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Abstract

Using a Choquet integral model in the context of multiple criteria decision making often involves
assessing a capacity on the basis of preferences among alternatives given by a decision-maker. In
such circumstances, the elicited capacity is rarely unique. This lack of uniqueness complicates the
interpretation of classic indices, such as the interaction index between criteria. It is often the case
that the elicitation makes only use of binary alternatives, i.e., alternative that have either a neutral
or a satisfactory evaluation on each criteria. We give conditions guaranteeing that preferences
expressed on such alternatives can be represented by a Choquet integral model. On the basis of
these conditions, we show that a negative interaction among a group is never necessary, i.e., we
can always find a capacity for which this interaction is positive. Outside the framework of binary
alternatives, we propose a linear programming model allowing one to test whether the sign of the
interaction index remains unchanged for all capacities that are compatible with the preferences

expressed by the decision-maker.

Keywords: Choquet integral model, Multiple criteria decision making, Interaction index, Binary

alternatives.

JEL Codes: C44

1. Introduction

In Multiple Criteria Decision Making (MCDM), the additive value function model is popular among
practitioners and have solid theoretical foundations [19]. This model implies accepting an indepen-
dence hypothesis stating that changing a common evaluation of a criterion should not affect prefer-
ences between alternatives [3]. In some contexts, this hypothesis might be seen as restrictive [IT].

Hence, several other models that do not require this independence hypothesis have been developed.
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A famous one is the Choquet integral model. Its use in MCDM was popularized through the work
of Michel Grabisch [7, [§]. The Choquet integral model is presently considered as a central tool in
MCDM when one wants to escape the independence hypothesis [10, 11l 12]. In this model, the
importance of criteria and groups of criteria is modelled using a “capacity”.

In the literature, the particular case of 2-additive capacities has received much attention [9]. This
case is often considered as a useful compromise between an additive model implying independence
and a general Choquet integral model (i.e., using a capacity that is not restricted to be 2-additive)
raising difficult elicitation and interpretation issues [I5]. This model is often used in practice
(evaluation of comfort [I3], performance measurement [2 [5], systems design [23]). Nevertheless,
the general case remains important. This is the subject of this paper.

When a capacity is elicited on the basis of preferences, one should expect its non-uniqueness.
This clearly complicates the interpretation of the aggregation model. For instance, within the entire
set of capacities that are compatible with the preference information, one capacity could exhibit
a positive interaction index between a given group of criteria, while another capacity in this set
might exhibit a negative one.

This question was first tackled in Mayag and Bouyssou [21] in the case of Choquet integral model
using 2-additive capacities. These results were extended in [I6] removing the hypothesis that the
capacity is 2-additive but adding the hypothesis that there is no indifference in the preference
information that is collected. We remove this last hypothesis in the present paper.

We give necessary and sufficient conditions that preferences on binary alternatives obtained
from a decision maker can be represented by a Choquet integral model. This generalizes results
in [22] for the case of a Choquet integral model using a 2-additive capacity. We then show that,
under the same conditions, a capacity that is compatible with the preference information that
was collected can always be chosen so that interaction indices between all groups of criteria are
all strictly positive. Because the framework of binary alternatives is restrictive, we also propose
a linear programming model allowing to test for the existence of a capacity compatible with the
preference information that was collected and for the robustness of the sign of the interaction index
between a group of criteria.

The rest of this paper is organized as follows. We present our framework in Section 2. The
concept of necessary and possible interaction introduced in [21] is generalized in Section 3. Our
main results are presented In Sections 4 and 5. Section 6 present our linear programming model

allowing to go beyond the case of binary alternatives. A final section summarizes and concludes.



2. Notation and preliminaries

2.1. The framework

Let X be a set of alternatives evaluated on a set of n criteria N = {1,2,...,n}. For any subset
A C N, throughout this paper we use the notation A C>o N if and only if |A| > 2 (i.e., A contains
at least two criteria). The set X is assumed to be the Cartesian product X7 x X3 x ... x X,,, where
X; is the set of possible levels on criterion i € N.

We will suppose that the criteria are recoded numerically using, for all # € N, a function u; from
X; into R. Using these functions we assume that the various recoded criteria are commensurate,
so that the application of the Choquet integral model is meaningful [14].

As in [14], we assume that the DM is able to identify on each criterion i € N two reference

levels 0; and 1;:
e the level 0; in X; is considered as a neutral level and we set u;(0;) = 0,
e the level 1; in X; is considered as a good level and we set u;(1;) = 1.

For all x = (x1,...,2,) € X, we sometimes write u(x) as a shorthand for (uj(x1),...,u,(x,)). For
all S C N, we define the binary alternative ag = (1g, 0_g) in X such that a; = 1; if i € S and
a; = 0; otherwise. We often write a;,;,. s

instead of ag;, 4,...4,}, where 1 < s < n. Moreover, we

write ag instead of ap. Our work makes use the set 39 which we define below.

Definition 1. The general set of binary alternatives is defined by,
B9 ={as=(15,0_5): S C N}.

The term “general” is used here since the set B = {ag, a;, a;;: 4,5 € N} C B9 is already defined

in the literature, under the name of binary alternatives [14} 22].

2.2. The Choquet integral

The Choquet integral [9] 10, 1T] is an aggregation function known in MCDM as a tool generalizing
the weighted arithmetic mean. The Choquet integral uses the notion of capacity [4, 0] defined as a

function p from the power set 2%V into [0, 1] such that:
e u(0) =0,
° u(N) =1,

e Forall 5,7 € 2V, [S C T = pu(S) < p(T)] (monotonicity).



Definition 2. For an alternative x = (21,...,2,) € X, the expression of the Choquet integral

w.r.t. a capacity u is given by,

Z[ U (i) (Ta () = Ua(i-1) (To(i-1) [ L(No@))

i=1

where o is a permutation on N such that Ny = {0 (i),...,0(n)}, te)(Ts(0)) =0 and
Uo (1) (Zo(1)) < Uo(2)(To(2) < -0 < Ug(n) (To(n))-

Remark 1. For all S C N, we have C,,(u(ag)) = u(S).

We suppose that the DM gives preferences by comparing some elements of X. We then obtain the

binary relations P and I defined as follows.

Definition 3. An ordinal preferential information {P,I} on X is given by,
P={(z,y) € X x X: DM strictly prefers x toy },
I={(z,y) € X x X: DM is indifferent between x and y}.

