topological upper limit as

limsup X; = X;

J n jzn

= {x € Z|3(x) j=1, Xj € Xj for infinitely many j, limx; = x}
J
and its topological lower limit as

limjianj = {x € Z|3(xj)j>1,Xj € Xj,li}nxj = x}
Note that if liminf; X; = limsup; X; then this is the topological limit,

which for a compact metric space coincides with the Hausdorff limit (see

[Kec95], p.25-26), but we shall not need this here. An easy result is now

Proposition 6.17. Let (L) > be sequence in LM, w) of Lagrangians such
that y —limy(Ly) = L. Assumey —supp(Ly) N U = @ for k large enough.
Then

Y—suppL)NnU=¢
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In other words
Y —supp(L) limk inf(y —supp (L))

Proof. This is obvious, since for ¢ supported in U, we have y(¢(Ly), Lx) =
0, and passing to the limit, y(¢(L), L) = 0. For the case where L and the
Ly are smooth, this remark was previously made by Seyfaddini and the
author (see [Vic]) and is also a consequence of lemma 7 in [HLS15] 0

From Proposition we immediately conclude
Corollary 6.18. We have for L € E(M ,w) the inclusion
Y —supp(L) € H —supp(L)

Our definition of support has one advantage compared to Humiliére’s
definition : if W n H —supp(L) = @, we do not know whether there is a
sequence (Lg)k=1 y-converging to L and such that Lyn W = @, we only
know that W can be covered by sets W; such that for each j there is a
sequence (L/)=1 such that Y —limy Ly = L and L{c N W; = @. On the other
hand if W ny —supp(L) = @, we know that for all ¢ supported in W we
have y(¢(L), L) =0.

Note that the Hamiltonians we need to consider to determine whether
a point is in the support can be restricted to a rather small family. Let
x(r) be anon-negative smooth function function equal to 1 on [-1/2,1/2]
and supported in [-1,1]. We set Hgo_g(z) = p(%d(z, zp)) and (péo,g be the
flow associated to H;(O,g. Since for any ¢ supported in B(zp, £/2) we can
find a positive constant ¢ so that ¢ < ¢f_ ,, thatis c_(¢g . @1 =0, we
have for alift L of L, c+((p(f), I)< folt (<p§0,£(D, I),s00< Cy ((p(Z), L) implies
0 < ¢4 (¢S, (1), L). Note that if c_(¢(L),L) < 0 we have 0 < ¢, (L, (L)) =
¢+ (@~ 1(I), L), so applying the same argument to ¢~! we almost get

Proposition 6.19 (Criterion for the y-support). A point z is in the y-
support of L € £(M,w) if and only if we have

VS > Oy Ct ((on,e(z); z)) >0

Proof. The only point missing is to show that we can take ¢ = 1. Butlet n
be an integer such that ¢ < n. Assume we had c; (¢, ¢(L),L) = 0. Then,

since @7 ¢ =1d, we have

n 5 ~ T ~ ~ ~
cr (@8, (D, D) < el (D, D <Y crlgply (D, @l e (D) = s (@ze(D), 1) =0
j=1

This contradicts our assumption that c, ((pgoyg(f), I)>0. U



20 C. VITERBO

Let Ac T*Myx T*M,, B c T* M, x T* M3. We set Ao B to be the projec-
tion of (A x B)N(T*M x Ag«pp, x T* M3) on T* My x T* M3. We then have

Proposition 6.20. We have

(1) For L a smooth Lagrangian in (M, ) we havey —supp(L) = L.

(2) y—supp(L) is non-empty

(3) Fory a symplectic map, y —supp(y (L)) = w(y —supp(L))

(4) y—supp(Ly x L) 'y —supp(L;) x y —supp(L2)

(5) Let Ay, Ay be correspondences, that is Lagrangians in P(T* M x
T*M>) and@(T*Mg x T* M3) respectively. Then Ayo Ay, < T* My x
T* M3 satisfies y —supp(A; o Ap) €y —supp(A;) oy —supp(A2)

Proof. For (1), the inclusion y — supp(L) < L follows from Corollary[6.18
The converse can be reduced to the case of the zero section by using a
Darboux chart U in which (U, LnU) is identified with (B"(0, r), B2"*(0, r)n
R™). But thenif f = 0 outside a neighbourhhood of z and the oscillation of
f is €2,|V f| < € we can locally deform the zero section to 'y £ in a neigh-
bourhood of z, and obtain L’ such that y(L’, L) = £2.

FIGURE 1. L and L' = ¢(L) with ¢ supported in the inte-
rior of the blue circle. The hatched region has area &2

For (2) this follows from Proposition|6.10

For (3), we have y(pw(L),y (L)) >0 < y(y tw(L),L) > 0 and since
supp(u/‘l(pw) = ¥ (supp(¢)) this proves our statement.

For , we note that if y(¢(L), L) > 0 we either have c; (¢(L),L) > 0 or
c_(p(L),L) > 0. Changing ¢ to ¢!, we can always assume c, (¢(L), L) > 0.
Then suppose there is a ¥ supported in U; x T* N such that c, (@ (L; x
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L), L; x Ly) > 0. Then we can find ¢, supported in U; such that

prxld=y

just replace the Hamiltonian generating v, K(z, z) by H)(z;) such that
K(z1,22) < H(z;) (note that K is compact supported). Then

c+(W(Ly x Ly), Ly x L) < ¢4 ((p1 xId)(Ly x Lp), Ly x Lp) =
C+(p1(L1),L1) + ¢ (Lp, Lp) = ¢4 (1(L1),L1) =0

a contradiction. So we proved that U; nsupp(L;) = @ implies U; x T*NnN
supp(L; x Ly) = @. The same holds by exchanging the two variables, so
we get

supp(L; x Lp) € supp(Ly) x supp(L2)

For we notice that A; o Ay is the composition of the product A; x
Az and areduction of T*M; x T* My x T* My x T* M3 by T* M) x v*Apy, %
T* M3, where Ay, is the diagonal of M, and v* the conormal.

Thus it is enough to prove that the y-support of the reduction is con-
tained in the reduction of the y-support. In other words for L € P(T*N)
and V a submanifold of N, the reduction Ly € Z (T* V) satisfies

¥y —supp(Ly) €y —supp(L)n Ty, N/ =

Butif z ¢ y —supp(Ly) consider a small ball B(z,r) c T*V = T;;N/ =~ and
B(z,r) c T* N the preimage of B(z, r) by the projection TyN — TN/ =.
By assumption B(z,r) N Y —supp(L) = @, so any ¢ supported in B(z,1)
satisfies y(¢(L), L) = 0. But we may take the lift of any Hamiltonian map
¢ defined on T*V, lifting to ¢ supported in B(z,r) and we shall have
Y(@(L),L) = 0. But reduction is a contraction (see proposition 7.42 of
[Vit21]) for y so

y(@(Ly),Ly) < y(@(L),L)=0

so z ¢y —supp(Ly).
U

Remark 6.21. When L is smooth ®$am.(M,w) acts transitively on y —
supp(L), and even better, the restriction map D $Ham.(M,w) — Diffy(L)
is onto. This is not at all the case in general as the following example
shows.

Example 6.22. Let us consider the sequence of smooth Lagrangians rep-
resented below
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FIGURE 2. The sequence (Ly)i>1 and the y-support of the
limit A of the sequence (L) x>1

(1) Quite clearly there is a singular point, so ® Ham.(M, w) cannot act
transitively on y — supp(A).

(2) We can arrange that A is symmetric with respect to the involution
(x, p) — (x,—p), i.e. y—supp(A) =y —supp(A). However A A
because as we see from Figure ‘ ¥(Lt, L) remains bounded from
below (by twice the area of the loop). As a result the elements A
and Lin Z(T* N) have the same Y-support while being distinct.

FIGURE 3. The sequence (Zk)kzl

(3) We conjecture that the set of elements in £(T" S1) such that y —
supp(L) =y —supp(A) is {A, A}

Finally note that we can define a kind of density of L € £(M, w) as fol-
lows

Definition 6.23. Let L € £(M,w). We define
pe(z, L) = sup{y(p(L),L) | ¢ € DHam,(B(z,¢€))}
and p(z, L) to be the limit

limsup

—1 ,L
0 2log(e) 08 p:(2,1)
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It is easy to show that for v € D$Ham.(M,w) we have p(y(z), (L)) =
p(z, L) so that for a smooth Lagrangian, p(z, L) = 1, since this is the case
for a Lagrangian vector space in R?". We leave the proof of the following
to the reader

Proposition 6.24. Let (Li)r>1 be a converging sequence in LM, w) having
limit L. Assume there exists €,6 > 0 such that p.(z, L) = 0 for all k. Then,
z €y —supp(L).

7. THE Y-COISOTROPIC SUBSETS IN A SYMPLECTIC MANIFOLD:
DEFINITIONS AND FIRST PROPERTIES

We now define the notion of y-coisotropic subset in a symplectic man-
ifold. Of course this notions will coincide with usual coisotropy in the
case of smooth submanifolds. We start with a new definition that will
play a central role in this paper. After this paper was written, we real-
ized that the analogue of y-coisotropic- with y replaced by the Hofer dis-
tance (and under the name of “locally rigid”) had already been defined
in [Ush19]. Using such a notion, the property that for a submanifold,
the equivalence between local rigidity and being coisotropic was stated
by Usher and he proved that the Humiliere-Leclercq-Seyfaddini theorem
([HLS15]) follows from the definition and its invariance by symplectic
homeomorphism.

7.1. Basic definitions.

Definition 7.1. Let V be a subset of (M,w) and x € V. We shall say that V
isnon-y-coisotropic at x if for any ball B(x, €) there exists a ball B(x,n)
B(x,€) and a sequence (¢y) k=1 of Hamiltonian maps supported in B(x, €)
such thaty —lim @y = Id and we have (V)N B(x,n) = @.

In other words a set 'V is y-coisotropic at x € V if there exists € > 0 such
that for all balls B(x,n) with 0 < n < € there is a 6 > 0 such that for all
@ e DHam,(B(z,¢€)) such that (V)N B(x,n) = @ we havey(p) > 6.

We shall say that V isy-coisotropic if it is non-empty and y-coisotropic
at each x € V. It is nowhere y-coisotropic if each point x € V is non-y-
coisotropic.

