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We derive a one-dimensional model for tape springs. The derivation starts from nonlinear
thin-shell theory and uses a dimension reduction technique that combines a centerline-based
parameterization of the tape-spring mid-surface with the assumption that the strain varies
slowly along the length of the tape spring. The one-dimensional model is effectively a higher-
order rod model: at leading order, the strain energy depends on the extensional, bending and
twisting strains and is consistent with classical results from the literature; the two following
orders are novel and capture the dependence of the strain energy on the strain gradients. The
cross-sectional displacements are solved as part of the dimension reduction process, making
the one-dimensional model asymptotically exact. We expect that the model will accurately
and efficiently capture the deformations and instabilities in tape springs, including those
involving highly localized deformations.

1. Introduction
A tape spring (or �carpenter's tape�) is a thin elastic strip endowed with a non-zero natural curvature
c across its width. Its dimensions, namely length `, width a, and thickness t, are very different from
one another, with `� a� t. They can bend and twist easily, and exhibit a rich, severely nonlinear
response. When subjected to opposite-sense bending, for instance, (the applied longitudinal curvature and
the natural transverse curvature are in opposite directions), they undergo a snapping instability which
leads to localization and to propagating instabilities involving the coexistence of two `phases' having very
different curvature [1]. On the other hand, equal-sense bending (the applied longitudinal curvature and
the natural curvature are in the same direction) leads to a lateral-torsional buckling instability. These
instabilities lead to large, repeatable, and sudden changes in their shape, which can be useful for packing
and deployment applications such as deployable reflectors, telescopes and solar panels [2, 3, 4].

A standard approach for modeling tape springs involves using two-dimensional non-linear shell theory.
This approach, although accurate, yields computationally costly simulations. Since tape springs are long
and slender structures, a desirable alternative is to describe them using one-dimensional rod-like models,
which are amenable to fast and robust numerical methods, such as Discrete elastic rods [5, 6] or numerical
continuation using Auto07p [7].

An early work in this direction dates back to Wuest [8], who derived an analytical one-dimensional
model capturing the deformation of a tape spring whose centerline is restricted to bend in a plane. Mans-
field [9] later extended this approach to account for twisting. These models capture the up-down-up
moment-curvature response that explains the snapping instabilities and the tendency for the deformation to
localize [1]. They fail, however, to capture the localized solutions themselves, that entail large gradients of
longitudinal curvature. Similar features are also encountered at interfaces in solid-solid phase transforma-
tions and arise from the non-convex character of the energy. A proper description of interfaces is known to
require the energy to be regularized, by accounting not only for its dependence on the bending and twisting
strains as in early models of Wuest and Mansfield, but also on the strain gradient [10, 11]. The goal of the
present work is to derive a regularized energy for tape springs in a mathematically principled way.

In a recent series of papers [12, 13, 14, 11], a family of one-dimensional models for tape springs featuring
strain-gradient regularization have been proposed. They have been applied to the analysis of localized
solutions [11]. These models are based on kinematic ansatzes, i.e., they work by parameterizing the
deformation of the tape spring by a series of cross-sectional degrees of freedom, their accuracy being
guaranteed only in the limit where infinitely many degrees of freedom are used: by design, they involve a
trade-off between accuracy on the one hand, and efficiency and ease of use on the other hand. A related
numerical approach has been developed by Carrera and others, see for instance [15, 16].
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Our approach is different: we derive a one-dimensional energy for tape springs addressing the strain-gra-
dient effect, using a dimension reduction method applicable to nonlinear elasticity problems and proposed
recently by the authors [17]. The method is mathematically rigorous or, more specifically, asymptotically
exact ; it is not based on kinematic assumptions and does not introduce any cross-sectional degree of
freedom. It has been applied to the analysis of propagating instabilities in nonlinear slender elastic struc-
tures such as cylindrical balloons [18] and elasto-capillary bars [19], where it has shown excellent accuracy.
It has also been used to derive a one-dimensional model for extensible elastic ribbons recently [20] although
the strain gradient has been ignored in this work�elastic ribbons are a particular case of tape springs
corresponding to c=0.

Building up on this earlier work, we derive the following one-dimensional strain energy functional from
a two-dimensional non-linear shell model,

�?[𝓱] =

Z
0

`
�
W[0]

? (𝓱(S))+A(𝓱(S)) �𝓱0(S)+ 1
2
𝓱0(S) �B(𝓱(S)) �𝓱0(S)

�
dS

+

�
C(𝓱(S)) �𝓱0(S)

�
0

`

+ � � �
(1)

where the square bracket on the right-hand side denotes the variation of the enclosed quantity from the
endpoint S = 0 to the endpoint S = ` (boundary terms). The vector 𝓱(S) = ("(S); �1(S); �2(S); �3(S))
collects the strains of the equivalent rod at a particular coordinate S along the centerline, namely the
stretching strain "(S), the bending strains �1(S) and �2(S), and the twisting strain �3(S). Note the
dependence of the strain energy functional �? on the strain gradient 𝓱0(S)= ("0(S); �1

0(S); �2
0(S); �3

0(S)).
The strain energy functional �? is obtained by assuming that the strains vary slowly along the length,

dk𝓱
dS

=O(k); (2)

where �1 is a small parameter, which is typically set by the aspect-ratio of the tape spring, �a/`. The
right-hand side of (1) is derived by a systematic expansion in powers of , which could in principle be con-
tinued to an arbitrary order. The detailed expression of the leading order term

R
0

`
W[0]

? (𝓱(S))dS=O(`0) is
given in (57) and it is consistent with previous work [9]. The subsequent orders capture the strain-gradient
effect and are novel. The correction

R
0

`
A(𝓱(S)) �𝓱0(S) dS=O(` 1) at order 1 involves a vector A whose

expression is worked out in Subsection 5.2. A detailed recipe for calculating the matrix B and the vector
C appearing in the next-order correction

R
0

` 1

2
𝓱0(S) �B(𝓱(S)) �𝓱0(S) dS+

�
C(𝓱(S)) �𝓱0(S)

�
0
`=O(` 2) is

given in Subsection 5.3. The ellipsis in (1) stands for terms of order `3 or higher that are ignored. Our main
contribution is a method for computing the quantities A, B and C for any value of their argument 𝓱(S).

In addition to the fundamental assumption (2) of slow longitudinal variations, we make the following
convenient scaling assumptions on the one-dimensional strain,

"(S)=O
�
t2

a2

�
; �1(S)=O

�
t

a
�?
�
; �2(S)=O(�?); �3(S)=O(�?); c=O(�?); (3)

where �? is a typical strain

�?� t/a2: (4)

The scaling assumptions (3) arise naturally in the context of thin elastic ribbons [20]; they will allow us to
use a moderate slope approximation�thereby simplifying the calculations�but could in principle be lifted.

This article is limited to the derivation of energy functional (1). We plan to apply the model to the tape
spring problems in follow-up papers. The equilibrium equations required for obtaining the solutions can
be derived variationally from (1) by adapting the approach presented in [21, Appendix A.1]: as shown in
this work, the equilibrium equations of the one-dimensional model are governed by the standard Kirchhoff
equations for nonlinear rods together with special constitutive relations which can be expressed in terms
of the components of the elastic energy W[0]

? , A and B.

2. Starting point: shell model

A tape spring is represented as a thin elastic shell made of an isotropic, linear elastic material with Young's
modulus Y and Poisson's ratio �. This section presents the thin shell model. It is based on geometric
approximations consistent with the scaling assumptions (3�4).
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2.1. Kinematic description

We first introduce a centerline-based parameterization of the tape spring. The centerline is an imaginary
curve intended to provide a coarse-grained description of the tape spring. The centerline-based parameter-
ization offers the advantage of using a set of variables that are suitable for dimension reduction [21, 20],
namely macroscopic variables 𝓱 characterizing the centerline (which are exposed in the one-dimensional
energy �?[𝓱]) and microscopic variables 𝔂 capturing the detailed shape of the cross-sections (which we
seek to eliminate).

The tape spring's midsurface is parameterized by Lagrangian coordinates S2 [0; `] and T 2 [¡a/2; a/2],
which are the arc length coordinates measured in the undeformed configuration in the longitudinal and
transverse directions, respectively. The width a is measured along the midsurface in the undeformed
configuration, see Figure 1. A cross-section is the set of material points sharing the same coordinate S, as
shown by the dashed curves in Figure 1.

Figure 1. The undeformed midsurface (left) of the tape spring is a cylinder. The reference midsurface
(center) is obtained by isometrically flattening out the undeformed midsurface into a rectangle (S; T )2 [0;
`]� [¡a/2; a/2]. The deformed midsurface x(S;T ) is parameterized by a centerline r(S), a frame of directors
di(S) and microscopic displacements u(S; T ), v(S; T ) and w(S; T ). Cross-sections are shown by the dashed
curves. The centerline r(S) passes through the centroid of every cross-section and therefore floats above the
midsurface in the presence of transverse curvature.