We frequently write a Pb and a b instead of (a,b) € P and (a,b) € I respectively. We add
to this ordinal preferential information a binary relation M modeling the monotonicity relations
between the general set of binary alternatives, and allowing us to ensure the satisfaction of the
monotonicity condition: [S CT = u(S) < u(T)].

Definition 4. For all as,ar € B9, as M ar if [S DT and not(ag (P UI)ar)].
Remark 2. as M ar = Cy(u(as)) > Cy(ular)).
In the sequel, we need the following two classic definitions in graph theory [20].

Definition 5. Let R be a binary relation on X and P its asymmetric part. There ezists a strict
cycle in R if there exists elements xg,x1,...,2, € X such that to Rx1 R ... Rz, Rxo and for at
least onei € {0,...,r — 1}, x; Px;iy1.

Definition 6. Let R be a binary relation on X. We write t TCry if there exists elements
Lo, L1y, T € X such that © = xgRx1R ... Rz, = y. Hence, TCx is the transitive closure

of the binary relation R.

2.3. The Shapley interaction index

The following interaction index, known as the Shapley interaction index, related to a capacity was

introduced in [9] in order to take into account some synergies between criteria.



Definition 7. The interaction [J] index w.r.t. a capacity p is defined for all A C N by,

n—k—a)k! e
= > ((n_Hi), > (-1)* ' u(K U L), where { = |L|, k = |K| and a = |A].
KCN\A T LCA

The index I’y measures interaction for a subset A C N. In this paper, we are interested in the
interaction between several criteria, so when we talk about the index I}, it will be for A C>o N.

We present below several write results that will be useful in the proof of Proposition

Remark 3. We can rewrite the interaction index of A C>o N, w.r.t. a capacity i as follows:

0 (n—k—a)lk!
Iy = Z mAAM(K)a
KCN\A

where ( = |L|, k = |K|, a =|A] and Aap(K) =Y (=1)*‘u(K U L).
LCA

The next lemma gives a decomposition of A 4pu(K) used in the proof of the Proposition [2| (we

assume that 0 is an even number).

Lemma 1. For all ACso N and K C N\ A, we have

a

Aur)= 3 | X wwun) - Y kv,

p=0, LCA, LCA,
p even l=a—p f=a—p—1

Proof. This proof consists of a simple decomposition into positive and negative terms. We give it
in [1I7). O

In the next section, we extend the concept of necessary and possible interaction introduced in
the case of a 2-additive Choquet integral model [21].

3. Necessary and possible interaction

We suppose that the DM compares a number of alternatives in terms of strict preferences (P)
or indifference (I). The following definition tells us when this ordinal preferential information is

representable by a Choquet integral model.

Definition 8. An ordinal preferential information {P,I} on X, is representable by a Choquet
integral model if we can find a capacity p such that: for all z,y € X, we have

zPy— C'M(u(x)) >C, (u(y)),

w1y = Cy(u(x)) = G, (u(y).



The set of all capacities that can be used to represent {P,I} at hand will be denoted by
Cpret(P,I). When there is no ambiguity on the underlying ordinal preferential information, we
simply write Cpres. The following definition will be central in the rest of this text. It is inspired

from [21] where it was given in the special case of 2-additive Choquet integral model.

Definition 9. Let {P,I} be an ordinal preferential information and A C>o N.

1. There exists a possible positive (resp. null, negative) interaction for A if there exists p € Cpyes
such that I >0 (resp. I'y =0, I'; <0),

2. There exists a necessary positive (resp. null, negative) interaction for A if I'y > 0 (resp.
I =0, I'f <0) for all p € Cpyey.

If an interaction is possible but not necessary, then its interpretation seems difficult as its is
strongly related to the capacity chosen in Cpes. Indeed, the interpretation of the interaction only
makes sense in the case of the necessary interaction. In the next section we present our results

when there is no indifference in the ordinal preferential information of DM.

4. Results when [ is empty

In this section, we start with the particular case I = (), and we deal the general case (I # @) in the
next section. The condition I = ) is likely to be met in most applications: indifference is indeed
much less likely between alternative than strict preference, unless alternatives have been specially

designed to be indifferent.

4.1. Result on the set of alternatives X

When I = 0), Propositionshows that null interaction is never necessary. In our working paper [17],
we had already obtained this result by assuming that the DM provides a linear order of preferences
on a subset Y of X. Here, we drop this hypothesis.

Proposition 1. Let {P,I} be an ordinal preferential information on X such that {P,I} is rep-
resentable by a Choquet integral model. If the relation I is empty then there is no necessary null

interaction.

Proof. Let us suppose that I = () and {P, I} can be represented by a Choquet integral model using

a capacity u for which Iy = 0 where A C>2 N. We show that this null interaction is not necessary.

1
—u(S), if SCN,
Let us define the capacity . by, B:(S) = 1+ €M( ) i -
1, if S=N.

where € is a strictly positive real number to be determined as follows. For all x € X, we have:



n

Z [Uo(i) (To(i)) — Ua(i—l)(%(i—m)]ﬂe( (i)

i=1

Cp. (u(z))

= U (1) (Zo(1)) Be (N Z< Uo (3) (T (i) Ua(z‘—n(%(i—l)))ﬂs( No())

= ua(1)($a(1)

=2
n
Z ( Uq (1) xo (4) U’U(il)(xa(il))> :LL(NO'(Z))

1:2
1 - £
=11z % (To(1)) g — Ug(i-1)(To(i-1)) |H(No@@)) | + muau)(%u))
1 €
= mC’H (U(l‘)) + mua(l)(ﬂja(l)).
1
=172 [Cﬂ (u(z)) + suﬂ(l)(xa(l))] . Therefore, for all (x,y) € P, we then have:

1

o [(Cu (u(x)) — C, (u(y))) +e (ug(l)(xa(l)) - Uv(l)(yv(l)))] :

We are looking for € such that Cp_(u(z)) — Ca. (u(y)) > 0 for all (z,y) € P. We have,

. (u(a)) = Co. (u(1)) > 0= & (tas (m10) = 13012 ) > = (Culule) = G u) ).
Let us consider the set Q = {(z,y) € P : ue1)(To(1)) — Uy(1) (Y1) < 0}

Cs. (u(x)) = Cp. (uly)) =

o If Q = (), then for all (z,y) € P, uy(1)(To(1)) = Uy1)(Y(1)) = 0. Thus for all (x,y) € P, for all
e >0, we have Cg_(u(z)) — Ca_ (u(y)) > 0.