Remark 7.2. (1) A variation of this definition assumes in the defini-
tion of non-y-coisotropic, that ¢(V) = V' is fixed. This would be
better in some instances, but the locally hereditary property, ex-
plained below becomes non-obvious (if at all true). Note that our
definition should make the empty set to be y-coisotropic, how-
ever we explicitly excluded this case.
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(2) Note that we do not need to define the spectral distance on (M, w)
to define y-coisotropic subsets. Indeed, we only need to consider
elements in ® Ham.(B(x, €)) for € small enough. But for this, using
a Darboux chart, it is enough to have y defined in D §am,(R>").

Examples 7.3. (1) A point in R? is non-y-coisotropic. Let H(q, p) be

such that 6—H(0, p) is sufficiently large, but H is C%-small. Then

d
the flow of IL-II1 takes the origin outside of B(0,n). By truncation, we
can do this while being compact supported in B(0¢).

(2) IfI=10,1] in R? it is easy to see that interior points of the interval
are y-coisotropic, while the boundary points are not. Thus I is not
Y-coisotropic.

(3) It is not hard to see that {(0,0)} x R?"~2 is not y-coisotropic, and
neither is I x {0} x R2"~2, However this last set is y-coisotropic at

the point (x,0,...,0) ifand only if 0 < x < 1.

Question 7.4. Let V be a y-coisotropic subspace. Does V have positive
displacement energy. Even better, is it true that y(V) = inf{y(y) | (V) n
V=g}>0.

One of the goals of this paper is to show a number of natural occur-
rences of y-coisotropic sets, starting from the y-support of elements of
LM, w).

Let us consider the group #, (M, w) of homeomorphisms preservingy.
In particular since y is C’-continuous (see [BHS21]) this group contains
the group of C°-limits of symplectic diffeomorphisms, denoted Homeo(M, w),
usually called the group of symplectic homeomorphisms. We denote
by Zy(M,w) the set of images of smooth Lagrangians by elements of
#y(M,w) and by &2 (M, w) the set of images of symplectic submanifolds
(not necessarily closed) codimension greater or equal to 2 by elements
of #, (M, w). Note that these are subsets (and even topological submani-
folds) of M, which is not the case for elements in £(M, w).

The following is quite easy:

Proposition 7.5. We have the following properties

(1) Beingy-coisotropic is invariant by 7, (M, ), hence by Homeo(M, w).

(2) Beingy-coisotropic is alocal property in M. It only depends on a
neighbourhood of V in (M, w).

(3) If X, Y arey-coisotropic then X UY isy-coisotropic.

(4) y-coisotropic implies locally rigid (in the sense of [Ush19]).

(5) Being y-coisotropic is locally hereditary in the following sense :
if through every point x € V there is a y-coisotropic submanifold
Vi c V, then V isy-coisotropic. In particular if through any point



ON THE SUPPORTS IN THE HUMILIERE COMPLETION 25

of V there is a Lagrangian germ, then V is y-coisotropic. If any
pointinV has a neighbourhood contained in an element of $» (M, w)
then V is non-y-coisotropic.

Proof. The first two statements as well as the third are obvious from the
definition. The fifth follows immediately from the inequality y < dy be-
tween Hofer distance and spectral norm. For the last one, the only non-
obvious statement is that a smooth Lagrangian germ is coisotropic at
any interior point, while a codimension 2 symplectic submanifold is ev-
erywhere non-y-coisotropic. For a Lagrangian, if B(xp,1) is a ball and
LNnB(1)=R"x {0} and L' nB(1) = @, then y(L, L') = /2. Indeed it is easy
to construct a Hamiltonian isotopy supported in B(1) such that y(L;, L) =
n/2 and L; = L outside B(1) (see Figure[T).
As aresult

m/2=cy(Ly, L) < cy(Ly, L)+ ey (U, D) < e (L, L) = e (L, L") = y(L, L)

But this implies y(¢) = y(L’, L) = 7/2 and this concludes the proof in the
Lagrangian case.

Now let S be symplectic of codimension 2, we want to prove that S is
nowhere coisotropic. Up to taking a subset of S and after a symplectic
change of coordinates (and possibly a dilation), we may assume that S, U
are identified locally to

So={(0,0,4, ) € D*(1) x D" (1)} « D?*(1) x D" 2 (1) = U

where D?*(r) (resp. D?"72k(r)) are the symplectic balls of radius r in
(R?,051) (resp.in (R*"~2,54,_,1)). Consider the isotopy

t— (talq,p),0,q,p)
where a(g,p) = A(G> +|pl?) and A is a compact supported function
bounded by 1, and equal to 1 in D?"~2¥(1). This is a Hamiltonian iso-
topy generated by H(§,§,D, ) = x(q,P)a(q, p), where (g,p) € R** and

(Zi’ ﬁ) € RZI’Z—Z’C
sending Sy to S, where

$1={(1,0,4, ) € D* (1) x D" (1)}
and in particular Sy N S; = @. Let

H(QI, 6_],191;]5) = X(Cll;l?l) : ﬂ(q; ﬁ)
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be such that X(aq—;;o) =0and X(aq—,;;o) =1for|q;| =1 and such that [ yllco < €.
The flow of H is given by

0 =@, p O AIGDOP +pOP)
PL =55 @0, L AIGOR +1HDP)

g =2x(q1(8), p1 A (GO +1pO) (D)
p) ==2x(qi(8), A 1GWOI +1p1)IA)G(1)

The last two equations imply that |c‘]|2+|;§|2 is constant, hence a(q(1), p(1))
is constant. If we start from p; = gq; = 0, we have p;(f) =0 and g, (¢) =
tA(IE](O)I2 + Iﬁ(O)IZ). As aresult we have (p}{(SO) = §;. Since || H|| co < € this
proves our claim.

O

A first consequence is

Proposition 7.6. Let V be a smooth submanifold. Then it is y-coisotropic
if and only if it is coisotropic in the usual sense, i.e. for all points x € V we
have (T, V)Y c T, V.

Proof. Assume C is coisotropic. Locally C can be identified to

{(xl)---!xnrpl,---)pk)or---)o) | xj,Pj € R}

This contains the Lagrangian p; = .... = p, = 0 which we proved to be
Y-coisotropic, hence C is y-coisotropic.

Conversely assume V is smooth but not coisotropic. Then locally we
can embed V in a codimension 2 symplectic submanifold as follows : ac-
cording to the Decomposition theorem ([Vit21] thm 2.14), we can write
T,V = I&Swhere [ isisotropic, S symplectic, and there exists K, uniquely
defined by the choice of S, such that (K & I) is symplectic and contained
in §“. Moreover K@ I @ S = D(x) is symplectic, so choosing a continu-
ously varying S, the same will hold for D. If V is not coisotropic then
D(x) # T,yM. We thus have a symplectic distribution D near xj such that
T,V < D(x). Since being symplectic is an open condition, D(x) will be
symplectic in a neighbourhood of xy. Then, using the exponential map,
we may find a symplectic manifold W defined in a neighbourhood of V
such that T, W = D(x). Since we proved that a codimension 2 symplectic
submanifold is non-coisotropic, and being y-coisotropic is locally hered-
itary, we conclude that V is not y-coisotropic. U

7.2. Links with other notions of coisotropy. There are other definitions
of coisotropic subsets’]|

3In the litterature, synonyms of coisotropic are “involutive”, “locally-rigid”, etc.
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Definition 7.7 (Poisson coisotropic). We shall say that the set V is Pois-
son coisotropic if Py = {f € C*°(M) | f =0 on V} is closed for the Poisson
bracket. In other words if f, g vanish on 'V so does {f, g}.

Finally we define, following Bouligand (see [Bou32|), for a subset V in
a smooth manifold, two cones :

Definition 7.8. The paratingent cone of a setV at x is
C*(x, V)= {lilrlncn(xn -y |l X yn€V,ch,eR li’rqnxn = lirrlnyn = x,li’rln Cp= +oo}
The contingent cone of a set V at x is

C (x,V)= {li’rln cnxp—x)x,€V,cr,€R, lilgnxn =X, li}ln Ch= +oo}

Clearly C™(x, V) € C*(x, V). Note that C* (x, V) is invariant by v — —v,
while it is not necessarily the case for C™ (x, V). We then have the follow-
ing definition, for which we refer to Kashiwara and Schapira

Definition 7.9 (Cone-coisotropic, see [KS90], theorem 6.5.1 p. 271). We
shall say that V is cone -coisotropic if whenever a hyperplane H is such
that C* (x, V) c H then the symplectic orthogonal of H, H? is contained in
C™ (x, V).

Note that what we call here cone-coisotropic is called involutivity in
IKS90].

= B

FIGURE 4. Two cones C c H. The one on the left is coiso-
tropic, the one on the right is not.

It is an elementary fact that in both cases a smooth submanifold is
Poisson coisotropic or cone coisotropic if and only if it is coisotropic in
the usual sense. We shall prove in [GV22b] the first part of

Proposition 7.10. For a subsetV in (M, w) we have the following implica-
tions

Y -coisotropic => cone-coisotropic => Poisson coisotropic
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Proof of the second implication of the Proposition. We argue by contradic-
tion. Assume there are two functions f, g vanishingon V such that { f, g} #
0. Let xo be a point such that {f, g}(xo) # 0. Consider the set S = f~1(0) N
g71(0) near xo. Then since d f (xy), dg(xo) are non-zero and linearly inde-
pendent S is a codimension 2 submanifold near x(, and since X r, Xg are
normal to S and have non-zero symplectic product, we see that (T, S)” =
(X (xo), Xg(x0)) is symplectic, so S is symplectic and we may conclude
that V is not cone-coisotropic, since in local coordinates, S is given by
{gn = pn = 0} and Ty, S < {g, = 0} but % ¢ Ty,S and since in this case
Ty, S = C*(x0,S) = C™ (xo, S) this proves that S is not cone-coisotropic. [J

There are Poisson-coisotropic sets which are not cone-coisotropic.

Example 7.11. Let V = {(q,p) | p = 0,g = 0}. It is Poisson coisotropic,
as this is obvious on V n{g > 0} and the set of points where V is Pois-
son coisotropic is closed. But V' is not cone-coisotropic at (0,0) because
cto,V)= R% while C7(0,V) =R, % so the cone condition is violated.

Our main result in this section is

Theorem 7.12 (Main Theorem). We have

(1) ForanyLe€ E(M, w), y —supp(L) isy-coisotropic.
(2) (Peano Lagrangian) For anyr in{l,...,n} we may find L€ £.(T* N)
such that supp(L) contains they -coisotropic set

K- ={(g,p) gl <1,Ip|<1,p; = prs1=...= pp =0}
(3) There exists L # L' in £(T* N) such thaty —supp(L) =y —supp(L)).