The position x(S; T ) of a point on the deformed midsurface of the tape spring is parameterized as

x(S; T )= r(S)+w(S; T )d1(S)+ (T +u(S; T ))d2(S)+ v(S; T )d3(S): (5)

where r(S) is the centerline, (d1(S);d2(S);d3(S)) is a frame of orthonormal vectors called directors ,

di(S) �dj(S)= �ij 8S; (6)

and (u(S; T ); v(S; T ); w(S; T )) are three scalar functions that capture the cross-sectional displacements
measured in the directors frame; these displacements are measured with respect to the flat reference
configuration. The symbol �ij in (6) denotes the Kronecker symbol, which equals to 1 if the indices are
equal and to 0 otherwise. We will refer to (5) as the centerline-based parameterization of the shell ; a similar
parameterization has been used for prismatic three-dimensional solids in [22, 21] and for elastic plates
in [20].

The centerline r is defined as the curve passing through the centroid r(S) of each one of cross-section
labelled by S,

r(S)= hx(S; T )iT ; (7)

where the angular bracket denotes the average with respect to the transverse coordinate T ,

hf(S; T )iT =
1
a

Z
¡a/2

+a/2

f(S; T ) dT : (8)

Note that by (5) and (7) the cross-sectional displacements must average out to zero on every cross-section,

hw(S; T )iT =0; hu(S; T )iT =0; hv(S; T )iT =0 8S: (9)
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The orthonormal frame of directors is prescribed by requiring that d3(S) is the unit tangent to the
centerline,

d3(S)=
r 0(S)

jr 0(S)j ; (10)

and that d1(S) is `on average perpendicular' to the cross-section having coordinate S, as shown in Figure 1,

hTw(S; T )iT =0 8S: (11)

What we mean by `on average perpendicular' is the following. We observe that the `first moment' of
the position hT (x(S; T )¡ r(S))iT provides a notion of the average direction of the cross-section having
coordinate S; by (5), the left-hand side of (11) is nothing but d1(S) � hT (x(S; T )¡ r(S))iT .

The condition that the unit vector d1(S) is perpendicular to both d3(S) by (6), and to hT (x(S; T )¡
r(S))iT fixes it up to a sign. This indeterminacy can be lifted, e.g., by the convention that d1(0) � (x;T(0;
0)�x;S(0; 0))> 0 and d1(S) is continuous�the factor in parentheses in the dot product is the midsurface
normal having the orientation naturally associated with the parameterization (S; T ).

With directors d1(S) and d3(S) defined, the last director is obtained as d2(S)=d3(S)�d1(S), making
the frame (d1(S);d2(S);d3(S)) positively oriented.

Remark 1. By contrast with a number of earlier papers on dimension reduction, we do not define the
centerline r(S) as the material curve x(S; 0). The centerline does not even lie on the deformed midsurface
in general, see Figure 1.

Remark 2. The goal of dimension reduction is to eliminate the microscopic displacements u(S; T ),
v(S; T ) and w(S; T ), and to deliver an equivalent rod model depending on just the centerline r(S) and
the directors di(S). We will therefore call equivalent rod the collection of functions r (centerline) and di
(directors frame) subjected to the kinematic constraints (6) and (10); this collection of a centerline curve
and a compatible orthonormal frame is also known as a framed centerline in the literature [23].

Remark 3. The centerline-based parameterization of the midsurface in (5) is unique. Indeed, given a
parameterization x(S; T ) of the midsurface, the centerline r(S) can be obtained by (7) and the director
d3(S) by (10); the unit vector d1(S) is uniquely defined, as discussed above. The displacements u, v and w
are then found by taking the dot product of (5) with the directors. Note that the kinematic constraints (9)
and (11) are required for the centerline-based parameterization to be unique: without (9) the centerline
would no longer be tied to the actual position of the tape spring in space, and without (11) the directors
d1(S) and d2(S) could freely rotate about d3(S).

Remark 4. The only purpose of the directors frame di(S) is to keep track of twisting motions of the tape
spring, whereby cross-sections rotate about the tangent d3(S) while the centerline remains unchanged.
This allows discriminating two configurations of the tape spring having the same centerline (same r) but
twisting differently about it (different d1 and d2).

Remark 5. The parameterization in (5) can capture an arbitrary configuration x(S;T ) of the tape spring
and entails no assumption on the solution of the elastic shell problem. In particular, Equations (6) or (10)
do not assume that the tape spring is unshearable: thanks to the displacement v(S; T ) in (5), the cross-
sections do not have to remain within a plane perpendicular to the centerline.

2.2. One-dimensional strain measures for the equivalent rod
The centerline displacement r(S) and directors di(S) come with standard strain measures in the theory
of rods, which we proceed to introduce. The stretching strain "(S) is defined as

r 0(S)= (1+ "(S))d3(S); (12)

where the alignment of r 0(S) and d3(S) is warranted by (10).
The rate of change of orthonormal director frame (d1(S);d2(S);d3(S)) with respect to the centerline

coordinate S is measured by a Darboux vector �(S)=�1(S)d1(S)+�2(S)d2(S)+�3(S)d3(S), also known
as the rotation gradient, such that

di
0(S)=�(S)�di(S): (13)

The component �i(S)=�(S) �di(S) of the Darboux vector �(S) furnish three additional strain measures.
Both the twisting strain �3(S) and the first bending strain �1(S), which accounts for bending about d1(S),
are zero in the special case of the twistless, planar bending of a tape spring studied in the classical papers [8,
1]. The other bending strain �2(S), which accounts for bending about d2(S), is the quantity that localizes
when the tape spring bends longitudinally [1]. We collect the strain measures for the equivalent rod in a
vector 𝓱(S)= ("(S); �1(S); �2(S); �3(S)), see (20) below.
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2.3. Two-dimensional strain measures for the shell

By differentiating (5) with respect to either S or T , one obtains the tangents to the midsurface along the
coordinate curves as

x;T(S; T ) = v;Td3+w;Td1+(1+u;T)d2:
x;S(S; T ) = (1+ "+ v;S¡�2w+�1 (T +u))d3+(w;S¡�3 (T +u)+�2 v)d1: : :

+(u;S+�3w¡�1 v)d2
(14)

Following classical shell theory, we introduce the membrane strain E~��=(x;� �x;�¡ ���)/2 capturing the
stretching of the midsurface, and the bending strain B~�� =x;�� �n¡ c ��T ��T , where n= (x;T �x;S)/
j(x;T �x;S)j is the unit normal to the surface. In our notation, the Greek indices are restricted to in-plane
directions, �; � 2 fS; T g.

Remark 6. The quantities E~�� and B~�� measure the changes in metric and curvature, respectively, from
the undeformed to the deformed configurations:

� x;� �x;� is the usual definition of the metric tensor on a parametric surface x(S;T ). In the reference
(rectangular) configuration, the vectors (x;S ;x;T) are of unit magnitude and orthogonal, yielding
metric tensor equal to ���. Since the undeformed configuration is connected to the reference con-
figuration by an isometric mapping, its metric tensor is also ���.

� the quantity x;�� �n is the classical curvature 2-form from differential geometry. In the cylindrical,
undeformed configuration, this curvature 2-form is equal to c��T��T where c is the natural curvature
of the tape spring in the transverse direction.

The scaling assumptions for the displacement and shell strains that are consistent with those for the
one-dimensional strain in (3) and have been identified in previous work [20] as

u=O
�
t2

a

�
; v=O

�
t2

a

�
; w=O(t); E~��=O

�
t2

a2

�
; B~��=O(�?);

@

@S
� @

@T
=O

�
1

a

�
: (15)

In view of these scaling relations, the geometrically exact shell strains E~�� and B~�� can be simplified
by dropping any term that is negligible compared to t2/a2 in E~�� (such as the contribution 1

2
(�1 u d3) �

(�1ud3)��12u2� (t2/a3)2 (t2/a)2� (t/a)8� t2/a2 in E~SS), and any term that is negligible compared to
�?� t/a2 in B~��. The result is the approximate membrane strain

ESS(S; T )= "(S)+T�1(S)¡�2(S)w(S; T )+ v;S(S; T )+
1

2
(¡T�3(S)+w;S(S; T ))

2

ETT(S; T )=u;T(S; T )+
1

2
w;T
2 (S; T )

EST(S; T )=
1
2
(�3(S) (w(S; T )¡Tw;T(S; T ))+ v;T(S; T )+u;S(S; T )+w;S (S; T )w;T(S; T ))

(16)

and the approximate bending strain

BSS(S; T ) = �2(S)¡�30(S)T + w;SS(S; T )
BTT(S; T ) = w;TT(S; T ) ¡c
BST(S; T ) = ¡�3(S) + w;ST(S; T ):

(17)

The approximate expressions E�� and B�� of the strains above are consistent with the scaling assump-
tions (3) and (15). The shell model that we use as the starting point for dimension reduction is based
on them. A detailed derivation of Equations (16) and (17) can be found in [20, Appendix A.1], the only
difference here being the (¡c) term in BTT that accounts for the natural curvature of the tape spring.