Cu(u(y)) = Culu(z))
ua(l)(%(l)) - “v(l)(yv(l))

e If QO # (), we choose € such that 0 < € < min <
(z,y)€Q

that Cg_ (u(z)) — Cp, (u(y)) > 0 for all (z,y) € P.

|y (Col) -G
4 (2,9) €2 \ Ug(1)(To(1)) = Uy(1) (Yy(1))

) in such a way

So in both cases we can choose ¢ =

> such that {P, I} is

representable by the Choquet integral model Cg_, i.e., 8: € Cpres. Moreover we have,

(n—k—a)lk!
(n—a+1)!

> (-1)*B.(KUL)

LCA

L D DN CAVITIRE
LCA KCN\A
(n—a)! (n—a)

= ——6(N)+
— | — l
(n—a+1)! (n a+1 ic

Z (n—k—a)lk! Z(—l)“_éﬁg(KUL).

_ 1
Kema (n—a+1)! =

) B((N\A)UL)+



(n—a)! 1 (n—a)
15 = + > (=D u((N\NA)UL) +

(n—a+1)! 14+e(n—a+1 'LCA

1 (n—k—a)lk! v

— — —1)**u(KUL)

> Taror Uk

1+8K§N\A (n—a+1)! =

1 o € 1

T l4+ed 14en—a+1
€ 1

= _ i I = 0.
1_|_6n_a_|_1>0,smce 4=0

We deduce that there exists a possible positive interaction for A. Hence there is no null interaction

for A. Hence, null interactions are never necessary when I = (). O
The following example illustrates the result of Proposition

Example 1. N = {1,2,3}, X = {a, b, ¢,d},a = (6,11,9),b = (6,13,7), ¢ = (16,11,9),d =
(16,13,7) and P = {(a,b), (d,c)}.

{P, I} is representable by the capacity u (such thatlly = 0) given in Table 1| and the corresponding
Choquet integral is given in Table @ For alli € N, we define the utility function u; by u;(x;) = x;.

We recall that 115 = 5(#123 — 12 + p1g — fag — p1 + 2 — p3).

s {1y {2p {3 {12} {13} {23} {1,2,3}
w(S) 0 0 0 1 05 05 1

Table 1: A capacity p € Cpref such that Iﬁ} =0

T a b c d

Cu(u(z)) 75 65 11 13

Table 2: The Choquet integral corresponding at the capacity p of Table

We have ug(l)(ag(l)) ~(1) ( (1) ) —6= 0 and ua(l)(dg( )) - uv(l)(cv(l)) =7-9=-2< 0,
1 C ( o) — ( (d)) 1 11-13
then Q = {(d, c ande—fx =-X =0.25.
ey 2 o) — iG] 1 70

A capacity B* € Cpres such that 11’8; > 0 and the corresponding Choquet integral are respectively
giwen in Table[3 and Table[§)

s {1y {20 {3 {12} {13y {23} {1,2,3}
gr(S) 0 0 0 0.8 0.4 0.4 1

Table 3: A capacity S* € Cpyer such that If; >0



T a b c d

Cgu(u(z)) 72 64 106 11.8

Table 4: The Choquet integral corresponding at the capacity S* of Table

.1 1
We have Ilﬁé = *(/1,123—M12+/J13—/J/23—,U/1+/12—/L3) = 5(1—084—04—04—0—"-0—0) =0.1>0.

2
€ 1 0.25

0 in th Proposition |1, we have I%; = =
r, as in the proof of Proposi wn we have Iy 15z X narl 123

1
-=0.1>0.
><2 >

In the next subsection, we will restrict ourselves on the set BY.

4.2. Results on the general set of binary alternatives BY

The two following propositions are taken from [I6]. We recall them to facilitate the comparison with
this paper. Proposition [2| provides a necessary and sufficient condition for an ordinal preferential

information on BY containing no indifference to be representable by a Choquet integral model.

Proposition 2. Let {P,1} be an ordinal preferential information on B9 such that I = (. Then,
{P, I} is representable by a Choquet integral model if and only if the binary relation (PUM) contains

no strict cycle.
Proof. See the proof of Proposition 1 in [16]. O

When {P, I} is representable by a Choquet integral model, then there exists a representation
for which all the interaction indices are strictly positive. It is the result of Proposition [3] This

result shows that when there is no indifference, negative and null interactions are not necessary.

Proposition 3. Let {P,1} be an ordinal preferential information on B9 such that I = 0, and
(PUDM) containing no strict cycle. Then there exists a capacity p € Cpyes such that I'y > 0 for all
A gzg N.

Proof. See the proof of Proposition 2 in [I6]. O

5. Results when [ is not empty

In this section, we relax the condition I = () made in the previous section and we generalize some

of our previous results. We start by the following proposition which extends Proposition

Proposition 4. Let {P,I} be an ordinal preferential information on 139.
{P, I} is representable by a Choquet integral if and only if the binary relation (P UM UI) contains

no strict cycle.



Proof. Necessity. Suppose that the ordinal preferential information {P, I’} on BY is representable
by a Choquet integral. So there exists a capacity p such that {P, I} is representable by C,,.

If (PUM UI) contains a strict cycle, then there exists zg, 21, ..., 2, on B9 such that
xo(PUMUI)z (PUMUI) ... (PUMUI)z,(PUMUI)xq and there exists x;, ;11 € {Zo,1,...,Tr}
so that x;Px;11. Since {P, I} is representable by C,, therefore C,(u(zo)) > ... > C,(u(xz;)) >
Cp(u(zit1)) > ... > Cu(u(xg)), then Cy(u(xg)) > Cp(u(zo)), a contradiction. Hence, (PUM UI)
contains no strict cycle.

Sufficiency. We assume that the graph (Bg , (PUMUI )) does not contain any strict cycle and
let us define the binary relation Ry on B9 by, for all x,y € BY, we have x Ryups vy if and only if
xTCrumy and yTCrop x. Ry is an equivalence relation. Let B = B9/Ruar be the quotient
set of BY by the equivalence relation Ryups. Let us define on the set B’ the preference relation P’
by, forall A, Be B, APPB<= Jac A,Fbe B:aPbor aMb.