Proof of Theorem|[7.12 {I). Assume V = supp(L) is non-y-coisotropic at
z € V. Then there exists a sequence of Hamiltonian maps ¢y going to
Id (again for y), supported in B(z,¢) and such that ¢ (V) N B(z,n) = @.
Now on one hand y —lim¢y(L) = L since y —limy ¢ = Id. Thus y -
limy ¢ (Ly) = L has support supp(L). On the other hand ¢ (L) has sup-
port @i (supp(L)) and since ¢y (supp(L)) N B(z,n) = @, Proposition [6.17
implies that supp(L) N B(z,n) = @. We thus get a contradiction.
Let us consider a “cube” that is in local coordinates

K. ={g,peT*'R"|lgl<1,Ipl<1,prs1=... = pr =0}

Any embedding of D" in N yields such a cube. Our goal is first to con-
struct L € £(T*S") such that supp(L) o K;.

Theorem 7.13. There exists an element L € £(T* N) with support satisfy-
ingsupp(L) = K, UOy.
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Proof. We shall start with the case r = n and set K = K,,. Consider L =
w(0x) where v is supported in K. Let A be a finite set in K\ L, z a point
in K\ L not contained in A, U c K \ (LU A) be the symplectic image of the
product of two Lagrangian balls o : B"(¢) x B" (%) — K\LU A. Notice that

B"(¢) x B"(3) is symplectically isotopic to B*" (\/g) We assume z = o (0)
and set A = o (B"(¢) x {0}) be the image of the first Lagrangian ball.

Proposition 7.14. Let L,K, A, U,A as above. Then there is a constant c¢
such that for all 0 < € < ¢, there is a symplectic isotopy p such that

(1) p is supported in K\ A

2) pL)NU=A

(3) v(p) <€ hencey(p(L),L) <&

(4) there exists ¢ supported in U such thaty(pp(L), p(L)) > 15

Proof. First of all we may apply an isotopy sending L to the zero section.
Then, since A is discrete, we may push all its points by a symplectic iso-
topy in a neighbourhood of the boundary of K and at the same time move
ztoq1=..=qn=0,p1 = %,..., Pn= %, since K\ 0y is connected (except in
dimension 2, in which case we have two connected components, and z is
either (0, %) or (0, —%)). As a result we may assume that z is the center of
a translate of B"(¢g) x B”(%) contained in K and avoiding both A and Oy.
We claim that we can move the zero section by a Hamiltonian isotopy 7,
generated by a Hamiltonian supported in K, with norm [|H| o0 < € and
such that

7,(0p) N (B”(e) x B" (é)) =z+(B"(¢) x {0})

This proves (1), (2), (3). Finally to prove (4), it is enough to construct a
Hamiltonian isotopy supported in B"(¢) x B" (%) asis done in the proof of
Proposition see Figure such thatif Ln(B"(¢) x B" (%)) = B"(¢) x {0}
we have y(¢(L), L) = £. For this it is enough to replace B"(¢) x {0} by the
graph of d f where f is supported in B"(¢) and |d f| < % and oscf > ¢.
This induces a Hamiltonian isotopy such that y(¢(L), L) > £. U
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Pr(A)

FIGURE 5. The Lagrangian p(0n) N U and the path pi(A).
The pink region has area less than €.

Letnow (z;) j>1 be a dense subsetin K. We apply the above Proposition
inductively with L = Ly, Ay = {z1,..., 2k}, € = €x. We shall determine the
sequence (€x) k=] later. We thus get sequences () =1, (@x) k=1 such that
properties (1)-(4) of the former Proposition hold. In other words we have

(1) pg is supported in K \ Ag

2) y(pr(Lg), Li) < €k
(3) there exists @ supported in Uy such that y(px(pr(Lr), px(Lk)) >
£k

5
We then set Ly, = px(Ly). According to Property this sequence
will be y-Cauchy if the series }_ ; € j converges. More precisely y (L, Leo) <
;“:‘;C €. Now assume the sequence (¢;) j>; satisfies €, < % then denot-
ing by L, the limit of Ly, we have
=1 20 1

Ly, L) <€ —=—¢ < —€
Y (Li+1) Loo) k+1j§020] 19 k+1 19 k

Then we claim

Lemma 7.15. Consider the sequence Ly just defined and let L, be its y-
limit. Then we have for all k large enough vy (¢ (L), Loo) > 1—11£k.
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Proof. Let us indeed use the triangle inequality to compute

Y(@r(Li+1), Li+1) = Y@k (Li+1), Pk (Loo)) + Y (@i (Loo)y Loo) +7Y (Loos Lic+1)
so that

Y(@i(Loo)s Loo) Z Y (@i (Lic+1)s Licr1) =Y (@i (Lic11), Pk (Loo)) — ¥ (Loos Lic+1)

and since ¢y is an isometry for y we have

Y(@ik(Loo), Loo) =Y (@i (Lic+1)s Lig+1) —2Y (Loos Li41) =
& 2 9 1

— — —€ > —E > —E&
5 19 K795 k7 117k

O

Proof. (Proof of Theorem We start with (2). We now consider the
case where the sequence (zi)r>1 is just the sequence of points with ra-
tional coordinates, and Uy are neighbourhoods of z; making a basis of
open sets for the topology of K. Then supp(Ly) is a closed set, meeting
all the supp(¢y) hence all the Uy . This implies that supp(Ls,) is dense in
K, hence contains K.

As for , we can construct two sequences (L)r>; and (L’k) k=1 hav-
ing y-limits L,L' as above so that y — supp(L) = y —supp(L’) and L #
L'. Indeed, we may create the first “tongue” in different directions, so
that y(Ll,L’l) > g9 and if we choose the ;. such that gy > Z;‘:"{ £j we get
y(L, L") > ay. Thus the support does not, in general, determine a unique
element in E(M ).

Remark 7.16. It is easy to see that supp(Ls) € 0n U K so that supp(Leo) =
OnNUK.

We now consider the case r < n. We can do the same construction as
above: we must just keep Ly to be contained in LU K, i.e. the isotopies
Pk and @i must preserve K, and be the identity on L, which is quite easy
to achieve. Locally K; is given by p;,—r+1 =...=pp,=0and Lby p; = p2 =
... = pp=0. Given f(qi,..., gn-r), we deform L to

0
L, = {(QL 672; (X33} qn; a_qfl(ql) eeey Qn—r), eeey (qu (X33} Qn—r)y O) ey 0)}

0qn-r
and f can be chosen to pass through any point of K.

As a result, we get not only y — supp(L.,) < Oy U K, but actually y —
supp(Leo) =0n UK. ([l

Remarks7.17. (1) Similarly we can find L € £(T*N) such that Y -
supp(L) =0y U T*D"(1).



32 C. VITERBO

Question7.18. Can a coisotropic submanifold containing “no Lagrangian”,
for example such that the coisotropic foliation has a dense leaf, be the y-
support of an element L € £(T*N) 2 One should be careful about the
meaning of “Lagrangian” as this should be understood in a weak sense,
since for a C° function f, the graph graph(d f) will usually not contain a
smooth Lagrangian.

We consider a sequence of y-coisotropic sets, V. If the Vj are compact
and contained in a bounded set, then, up to taking a subsequence, they
have a Hausdorff limit and setting V' = lim V} we may ask whether V is
Y-coisotropic. The answer is obviously negative : take Vi to be sphere of
center 0 and radius % Then Vi has for limit {0} which is not coisotropic.
However the following question is more sensible

Question7.19. Let Ly be a sequence in E(M, w) and Vi = y—supp(Lg). As-
sume V = limj Vi where the limit is a Hausdorff limit. Is V a y-coisotropic
set?

Note that the sequence cannot collapse because of the intersection
properties of the y-supports (Proposition|6.10).

Remarks 7.20. (1) Onthe connection between Hausdorff and y-convergence

(for Lagrangians) in the presence of Riemannian constrains we re-

fer to [Cha2l].

(2) Note thatifall y-supports contain an exact Lagrangian, then Propo-

sition becomes obvious. Of course this can not be true in

the usual sense, i.e. all y-supports do not contain a smooth La-
grangians : if f is a C° function, graph(df) cannot contain a
smooth Lagrangian On the other hand if this is not the case, then

we get a really new class of subsets, invariant by symplectic iso-

topy, having intersection properties.

Note that one could hope that if u; is the graph selector associated to
L we have y — supp(graph(du;)) < y —supp(L). This is however not the
case as we see from the following example

Example 7.21. Let u(x) = |x|. It is then easy to see by using smooth ap-
proximations of u that y—supp(graph(du)) is the union of {(x,-1) | x < 0},
{(x,1) | x =0} and {0} x[-1, 1]. However u is the selector for the Lagrangian
represented on Figure|[6]

However it is not difficult to prove that

y —supp(graph(du;)) < Conv,(y —supp(L))
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FIGURE 6. The Lagrangian from Exemple

where Convy, is the p-convex hull, that is
n
Conv,(X) = {(q, p)ET*N|3(py1,..p) €TyN,1; 20,3 t;=1,p=) tjpj}
j=1

8. REGULAR LAGRANGIANS
In this section N will be a closed n-dimensional manifold.

Definition 8.1. We say that N satisfies Condition () if there exists a closed
manifold V and a map ® : V — Diffy(N) such that the map @y, = evy, o
®: V — N satisfies CD)*CO (un) #0in H* (V).

Until the end of this section and the next one we assume N satisfies
Condition (%). Note that any Lie group G, obviously satisfies condition «,
by taking V = G and ®(g)(x) = g - x, so that clearly ®, =1dg.

Definition 8.2. An elementL in £(T* N) is said to be regular ifsupp(L) isa
smooth n-dimensional manifold. Such a manifold is then Lagrangian by

Theorem and Proposition|7.6). It is topologically regular if supp(L)
is a topological n-dimensional manifold.

Conjecture 8.3 (Regular Lagrangians). If L is regular then L =y —supp(L).
If one believes this conjecture, it makes sense to set

Definition 8.4. Atopological Lagrangian in (M?",w) isa C°-submanifold
of dimension n, V, such that there exists L € £(M,w) with V =y —supp(L).

Remark 8.5. There are several possible definitions for topological La-
grangians. For example

(1) an n-dimensional topological manifold that is y-coisotropic.
(2) an n-dimensional topological manifold of the form y — supp(L).

Theorem 8.6. IfL in L(T*N) is regular and supp(L) is Hamiltonianly iso-
topic to the zero section and satisfies condition (), then L = supp(L). The
same holds if N is a homogeneous space of a compact Lie group.