Remark 7. The cylindrical, undeformed configuration is recovered by setting the one-dimensional strains
to zero, "(S) = 0, �1(S) =�2(S) = �3(S) = 0, and the microscopic displacement to u(S; T ) =¡c2

6
T 3, v(S;

T )=0 and w(S;T )= c

2
(T 2¡a2/12). This solution indeed satisfies the kinematic constraints (9) and (11),

and makes the shell strains zero, E��(S; T )= 0 and B��(S; T )= 0. Note that E��(S; T )=0 is equivalent
to E~��(S; T ) = 0 within our approximation scheme and it is in this sense that the mapping between the
reference and undeformed configurations is isometric, see Figure 1. Relatedly, the polynomial solutions for
u and v given above approximate the parametric equation for an arc of circle having curvature c by its arc
length T in a way that is consistent with the scaling assumptions (3) and (15).
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Remark 8. The strain approximation in (16�17) expresses that the midsurface rotates by a small amount
relative to the directors, and is therefore akin to that underpinning the Föppl-von Kármán equations for
plates. Indeed, the angle between the midsurface normal x;T(S; T )�x;S(S; T ) and the nearest director
d1(S) can be shown to be of order t/a� 1 using the scaling assumptions (3) and (15). In undeformed
configuration as well, the angle of deviation between the midsurface normal and the director d1(S) is
of order c a, i.e., of order t/a, thanks to our scaling assumption c=O(�?), see (3�4). Only the relative
rotation of the midsurface with respect to the nearest directors is small: our shell model correctly accounts
for finite rotations of the shell and its associated directors.

2.4. Constitutive relations and strain energy

According to shell theory, for a linearly elastic, isotropic material, the membrane stress n�� and bending
moment m�� are given in terms of the membrane strain E�� and bending strain B�� by the following
constitutive relation0BBBBBBBBBBBBBB@

nSS
nTT
nST
mSS

mTT

mST

1CCCCCCCCCCCCCCA=K
0BBBBBBBBBBBBBB@

ESS
ETT
EST
BSS

BTT
BST

1CCCCCCCCCCCCCCA, where K =

0BBBBBBBBBB@
K

0BB@ 1 � 0
� 1 0
0 0 1¡ �

1CCA 0

0 D

0BB@ 1 � 0
� 1 0
0 0 1¡ �

1CCA

1CCCCCCCCCCA: (18)

Here, K= Y t/(1¡ �2) andD=Y t3/(12 (1¡ �2)) are the membrane and bending stiffnesses, respectively.
The corresponding strain energy is quadratic with respect to the strain measures, and is given by

�=

Z
0

`Z
¡a

2

+
a

2

W dS dT where W =
1

2
(n��E��+m��B��): (19)

In the equations above and throughout the article, we follow Einstein's implicit summation convention.

3. Strategy for dimension reduction

The centerline-based parameterization makes use of macroscopic and microscopic variables. Macroscopic
variables characterize the centerline and directors: the associated strains (see Subsection 2.2) will be
retained in the one-dimensional model. Microscopic variables capture the details of cross-sectional deforma-
tion. Their elimination from the energy (19) will furnish the equivalent one-dimensional model. A general
recipe for carrying out this elimination is available from our previous work [17]. Before we can apply this
recipe, we need to reformulate the shell model from Section 2 in a standard form called the canonical form ,
which provides the appropriate level of abstraction for carrying out dimension reduction. The canonical
form of the shell model is obtained in Subsection 3.1. Subsection 3.2 presents the general strategy for the
dimension reduction.

3.1. Casting the shell model in canonical form

The one-dimensional strains are collected in a vector 𝓱(S) as follows,

𝓱(S)= ("(S); �1(S); �2(S); �3(S)): (20)

The restrictions of the displacements to the cross-section with coordinate S are denoted as u(S; �), v(S; �)
and w(S; �): each one of these objects is a function of the single variable T defined on T 2 [¡a/2;+a/2].
These three functions of T are collected in a vector we denote as 𝔂(S),

𝔂(S)= (u(S; �); v(S; �); w(S; �)): (21)

Remark 9. The macroscopic variables are collected in 𝓱(S), while the microscopic variables are collected
in 𝔂(S). Together, functions 𝓱 and 𝔂 specify the tape spring configuration up to a rigid-body motion, and
are the arguments of the strain energy of the shell model, see (27). By itself, the function 𝓱 characterizes
the equivalent rod (or framed centerline) up to a rigid-body motion, and it is the sole argument of the
one-dimensional strain energy functional �? in (1).
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Given a particular value of S, we denote as y=𝔂(S) the microscopic variables at the corresponding
cross-section. In view of (21), the components y, which we denote as y=(yu; yv; yw), are the restrictions
(u(S; �); v(S; �); w(S; �)) of the displacement. Therefore, we have yu(T ) = u(S; T ), yv(T ) = v(S; T ) and
yw(T )=w(S;T ). We will also denote by y y=(yu

y; yv
y; yw

y)=𝔂0(S) the restrictions of the longitudinal gradi-
ents of the displacement, such as yu

y(T )=@Su(S;T ), and by y z=(yu
z; yv

z; yw
z )=𝔂00(S) the restrictions of the

second longitudinal gradients of displacement to the cross-section at S, such as yu
z(T )=@SSu(S; T ). Note

that the transverse gradient of a cross-sectional displacement can be directly obtained by differentiating
the restrictions, as in @Tu(S; T )=@Tyu(T ).

Similarly, we will denote by h= ("; �1; �2; �3)=𝓱(S)2R4 the values of the one-dimensional strain at
a particular cross-section at S, by hy=("y; �1

y; �2
y; �3

y)=𝓱0(S)2R4 the values of the strain gradient, and
by hz=("z; �1

z; �2
z; �3

z)=𝓱00(S)2R4 the values of the second gradient of strain at S, such that for instance
"z= "00(S).

Remark 10. We use calligraphic symbols to emphasize that a quantity is a function , such as 𝓱 or 𝔂, and
distinguish from its value using roman symbols, such as h=𝓱(S) or y=𝔂(S). Mathematically, h2R4 is a
vector while 𝓱 is a function of S whose values are vectors, and y is a vector made up of three functions of
T while 𝔂 is a function of S whose values are vectors made up of three functions of T . A similar notation
is also used later for the membrane and bending strains, see (26), and for the strain energy per unit length,
which we write as W =W(E).

To express the kinematic constraints (9) and (11) in compact form, we define a functional Q taking a
vector y=(yu; yv; yw) of cross-sectional functions yu(T ), yv(T ) and yw(T ) as arguments as follows,

Qy=
¡
hyu(T )iT ; hyv(T )iT ; hyw(T )iT ; hT yw(T )iT

�
: (22)

The kinematic constraints (9) and (11) can then be rewritten as

Q𝔂(S)=0 8S: (23)

At a particular point on the midsurface with coordinates (S; T ), the membrane and bending strains
from the shell model are collected into a vector denoted by E with the following ordering convention,

E=
¡
ESS(S; T ); ETT(S; T ); EST(S; T ); BSS(S; T ); BTT(S; T ); BST(S; T )

�
: (24)

Equations (16) and (17) yielding the strain measures of the shell model can then be cast in the form

E=E(T ;𝓱(S);𝓱0(S);𝔂(S);𝔂0(S);𝔂00(S)) (25)

where E is the function

E(T ;h;hy; y; y y; y z)=

0BBBBBBBBBBBBBBBBBBBBBB@

"+T�1¡�2 yw(T )+ yv
y(T )+

1

2
(¡T�3+ yw

y(T ))2

@Tyu(T )+
1

2
(@Tyw(T ))

2

1

2
(�3 (yw(T )¡T @Tyw(T ))+ @Tyv(T )+ yu

y(T )+ yw
y(T )@Tyw(T ))

�2¡T�3y+ yw
z(T )

@TTyw(T )¡ c

¡�3+ @Tyw
y(T )

1CCCCCCCCCCCCCCCCCCCCCCA
(26)

The optional horizontal bar separates the three membrane strain components of E with its three bending
strain components.

Remark 11. The quantities in the right-hand side of (26) are related to those passed in arguments of the
left-hand side through our notation h=("; �1; �2; �3), hy=("y; �1

y; �2
y; �3

y), y=(yu; yv; yw), etc.

Remark 12. One can check the equivalence of (16) and (17) on the one hand with (25) and (26) on the
other hand as follows. Equation (25) is an equality between two vectors having six components. Let us
consider the fourth component, for instance, which is BSS(S; T )= �2+ yw

z (T )¡T �3y by (24). Identifying
the arguments h = ("1; �1; : : : ), hy = ("1

y; �1
y; : : : ), y = (yu; yv; yw), etc. of E in (26) with the values

𝓱(S) = ("1(S); �1(S); : : : ), 𝓱0(S)= ("1
0(S); �1

0(S); : : : ), 𝔂(S)= (u(S; �); v(S; �); w(S; �)) passed in argument
in (25), we get BSS(S; T )=�2(S)+ @SSw(T )¡T�30(S), which is nothing but the first component in (17).

Finally, the strain energy in (19) can be rewritten as

Arun Kumar, Basile Audoly, Claire Lestringant 7



�[𝓱;𝔂] =
Z
0

`Z
¡a

2

+
a

2

W(E(T ;𝓱(S);𝓱0(S);𝔂(S);𝔂0(S);𝔂00(S))) dS dT (27)

where the strain energy density W =W(E) is given in terms of the shell strain measures E as

W(E)=
1

2
�(E) �E ; (28)

and �(E)= (nSS; nTT ; nST ;mSS;mTT ;mST) denotes the internal (membrane and bending) stresses, given
by the constitutive relation (18) as

�(E)=KE: (29)

In (28), the � product represents the contraction of the pair of tangent indices � and � appearing in the
energy density in (19),

� �E=� � diag(1; 1; 2; 1; 1; 2) �E ; (30)

where diag stands for a diagonal matrix. The consistency with the contraction of indices can be verified as
follows: Ea�n��+Ba�m��=ESSnSS+ETTnTT +ESTnST +ETSnTS+BSSmSS+BTTmTT +BSTmST +
BTSmTS=ESSnSS+ETTnTT +2ESTnST +BSSmSS+BTTmTT +2BSTmST =� �diag(1; 1; 2; 1; 1; 2) �E.