The graph (B, P') contains no strict cycle because the graph (B9, (P UM UT)) contains no strict
cycle. But the graph (B’, P’) no indifference, so that there exists {8}, Bi,...,B,,} a partition of
B, built by using a suitable topological sorting on graph (B’,P’) [6]. We construct a partition
{B},B1,...,B.,} as follows:

By ={AeB:VC e B, not [A(PUM)C]}, By ={A e B\ B|:VC € B'\ Bj, not [A(PUM)C]},
B, ={AeB\(ByU...UB;_;):YC € B'\(ByU...UB,_;), not [A(PUM)C|}, foralli=2,3,...,m
Let B, ={x € A: Ae Bj} foralli =0,1,...,m. Therefore {By, Bi,..., B} is a suitable topological
sorting on graph (Bg, (PU MUI)) since {B),, B, ..., B.,} is a suitable topological sorting on graph
(B', P'). Let us define the capacity p: 2 — [0,1] as follows.

0, if ag € Bo,

For all S C N, u(S) =
or a - () (2n)¢/(2n)™, if as € By, £€{1,2,...,m}.

Let ag,ar € BY.

a) Assume that ag I ar, therefore there exists A € B’ such that ag,ar € A. Since A € B, thus
there exists ¢ € {0,1,...,m} such that A € B}, then we have ag,ar € By.

— If £ = 0, therefore C,,(u(as)) = 0 = Cy(u(ar)).
— If ¢ € {1,...,m}, therefore C,(u(as)) = (2n)¢/(2n)™ = C,,(u(ar)).
In both cases, we have C),(u(as)) = Cy(u(ar)).

b) Assume that ag Par, then there exists A € B;, C' € B, such that ag € A, ar € C with
r,qg € {0,1,...,m}and r > ¢q. Thus ¢ € {0,1,...,m —1}, r € {1,...,m} and Cy(u(as)) =
u(S) = (2n)"/(2n)™

— If ¢ = 0, therefore Cp,(u(ar)) = p(T) =0 < (2n)"/(2n)™ = u(S) = C,(u(as)).
—Ifge{1,...,m—1}, therefore Cy(u(ar)) = u(T) = (2n)?/(2n)™. Since r > ¢, therefore
(2n)" > (2n)9, then (2n)"/(2n)™ > (2n)?/(2n)™, i.e., Cy(u(as)) > Cyu(u(ar)).

10



Hence {P, I} is representable by C,,, i.e., it € Cpyef. O

The following proposition shows that, if the DM is not indifferent between the best alternative
an and another alternative, then a positive interaction is always possible for all subsets of at least

two criteria.

Proposition 5. Let {P,1} be an ordinal preferential information on B9 such that (P UM UI)
contains no strict cycle. If not(as TCrup an) for all S C N, then there exists a capacity p €
Cpref(P, I) such that I'y > 0 for all A Cso N.

Proof. The partitions {Bj],...,B.,} of B’ and {By, ..., B} of BY are built as in the proof of Propo-
sition 4l Let us define the capacity u: 2V — [0,1] as follows.

0, if ag € Bo,
o)
Forall SC N, u(S)= W, if age By, Le{1,2,...,m—1},
n
1, if ag € B,,.

Let ag,ar € BY.

a) Suppose that agIar, then there exists » € {0,1,...,m} such that ag, ar € B,, thus
Cu(u(as)) = u(S) = w(T) = Cp(u(ar)).

b) Suppose that ag P ar, then there exists r,¢ € {0,1,...,m} such that ag € B,, ar € B;. As

2 s
ag Par, then r» > ¢q. We have C,(u(as)) = p(S) = (Q(n)T:L)er(if 1<r<m-=1)orl (if
2 T
r =m). Hence, we have C,,(u(ag)) > (2(71)71)“”

e If ¢ =0, then ar € By and ag € B, with r > 1. As C,,(u(ar)) = Cp(u(ag)) = p(d) =0,
then C,(u(as)) > Cpu(u(ar)).

2n)e
o If ¢ > 1, Cy(ular)) = w(T) = & since 1 < ¢ < m — 1. But r > ¢ therefore

(2n)ntm’
(2(3)7?% (2(3)7;)% = C,,(u(ar)), then Cy,(u(as)) > Cp(u(ar)).

Cu(u(as)) =
Hence, in both cases we have Cy(u(as)) > Cy(u(ar)).

We deduce that {P, I} is representable by C,, i.e., i € Cpyet(P, I).
Let A C>5 N, according to the Lemma [1| we have:

11



(n—a+)!xIh= > (n—k—a)kl > (-1)*‘u(KUL)

KCN\A LCA
= > (n—k—a)k Z [ dowEuUL) - Y M(KUL)}
KCN\A p=0, LCA, LCA,
peven f=a—p t=a—p—1
> Z {Z (KuL) - Y ,u(KUL)],since(nka)!k:!Zl.
KCN\A p=0. © Lca, LSS
Moreover, Z Z [ Z (KUL) — Z w(K U L)}
KCN\A r=0. - Lca, oS4
= > Z > owEuL) - > Z > wWKUL)
KCN\A 20 2S4, KCN\A 220, Lf;‘ .
+ZZ (N\AYUL)+ ZZZ (KUL) ZZZ (KUL)
S even fi“‘,, KEN\A P 254, KEN\A b 0,

ZZZ (KUL).

KCN\A »=0, LCa,

peven f=a—p—1

Therefore, (n —a + 1)k x Iy > p(N Z Z Z (K U L). We still have to prove
KCN\A p=0. LCA,

peven f=—a—p—1
that p(N) — Z > wWKuUL)

KCN\A p=0, LCA,

p even f=a—p—1

Let K C N\ A, p €{0,...,a} even number and L C A with £ = a—p—1. We have L C A,
therefore K UL C N, then by hypothesis not(axurTCruman). Thus ay € By, and there exists

In)eruL
liur € {0,1,...,m — 1} such that axyr € Be,,,- Then p(K UL) = ((Qn))”“” or f( KUL) =0,
) (Qn)fKuL
hence in both cases we have y(K U L) < @y Therefore,
n n-+m
[KUL

> 3 ¥ wEun ZNAZZW

KCN\A p=0, LCA, p=0 Lca
peven ¢=a—p—1 peven f=a—p—1

(2)n71(2n)m44
= . Moreover,
N\A; Z @ m

peven f=a_p-1

IN
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(2)"_1(2n)m_1 _ 2n—1(2n)m—1 _ 2n—1(2n)m—1 _ 1 _
(2n)n+m - (2n) @n)m 20271 (n)n(2n)(2n) 1 4n”+1 < 1 = u(N). Hence we

have p(N) > {Z Z > KUL]i.e.,u [Z Z > KUL} > 0.