Remark 8.7. This means that the Lagrangian L € £(T* N) coincides with
supp(L) € £(T*N) c £(T* N).
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According to the above Conjecture neither condition (x) nor the
Hamiltonian isotopy conditions should be needed.

It follows from [Vit22] that if ¢ is a sequence of smooth symplectic
maps converging C° to ¢, then ¢ (L) = y—limy ¢ (L), and y —supp(¢(L)) =
(L) so that ¢(L) is a topological Lagrangian. We remind the reader of the
following result from [Vit22]

Proposition 8.8. Let L be an exact Lagrangian in T* N where N satisfies
Condition (x). If y(L) > 0 there exists ¢ € Diffy(IN) isotopic to the identity

such that its lift T, to T* N satisfies y(L,7,(L)) > %.

Remark 8.9. According to [Vit22], we may choose the map ¢ to belong to
the set V defined in Condition (x).

Lemma 8.10. Let ¢ be a diffeomorphism of N isotopic to the identity, and
T its lift as a Hamiltonian map of T* N. Then for all positive € there exists
y eDHam(T*N\Oy) such thaty(ty, ) < €.

Proof. Note that if the vector field corresponding to ¢’ is X;, then 7, is
generated by H(t, x, p) = (p, X;(x)). Its truncation is given by K (¢, x, p) =
x(ph)H(t,x,p) where ¥y = 1 near 0 and y = 0 outside of [0,n7]. Then
IKllco < nllX|l, so its time-one flow &f satisfies y(€7) < nll X|| hence as
1 goes to zero, y(¢") goes to zero (for ¢ € [0,1]). Then y' = ¢ '1j €
DHam(T*N\0y) and

YT W) =YX, E 1 T) S YET,Ty) < ¥(©)
Choosing n[| X|| < € concludes the proof of the Lemma. ]

Proof of Theorem[8.6, Let A =y —lim(Ay) and assume A # L = supp(A),
so that there exists 6o > 0 such that y(L, Ax) > 6p > 0. We can of course
assume the Ay are smooth Lagrangians and L = Oy. Then for k large
enough, y(Ag, L) = y(Ag) > 69 > 0. But this implies that there exists
@ such that y(tyAr, Ag) > f—;’l according to Proposition Applying
Lemmawe may replace 7, by ¥ such that ¢ = Id in a neighbourhood
of L =0y and we have y(yAg, Ag) > g—,‘;. But this implies y(y(A), A) > g—,‘;
and then supp(A) £ Oy, a contradiction. The case of a homogeneous
space follows from [Vit22], proposition 6.4 which proves the analogue of
Proposition[8.8]in this situation. [

Question 8.11. How far can we extend this result ? In particular is the
property dim(supp(L)) = n enough if we only assume L is a topological
manifold ? Or if we assume supp(L) contains no proper coisotropic ? Or
if supp(L) is minimal for inclusion among the supports of elements in
L(T*N)?
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It is probably useful to quote that smooth Lagrangians are indeed min-
imal among y-coisotropic sets.

Proposition 8.12 (see [GV22b], proposition 9.13). Let L = ¢(Ly) where
Ly is smooth Lagrangian and ¢ € 7, (M, ) = D Ham(M,w) N Homeo(M).
Then any closed proper subset of L is not y-coisotropic.

Here is another related question

Question 8.13. For L;, L, such that L, is smooth, L, € E(T*N) and L; C
supp(Ly), what is the relation between L; and L, ?

In order to extend Theorem [8.6/using sheaves, removing the assump-
tion that L is Hamiltonianly isotopic to the zero section, it would be nice
to prove

Conjecture 8.14. If L is regular theny —supp(L) is exact.

Question 8.15. Which y-coisotropic sets, V, satisfy the following

(1) There exists an element L in Z(T* N) such that Y—supp(L)cV?
Thaty —supp(L) =V ?

(2) There exists aunique element Lin £ (T* N) such that y—supp(L) =
v?

Remarks 8.16.

(1) The answer to the conjecture is positive for exampleif L € Z (T*T™
and y—supp(L) has dim H! (y —supp(L),R) = n. Indeed let us con-
sider the map g* : H*(T") — H'(y—supp(L)) induced by the pro-
jection.

(a) If g* is not injective, there is a class « € H!(T") having zero
image by g*. Consider then a to be a differential form repre-
senting a and the symplectic map (q, p) — (q,p + ta). Be-
cause a vanishes on supp(L), this isotopy induces a Hamil-
tonian isotopy on y —supp(L) and then y — supp(L) can be
disjoined from itself by a Hamiltonian isotopy, contradicting
Proposition|6.10

(b) If g* is onto and y —supp(L) is not exact. Then A, = g* (@)
for some a € H'(T™) \ {0}. Let a be a representative of the
cohomology class of a having constant coefficients (so it is a
non-vanishing 1-form, since a # 0). Thenlet r,(x, p) = (x, p—
a) and ps(x, p) = (x,(1 —s)p). Then r,(L) is exact, so ps being
conformal, psr,(L) for 0 < s < 1is induced by a Hamiltonian
isotopy, (pfq and so equals l’—a(P;ﬂ’a (L). But for s close to 1,

rea@hra(L) =1_q0574(L)
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is contained in a neighbourhood of r_,;(0y). Since r_;(0x) N
On = @ for a # 0, y —supp(L) cannot be a y-support, as this
would contradict Proposition|6.10
Now by the first argument we know that ¢* must be injective
and by our assumption on the dimension of the H 1 we infer
that g* must be surjective. Therefore we may apply ([1b) and
conclude that y — supp(L) is exact.
The same holds for example for L € Z(T*N) where N is the to-
tal space of a fibration over T* with simply connected fibre, and
dim H' (y — supp(L),R) = k.

(2) The above conjecture has a positive answer for the C°-limit in-
stead of y-limit. That is if Ly CO—converges to L, then by [LS94] L
is Lagrangian, and according to [MO21] it is exact.

(3) Aswe see from Figure[2} y—supp(L) can very well be an immersed
Lagrangian such that [w]m2 (M, L) #0

(4) One can already ask if y —supp(L) must be connected.

We may generalize this to the following

Question 8.17. For which sets V is the set of L € £(T*N) such that Y -
supp(L) = V is compact ?

Remark 8.18. Let Ly be a sequence in £(T* N) and assume it converges
for the Hausdorff topology to a smooth submanifold L. Necessarily L
must have dimension at least n since otherwise for k large enough, Ly
would not intersect some vertical fiber. Assume it has dimension exactly
n, we then we claim that L is Lagrangian. Indeed, L x SlcT*Nx T*S!
converges in the Hausdorff topology to L x 0s,. By [LS94], if L is not La-
grangian, L x Og, is displacable by a Hamiltonian isotopy and so will be
Lj x 041 for k large enough. But this is impossible.

So Lis Lagrangian, and moreover it is exact by [MO21]. Now remember
the Conjecture from [Vit08]

Conjecture 8.19 (Geometrically bounded implies spectrally bounded). Let
N be a closed Riemannian manifold. There exists a constant Cy such that
for all exact Lagrangian L contained in

DT*L= {(q,p) eET*N| Iplg < 1}
we havey(L) < Cy.

We refer to [Shel8;[Shel9;|GV22a; Vit22] for proof of this conjecture for
various classes of manifolds. Now if Conjecture holds for L, we may
conclude that Ly y-converges to L.
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. . . c? .
This is related to the following question : let Ly — L and assume L is a
smooth submanifold. By [LS94] L is Lagrangian if the Ly are exact and it

is exact by [MO21]. Is it true that Ly L2 THL satisfies the conjecture
on the spectral bounds of Lagrangians (see [Vit08]) claiming that if L c
DT*N then y(L) is bounded (see [Shel8; Shel9], [GV22a], [Vit22]) then
(Lx) k=1 does y-converge to L. If we knew that (Li)r>; does y-converge,
the above Theorem (Theorem|[8.6) would imply this.

The convergence of L to L will hold if the conjecture on the spectral
bound of Lagrangians (see [Vit08]) claiming that if L c DT* N then y(L) is
bounded (see [Shel8;|Shel9|, (GV22a], [Vit22]). Note that we can extend
Conjecture[8.19]as follows

Conjecture 8.20. There exists a constant Cy such that forany L € L(T*N)
withy —supp(L) € DT* N, we have

y(L) =Cn

Note that this does not immediately follow from the conjecture in the
smooth case: even though L is the limit of smooth L, we cannot claim
that the Ly are contained in a neighbourhood of y — supp(L). The above
conjecture is proved for a certain class of manifolds in [Vit22].

Now we claim

Proposition 8.21. Letg € DHamc(T* T") such thaty—suppI'(¢)) = A«7n.
Then ¢ =1d.

Proof. Consider the Z" symplectic covering from T*(Ap«7n) to T*T" x
T*T". Let T'(¢) be the graph of ¢. Since for ¢ € DHam (T*T") T'(p) hasa
unique lifting T (¢) to T*(Ar+7r») (note that I'(p) and I'(¢) are diffeomor-
phic to T*T"). Now the projection of the covering yields a diffeomor-
phism between I'(¢) and I'(g) and]

Y1), T(2)) = YT (1), T(p2))

and this implies that an element ¢ € DHam(T*T") defines a unique
L) in Z(T* (Ar+rn)). Now y —supp(T'(¢)) = A7+ 1n) s0, according to the
previous result, we have I'(¢p) = A. But this meansﬂ that ¢ =1d.

O

4The following equality is easy to see in the context of Floer cohomology, since there
is a one-to-one correspondence between holomorphic strips on the base and on the
covering space, since a strip is simply connected.

5The above inequality implies that the map DHam(T*T") — L(T*(Ap=1n)) is
obtained by taking the completion of the isometric embedding D$Ham (T*T") —
Z(T*(Ap=7n)). It is therefore injective : two elements having the same graph are equal !
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X
The same argument yields

Corollary 8.22. (1) We have the same result for DHam(T2")
(2) The center of D $Ham (T* T") is {Id}

Proof. The first result is obtained using the covering map
T*Agon — T2 x T
and repeating the above argument. For the second, we see that if ¢ €
DHam.(T?") commutes with all elements of D Ham.(T?"), then for all
¥ € DHam,(T?") we have (v x ) (T'(¢) = I'(p) hence the same holds for
Y —supp(I'(¢)). But the only subsets of M x M invariant by all maps v x y
are M x M and the subsets of the diagonal. However since y —supp(I'(¢))
is y-coisotropic and contained in the diagonal, it must be equal to the
diagonal. As aresult y—supp(I'(¢)) = Ag2. and it follows from Proposition

[8.21]that ¢ = Id. O

Remark 8.23. We do not know if there exists ¢ € DHam(M,w) such that
Y —supp'(¢)) = M x M. Note that the set

Na(M,0) = {p e DHam(M,w) |y - supp(()) = Ay}

is actually a normal subgroup in DHam(M,w). We have the following

Conjecture 8.24. For any symplectic manifold M the only element ¢ €
DHam (M, w) such thaty—suppI'(¢)) = Ay we havep =1d, i.e. Ny (M, w) =
{Id}. As a result the center of ® Ham (M, w) is {Id}.