For later reference, we note that the gradient of W in the direction Ê is given as

DEW(E; Ê)=�(E) � Ê=(KE) � Ê: (31)

In Equations (23), (26) and (27), respectively, we have obtained expressions for the kinematic con-
straints, the microscopic strain and the strain energy functional that conform with the canonical form
proposed in our previous work.

3.2. Dimension reduction
The first key ingredient in the model derivation is the elimination of the microscopic displacement . For a
prescribed 𝓱, we eliminate 𝔂 by assuming that the optimal 𝔂 is the stationary point of the energy among
all 𝔂's satisfying the constraint (23). The problem is to find 𝔂 and 𝓯 that are the solutions of

D𝔂�[𝓱;𝔂; �̂�]¡
Z
0

`

𝓯(S) �Q�̂�(S) dS = 0 (8�̂�(S))

Q𝔂(S) = 0 8S
(32)

where 𝓯(S) = (𝒻S(S); 𝒻T(S); 𝒻n(S); 𝒻t(S)) is the Lagrange multiplier associated with the constraint
Q𝔂(S)= 0 in (23). Using the same typographical convention as in Remark 10, the value of the Lagrange
multiplier at S will be denoted as f =(fS; fT ; fn; ft)=𝓯(S).

The solution of (32) is supposed to be unique, and is denoted as 𝔂 =𝔂?[𝓱] and 𝓯 =𝓯?[𝓱]. This
elimination of the microscopic displacement 𝔂 yields an energy functional depending on the macroscopic
strain only,

�?[𝓱] =�[𝓱;𝔂?[𝓱]]: (33)

Obtaining the strain energy functional �?[𝓱] is the ultimate goal of the dimension reduction. Unfortunately,
the variational problem (32) entails solving nonlinear partial differential equations on the midsurface,
and is intractable in general, so that �?[𝓱] is not available in closed form.

The second key ingredient in the model derivation is to assume slow variations in the longitudinal
direction : we complement the fundamental assumption (2) by a scaling assumption on the microscopic
displacement,

d k𝓱
dSk

=O(k) and d k𝔂
dSk

=O(k);

where  is a small parameter related to the aspect-ratio, typically � a/`.
Next, we seek the optimum 𝔂?[𝓱] of the variational problem (32) as a series expansion in powers of ,

𝔂?[𝓱] =𝔂[0]
? [𝓱] +𝔂[1]

? [𝓱] +𝔂[2]
? [𝓱] + � � � (34)

where the 𝔂[k]
? [𝓱]'s denote the solutions obtained order by order in , i.e., 𝔂[k]

? [𝓱]=O(k). Inserting this
order-by-order solution for the microscopic displacement into (33), one gets an expansion of the strain
energy in the form

�?[𝓱] =�[0]
? [𝓱] +�[1]? [𝓱] +�[2]

? [𝓱] + � � �; (35)

8 A one-dimensional model for tape springs



where �[k]? [𝓱] =O(k) is the contribution of order k. The next two sections aim at obtaining the contri-
butions �[0]? [𝓱], �[1]? [𝓱] and �[2]? [𝓱].

4. Leading-order solution

In this section, we derive the leading-order solution explicitly. The outcome is the strain energy functional
�[0]
? [𝓱] of the equivalent rod model at leading order, which is known from the previous work of Mansfield

[9], as well as quantities such as the internal stress �[0]
? (T ;h) that will be required to compute the gradient

effect in Section 5, see (55)2.

4.1. Plan for the leading order
At order 0, we can ignore all the longitudinal gradients in (27), which yields �[𝓱;𝔂]��[0][𝓱;𝔂] +O()
where �[0][𝓱;𝔂] =

R
0

`R
¡a

2

+
a

2W(E[0](T ;𝓱(S);𝔂(S))) dT dS with

E[0](T ;h; y)=E(T ;h;0; y;0;0): (36)

Inserting the expression of �[0] into (32), applying the chain rule to differentiate W(E[0](T ;𝓱(S);𝔂(S)))
with respect to 𝔂, and by identifying the gradient DEW from (31), we getZ

0

`
 Z

¡a

2

+
a

2

(KE[0](T ;𝓱(S);𝔂(S))) �DyE[0](T ;𝓱(S);𝔂(S); �̂�(S)) dT ¡𝓯(S) �Q�̂�(S)

!
dS=0: (37)

for any perturbation �̂�, together with the kinematic condition Q𝔂(S) = 0 for all S. In the variational
problem above, the trial function �̂�(S) does not appear in derivatives with respect to S, implying that the
solution 𝔂(S) can be found by solving the following local problem on a cross-section: given a macroscopic
strain value h, find the solution (y; f) satisfyingZ

¡a

2

+
a

2

(KE[0](T ;h; y)) �DyE[0](T ;h; y; ŷ) dT ¡ f �Qŷ=0 ; 8ŷ

Qy=0:
(38)

As we will confirm later, the solution y to the cross-sectional problem (38) is unique. It depends on h
only, and will be denoted as

y=Y h: (39)

The quantity Y h will be referred to as the catalog of leading-order solutions. It can be calculated analyt-
ically in favorable circumstances, or numerically.

Remark 13. The notation introduced in Remark 10 plays a key role here. The input h= ("; �1; �2; �3)
of the cross-sectional problem (38) are four real numbers (which are local values of the one-dimensional
strain), and the output is three functions y=(yu; yv; yw) of the single variable T , capturing how the cross-
section deforms in response to h.

Equation (38) showed that the leading-order solution 𝔂(S) =𝔂[0]
? [𝓱] to the (global) problem (37) is

obtained simply by looking up the catalog Y h with the local value 𝓱(S) of the strain,

𝔂[0]
? [𝓱](S)=Y 𝓱(S): (40)

The catalog Y h of solutions to the local problem (38) on a cross-section is therefore the only ingredient
needed to compute the energy at leading order. Specifically, it is used to define the leading-order predictions
for the strain E[0]? , the stress �[0]

? , and the strain energy density W[0]
? as

E[0]? (T ;h) = E[0](T ;h;Y h)

�[0]
? (T ;h) = KE[0]? (T ;h)

W[0]
? (h) =

Z
¡a

2

+a

2

W(E[0]? (T ;h)) dT
(41)

The leading-order contribution to the energy hence writes

�[0]
? [𝓱] =

Z
0

`

W[0]
? (𝓱(S)) dS; (42)

in accord with (1).
We proceed to carry out this plan in the next subsection. An analytical expression of W[0]

? (h) is obtained
in Equation (57).
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Remark 14. The variational problem (38) at leading order can also be obtained by focusing on homoge-
neous solutions, i.e., on configurations of the tape spring such that the one-dimensional strains ", �1, �2 and
�3 are independent of S. Indeed, the strain gradients that have been neglected at leading order, see (36),
are exactly zero for these homogeneous solutions. For these homogeneous solutions, the centerline is a
circular helix, an arc of a circle or a straight line, and the microscopic displacements are independent of S.

4.2. Leading-order displacement
The solution procedure at leading order is similar to that described in [20, Appendix A] for strips (case
c= 0). The leading-order expression (36) of the strain E[0](T ; h; y) = (ESS

[0] ; ETT
[0] ; EST

[0] ; BSS
[0] ; BTT

[0] ; BST
[0] ) is

obtained by discarding the gradient terms in (16) and (17),

ESS
[0] = "+T�1¡�2 yw+

1

2
(T�3)2 BSS

[0] = �2

ETT
[0] = @Tyu+

1

2
(@Tyw)2 BTT

[0] = @TTyw¡ c

EST
[0] =

1

2
f�3(yw¡T @Tyw)+ @Tyvg BST

[0] = ¡�3

(43)

The stress �[0]= (nSS
[0] ; nTT

[0] ; nST
[0] ; mSS

[0] ; mTT
[0] ; mST

[0] ) is calculated using the constitutive law �[0](T ;h; y)=

KE[0](T ;h; y), i.e., nSS
[0] =K (ESS

[0] + �ETT
[0] ), etc. Inserting these stress and strain expressions into (38), we

obtain the following variational problem: given h=("; �1; �2; �3), find y and f such that Qy=0 and, for
any set of functions (ŷu; ŷv; ŷw) of the single variable T ,

¡
Z
¡a

2

+
a

2

(
fS ŷv(T )¡nST

[0] (T )@Tŷv(T )+ fT ŷu(T )¡nTT
[0] (T ) @Tŷu(T )

+

0@ �2nSS
[0] (T )¡�3nST

[0] (T )
+fn+ ft T

1Aŷw(T )¡
0@ nTT

[0] (T ) @Tyw(T )

¡�3TnST
[0] (T )

1A@Tŷw(T )¡mTT
[0] (T ) @TTŷw(T )

)
dT = 0:

For brevity, the dependence of the stress on h and y will be implicit in this subsection, i.e., we use the
short forms �[0](T ), nSS

[0] (T ), etc., for �[0](T ;h; y), nSS
[0] (T ;h; y), etc.