KCN\A p=0, LCA, KCN\A =0, LCA,

p even f=a—p—1 p even fL=a—p—1

We can therefore conclude that (n —a +1)! x Iy > 0,i.e., I’} > 0. O

Our Lemma shows that the condition not(aN\{i} TCrum an) for all i € N is equivalent to the
condition not(ag TCryar an) for all S C N used above. This new condition forbids to be indifferent
between the best alternative ay and another alternative an (4}, obtained from ay by degrading
the satisfaction of the DM from the reference level 1;, to the reference level 0; on criterion ¢, while

remaining unchanged for the other criteria.

Lemma 2. Let {P, I} be an ordinal preferential information on B9 such that (PUMUIT) contains
no strict cycle. The condition [not(as TCrum an) for all S C NJ is equivalent to
[not(aN\{i} TCrom an) for alli € N],

Proof. Necessity. Suppose that not(as TCrun an) for all S € N, then not(an\ ;3 TCrom an)
for all i € N since N\ {i} C N for alli € N.

Sufficiency. Assume that not(an\ ;3 TCrun an) for all i € N.

We suppose that there exists S € N such that ag TCrup an. Since S € N, then there exists
ip € N\ S such that S C N\ {ig}. We have ay (PUM UI)an\ipy (PUMUIT)asTCronm an-

o If ax Pan\ (i} OF an\ (i} P as, then (P UTU M) contains a strict cycle. A contradiction.

e Else, we have ay (I UM)an\ (i3 (I UM)asTCron an, then an iy TCrunr an. A contra-

diction.
We deduce that not(ag TCrupm an) for all S C N. O

We conjecture that the condition not(aN\{Z-} TCrum an) is necessary and sufficient to obtain
a possible positive interaction for all A C>o N. Proposition |§| shows that the conjecture is true
for a small number of criteria (n < 5). This proposition is useful in practice since most of decision
problems have less than 6 criteria. At this stage, we do not have neither a proof for the general

case (n > 6), nor a counter-example indicating that this condition is not necessary.

Proposition 6. Let N be a set of n criteria, with 2 <n <5. Let {P,1} be an ordinal preferential
information on B9 such that (PUMUI) contains no strict cycle. If there exists a capacity 1 € Cpres
such that I'y > 0 for all A C>o N, then we have not(aN\{i} TCropm an) for alli € N.

Proof. We assume that IZ > 0, for all A C>9 N and there exists ¢ € NV such that an\ {4} TCrom an.
For all A Cso N, let us consider JY = (n — a + 1)!I'}. So we have J% > 0 since I'; > 0.

13



e Case n = 2.
Following the hypothesis, we have a1 TCryps a12 or as TCruns a12- Hence we obtain o = g

or p1z = po implying Jis = —p2 < 0 or Jj5 = —ug < 0. A contradiction since Ji5 > 0.

e Case n = 3.
Without loss of generality, we assume that ¢ = 3, i.e., p123 = u12. Hence we have,

Jhs = p12s — pio — pas + pog + 11 — po — pz and Jio = f1193 — 12 — 13 — oz + pa + po + pi3.
This leads to Jh; + Ji53 = —2(p13 — p1) < 0. Which is impossible because Jbs, Ji5; > 0.

e Case n = 4.
Without loss of generality, we assume that i = 4, i.e., 1234 = p123. Hence we have:
J4y = 2p1234—2p123— 20124134+ po3a+2 12— 13— pia— o3 — oa+2 s+ i+ 2 — 23— 2 1y
Ji54 = [11234 — 123 — H124 + (134 — fl23a + f12 — 13 — 14+ fo3 + floa — (i34 + i1 — o + fg + fia
Jhs4 = f11234 — 1123 — M124 — 134 T f234 + fi2 + 13+ p1g — fo3 — foa — fi3a — i1 + o + s + g
Jlo54 = 1234 — H123 — H124 — 134 — 234+ 12+ (13 + f1a + fog + foa + f13a — fi1 — flo — Hi3 — [4.
This leads to 2J5, + 3(Jls, + Jhs,) + 2155, = —12(p124 — p12) < 0. A contradiction since

T n 1
J34 Jizas Jaza5 J1234 > 0.

e Case n =5.
Like in the previous cases, without loss of generality, we assume that i = 5, i.e., p12345 = p1234.
We then have:
Jfg45 = 412345 — M1234 — 1235 T 11245 — 41345 — H2345+ 4123 — fh124 — 125+ 4134+ 14135 — 4145+ 4234
+ 1235 — p245+ 345 12— 13+ Haat 15 — o3+ floa a5 — 34 — 35t Has — 41 — 2 F 3 — e — M5

Jf345 = (12345 — 41234 — 1235 — 1245+ 141345 — 42345+ 123+ 124+ 125 — [h134 — [135 — 145+ 234
+ 0235+ 1245 — (345 — 12+ 13 14+ a5 — 23 — o4 — o5 T34+ 35t pas — 1+ e — (43— fg — L5

J5345 = [12345 — 41234 — 1235 — 1245 — 41345+ 42345+ 123+ 124+ 125+ 134+ 135+ 145 — 234
— 235 — H245 — (345 — 12 — 13 — 14— 15+ o3+ poa ttos t+ psa+ 35+ a5t 1 — o — 3 — g — 45
Jﬂs = 212345 — 211234 — 241235 + [1245 + [1345 — M2345 + 2p0123 — [L124 — f125 — 134 —
1135 + 2pt1a5 + 2p0934 +2p035 — fi2as — H345 + U1z + (13 — 2014 — 215 — 223 + o4 + fos +
134 + (35 — 2p0a5 + 201 — po — pu3 + 2 + 2p5.

Jhys = 2p12345 — 2pt1234 — 21235 + H1245 — 211345 + Hosas + 20123 — Hi24 — 25 + 2134 +

20135 — H14a5 — H234 — 235 + 2fhoa5 — H345 + f12 — 213 + f1a + fas + flog — 2fi24 — 2/h25 + [134 +
M35 — 2ftas — p1 + 2p12 — pi3 + 2pa + 215,

14



Jhys = 212345 — 2011234 — 201235 — 21245 + K145 + Hosas + 2123 + 2124 + 2125 — Higa —
1135 — U145 — [234 —M235 — Moas + 21345 — 212 + 13 + 14 + pis + fog + floa + fos — 2134 —
2p35 — 2pa5 — 1 — p2 + 2p3 + 2004 + 2p5.