Of course a stronger conjecture would be that DHam(M,w) isa simple
group.

9. ON THE EFFECT OF LIMITS AND REDUCTION

We deal with two questions here. As we know in the smooth case the
property of being coisotropic is closed for the C! topology, and according
to [HLS15] even in the C° case (actually slightly less : to apply [HLS15] we
need that the sequence Cy of coisotropic to be given by ¢ (C) where the
sequence (Q)i=1 C? converges to ¢ € Homeo(M,w)). Also being coiso-
tropic is a property preserved by symplectic reduction.

Proposition 9.1. There exists a sequence of Lagrangians such that its Haus-
dorff limit is non-y -coisotropic.

Proof. Indeed let us consider the sequence represented on Figure |5/ be-
low. The Hausdorff limit of the curve is a half-line. But a half-line is not y-
coisotropic at its endpoint, since it is easy to move p =0,q = 0 by H(q, p)



ON THE SUPPORTS IN THE HUMILIERE COMPLETION 39

such that %L;(q, 0) > 1 outside the unit ball and H is arbitrarily small (or
check that it is not cone-coisotropic). ]

Note that for the same reason the red curve does not belong to the sup-
port of the y-limit of the L,, (it is easy to see that the sequence (L;),> is
Y-Cauchy) since it is not y-coisotropic.

FIGURE 7. A Hausdorff limit (in red) of Lagrangians (in
black) that is not y-coisotropic.

Now let us examine the effect of reduction on £ (T* N). For example
we consider V' a closed submanifold in X. The symplectic reduction Ly
of L € L(T*X) is well-defined for L transverse to T;,X and yields a La-
grangian Ly € Z(T*V) since Ly = (LN T{;X)/ =~ where

(g, p1)=(q,p2) © p1—p2=00nT,V
By transversality, the set of L for which Ly is well-defined and embed-

ded is open for the C! topology. We denote by £ (T* X) the set of such
Lagrangians.

Proposition 9.2. LetV bea closed submanifoldin X. Themapey : L— Ly
defined on SV(T X) with image in & (T* V) extends to a (well-defined)
map-v =?V(T X)— fZ(T* V) wherefZV(T X) is the closure of £y (T* X)
in Z(T*X).

Proof. Given a map f defined on a subset C of a metric space (4, d4), to
(B,dp). If f is Lipschitz, it extends to a continuous map from the clo-
sure of C to the completion of B, (E, 673) since f sends Cauchy sequences
to Cauchy sequences. Now we just need to apply this to C = Ly (T* X)
the subset of elements in & (T* X) having a V-reduction and B the space
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Z(T*V), both endowed with the metric y. The proof is concluded by
invoking proposition 5.2 in [Vit22] which claims
Y((L1)v, (L2)v) =7y(L1, L>)

0

We shall by abuse of language denote by Ly the reduction of L € Z(T* X)
to Z(T*V). Now let C be a submanifoldin T*(X x Y) and C, c T*Y the
reduction of C by {x} x Y.

Proposition 9.3. For L € E{x}x y(T* (X x Y)), we havey —supp(Ly) < (y —
supp(L)) x

Proof. Assume ¢, € DHam(H,/ HY) is supported in a neighbourhood of
zand y(px(Ly), Ly) > €9 > 0. Then we may find ¢ defined in a neighbour-

hood of (x,z) in M such that y(¢(L), L) > €y. Indeed, we may choose ¢,
as in Proposition 6.19} generated by y(y* + p}). Extending ¢, by consid-

ering the flow of y(lx — xo/) ¥ (y* + p3), we get ¢ such that the reduction
of (L) at xo is ¢, (Ly,). By the reduction inequality we get
Y((P(L); L) = Y((pr (on)y LX()) > 0

so by Lemmawe have a point (xo, p, y, py) contained in supp(L). This
implies supp(Ly,) < supp(L) x,.
Let us prove the opposite inclusion. Let (xo, po, y, py) in supp(L), then

as before we can consider the Hamiltonian Hs(x, px, y, py) = x( |x-§€o|2 )x(y2+
pf,), with flow ¢s. Then

0<ep<ylps(L),L) = Casupy(px(Lx), Lx)
X
but if T X is transverse to L, the L, are all equivalent for x in a neigh-

bourhood of xg, and sup , Y (@ (Ly), Lx) = ¥ (@, (Lx,), Lxy), S0 Y (@x, (Lxy)s Lxy) >
0 and (y, py) € supp(Ly,). U

For y-coisotropic sets, we have

Proposition 9.4. Let C be ay-coisotropic set. Then its symplectic reduction
C, isy-coisotropic for x ioutside a nowhere dense subset of X.

We will need two lemmata.

Lemma 9.5. Let ¢ € DHam (B>"2(R)) and 0 < r' < r. Then there is ® €
DHam.(B>"2(R)x] —r, r[xR) such that

(1) y(®@) =Cy(p)

@) ©(u, Gn, pn) = (@W), Gn, X (W, G, p1)) for qu € =1, 7', pr €R

Proof. U
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Lemma 9.6 (see [Seyl5; HRS16; GT]). Let (¢ )i<j<n be in DHam (U;)
where the U; are symplectically separated domains. Then

Y(@r10...00N) < 212355\[{7’(%)}

Proof. Remember that “symplectically separated” means the distance be-
tween ¥ (U;) and ¥ (U;j)can be made arbitrarily large for some symplectic
isotopy w. Applying theorem 44 in [HRS16] we get

ci(pro...0pN) = 1r<_nj?]<V{C+(<p,-)}
ci(pro...0pN) = llsr}ian{u((pj)}
so taking the difference, and using that c_(¢) < 0 < ¢, () we get
Y(gro...opy) = max {c. (¢} - min jc-(p))} =2 max {y(p;)}
O

Proof. We shall prove that if the reduction C is non-y-coisotropic for x
in a dense set, then C is non-y-coisotropic.

Indeed, since the problem is local, and we can work by induction on
the codimension of the reduction, it is enough to deal with the case where
the reduction is by a hyperplane H, with x € R. We can also assume Cn H,
is connected, since if AU B is non-y-coisotropic at x, then both A and B
are non-y-coisotropic at x (according to Proposition[7.5] (3)).

The following argument is inspired from the proof of Proposition 2.1
from [Vit00]. Let (zg, X9, yo) € C with 2z € R21—2, X0, Yo € R.

(1) Assume for x in a dense set near x, there is a Hamiltonian map ¢
in H,/ HY ~ R?"~2 supported in B?"""2(zy, €) and such that

@x(Co)NB*" 2 (z0,m) = @

Pick an extension of ¢, ®, given by Corollary 9.10 such that
Y(@,) < Cay(@y). We claim that for a, > 0 small enough,

D (C) N (B *(20,n/2)x]x — @y, X+ axl) = @
Indeed, if this was not the case, we would have
@x(B*"*(20,n/2)) N Cy # &

for some x’ such that |x — x'| < a,. But since x' — C, is contin-
uous for the Hausdorff distance, this is impossible. So for each
x € [-R, R] there is @, such that q)x(BZ”_z(zo,n/Z) x B%(ay)nCn
Hy, = ¢ for y € I, where I is an open neighbourhood of x.
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(2) By compactness we may cover [—R, R] by a finite number of such
intervals, Iy, ..., I, and we may assume |I; N Ii| is as small as we
wish. Let us set ¥ = ®j0....0®,. Then obviously if y € I; \ I} for
all k # j then ®(B*",R)\nCn Hy, = @. For ye I; NI, sety; to be
the flow of the Hamiltonian y;(y) where y'(y) = Rfor ye I; n I,
and y(y) =0for ye Iy k # j,j+1. the it is easy to check that
® =Woo..0p satisfies (B> (R)) N C = .

(3) Since balls are Liouville domains, we may assume by Proposition
9.5 in [Vit22] that y(®) < C,y(¢), if we had a sequence ¢ such
that y(¢y) converges to 0 and such that

PrCHNB" 2 (zm =0

standard extension (in the sense of Definition 9.3 of [Vit22]).
Thus if the reduction of C was not y-coisotropic, we would have a
sequence of ¢ with y(¢y) going to zero. But then @y is supported
in B(z,€) x B?(¢) and ®; moves C away from B(z,1n) x B?(n) and
Y (@) < Cay(gg) which converges to 0 and C is non-y-coisotropic
at z.

t

Note that x — L, is continuous for the y-topology. However L — y —
supp(L) is not continuous for the Hausdorff topology on closed sets. It
may be continuous for the y-topology on sets that we shall define later
but we have no idea on how to prove such a statement.

Let us mention the following application

Proposition 9.7. Let V be a set in (M?*",d)) such that dimp (V) < n. Then
V' is nowhere y -coisotropic.

Proof. We argue by induction: assume this holds in a symplectic space of
dimension less than 27 — 2 and let us prove it in dimension 2n.