Using integration by parts twice, we get the equilibrium equations in strong form as

@TnST
[0] (T )+ fS = 0; @TqT

[0](T )+�2nSS
[0] (T )¡�3nST

[0] (T )+ fn+ ft T = 0;

@TnTT
[0] (T )+ fT = 0; Q(yu; yv; yw) = 0:

(44)

as well the natural boundary conditions on the lateral edges of the tape spring,

nTT
[0] (�a/2) = 0 qT

[0](�a/2) = 0

nST
[0] (�a/2) = 0 mTT

[0] (�a/2) = 0:
(45)

where qT
[0](T )=¡�3TnST

[0] (T )¡ @TmTT
[0] (T )+nTT

[0] (T ) @Tyw(T ) is the shear force. Integrating the two equa-
tions in the first column of (44) and using boundary conditions in the first column of (45), we conclude that
fS= fT =0 and that two in-plane stresses vanish identically, nTT

[0] = 0 and nST
[0] = 0. Using (18) and (43),

we find that yu and yv can be eliminated in favor of yw by

@Tyu=¡�
�
"+�1T +

�3
2

2
T 2¡�2 yw

�
¡ (@T yw)2

2
; @T yv=�3 (¡yw+T@Tyw): (46)

There remains to solve for yw. The procedure is identical to that described in [20, Appendix A] and
can be summarized as follows.

� We change the unknown and seek the deflection yw(T ) in terms of a new unknown �(�; T ) as

yw(T ) = a2
�
�

2

�
T 2

a2
¡ 1

12

�
+ � �

�
�;
T

a

��
(47)

where �, � and � are parameters depending on strain,

�= c¡ ��2; �=
�2
2 (c¡ ��2)¡�2 �32

�?2
; �=

�
�2
�?

�
2> 0; (48)

and �? is the typical strain whose order of magnitude has been anticipated in (4),

�?=
1

[12(1¡ �2)]1/2
t

a2
: (49)
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� Eliminating yu, yv and yw in favor of � using (46) and (47), we can rewrite the equilibrium equa-
tion (44) as a dimensionless boundary-value problem formulated on the scaled domain T 2 (¡1/2;
+1/2),

�0000(�; T )+ � �(�; T )=¡1
2

�
T 2¡ 1

12

�
�00(�;�1/2)=0; �000(�;�1/2)= 0:

(50)

The prime 0 in the equations above stands for differentiation with respect to the argument T of �.
The problem (50) can be solved for �(�;T ) either numerically or analytically, see Remark 15 below,
which completes the solution for yw. The following equalities can be established directly from the
boundary-value problem (50),Z

¡1/2

1/2

�(�; T ) dT =0 and
Z
¡1/2

1/2

T �(�; T ) dT =0: (51)

When used in combination with (47), they warrant that the kinematic constraints hyw(T )iT =
hT yw(T )iT =0 in (22) hold.

� The in-plane displacements yu and yv are found by integration of (46), the constants of integration
being set by the kinematical constraint (22),

yu(T )= ¡�
�
" T +

�1

2

�
T 2¡ a2

12

�
+
�3
2

6
T 3
�
+ � �2

Z
0

T

yw(T̂ ) dT̂ ¡
1
2

Z
0

T

(@T yw(T̂ ))
2dT̂

yv(T )=�3

�
¡2
Z
0

T

yw(T̂ ) dT̂ +T yw(T )

�
:

(52)

In accord with (39), the solution y=(yu; yv; yw) of the problem (38) obtained in (47), (50), and (52) will
be denoted as y=Y h=(Yu

h; Yv
h; Yw

h) in the following,

yu=Yu
h; yv=Yv

h; yw=Yw
h; (53)

where h=("; �1; �2; �3) are the one-dimensional strain measures.

Remark 15. The boundary-value problem (50) has an analytical solution

�(�; T )=
1

�

�
cos�T cosh �T (p1(�)¡ p2(�))+ sin �T sinh�T (p1(�)+ p2(�))

�2 (sin�+ sinh �)
¡ 1

2

�
T 2¡ 1

12

��
; (54)

where p1(�) = cos(�/2) sinh(�/2) and p2(�) = sin(�/2) cosh(�/2) and �= �1/4/ 2
p

. The benefit of this
analytical solution is however limited by the fact that the derivatives �,�(�; T ) and �,��(�; T ), which will
be needed in the gradient energy terms, have cumbersome expressions: as an alternative to using this
analytical solution, one can solve the boundary-value problem (50) numerically for any given value of �.

4.3. Leading-order strain, pre-stress, and strain energy
Inserting the above solution y=Y h into (43), we get the leading-order expressions of the strain E[0]? (T ;
h)=E[0](T ;h;Y h) and stress �[0]

? (T ;h)=KE[0]? (T ;h) as

E[0]? (T ;h)=

0BBBBBBBBBBBBBBBBBBBB@

ESS
[0] ? = "+T�1¡�2Ywh+ (T�3)2

2

ETT
[0] ? = (� � �)

EST
[0] ? = 0

BSS
[0] ? = �2

BTT
[0] ? = @TTYw

h¡ c
BST
[0] ? = ¡�3

1CCCCCCCCCCCCCCCCCCCCA
; �[0]

? (T ;h)=

0BBBBBBBBBBBBBBBBBBBB@

nSS
[0] ? = Y tESS

[0] ?

nTT
[0] ? = 0

nST
[0] ? = 0

mSS
[0] ? = D (�2+ �BTT

[0] ?)

mTT
[0] ? = D (��2+BTT

[0] ?)

mST
[0] ? = ¡D(1¡ �)�3

1CCCCCCCCCCCCCCCCCCCCA
; (55)

where the symbol (� � �) stands for an expression that is not needed in the following.
Using (41)3 and (28), the strain energy density is W[0]

? (h)=
R
¡a/2
a/2 1

2
�[0]
? (T ;h) �E[0]? (T ;h) dT and it can

be rewritten as

W[0]
? (h)=

Z
¡a/2

+a/21

2
(nSS

[0] ?ESS
[0] ?+mSS

[0] ?BSS
[0] ?+mTT

[0] ?BTT
[0] ?+2mST

[0] ?BST
[0] ?) dT : (56)

Inserting the expressions of the stress and strain from (55) and simplifying, see Appendix A, we get the
strain energy density as

W[0]
? (h)=

Y a t

2

�
"+

a2 �3
2

24

�
2

+
Y a3 t

2 � 12 �1
2+

Y a t3

2 � 12 �2
2+

Ya t3

2 � 6 (1+ �)
�3
2+

Ya5 t

2 � 2 (��2
2+�3

2¡c�2)2'
�
�2
2

�?2

�
(57)
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where '(�)= 1

360 +2 �
R
¡1
2

+
1
2 �(�; T )� 1

2

¡
T 2¡ 1

12

�
dT has a closed-form expression

'(�)=
4

�

�
1

2
¡ cosh�¡ cos �
� (sin�+ sinh �)

�
where �=

�1/4

2
p : (58)

Remark 16. We can further eliminate the strains " and �1 from the energy (57). Minimizing (57) for
fixed values of �2 and �3 gives "=¡a2 �32/24 and �1= 0: Inserting these values in (57) gives an energy
expression similar to that given in the seminal work of Mansfield [9, equation-61]. Mansfield [9] studied
tape springs having initial longitudinal curvature and twist: our expression in (57) is a special case of [9]
when the initial curvature and twist are set to zero.

Remark 17. The strain energy governing the planar deformations of a tape spring (�1= 0 and �3=0)
is W[0]planar

? ("; �2) =
1

2
Y a t "2+

Y a3 t

2 � 12 �2
2+

Ya5 t

2 � 2 (� �2
2 ¡ c �2)2 '(�2

2/�?2). The constitutive relations for the
internal moment M2 that have been derived in the planar case in [1] are nothing but M2=@W[0]planar

? /@�2.

Remark 18. Setting the natural curvature c to zero in (57), we recover the extensible ribbon model
first derived in [20], see its Equation [2.6]. The energy of a tape spring differs from that of a ribbon only
through the c �2 term appearing in the squared factor of ' in (57).

Remark 19. The functions �(�; T ) and '(�) in (54) and (58) have apparent singularities at �=0 (i.e.,
�= 0). They analytical expressions in (54) and (58) valid for �=/ 0 can be patched with their Taylor

expansions around �= 0, namely �(�; T ) =
29¡ 420 T 2+ 560 T 4¡ 448 T 6

322 560
+ �

¡22 091+ 322 740 T 2+ � � �
122 624 409 600

+ � � � and
'(�)=

1

360 ¡
�

181 440 + � � �.

5. Higher orders

The leading order solution �[0]
? [𝓱] in (42) does not capture the gradient effect necessary to accurately

predict the localized deformations common in tape springs. In this section, we proceed to derive the first
and second order terms �[1]? [𝓱] and �[2]? [𝓱] of the strain energy functional (1), which depend not only on
the macroscopic strain 𝓱(S) but also on its gradient 𝓱0(S).