Jhs = 612345 — 6111234 — Opt1235 + 201245 + 21345 + 22345 + 61123 — 201124 — 21125 — 2134 —
21135 + 214145 — 2034 — 2pt035 + 2045 + 2345 + 212 + 2118 — 20014 — 20015 + 293 — 204 —
2u2s — 2p34 — 2435 + 6pas + 2001 + 20 + 2u3 — 6104 — Gpus.

Therefore we have Jj5 +2(Jyy5 +Jgys +J55) +2(J o5 + I 1545+ Jo345) = —24(p1235 — p1123) < 0.

s otion g T 10 0 1 1 1
A contradiction since Jyg, Ji45, Joa5, S35, J1045: J1345> Ja3a5 > 0.

The following example illustrates the result of Proposition

Example 2. N ={1,2,3,4}, P = {(a23,a1), (a234,a123), (az,a13)} and I = {(a14,a23)}.
(PUMUI) contains no strict cycle, and hence { P, I} is representable by a Choquet integral model. A
sugtable topological sorting of (PUM UI) is given by By = {ao}, B1 = {a1,a3,a4}, B2 = {a13,a34},
Bs = {az}, By = {a12, 14, a23,a24}, Bs = {a123, @124, @134}, Bs = {azsa} and By = {an}. Table[]
gives a capacity p € Cprep and the corresponding interaction indices I§.

S 87 x u(S) I

0 0 -

{1}, {3}, {4} 8 -

{2} 83 -
{1,2} 84 0.29
{1,3} 82 0.29
{1,4} g1 0.29
{2,3}, {2,4} g 0.34
{3,4} 82 1.04
{1,2,3}, {1,2,4} 85 0.42
{1,3,4} 85 0.43
{2,3,4} 86 0.53
N 87 0.83

Table 5: A capacity u € Cper and the corresponding interaction indices I g‘

We can see that for all S Cso N, we have I§ > 0.
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6. A LP model testing for necessary interaction

This section builds on [2I]. We drop the hypothesis that we only ask an ordinal preferential
information on BY. We show how to test the existence of some necessary positive and negative
interactions. We assume that the DM provides a strict preference P and an indifference I relations
on a set X (that is not necessarily B9). Let A be a subset of at least two criteria. Our approach
consists in testing first, in two steps, the compatibility of {P, I} with a Choquet integral model,
and then, in the third step, the existence of necessary positive or negative interaction for A.

We start this section with a remark giving a simplified version of the monotonicity condition.

We use it in our linear programs, to reduce the number of constraints.

Remark 4. The monotonicity condition is equivalent to the following condition: for all S C N,

Vie N\ S, p(S) < p(SU{i}).

6.1. The process

Step 1. The following linear program LP; models each relation in {P,I} by introducing two
nonnegative slack variables o, and g, in the corresponding constraint (Equation (1a) or (1b)).
Equation (1c) (resp. (1d)) ensures the normalization (resp. monotonicity) of capacity p. The

objective function Z; minimizes all the nonnegative variables introduced in (1a) and (1b).

Minimize Zy = Y (aif, + og,) LP
(z,y)ePUI

Subject to

Cul(u(z)) = Cu(uly)) + o, — ag, > Va,y € X such that z Py (1a)

Cu(u(z)) — Culul(y)) + a;‘y —a,, =0 Vz,y € X such that z I y (1b)

at, >0, ag, >0 Vr,y € X such that (P UT)y

w(N) =1 (L)

uw(SU{i}) > u(S) VST N, Vie N\ S. (1d)

e >0.

C(u(z)) depends linearly on the decision variables p(.S). The linear program LP; is always feasible

due to the introduction of the nonnegative variables o;f, and a,.

Y There are two possible cases:

1. If the optimal solution of LP; is Zj = 0, then we can conclude that, depending on the sign of
the variable € (¢ = 0 or ¢ > 0), {P, I} may be represented by a Choquet integral. The next

step of the procedure, Step 2 hereafter, will confirm or not this possibility.

2. If the optimal solution of LP; is ZF > 0, then there is no Choquet integral model compatible
with {P, I}.

Step 2. Here, the linear program L P, ensures the existence of a Choquet integral model compatible

with {P, I'}, when the optimal solution of LP; is Z7 = 0. Compared to the previous linear program,
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in this formulation, we only removed the nonnegative variables oz;{y and ag, (or put them equal
to zero) and change the objective function by maximizing the value of the variable ¢, in order to
satisfy the strict preference relation.

Maximize Zy = ¢ LP,
Subject to

Cp(u(z)) — Cp(u(y)) > € Vao,y € X such that z Py (2a)
Cu(u(z)) — Cpu(u(y)) =0 Va,y € X such that z Iy (2b)
p(N) = 1 (20)
p(SU{i}) > p(S) VSC N, Vie N\ S (2d)
e>0.

Notice that LP; is solved only if Zf = 0. Hence, the linear program L P, is always feasible and it does
not have an unbounded solution (it is not restrictive to suppose that C),(u(x)) € [0,1], Vx € X).

Hence, we have one of the following two cases.

1. If the linear program LP; is feasible with optimal solution Z5 = 0, then there is no Choquet
integral model compatible with {P, I'}.

2. If the optimal solution of is LP» is Z3 > 0, then {P, I} is representable by a Choquet integral

model.

Step 3. At this step, we assume that {P, I} is representable by a Choquet integral model, i.e.,
Z3 > 0. To test the necessary negative (resp. positive) interaction for the subset A C>o N, we add
to the previous linear program L P, the constraint (2e) and we obtain the following linear program
denoted by LP§y (resp. LPip).

Maximize Z3 = ¢ LP{y (resp. LPip)
Subject to

Cu(u(z)) — Cu(uly)) > e Va,y € X such that Py (2a)
Cu(u(z)) — C,(u(y)) =0 Vz,y € X such that Ty (20)
H(N) =1 (20
uw(SU{i}) > u(S) VSCN,Vie N\ S (2d)
Iy >0 (vesp. Iy <0) (2e)

e > 0.
I'y depends linearly on the decision variables pu(S). After solving the linear program, we have one

of the following three possible conclusions:

1. If LP{y (resp. LP§p) is not feasible, then the interaction for A is necessarily negative
(resp. positive). Indeed, as the program LP, is feasible with an optimal solution Z3 > 0,
the contradiction about the representation of {P, I} only comes from the introduction of the
constraint Iy > 0 (resp. I’} <0).