As this is a local result, we may assume we are in a symplectic vector
space with symplectic basis (e, f1,...,en, fn). We set for x e R, H, = xe; +
R2"1 where R?"! = (f1,e2, f2,....en, fn). Then the reduction V, of V at
H, is given by

(VN Hy)/{f1) = (VI{fi)) n(Hx/{f1))
We denote in the sequel K, and W for the hyperplane H,/{fi) and the
subset V/{f;) in R>"~!, Moroever we set W (x) = K, " W that is the reduc-
tion of V at x. We assume dimy (V) < n which implies that dimg (W) < n.
Now according to [Mar54], [Mat75; Mat19]

dim{xeR|dim(W(x)=n-1}<1

This implies that the set of x such that dim(W(x)) < n—1 is dense. By in-
duction W (x) is nowhere y-coisotropic (atleast in a neighbourhood of zy)
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and therefore there is a dense set of x such that the W (x) are nowhere y-
coisotropic. According to Proposition[9.4} this implies that V is nowhere
Y-coisotropic. U

10. SINGULARITIES OF HAMILTONIANS IN D $Ham(M, w)

Our goal here is to deal with Hamiltonians with singularities and un-
derstand these in the framework of the Humiliere completion. This was
already explained in [HumO8b], but here we show how y-coisotropic sets
enter the picture. We first define

Definition 10.1. Let U be open and W be closed in (M, w).
(1) An element @ € DHam(M, w) equals Id on W if
Y —supp(I'(p)) N (W x M) =y —supp('(¢p)) n (M x W) = Aw

We denote the set of such ¢ by DHam(M, W, ). Denoting by K a
compact set, we set
DHam(M,U,0) = (| DHam(M, K, )
KcU
(2) We say that a sequence (Qy) =1 in DHam(M, w) Y-converges to Id
on W ifthere exists a sequence (W ) k=1, of elements of ® Ham(M, W, w)
such thaty(@x, W) — 0. In other words

lilrcn)/((ﬂk,mﬂM, W, ) =0

(3) We define DHamy (W, w) as the set of equivalence classes of se-
quences (@) =1 such that for any sequence (ly)x>, with Iy = k,
the sequence ((Pk(l’l_kl)kzl Y-converges to Id on W. Two sequences

(pr) k=1 and (V) k=1 are equivalent if ((pku/;l)kzl Y -converges to
Id on W. We define
DHampy(U,w) = [ DHamp(K,w)
KcU
Remark 10.2. (1) Since in general w is fixed we shall omit it from the
notation.

(2) If ¢ is smooth, saying that ¢ equals Id on W in the sense of Defini-
tion is equivalent to its usual meaning since y —supp(I'(¢)) =
().

3) Ify—supp(T'(¢))NW x M < Ap; and W is the closure of its interior,
we must have

supp(L'(p)) "W x M = Ay

Indeed, if L is smooth Lagrangian, no proper subset of L is y-
coisotropic (see Proposition(3.12).
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(4) There is of course an embedding from D $Ham.(U) to mM(U)
since an element in ® Ham,(U) extends automatically to D Ham.(M)
and this extension equals Id on U if and only if we started from
Idy.

(5) There is a bi-invariant metric still denoted by y on m(M , W)

Y(p,1d) = likmy(qok, DHam (M, W))

where ¢ is represented by the sequence (¢)x=1- The existence of
the limit follows from the inequality

Y@, DHam(M, W, ) -y (@, DHam(M, W))| < y(@rp; ', DHam(M, W)

SO y(q)k,ﬁﬁ—a\m(M, W,w)) is a Cauchy sequence in R. There is

then a topology on DHamp(U) given by ¢y L, ¢ if and only
if this holds in mM(K ,w) for all compact sets K < W. It is
easy to check that this limit does not depend on the choice of the
sequence and that the embedding of ® Ham,(U) in mM(U)
yields an isometric embedding, hence an isometric embedding

DHam(U) — DHam (V).

Proposition 10.3. We have the following properties

(1) The setD$Ham(M, W) is a closed subgroup in DHam(M, w)
(2) We have an exact sequence

1 — DHam(M, W) — DHam(M) — DHamy (W) — 1

(3) If an element ¢ € DHam(M,w) equalsId on V and W then it is
equal told on VU W. If a sequence (i) i=1 Y-converges told on V
and W then ity-converges told on VU W. In other words

DHam(M, V) nDHam(M, W) = DHam(M, VU W)

@ Ify € DHam(M) sends W toW', then g — woy ! sendsDHam(M, W)
to DHam(M, W).

(5) If Conjecture holds for M (in particular for M = T*T" or
T?"), an element ¢ € DHam(M, w) equals 1d on M, then ¢ = 1d
in®Ham(M, w).

(6) If Conjecture[8.24 holds for M and if the sequence (@) k=1 Y -converges
told on M, then ity-converges told in the usual sense.

Proof. (1) For the first statement, indeed, if (¢)x>1 is a y-converging
sequence such that y — supp(¢i) N W x M c Ay, then, since ac-
cording to Proposition[6.17]we have y—supp(¢) < lim y—supp(¢x)
we deduce

y—supp(@)nW x Mc Ay
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(2) Let (¢r)k=0 be a y-Cauchy sequence in ®Ham(M). Then <pk(pl‘k1
converges to Id on M, hence on W which defines the map

DHam(M, w) — DHamy (W)

If such a sequence is in the kernel, this means that (@) x>0 con-
verges to Id on W, i.e. there is a sequence (¥)k=; such that
Y =Id on U and y (¢, ¥i) goes to 0 as k goes to +o0o. But then

y-limy =y -limg, = ¢
and since
Y —suppT(y)) M x W =y —suppT (@) NW x M = Ay

and y —suppI'(y)) c limgy — supp(I'(¥)) we have ¢ =1d on W,
i.e. o e DHam(M, W).
(3) Indeed if

Y—=suppT (@) NMxV =y—-suppT )NV xM=Ay
and
Y —supp'(@)NMxW =y —-suppI(@) "W xM=Ay

then
Y —=suppT (@) nMx (VUW) =Ayuw
(4) Is obvious from the definition
(5) If y —suppT’'(¢)) = Ay, we have ¢ =1d.
(6) Same as above
O

Remark 10.4. We probably can also work in the general case, i.e. with-
out assuming M satisfies Conjecture replacing ® $am.(M, w) by the
quotient D Ham. (M, )/ N (M, w)

We now set

Definition 10.5. Let V be a locally closed subset in (M,w). We shall say
that 'V is f-coisotropic at x € V' if for any closed neighbourhood W of x in
M there is an element ¢ in DHamuy(M\ (W N V)) such that @ is not the
restriction of an element in m(M ).

We say that V is nowhere f -coisotropic, if for all x in V, V is not f-
coisotropic at x.

Even though in a different formulation, Humiliere proved in [HumO8b]
thatif dim(V) < n then V is nowhere f-coisotropic.

Note that the definition is reminiscent of that of a domain of holomor-
phy : this is a domain such that there exist holomorphic functions on
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Q that cannot be extended to a bigger set. Such sets also have a local
geometric characterization as being Levi convex. Here the objects that
cannot be extended are element of ® Ham(Q, w).

Proposition 10.6. IV is nowherey -coisotropic, any element in DHamy(M\
V) defines a unique element in® Ham(M, w). In particular any H € C°(M\
V) defines a unique element in ® Ham (M, w).

Uniqueness follows from the following Lemma.

Lemma 10.7. Let V be nowhere y-coisotropic. If ¢ € DHam(M,w) and
@ =1d on M\'V then ¢ = 1d. Similarly if (¢p)x=1 Y-converges to 1d on
M\ 'V, then it converges told on M.

Proof. Let y be a sequence such that y —lim;y; = Id and y(V)
M\ B(x,n7). We denote by V; an e-neighbourhood of V. Then there
exists € such that ¢ (M \ Vg,) o B(x,n/2) so that ¢ — wk(pu/;l sends
DHam(M, M\ V) to DHam(M, B(x,n/2)). But since y — limjyy = Id
and ¢ € DHam(M, M\ V) for all k, then ¢ € DHam(M, B(x,1/2)). As
a result ¢ € M(M,B(x,n/m UM\ V)). As aresult ¢ equals Id on
M\ V U B(x,n/2). By taking a covering of V by open balls and iterating
this argument, we get that

¢ € DHam(M, M) = {Id}
O

Proof of Proposition[10.6 Indeed, (¢i) k=1 is Cauchy in DHamy (M\ V) if
and only if for any subsequence (/)= going to infinity, the sequence
(,0k<pl_k1 converges to Id on M\ V. But then we just proved that the se-

quence converges to Id in DHam(M,w). As a result (@) k=1 is Cauchy
in DHam(M,w) hence converges. Finally we want to prove that H €
CO%(M \ V) defines an element in mM(M \ V). We can write H as the
CP-limit on compact sets of a sequence Hy of Hamiltonians in C2(M \ V)
with Hy = H; on an exhausting sequence of compact subsets. Clearly
for any given compact set W ¢ M\ V and k, [ large enough, their flow
@ satisfies (,ok(,ol_1 equals Id on W, so that the sequence is Cauchy in

D$Hamy; (W). By definition it yields an element in DHamy (M\ V). O
Corollary 10.8. IfV is f-coisotropic at x then it is y -coisotropic at x.
Proof. The statement is an obvious consequence of the Proposition. []

From Proposition [9.7| we infer the following reinforcement of Humil-
iere’s result
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Corollary 10.9. Ifdimg(V) < n then V is nowhere f -coisotropic.

Proposition 10.10. We have the following properties

(1) Being f -coisotropic is invariant by 7, (M, w), hence by Homeo(M, w).

(2) Being f -coisotropic is alocal property in M. It only depends on a
neighbourhood of V in (M, w)

(3) Being f-coisotropic is locally hereditary in the following sense :
if through every point x € V there is an f-coisotropic submani-
fold V, c V, then V is f-coisotropic. In particular if through any
point of V there is an element of £(M,w) then V is coisotropic. If
any point in V has a neighbourhood contained in an element of
$»(M,w) then V is not- f -coisotropic.

Proof. The first two statements are obvious from the definition. For the
third one, if x € C; c V is f-coisotropic, then there is an element in ¢ in
m‘l(M\ (Cx N U)) which does not extend to M(M). But since ¢
belongs to DHam(M\ (VN U)), this implies that V is f-coisotropic at x.
0

APPENDIX A. THE SPACE £(T* N) IS NOT A POLISH SPACE

The question studied in this section is due to Michele Stecconi. I thank
him for the suggestion and for his help with the proof. We shall prove the

Proposition A.1. The space (£(T* N),y) is not a Polish space.

Remember that a Baire space is a space where Baire’s theorem holds: a
countable intersection of open dense sets is dense. A topological space is
a Polish space if its topology can be defined by a complete metric. Equiv-
alently the space is a countable intersection of open dense sets in its com-
pletion. So if a space is not a Polish space, its completion really adds a lot
of points.