5.1. Plan for the higher orders
To calculate the higher order energy terms, the general recipe in [17] introduces an auxiliary strain function
𝓮(T ;h;hy;hz;z; z y; z z) defined as

𝓮(T ;h;hy;hz;z ;z y;z z)=E(T ;h;hy;Y h+ z;rY h �hy+ z y;hy �r2Y h �hy+rY h �hz+ z z); (59)

where rY h, r2Y h are the first and second derivative (gradient and hessian) of the catalog of leading
order solutions Y h with respect to h: the r notation stands for differentiation with respect to the one-
dimensional strains,

r=
d

dh
: (60)

In (59), the correction z is a mathematical object of the same type as y, i.e., the components (zu; zv; zw)
of z are each functions of the single variable T defined on ¡a/26T 6+a/2.

Remark 20. The definition (59) can be motivated as follows. Using (35) and (59), we can rewrite the
expansion of the microscopic displacement as 𝔂(S)=Y 𝓱(S)+𝔃(S), where 𝔃(S)=𝔂[1]

? (S)+𝔂[2]
? (S)+ � � � is

the correction to all orders beyond the leading one. The successive derivatives are then given by 𝔂0(S)=
rY 𝓱(S) �𝓱0(S)+𝔃0(S) and 𝔂00(S)=𝓱0(S) �r2Y 𝓱(S) �𝓱0(S)+rY 𝓱(S) �𝓱00(S)+𝔃(S). The strain function
𝓮 in (59) is nothing but the strain E=𝓮(T ;𝓱(S);𝓱0(S);𝓱00(S);𝔃(S);𝔃0(S);𝔃00(S)) expressed in terms
of 𝓱, 𝔃 and their derivatives.

Next, we introduce the structure coefficients 𝓮klm
ij (T ;h), which are the operators that can be identified

from the series expansion of 𝓮 about the leading order solution (h;hy;hz;z;z y;z z)= (h;0;0;0;0;0) (see
[17, Appendix A3]),

𝓮(T ;h;hy;hz; z;z y;z z) = E[0]? (T ;h)+𝓮00010 (T ;h) �hy+(𝓮10000 (T ;h) �z)

+
1

2
(hy �𝓮00020 (T ;h) �hy+2hy �𝓮100

10 (T ;h) �z+z �𝓮20000 (T ;h) � z)
+𝓮00001 (T ;h) �hz+𝓮01000 (T ;h) �z y+ � � �

(61)
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Inserting the strain expansion (61) into the strain energy, one can get an expansion for the energy. The
energy contributions up to second order are listed below, see [17, Appendix A] for details.

A(h) �hy =

Z
¡a/2

+a/2¡
�[0]
? (T ;h) � (𝓮00010 (T ;h) �hy)

�
dT

C(0)(h) �hy =

Z
¡a/2

+a/2¡
�[0]
? (T ;h) � (𝓮00001 (T ;h) �hy)

�
dT

C(1)(h) �z =

Z
¡a/2

+a/2¡
�[0]
? (T ;h) � (𝓮01000 (T ;h) � z)

�
dT

1
2
hy �B(0)(h) �hy =

Z
¡a/2

+a/2
�
1
2
(K(𝓮00010 (T ;h) �hy)) � (𝓮00010 (T ;h) �hy)

+
1
2
�[0]
? (T ;h) � (hy �𝓮00020 (T ;h) �hy)

�
dT ¡ (rC(0)(h) �hy) �hy

hy �B(1)(h) �z =

Z
¡a/2

+a/2

f(K(𝓮00010 (T ;h) �hy)) � (𝓮10000 (T ;h) �z)

+�[0]
? (T ;h) � (hy �𝓮100

10 (T ;h) �z)gdT ¡ (rC(1)(h) �hy) �z
1

2
z �B(2)(h) �z =

Z
¡a/2

+a/2
�
1

2
(K(𝓮10000 (T ;h) �z)) � (𝓮10000 (T ;h) � z)

+
1

2
�[0]
? (T ;h) � (z �𝓮20000 (T ;h) � z

�
dT

(62)

The ¡(rC(0)(h) � hy) � hy and ¡(rC(1)(h) � hy) � z terms are produced by an integration by parts, the
rank-2 tensor rC(0)(h) being the gradient of the vector C(0)(h) with respect to h, see (60). Similarly,
rC(1)(h) is the gradient with respect to h of the linear operator C(1)(h) acting on z.

The operators (A(h);C(0)(h);B(0)(h);B(1)(h);B(2)(h)) introduced in (62) are all functions of the
macroscopic strains h. They act on the macroscopic strains gradient hy, microscopic correction z to the
displacement and its longitudinal gradient z y. The latter two are still unknown.

According to the general method in [17], the correction z is the solution to the following variational
problem on a cross-section, which can be obtained by inserting the expansion of the energy into (32): given
h and hy, find a corrector z to the microscopic displacement and Lagrange multipliers f such that

hy �B(1)(h) � ẑ+ z �B(2)(h) � ẑ¡ f �Qẑ = 0 8ẑ
Qz = 0:

(63)

The variation problem is linear in hy, implying that its solution z is of the form

z=Zh �hy; (64)

where Zh is the catalog of corrective displacements. The catalog Zh can be determined by solving the
cross-sectional problem (63) for different values h.

Inserting the optimal value of z into the energy expansion, we get first and second-order correction to
the energy as

�[1]
? [𝓱] =

Z
0

`

A(𝓱(S)) �𝓱0(S) dS

�[2]
? [𝓱] =

1
2

Z
0

`

𝓱0(S) �B(𝓱(S))�𝓱0(S)) dS+
h
C(𝓱(S)) �𝓱0(S)

i
0

`
;

(65)

where

B(h) = B[0]
(0)
(h)+ 2B[0]

(1)
(h) �Zh+B[0]

(2)
(h) : (Zh
Zh)

�
= B(0)(h)¡B(2)(h) : (Zh
Zh)

C(h) = C(0)(h)+C(1)(h) �Zh:

(66)

and we used hy �B(1)(h) � z=¡z �B(2)(h) � z from (63) to simplify B(h).
To sum up, the gradient effect can be captured in an asymptotically exact way by identifying the

structure coefficients from (61), by defining the operators introduced in (62), by computing the catalog of
corrective displacements Zh solving the cross-sectional problem (63), and by using (66) to finally obtain
the matrix B(h) and the vector C(h) entering in the one-dimensional energy (1). The structure coefficients
𝓮klm
ij (T ;h) are derived in explicit form in Appendix B, the first-order term A(h) entering in �[1]? is obtained

in (68), and a recipe for calculating numerically the quantities B(h) and C(h) entering in �[2]? is given in
Subsection 5.3.
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5.2. First-order correction
By inserting into (62)1 the detailed expression of structure coefficients 𝓮klm

ij (T ;h) from Appendix B, we
obtain

A(h) �hy=
Z
¡a/2

+a/2

[nSS
[0] ?(h)hy � (rYvh¡T�3rYwh)¡mSS

[0] ?(h)T�3
y+2mST

[0] ?(h)hy � @TrYwh] dT : (67)

In the right-hand side of (67), n��
[0] ?(h) and m��

[0] ?(h) denote the pre-stress predicted by the leading-order
solution, see (55)2, Yih denotes the components from the catalog of microscopic displacement at leading
order (i2fw; u; vg), see (53), rYih denote their gradient with respect to h, see (60). As usual, the strain
�3 and its gradient �3

y in the right-hand side are related to the symbols in the left-hand side through
h=("; �1; �2; �3) and hy=("y; �1

y; �2
y; �3

y).
This expression (67) can be simplified using symmetry considerations as follows. The solution �(�;T ) of

the boundary-value problem (50) is an even function of T . As a result, the deflection Ywh(T ) in (47) is also
an even function of T . Equation (55) further shows that BTT

[0] ? and mSS
[0] ? are both even functions of T . The

symmetry of the integration domain T 2 [¡a/2;+a/2] implies that the second term in the integrand (67)

is odd, and therefore integrates out to zero,
R
¡a/2
+a/2¡mSS

[0] ?(h) T �3
y dT = 0. A similar argument holds for

the last term in the integrand: Equation (55) shows that mST
[0] ? is independent of T and @TrYwh is an odd

function of T , so that
R
¡a/2
+a/2

2mST
[0] ?(h)hy � @TrYwh dT =0. The first term in the integrand of (67) can be

simplified as follows. Equation (55) shows that the first factor, nSS
[0] ?(h), is equal to Y t T �1 plus an even

function of T . In view of (52)2, Yvh(T ) is an odd function of T , implying that the other factor in the first
term, rYvh¡T�3rYwh, is an odd function of T . After dropping the terms that integrate out to zero, this
leaves us with

A(h) �hy=Y t �1h
y �
Z
¡a/2

+a/2

T (rYvh¡T�3rYwh) dT : (68)

The energy correction �[1]? [𝓱] follows from (65)1.

Remark 21. In both the planar case (�1=�3=0) and in the case of no bending (�1=�2=0, see Section C
in the Appendix), we have A(h) �hy=0, and therefore �[1]? [𝓱] = 0.