17



2. If LP{jy (vesp. LP#p) is feasible and the optimal solution Z; = 0, then the constraint
Cu(u(z)) — Cu(u(y)) > e Va,y € X such that z Py is satisfied with e = 0, i.e., it is not
possible to model strict preference by adding the constraint I'y > 0 (resp. I’y <0) in LPJ‘GN

(resp. LPJG p)- Therefore, we can conclude that the interaction for A is necessarily negative
(resp. positive).
3. If LP4y (vesp. LP§p) is feasible and the optimal solution Zj > 0, then the interaction for

A is not necessarily negative (resp. positive).

For each of the previous linear programs, we have n(2"~! — 1) constraints of monotonicity. Fur-
thermore, the Table [f] give the list of the decision variables and Table [7] give an idea of number of

variables and number of constraints of monotonicity.

Decision variables

LpP g, afy, ag, u(S) (WS SCN)

Lp, e, u(S) WS SCN)
LP{y e, u(S) WS SCN)
LP{p e u(S) 0SSN

Table 6: Decision variables

Number of variables (S) Number of constraints of monotonicity

n=3 6 9
n=4 14 28
n=>5 30 75
n==6 62 186
n=7 126 441
n=3 254 1016
n=9 510 2295
n =10 1022 5110
n=11 2046 11253
n =12 4094 24 564

Table 7: Number of variables p(S) and number of constraints of monotonicity with 3 <n < 12

In practice, the number of criteria generally does not exceed 12. Thus, with a common solver, we

are able to solve these linear programs.
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6.2. Example

In this section, we illustrate our decision procedure with an example, inspired from [I]. Let us
consider a recruitment problem, where the executive manager of a company looks for engaging a

new young employee. The manager takes into account the following four criteria.
1. Educational degree (abbreviated: Ed);
2. Professional experience (abbreviated: Ex);
3. Age (abbreviated: Ag);
4. Job interview (abbreviated: In).

In this example, X = {Arthur, Bernard, Charles, Daniel, Esther, Felix, Germaine, Henry, Irene}
and N ={1, 2, 3,4}.

The candidates, evaluated by the executive manager and their scores for every criterion on a [0, 10]
scale are presented in Table [§| We suppose that the criteria have to be maximized.

Now, suppose that the executive manager (the DM) on the basis of her preference structure is
able to give only the following partial information on the reference actions X’ = {Arthur, Bernard,

Charles, Germaine, Irene}.
(a) The candidate Charles (C) is preferred to candidate Bernard (B),
(b) The candidate Germaine (G) is preferred to candidate Arthur (A),

(¢) The candidates Charles (C) and Irene(I) are indifferent.

A B c D E F G H I
Ed 8 3 10 5 8 5 8 5 0
Ex 6 9 9 0 9 10 7 10
Ag T 10 2 8 4 5 9

In 5 10 9 6 7 7 4

Table 8: Evaluation matrix

Step 1. Linear program LP; with nonnegative slack variables aJCCB, acp, aéA, OGAs aél and ag;.
Minimize Z; = agB +acp+ aJCC,A +agy + aél +ag;

Subject to

Cul(C) = Cu(B) +ady — agy > ¢

Cu(G) = Cu(A) +ady —agy 2 ¢

Cu(C) = Cul) + aby —ag; =0
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A) =5+ p193 + p1z + i
B) =1+ 2p134 + Tpsa

UQ

= 6pr134 + 2013

=4+ pr124 + 2p04 + 202
G) =5+ 2124 + p12 + 2p2
H) =4+ p123 + 2p23 + 243
I) = 2234 + 6pigq + 2412

)

) =
)=
) =2+ 3p124 + 4pi2a
)=
) =
)=

S|

M1z > p1; fig > p2

H13 2 M1 13 2= p3

Hid4 2 [15 fhia = fa

H23 2 H2; flo3 > U3

Hoa = H2; flod =

H34 2 135 134 2> [ha

H123 = 4125 (123 = H13; H123 = H23

H124 = (4125 (124 = H14; 124 = 24

134 = H135 134 = 145 H134 = H34

H234 = fh23; fh234 = Ho4; H234 > 34

11234 2 41235 (41234 = H124; H1234 = (41345 (1234 = 234
p1234 =1

e>0

alp Qops O as Aga, g and agp > 0.

The linear program LP,; is feasible and optimal solution of LP; is Z7 = 0, then we can conclude
that, depending on the sign of the variable £, {P, I} may be represented by a Choquet integral.
The next step of the procedure, Step 2 hereafter, will confirm or not this possibility.

Step 2. The linear program corresponding to the test of the existence of a capacity p compatible
with {P, I} is the following;:

Maximize Z9 = ¢

Subject to

Cu(C) ~ Cu(B) > ¢

Cu(G) ~ Cul(A) > &

Cu(C) ~ Cu(l) =0
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A) =54 piog + p3 +

B) =1+ 2p134 + Tpza

C) = dp124 + 4puio + p1
) =2+ 3p104 + 4ping
) = 6134 + 2413
)
)

>

B!

=4+ pt124 + 224 + 2p2
G) =54 2194 + 12 + 242
H) =4+ paas + 2103 + 213
I) = 2p934 + 6pi0a + 210

cooooosss
&

Hi2 2 M1 a2 2> o

H13 2 M1 fig 2> K3

14 = 15 g = fig

H23 = p2; flog = M3

Hoa 2 2] floa 2> [

H34 = 435 434 = P4

H123 = H12; H123 = p13; H123 = H23
H124 2 4125 (124 2 H14; H124 2 Ho4
H134 = 4135 (4134 = H14; 134 = 1434
o34 = Ho3; 234 = M24; H23a = H34
H1234 2> (1235 1234 2= 1245 41234 = H1345 41234 = H234
f1234 = 1

> 0.