Proof. Let g/r;\d : CO(N,R) — £(T*N) be the extension of the isometric
embedding grod : (C*°(N,R),dc0) — (£(T*N),y) given by f — graph(d f).
Let

©(T*N) = {graph(df) | f € C°(N,R),graph(d f) € £(T*N)}

Note that the image of g/rm is close(ﬁ, since it is an isometry (for the
natural C° and Y norms) and both spaces are complete. Then &(T*N)
is closed in £(T* N) since it is the intersection of the image of gro d and

6remember that L(T*N) is a set of smooth manioflds but that £(T*N) #
{graph(df) | f € C*(N,R)}
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L(T*N). As aresult, if (£(T* N),y) is Polish, so is &(T* N), since a closed
subset of a Polish space is Polish (see [Kec95], thm 3.11, p.17). Now let us
consider the open sets

Un(xo) = {LE E(T*N)|L=graph(df), and 3¢ E]O,l] inf f(x)> f(xo)}
n xeS(xp,t)

where S(xo, ) is the sphere of radius ¢ for some Riemannian metric on
N. We claim that U, (xp) is dense in &(T* N). Indeed, we may modify f
by adding a C°-small smooth function g so that f + g is in U, (xo), since
y(graph(df),graph(df + dg)) = ligllco. Note that U,(xp) is open, since
the set of functions such that infye sy, f(x) > f(xo) is open for the CO-
topology, hence U, (x) is open for the y-topology (since it coincides wiht
the C°-topology on graphs).

Then if gr(d f) € U,(xp) and f is smooth in B(xy, %) there must be a
local minimum y of f in B(xy, %) so that d f(y) = 0. Now let (zx)r>; be a
dense sequence of points in N. We claim that

ﬂ ﬂ Un(zk)
n=1k=1

is the zero section, since if gr(df) belongs to this intersection and is
smooth on the open set W < N of full measure, then d f must vanish on
some point in B(zk, 1) whenever B(zi,1) ¢ W. But this implies that d f
is identically zero on W, so f is a constant. Our last argument uses that if
gr(df) isin £(T* N) we have that f is smooth on an open set of full mea-
sure. Indeed, we proved in [OV94] (see also the Appendix 2 in [Vit18]) that
the selector c(1y, L) is smooth on an open set of full measure, but since
obviously c(1,,gr(df)) = f(x), this implies that f is smooth on an open
set of full measure. As a result, the intersection of the open and dense set
U, (zy) is the singleton {Ox}. Thus &(T* N) is not even a Baire space (i.e.
a space where a countable intersection of open dense sets is dense) and
Polish spaces are obviously Baire. U

Note that there is no obvious explicit description of €(T* N) in terms of
the singularities of f. Requiring f to be smooth everywhere is too strong
while only requiring C! is too weak. One possibility would be that f must
be C! everywhere and smooth on an open set of full measure but even
though the condition is necessary, as we saw above, we have no idea as
to whether it would be sufficient.

Remark A.2. Since on &(T* N) the metric y coincides with the Hofer met-
ric, we may conclude that £(7* N) endowed with the Hofer metric is not
a Polish space either.



ON THE SUPPORTS IN THE HUMILIERE COMPLETION 49

APPENDIX B. AN EXAMPLE OF A CLOSED SET IN £(T*N).

Let us now describe a closed setin f‘,( T*N). Rememberthat FH* (L, L,; t)
the Floer homology of L, L, with action filtration below ¢ (i.e. generated
by the intersection points in Ly N Ly such that f7,(2) — f1,(2) < t) yields a
persistence module, and as such we can associate a barcode.

We now set

Definition B.1. A Lagrangian L in S(T*N) isa pseudo-graph if and only if
for all x, the barcode of FH* (L, Vy) is reduced to a single bar [c(1y, L), +oo[

Proposition B.2. The set of pseudo-graphs is a closed subset of L(T*N)
and contains gro d(C°(N,R)) the set of graphs of differentials of continu-
ous functions.

Proof. Firstofallif L, x, L, we claim that for all x € N, denoting by V, the
vertical fibre Ty N, the persistence modules t — FH*(L,, V; t) converge
to the persistence module ¢t — FH* (L, Vy; t), i.e. the barcode of the per-
sistence module ¢t — FH*(L,, Vi, t) converges to the barcode of the per-
sistence module t — FH*(L, V,, t) for the bottleneck distance. This is an
immediate consequence of the Kislev-Shelukhin inequality (see [Vit22],
Proposition A.3) provided ¢t — FH*(L,, Vy, t) satisfies properties(1)-(4),
and conditions (1)-(3) . Now only the existence of the PSS units (i.e. Prop-
erty (3) is non-trivial, but since FH*(L,Vy) = FH* Oy, Vi) = K- u, and the
conditions (1)-(4) are easily checked.

Now if L, is a pseudo-graph, the barcode of t — FH* (L, Vy; t) is made
of asingle bar, [c(1,, L,),+ool, so its limit is necessarily a barcode made of
a single bar, and since lim, c(1x, L,) = c(1x, L) we have that the barcode
of t — FH*(L,V,; t) has a single bar [c(1y, L), +oo[. This proves the first
part of the Proposition.

Finally it is clear that for f smooth, the graph of d f is a pseudo-graph.
Now for f € C°(IN,R), we can find a sequence of smooth functions, f;,
such that C° —lim,, f;, = f. But this implies that y — lim, graph(d f;) =
gr(df), and since the set of pseudo-graphs is y-closed, this implies that
graph(d f) is also a pseudo-graph. U

Proposition B.3. We have equality : the set of pseudographs coincides
with the set of graph(d f) for f € Co(N,R).

Proof. Indeed, let f be the selector for the pseudograph L. Then f is con-
tinuous, and L = graph(d f) is a pseudograph such that ¢(1,, L) =0.

LemmaB.4. LetL € §(T*N) be such that for each x we have FH* (L, Vy; a, b) =
0 for given a < b. Then we have FH* (L,0p; a,b) = 0. In particular if this
holds for all a < b such that0 ¢ [a, b], then L =0y.
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Let #* € DP’(N x R) associated to L. According to [GV22b], proposi-
tion 9.9, there is an element %} in D;.(N x R) such that it extends the
Lagrangian quantization map Q : Z(T*N) — DP(N x R) from [Guil2;
Vit19]. In particular

FH*(Ly,Ly,a,b) = H* (N x [a, bl, RHom* (F], %> ))

Then H* (N x [a, b[, % ") = FH*(L,0n; a, b) since this holds for #* = #;
in the smooth case. There is a spectral sequence with Ef’q = HP(N,Z 9(la, bl, #})),
but#9([a, bl,#;) = H1(L, Vy; a, b) which is zero by assumption, so Ef‘q =
0 and
FH*(L,On;a,b)=H*(N x [a,b, F°) =0

Finally if FH*(L,0n;a,b) = 0 whenever 0 ¢ [a, b], then we must have
cy(L)=c_(L)=0and L=0y. O

RemarkB.5. One can prove directly that go\d(co (N,R)) is closed in £(T* N).
Indeed, g/rm is anisometric embedding between (CY(N,R),C% to (E(T* N), 7).
But an isometric embedding between complete spaces must have closed
image. It seems to us that the non-obvious statement in the Proposition

is that all pseudographs are actually graphs.

APPENDIX C. INVARIANTS SETS IN CONFORMAL SYMPLECTIC DYNAMICS
AND HIGHER DIMENSIONAL BIRKHOFF ATTRACTORS (JOINT
WITH V. HUMILIEREﬂ)

Let ¢ be a conformally symplectic mapﬂ in a symplectic manifold :
this is a map ¢ such that ¢*w = aw for some a € R}. Notice thatif a # 1,
then M must be a non-compact manifold of infinite volume, and refer to
[AF21] for recent results on this topic. In particular ¢ is conformally exact
symplectic if ¢* A = aA for A a primitive of w. According to Appendix B of
[AF21], we can always find a primitive A such that ¢ is conformally exact
symplectic for ¢, or alternatively, ¢ is conjugate to a conformally exact
symplectic map for the original A.

C.1. Higher dimensional Birkhoff attractor. From now on we assume
¢ is conformally symplectic. We now have a first theorem due to Marie-
Claude Arnaud and Vincent Humiliere

fSorbonne Université and Université Paris Cité, CNRS, IMJ-PRG, F-75005 Paris,
France. Member of IUF and supported by ANR CoSyDy, ANR-CE40-0014. Email:
vincent.humiliere@imj-prg.fr

“In dimension 2 for any map ¢, we have ¢*w = a(z)w with a a non-constant func-
tion. We say that ¢ is conformally symplectic if a is constant. It is dissipative if
0 < a(z) < 1. In higher dimension all dissipative maps are conformally symplectic.
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Theorem C.1 ([AH21]). Given any conformally symplectic map with a # 1
on a symplectic manifold (M, w) such that & (M, w) is non-empty. Then
there is a unique element L € P(M,w) such that @(L) = L. As a result we
have @(y —supp(L)) = y —supp(L) and y — supp(L) is a y-coisotropic in-
variant closed subset.

Proof. According to Appendix B of [AF21] we may assume that ¢ is con-
formally exact symplectic. Changing ¢ to ¢! we may assume a < 1.
Then ¢ acts on & (M, w) since it sends an exact Lagrangian to an exact
Lagrangian, and it is a contraction since ¢* (1) = al so we get

clp(Ly), p(Ly)) = ac(Ly, Ly)

Denote again by ¢ the induced map on Z(M,w). By Picard’s fixed point
theorem, ¢ has a unique fixed point L € P (M,w). Clearly we must have
@(y —supp(L)) €y —supp(L) and using (p‘l, we get the reverse inclusion
so that ¢(y —supp(L)) =y —supp(L). ]

We also have

Proposition C.2. Given any conformally exact symplectic map with a # 1
on a symplectic manifold (M,w). Let Lo (¢) be the unique fixed point of
the map induced by ¢ on P(M,w) and V(p) =y —supp(Loo(p)). Assume
that V(@) contains a proper exact Lagrangian submanifold, A. Then the
union of the images ¢~ (A) (for k = ko) is dense in V (¢).

Proof. The unique fixed point L(¢) must be the y-limit of ¢*(A) for any
A. But then

V =y—-supp(l) c lilrcn)/ - supp((pk(A)) = lilrcn (pk(A)

but this implies that the union of the images ¢*(A) (for k = ko) is dense
in V(). U

We may now reprove Corollary 8 and Theorem 15 in [AF21].

Theorem C.3. Let ¢ be a conformally symplectic map with a # 1 on an as-
pherical, convex at infinity symplectic manifold (M,w). Then there exists
at most one L € L (T* N) invariant by ¢. Moreover if M = T*N and L is

such that | J <pk (L) is bounded and Conjecture|8.19 holds for N, then L is
kez
invariant.