5.3. Second-order correction
An explicit form of the operators C(0) and C(1) appearing in (62) can be found by inserting the expressions
of the structure coefficients 𝓮klm

ij (T ;h) from Appendix B and of the stress �[0]
? from (55)2,

C(0)(h) �hy =

Z
¡a/2

+a/2¡
mSS
[0] ?(h)hy � rYwh

�
dT

C(1)(h) �z =

Z
¡a/2

+a/2�
nSS
[0] ?(h) (zv¡T�3 zw)+ 2mST

[0] ?(h)@Tzw
�
dT

(69)

The expressions of the B(i) operators are obtained similarly. This yields the operator independent of z as

1

2
hy �B(0)(h) �hy=

Z
¡a/2

+a/2

8<:K2
0BB@ (hy � (rYvh¡T�3rYwh))2

+2 (1¡ �)
�
hy

2
� (rYuh+rYwh @TYwh)

�
2

1CCA
+
D

2

�
(T�3

y)2+2 (1¡ �) (hy � r@TYwh)2
�
+nSS

[0] ?(h)
hy � (rYwh
rYwh) �hy

2
+mSS

[0] ?hy �r2Yw
h �hy

¡hy � (rmSS
[0] ?(h)
rYwh+mSS

[0] ?(h)r2Yw
h) �hy

9=;dT ;

(70)

the operator linear in z as

hy �B(1)(h) � z=
Z
¡a/2

+a/2
�
K
�
hy � (rYvh¡T�3rYwh) (¡�2 zw+ � (@Tzu+ @TYw

h @Tzw))
�

+2K (1¡ �)
�
hy � (rYuh+rYwh @TYwh)

2

(@Tzv+�3 (zw¡T@Tzw))
2

�
¡D�T�3

y @TTzw¡
 
hy �rnSS

[0] ?(h) (zv¡T�3 zw)
¡nSS

[0] ?(h)T�3
y zw+2hy �rmST

[0] ?(h) @Tzw

!�
dT ;

(71)
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and the one quadratic in z as

1

2
z �B(2)(h) �z= 1

2

Z
¡a/2

+a/2
�
K
¡
(�2 zw)

2+(@Tzu+ @TYw
h @Tzw)

2
�

+2K (1¡ �)
�
(@Tzv+�3 (zw¡T @Tzw))

2

�
2

¡ 2K��2 zw (@Tzu+ @TYw
h @Tzw)+D (@TTzw)

2

�
dT

(72)

These definitions are complete and self-contained: the arguments z, h and hy are dummy arguments, and
all the other quantities appearing in the right-hand sides can be derived from the leading-order solution
from Section 4 with the help of the diagram in Figure 2.

h

mST
[0] ? by (55)2

rmST
[0] ?

Yw
h by (47)

(nSS
[0] ?; mSS

[0] ?) by (55) rYwh

(rnSS
[0] ?;rmSS

[0] ?) r2Yw
h

(Yu
h; Yv

h) by (52)

(rYuh;rYvh)

Figure 2. Dependency diagram showing how the auxiliary quantities entering in the definition of the
operators A(h), C(i)(h) and B(i)(h) can be obtained in terms of h. To compute rnSS

[0] ?, for instance, one
should differentiate (55) with respect to h symbolically: the result depends on rYwh which can in turn be
obtained by differentiating (47) symbolically or numerically with respect to h.

In the diagram, the quantity rYwh= dYw
h

dh
is obtained by differentiating (47) as

rYwh(T )=a2
�r�(h)

2

��
T

a

�
2

¡ 1

12

�
+r�(h) �

�
�(h);

T

a

�
+ �(h)r�(h) �;�

�
�(h);

T

a

��
:

where the quantities r�(h), r�(h) and r�(h) are readily obtained from (48), and the auxiliary function
�;� can be calculated by solving the boundary-value problem obtained by differentiating (50) with respect
to � or by a symbolic differentiation of the closed-form solution (54) for � with respect to �. The second
gradient r2Yw

h(T ) can be obtained by differentiating one more time.
Having obtained the operators B(1)(h) and B(2)(h), one can proceed to solve the problem (63) yielding

the correction z to the microscopic displacement. This delivers the second catalog Zh appearing in (64),
for any value of h. Inserting into (66), one obtains the matrix B(h) and the vector C(h) for any particular
value of h. This completes the calculation of the energy contribution �[2]? .

Remark 22. The operators that do not depend on z are A(h) (a vector of length 4), C(0)(h) (a vector of
length 4), and B(0)(h) (a matrix with dimensions 4� 4). The other operators act on z and are therefore
functionals. They are naturally represented in the computer using finite-elements over a one-dimensional
mesh for the T -domain [¡a/2;+a/2]. This entails expressing the three functions z=(zu; zv; zw) in terms of
discrete degrees of freedom and constructing matrices representing C(1)(h), B(1)(h) and B(2)(h) through
a standard assembly process. This assembly should be done for a fixed value of h. An alternative to this
numerical approach is the symbolic approach illustrated in Section C in the Appendix for the case of no
bending, which is not tractable in the general case.

In summary, the dimension reduction involves the solution of two variational problems formulated on a
cross-section: the non-linear variational problem (38) for the leading-order displacement y (which we have
managed to solve analytically in Subsection 4.2), and the solution of the linear variational problem (63)
for the higher-order correction z.

6. Concluding remarks

We have obtained a one-dimensional strain energy functional for tape springs. Equilibrium configurations
of tape springs are stationary points of this energy functional (1) plus a potential representing the external
loading, subjected to the kinematic constraints in (6), (12), and (13). The equilibrium configurations can
be computed using the finite element method, the discrete elastic rod method [5], or standard differential
equation solvers. Note that most solvers, no matter if they use the weak or strong form of the equilibrium,
may require the evaluation of the gradients rkA(h), rkB(h) and rkC(h), whose implementation we have
not discussed here.
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An important open question concerns the positive-definite character of the symmetric matrix B(h)
providing the strain-gradient regularization. In the related context of higher-order homogenization, B
has been found to have negative eigenvalues, see for instance [24, Section 4.3]: in such circumstances, the
regularized energy �? can be made arbitrarily large and negative by solutions featuring small-amplitude,
fine-scale oscillations of the strain. To work around this, it has been suggested in [24] to reset the negative
eigenvalues of B to zero. This point deserves further attention.

Our model for tape springs can be particularized to ribbons by setting the initial transverse curvature
to zero, c= 0. This special case is interesting as there exists no ribbon model to date that takes both
extensibility and the gradient effect into account, although both are known to play an important role in
the deformation of elastic ribbons, see for instance [20]. Besides, numerical models for tape springs and
ribbons are not available in commercial software or open-source libraries. A numerical implementation
of the proposed model, its validation using experiments and two-dimensional shell simulations, and its
distribution as an open-source libraries will be covered in follow-up papers.

Sections 3, 4, and 5 presented a generalized tape spring model including all four strains ("; �1; �2;�3).
One can condense out the stiff modes " (stretching) and �1 (bending) by minimizing the leading order
strain energy �[0]? in (57) with respect to " and �1, as mentioned in Remark 16 and done in [20]. This gives
optimal values of "=¡a2�32/24 and �1=0. In principle, by inserting these relations into the gradient terms
from Section 5, one can eliminate stretch and transverse bending from the energy entirely and obtain a
simple one-dimensional model for tape springs. This will be covered in future work.

The strain energy functional �? obtained in the paper can be used without any modification to produce
dynamic simulations of tape springs, thereby allowing fast and accurate simulations of the deployment of
tape springs for instance [1]. Dynamic applications of our one-dimensional model is another interesting
line of research that will be explored in future work.
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Appendix A. Leading-order energy calculation
The leading order strain energy density W[0]

? (h) given in (57) and the definition of the auxiliary function
� in (58) can be justified as follows.

The strain energy in (41)3 can be rewritten with the help of (28) and (55) as the sum of a stretching
energy and a bending energy, W[0]

? (h)=W[0];s
? (h)+W[0];b

? (h) where

W[0];s
? (h)=

Z
¡a/2

+a/2nSS
[0] ?

ESS
[0] ?

2
dT and W[0];b

? (h)=

Z
¡a/2

+a/2mSS
[0] ?

BSS
[0] ?

+mTT
[0] ?

BTT
[0] ?

+2mST
[0] ?

BST
[0] ?

2
dT :

Using successively (55), (47) and (48) the stretching energy can be written as

W[0];s
? (h) =

Y t

2

Z
¡a/2

+a/2
�
"+T�1+

1

2
(T�3)2¡�2 Ywh

�
2

dT

=
Y t

2

Z
¡a/2

+a/2
�
"+

a2�3
2

24
+T�1+

a2�3
2

2

�
T 2

a2
¡ 1

12

�
¡�2 a2

�
�

2

�
T 2

a2
¡ 1

12

�
+ � �

��
2

dT

=
Y t

2

Z
¡a/2

+a/2
��

"+
a2�3

2

24

�
+T�1¡ a2 �2 �

�
�+

1

2 �

�
T 2

a2
¡ 1

12

���
2

dT

Here, �=�(h), �= �(h), and �= �(h) denote the strain parameters introduced in (48) and �= �
�
�2
2

�?2
;
T

a

�
.