The linear program LP, is feasible and optimal solution of LP, is Z5 = 3.8 > 0, then we can

conclude that {P, I'} is representable by a Choquet integral model. Moreover, the results obtained

by solving LP; are given in Tables [J] and

S n(S)
0, {1}, {3}, {4}, {1.3}, {14}, {3.4} 0
{2}, {23}, {2.4}, {2,3,4} 0.9
{1,2}, {1,2,3}, {1,2,4}, {1,3,4}, N 1

Table 9: A capacity u € Cpref

x A B C D E F G H 1

Cyuz) 6 3 9 86 6 86 98 68 9

Table 10: The corresponding Choquet integral at the capacity p of Table |§|
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Step 3. In order to know if the interaction is necessarily negative for {1,2,3}, we obtain the
LPY% by adding at the previous linear program LP, the constraints 15, > 0 with Ity =

M1234 + (123 — U124 — 4134 — M234 — (12 — 13 + (14 — M23 + fog + (34 + 1 + p2 + 3 — pg.

The linear program LP% is feasible and the optimal solution is Z§ = 3.8 > 0. Then interaction
is not necessarily negative for {Educational degree, Professional experience, Age}. Moreover, the
results obtained by solving LPA% are given in Tables [11]and [12| (with I{55 = 1 > 0).

S p(S)

0. {1}, {2}, {3}, {4}, {12}, {1,3}, {1,4},{2,3}, {3,4}, {1,3,4} 0
{274}7 {2?374} 0.125

{1,2,3}, {1,2,4} 0.2

N 1

Table 11: A capacity 1 € Cpyer such that If5; > 0.

x A B C D E F G H I

Cu(z) 52 1 1 31 0 445 54 42 1

Table 12: The corresponding Choquet integral at capacity p of Table

7. Conclusion

When a capacity is elicited on the basis of preferences obtained from a decision maker, it is unlikely
to be unique (this contrasts with the “continuous case” studied in Timonin [24], 25]). In partic-
ular; this non-uniqueness complicates the interpretation of the interaction index. Indeed, we give
examples in which the sign of the interaction index depends upon the arbitrary choice of a capacity
within the set of all capacities compatible with the preferences that were obtained. We generalize
the concept of necessary and possible interaction introduced in [2I] outside the case of 2-additive
capacities. Necessary interactions are the only interactions that can safely be interpreted since
their sign does not vary within the set of all compatible capacities. We have given conditions under
which preferences on the general set of binary alternatives can be represented using a capacity in a
Choquet integral model. We do the same adding the extra condition that the representing capacity
has strictly positive interaction indices for all groups of criteria. These results seem to call for much
care in the interpretation of the interaction index.

Our results leave some important questions open. The first one would be to derive results similar
to ours but for the case of strictly negative interaction indices. Our proof technique does not seem

easy to adapt to cover this case. Results of this type using the non-additivity index introduced
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in Wu and Beliakov [26], instead of the interaction index have been proposed in Kaldjob Kaldjob

et al. [I8]. The second would be to develop tools allowing to analyze “necessary interactions” for

a large class of aggregation models, including the Choquet integral model. Finally, the study of

aggregation models using bipolar scales [10] seems to be promising.
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Response to the comments of reviewer 2

We would first like to thank you for your new valuable comments about our paper. We have
taken into account all your minor comments. In particular, we have modified our notation for
subsets of N containing more than 2 elements, as you suggested (comment made on page 2). We
have also changed the type of the paper to “Full Length Article” (FLA), because “research article”
does not appear among the article types.

For the two major comments, we propose the following responses.

C.1 P.13: sufficiency part of the proof of Lemma 2: you write “therefore ay\; M as”. But it could

be that an\; P as, so that ay\; M as is not true (if I understand well the definition of M).

Thank you for your comment, you are right. The idea was to complete the graph with the
monotonicity relation for the pairs (ag,ar), with S 2 T, on which the decision maker gave

no preference. We have modified our proof of Lemma 2 (see page 13).

C.2 Prop 6: I appreciate the effort although the result is limited, but I think the proof is not
correct: in n = 3, I cannot see how you can find Joz + Jio3 = —2(u13 — p1). Clearly the
coefficient of 1123 is not zero. Same with n = 4 : the coeflicient of 11234 cannot be zero in
2J34 + 3(J134 + Ja34) + 2J1234. Also, there is a mistake in Js4 : the coeff. of py is 1, not 2.

Thank you for your comment. You are right, in J%,, the coefficient of y; is 1, not 2. But, our

results remain valid. Indeed, we have:

e for n = 3, the coefficient of uq23 is not zero in Jo3, neither in Jyo3, since we have:

Jhs = p123 — p12 — f13 + flog + 1 — po — M3
and

Jlog = H123 — 12 — p13 — Ha3 + pa + po + 13
But we assume that 103 = p12, therefore we have:
Jhs = —pis 4 pios + p1 — p2 — B3
and

Jios = —p1s — pos + 1 + po2 + 3



Adding members to members, we obtain Jb; + Ji5s = —2(p13 — p1) < 0.

For n = 4, the coefficient of py234 is not zero in Js4, neither in Jysg4, neither in Jogy,

neither in Jyo34, since we have:

J4y = 21234 — 2p123 — 2p124 + fisa + flaga + 2p12 — pag — p1a — Moz — f2a + 2p34 +
P+ po — 213 — 2p4

Jia4 = H1234— 123 — 124+ 134 — 234 H12 — 13 — p1a o3+ fhaa — i34+ i1 — po 3+ g
Y54 = 1234 — f123 — f124 — [134+ Hosa+ pa2 + 13 l1a — o3 — floa — fiaa — i1+ fi2 - ps+ fa
Jlosq = 1234 — 123 — H124 — 4134 — o34+ 12+ H1s -+ p1a+ pos + poa+ iga — 1 — po — iz — fla.

But we assume that 1234 = 4123, therefore we have:

Jiy = —2poatpzatpioza +2p12 — 13 — 14 —floz — P24 +2p3a+ 11 + e — 243 — 244
Jiay = —p12a + pasa — posa + o — fi13 — paa + pos + floa — paa + p1 — pi2 + 3 + i
Jhsy = —p12a — p13a + posa + p2 4 i1z + i — po3 — foa — fi3a — fi1 + fi2 + ps + fg
Ji9gs = —H124 — p134 — poza + 12 +pias +paa o3 +pioa iz — 1 — plo — p3 — g

ThlS leads to 2J§L4 =+ 3({]{134 + J£L34) =+ 2J¥234 = —12(/},124 — ,U,]_Q) S 0.
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