Proof. The first result is obvious since ¢ induces a contraction and this
has a unique fixed point in & (M, w) hence at most one in (M, w). For
the second one, let L' be a y-limit of (pk (L) and assume a < 1. Then

y(L LY = lim y(Lg"EY) = lim a‘y(p~"@),L) < lim a“ro™ W)+y@)
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If Conjecture holds then the right hand side is bounded by Ca*
which converges to 0, hence L = L’ and L is invariant. U

Remarks C.4. (1) The set V(¢) is a minimal invariant set among the
sets of the form y —supp(A). Indeed, if y —supp(A) c V then y -
supp(f(A)) € V and since the sequence (pk (A) y-converges to L
and each element has support in V, we have that the sequence
¢*(y — supp(A) must be dense in V (¢).

(2) The assumption that ¢ is conformally exact can be relaxed to
conformally symplectic in view of [AF21], Appendix B, where it is
proved that any conformally symplectic map (with a # 1) is con-
formally exact symplectic for some suitable choice of the primi-
tive of w.

Notice that the y-support of a Lagrangian in the Humiliére comple-
tion has some extra-properties. For example in T* N it must intersect
any exact Lagrangian, and any vertical fiber. Now assume (f7) rej1-¢,1+¢[ 1S
a continuous family of conformally symplectic maps with ¢ having con-
formal factor ¢ (so that ¢ = ¢, is symplectic. For t #1let L; € £(M,w) be
the fixed point of ¢, on £(M,w). Then if there is a sequence #; converg-
ing to 1 such that L, converges in E(M , ) to Lo, then Yy —supp(Loo) is 1
invariant and y-coisotropic.

However the compactness of closed compact sets for the Hausdorff
distance, denoted by dp, allows us to claim

Proposition C.5. Let (f7):c)1-¢,1+¢[ IS a continuous family of conformally
exact symplectic maps with ¢, having conformal factor t. For t # 1 let
L; € £(M,w) be the unique element invariant by ;. Let V(f;) = Vy =y —
supp(L;) and assume they are all contained in a bounded region. Then
V =dy —lim;_, V(f;) is an invariant set. Moreover V intersects all exact
Lagrangians, and all verticals in T* N. Finally if there is an element L in
Z(T* N) invariant by all the ¢, fort # 1, then V = L.

Proof. Only the last two statements need a proof. More generally if X,
is a sequence of compact sets such that X, nY # @ where Y is closed
then if the sequence X, has a limit for the Hausdorff metric, we have
(lim, X,;) nY # . Indeed lim,, X, is the set of limits of sequences (x,) ;>1
such that x, € X,,. Choosing x, in X,, N Y and using the compactness of
Y, we get a point in lim, X,, n Y. Note that in our case X,, =y —supp(L,)
is assumed to be bounded. The last statement follows from the last sen-
tence of Proposition|C.2] O
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Of course V could be very large, for example could be the interior
of some energy hypersurface. Note that the limit of a sequence of y-
coisotropic compact sets is not, in general, y-coisotropic. For exam-
ple a sequence of spheres of radius ¢ has limit a point, which is not y-
coisotropic. However, we are in slightly more specific situation, so we
may hope a positive answer for limits of y-supports.

C.2. Connection with the Birkhoff attractor for the annulus. We re-
fer to |[LeCal86] and [Le 87] for details on the Birkhoff attractor. Let us
consider the annulus A = S! x [-1,1] supposed to be contained in the
sphere $? as the thickening of the equator. Let ¢ be dissipative map of
A, i.e. there exists a < 1 such that u(f(U)) < au(U). We assume that
@A) c S! x (=1,1). Then the set Cy = MNn=1¢"(A) is an invariant set,
and has measure zero. As a decreasing sequence of compact connected
sets, it is compact connected. If we set U, UV, = A\ ¢"(A), where U,
is the connected component containing S! x {1} and V,, the connected
component containing S! x {~1}, we have Uy =U,, Uy, U, =U; Vy satisty
Uyu UO_ =A\Cy.

But we can find a smaller invariant set by “cutting out the hair” from
Co. In other words Cy is a compact connected subset separating $? in
two simply connected sets, U, U, such that S\ Cy = Uy uU,. Then
if Fr(Uy) = denotes the frontier of Uy, C; = Fr(Uy) NnFr(Uy), then C is
contained in Cy and is an invariant set. It is obtained by removing the
points of Cy which are not adherent to both UJ and U;, (see Figure and
@). We shall denote by U1+ ,U; the connected components of A\ C;. We
then have C, = U, nT; = Fr(U;) = Fr(Uy).

Now for L € Z(A) we have ¢(L) c f(A) so that supp(y —lim, ¢" (L))
Co.

Note that in general y — supp(L(¢)) cannot be equal to Cy, because
Cp can be non y-coisotropic at certain points e.g. at the end of the hair (
see Figure for the same reason [0, 1]  R? is not Y-coisotropic at 0 or 1.
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FIGURE 8. The invariant set Cj : it is not y-coisotropic for
example at the points marked “e”. The blue set is Uy, the
pink setis U .

FIGURE 9. The invariant set C;

Proposition C.6. Let Ly, (¢) be the unique fixed point in £(A) of an exact
[?] conformally symplectic map ¢ of ratio « < 1 and C,(¢p) the Birkhoff
attractor of ¢. Then

Y —supp(Leo () = C1(¢)

Proof. As a first step, we will prove the inclusion
(C.1) Y —supp(Loo () < C1(¢p)

To prove this inclusion, we will need to consider for a € [-1, 1], the set
£4(A) of simple curves homologous to S! x {0}, with Liouville class a €
H'(S!,R) =~ R. We have £,(A) = 7,£(A), where 7, denotes the translation
(x, p) — (x, p+ a). Note that ¢ sends £,(A) to £44(A).

We claim that for any A in £,(A), the sequence of exact curves Ay =
T_gk a(p’C (A) converges with respect to y to the fixed point Ly, (¢). By tak-
ing A = S! x {a} for a close enough to 1, we have A c U;, and by Proposi-
tion[6.17]

Y —supp(Loo(¢)) © 1in}cian,C = lin}cinf(pk(A) c limkinka = U_1+
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Similarly y — supp (Lo () U_l‘ and follows.

Let us now prove our claim, i.e. that Ay y-converges to Lo,. We will
first prove that Ay is a Cauchy sequence. For all k = 1, we set f; =
T_ gk aPT gk-14 80 that A = fi(Ar_1). We have that fi converges to ¢ for
Y, and the fi (and ¢) are a-contractions on ZA).

We now have the following fixed point theorem for which we have not
found any reference

Proposition C.7. Let (Ty)r=1 be a sequence of maps from the complete
metric space (X, d) to itself. Assume that

(1) The Ty are contractions of ratio a < 1
(2) (Ti) k=1 converges uniformly to Too

Then for any x € X, the sequence Ty o Ti_; o....o T1(x) converges to X, the
unique fixed point of Too.

Proof. We know that TX (x) converges to x., by the standard proof of Ba-
nach’s fixed point theorem. Now we set

up = supd(Tyo Tp_y0....0 Ty (x), TX (x))
xeX

We have
d(TroTr_q0....0T1(x), Tolfg(x))
< d(Tic0 Tgoy 0.0 Ty (), Te(To () + d( T (T (), Too (T (1))
<ad(Ti_yo0...0 Ty (x), TSN (X)) + d (T, Too)
which means, setting €y = d(Tk, Too) = SUP e x A(Tk (%), Too (X))
Up < QUj—1 + €
Using the identity u,—a" ug = ;.’;(} al (- j—QUp—(j+1)) thisimplies that
n-1
up< ) alen_j+aug
j=0

If for k = r we have ¢} < € and if M is a bound for the sequence, then

n-1 n-r n . € M
up< Y dep_j+aug<e) a/+M Y als——+a"H—
j=0 j=0 j=n—r+1 1-a l-a

Clearly this is bounded by 12_—"'“ for n large enough. We thus proved that
up=d(TroTr_10....0T1(x), Tolg(x)) converges to 0, hence Ty o Ty_;0....0
T1(x) converges to Xoo- ]

Remark C.8. In the assumptions, it is of course sufficient to assume that
the convergence from T to T, is uniform on bounded sets, as we only
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need to bound d(Tx(TX 1 (x)), Too(TX 1 (x))) and we know that the se-
quence Toko(x) is bounded.

Applying the above Proposition to f; and ¢, we conclude that y —
lim Ay = Ao With Ay = Lo. In other words, the sequence Ay converges
to Lo. This proves our claim and concludes the proof of the inclusion
(C.1).

We now turn to the proof of the equality. By Proposition|[6.10} the sub-
set V(p) = v —supp(Loo(¢p)) intersects all curves isotopic to the vertical.
Therefore, it is an annular set, i.e. it separates the annulus.

So A\ V(p) = WHu W™, the two unbounded connected components
of the boundary, as there can be no bounded connected component,
otherwise the union of such components would be invariant and be-
ing open have non-zero measure. Since V(¢) c C;(¢), we must have
A\C1(¢) c A\V(p) hence U] c W' and U; € W~. We claim that we have
equality in both inclusions. Indeed, let x € W* \ U;". Then there is a pos-
itive € such that B(x,e) c W™, hence d(x, W™) = €. But then d(x, U)ze
since Uy ¢ W™. Butif x ¢ U; we must have x € U; and d(x,U;) =0
a contradiction. So we must have U;” = W* and U] = W~ and we may
conclude V(p) = C1(¢p). O

The following example of y-support then follows from the work of
Birkhoff ([Bir32] and Marie Charpentier ([Cha34]). Remember that a con-
tinuum is a connected compact metric space. It is indecomposable if it
cannot be written as the union of two non-trivial (i.e. different from the
whole space,the empty set or a singleton) continua. Note that a closed
curve is NOT indecomposable and indecomposable continua are slightly
couterintuitive objects.

Corollary C.9. There exists a conformally symplectic map such thaty— supp(Leo)
is an indecomposable continuum.

Proof. Note that Birkhoff’s construction in section 7 of [Bir32] is not only
dissipative (i.e. strictly reduces the areas by a factor bounded by a < 1), it
is a conformally symplectic map of ratio 1 — ¢ for € > 0. Moreover Birkhoff
proves that the Birkhoff attractor has two distinct rotation numbers. Ac-
cording to M. Charpentier (|[Cha34]) this implies that C; is an indecom-
posable continuum. But by Proposition|C.6|this implies that y —supp(Leo)
is an indecomposable continuum. 0

We warmly thank Marie-Claude Arnaud, Baptiste Chantraine and Syl-
vain Crovisier for useful conversations on this Appendix.
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