Expanding the square, integrating, and using (51) we have

W[0];s
? (h) =

Y t

2

Z
¡a/2

+a/2
��

"+
a2�3

2

24

�
2

+T 2�1
2+(a2�2 �)2

�
�+

1

2 �

�
T 2

a2
¡ 1

12

��
2
�
dT

=
Ya t

2

��
"+

a2 �3
2

24

�
2

+
a2�1

2

12
+(a2�2 �)2

��
�+

1

2 �

�
T 2

a2
¡ 1

12

��
2
�
T

�
:

(73)

The bending energy can be rewritten with the help of (55) as

W[0];b
? (h) =

D

2

Z
¡a/2

+a/2

(�2 (�2+�BTT
[0] ?)+BTT

[0] ? (� �2+BTT
[0] ?)+2 (1¡ �)�32) dT

=
D

2

Z
¡a/2

+a/2

((BTT
[0] ?+ � �2)

2+(1¡ �2)�22+2 (1¡ �)�32) dT :
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Using (55), (47) and (48), we have BTT
[0] ?+ ��2=@TTYw

h¡ c+ ��2=�¡ c+ � �00+ ��2= ��00 where we use
the shorthand �00=

@2�

@T 2
(�; T /a). Inserting into the equation above and integrating, we get

W[0];b
? (h)=

Da

2
(�2 h�002iT +(1¡ �2)�22+2 (1¡ �)�32): (74)

The sum W[0]
? (h) =W[0];s

? (h) +W[0];b
? (h) of the bending and stretching energies in (73) and (74) is

consistent with that announced in (57) provided we identify the remaining terms as follows

Ya t

2
(a2�2 �)

2

��
�+

1

2 �

�
T 2

a2
¡ 1

12

��
2
�
T

+
Da

2
�2 h�002iT �

Ya5 t

2 � 2
�2 �?2

�
'

Using D=Y t (a2 �?)2 and simplifying, this yields the following definition of the auxiliary function ',

'=

�
2 ��002+2

�
��+

1
2

�
T 2

a2
¡ 1

12

��
2
�
T

Multiplying both sides of (50)1 by �, integrating twice by parts and using the boundary conditions (50)2,

one can establish the identity
D
�002+ � �2+

�

2

�
T 2

a2
¡ 1

12

�E
T
= 0, which we can then use to eliminate the

�002 term from the definition of '. The result is

'=
1

360
+2 �

�
��1

2

�
T 2

a2
¡ 1

12

��
T

:

This is precisely the definition of ' that has been used above Equation (58).

Appendix B. Structure coefficients
The strain variant 𝓮(T ;h;hy;hz; z;z y;z z) given in (59) is calculated as

𝓮(T ;h;hy;hz;z ;z y;z z)=

0BBBBBBBBBBBBBBBBBBBBBBBBBB@

"+T�1¡�2 (Ywh+ zw)+h
y �rYvh+ zv

y+
1

2
(¡T�3+hy � rYwh+ zw

y)2

@TYu
h+@Tzu+

1

2
(@TYw

h+@Tzw)
2

1

2

 
�3 (Yw

h+ zw¡T (@TYwh+ @Tzw))+@TYv
h+ @Tzv+hy � rYuh+ zu

y� � �
+(hy �rYwh+ zw

y) (@TYw
h+@Tzw)

!
�2¡T�3

y+hz �rYwh+hy �r2Yw
h �hy+ zw

z

@TTYw
h+@TTzw¡ c

¡�3+hy �r@TYwh+ @Tzw
y

1CCCCCCCCCCCCCCCCCCCCCCCCCCA
The structure coefficients 𝓮klm

ij (T ;h) can be identified from the Taylor expansion of 𝓮 as follows, see (61),

𝓮00010 (T ;h) �hy=
�
hy � (rYvh¡T�3rYwh) 0

1

2
hy � (rYuh+rYwh @TYwh) ¡T�3y 0 hy �r@TYwh

�
1
2
hy �𝓮00020 (T ;h) �hy=

�
hy � rYw

h
rYwh

2
�hy 0 0 hy �r2Yw

h �hy 0 0
�

hy �𝓮100
10 (T ;h) �z=

�
0 0

1

2
@Tzwh

y � rYwh 0 0 0
�

𝓮10000 (T ;h) �z=
�
¡�2 zw @Tzu+ @TYw

h @Tzw
1

2
(@Tzv+�3 (zw¡T @Tzw)) 0 @TTzw 0

�
𝓮00001 (T ;h) �hz=

¡
0 0 0 hz �rYwh 0 0

�
1

2
z �𝓮20000 (T ;h) �z=

�
0

1

2
(@Tzw)

2 0 0 0 0
�

𝓮010
00 (T ;h) �z y=

�
zv
y¡T�3 zwy 0

1

2
(zu
y+ @TYw

h zw
y) 0 0 @Tzw

y
�

(75)

Appendix C. The special case of no bending
In this Appendix, we specialize our analysis to deformations of the tape spring involving no bending
(�1=�2=0). This special case provides simpler version of the general theory presented in this paper, and
is meant to illustrate how it works.

For �1=�2=0, the cross-sectional displacements that are solutions of the leading-order boundary-value
problem in (44) and (45) can be found as

Yu
h=¡T� "¡ T 3

6
(c2+�3

2); Yv
h=

c T

24
(a2+4T 2)�3; Yw

h=
c

2

�
T 2¡ a2

12

�
: (76)
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These expressions can also be obtained by taking the limits �1! 0 and �2! 0 in the general solution
in (46) and (52). What makes the no-bending case simpler is that these expressions are polynomial in
T�compare to general case in (47) and (54).

The strain and stress components appearing in (55) are then given by

ESS
[0] ?= "+

(T�3)2

2
; BSS

[0] ?=0; BTT
[0] ?=0; BST

[0] ?=¡�3

nSS
[0] ?=Y t

�
"+

(T�3)2

2

�
; mSS

[0] ?=0; mTT
[0] ?=0; mST

[0] ?=¡ Y t3

12(1+ �)
�3:

(77)

Inserting into (56), we obtain the leading-order contribution to the strain energy as

�[0]
? [𝓱] =

Z
0

�̀
1

2
Y a t

�
"(S)+

a2 �3
2(S)

24

�
2

+
Ya t3

2 � 6 (1+ �)
�3
2(S)+

Ya5 t

2 � 2 � 360 �3
4(S)

�
dS:

The same result can alternatively be obtained by taking the limit (�1; �2)! 0 of the general expression
of �[0]? given in (57), noting that '(0)= 1/360 (see Remark 19).

Given that �1=0, Equation (68) yields

A(𝓱(S)) �𝓱0(S) dS=0:

The gradients with respect to the strain h of the leading-order displacement in (76) is obtained as
rYwh=0, r2Yw

h=0,rYuh=
¡
¡T � 0 0 ¡T 3�3/3

�, etc. Those of the leading-order stress in (77) are obtained
similarly as rnSS

[0] ?=
¡
Y t 0 0 Y t T 2 �3

� and rmST
[0] ?=

�
0 0 0 ¡ Y t3

12(1+ �)

�
. Inserting into the operators B(1)

and B(2) in (71) and (72), we can rewrite the variational problem (63) for z as follows: find three functions
(zu; zv; zw) of the single variable T satisfying the zero-average conditions Qz=0, as well as four numbers
(fS; fT ; fn; ft), such that

Z
¡a/2

a/2

0@X
i=0

1

gu
i (T )

@iẑu
@T i

(T )+
X
i=0

1

gv
i(T )

@iẑv
@T i

(T )+
X
i=0

2

gw
i (T )

@iẑw
@T i

(T )

1AdT =0 (78)

for any set of test functions (ẑu; ẑv; ẑw), where the coefficients are given by

gu
0(T ) = ¡fT
gu
1(T ) = K (@Tzu+ @TYw

h @Tzw+ � hy �rYvh)
gv
0(T ) = ¡(fS+hy � rnSS

[0] ?)

gv
1(T ) =

K (1¡ �)
2

�
@Tzv+�3 (zw¡T @Tzw)+hy �rYuh

�
gw
0 (T ) = �3 gv

1(T )¡ fn¡ ft T +T (�3
ynSS

[0] ?+�3h
y �rnSS

[0] ?)

gw
1 (T ) = ¡�3T gv1(T )+ @TYw

h gu
1(T )¡ 2hy �rmST

[0] ?

gw
2 (T ) = D(@TTzw¡ � T �3y)

(79)

The solution zu, zv and zw are found with the help of a symbolic calculation language in the form 8th,
8th, and 7th degree polynomials in T , respectively. Inserting these polynomials in the expressions in
Subsection 5.3, we obtain the second order strain energy term as

1

2
𝓱0(S) �B(𝓱(S))�𝓱0(S))= 1

2

�
¡Ya

5t �

180
�3(S)"

0(S)�3
0(S)+

Y a3 t3

5040 (1¡ �2) �3
02(S) �1

�
�3(S)

�?
;
c

�?
;�

��
; (80)

where �? is the typical strain defined in (49) and

�1(�3; c; �)= (1¡ �) (27+ 71 �)¡ 1

360

�
1

2640
�3
4+(38+ 75 �)�32

�
+

23
144

c2:

The boundary terms is obtained similarly, the result being

C(𝓱(S)) �𝓱0(S) =
1
2
Ya5 t �
360

�3
2(S) "0(S)+

1
2

Ya3 t3

1260 (1+ �)
�3(S)�3

0(S) �2

�
�3(S)
�?

; �

�
(81)

where

�2(�3; �)= 4¡ 11 �+
1

950400
1

(1¡ �) �3
4+

1

1440
(34+ 67 �)
(1¡ �) �3

2:
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