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Visible Light Communication paradigm has been expedited by the fast evolving and deployment of light emitting diodes (LED), and the possibility to simultaneously exploit the communication and illumination, enabling seamless connectivity based on the lighting infrastructure. Synchronization is a big deal in all the wireless communication systems and the key features of VLC paradigm make the synchronization techniques existing for RF not suitable for VLC.

A novel technique, OSCI-LIGHT based on Andronov-Hopf oscillators, is proposed in this work in order to realize an effective synchronization mechanism in a VLC system. In particular, phase alignment and robustness towards noise have been tested through both numerical simulation and experimental results and a comparison with widely employed synchronization techniques, based on Phase Locked Loop (PLL), has been provided. Experimental results show that our technique outperforms PLL techniques in terms of noise robustness, showing a proper steady state phase delay and a lower Synchronization Error Rate, even in presence of highly noisy environmental conditions.

Introduction

The research competition on 6G technologies has already started, even though the 5G technology is just being deployed worldwide. Visible Light Communication (VLC) is considered as one of the candidate tech-nologies for 6G [START_REF] Tariq | A speculative study on 6G[END_REF], and it has attracted a tremendous amount of attention from both academia and industry. VLC paradigm is based on the reuse of common lighting infrastructures based on Light Emitting Diodes (LED) [START_REF] Dimitrov | Principles of LED Light Communications: Towards Networked Li-Fi[END_REF]. The main purpose, indeed, is adding wireless communication data to those systems which are normally employed for brightening indoor environments, like lightening systems in buildings, or outdoor environments, like street lights and car lamps.

This paradigm has recently started to gain momentum in the research and industry community, for its efficiency in both terms of overall costs and energy consumption. In addition, since LED luminaries are present in almost each environment, high-speed data transmission is expected to be available everywhere. Furthermore, VLC systems aim to guarantee ubiquity requirements as requested by next generation wireless networks. Even if Visible Light architectures have been widely studied and developed, especially in last ten years, some important issues still limit their employment in real scenarios, and consequently, their full entrance in the market.

Noise and interference due to other light sources in the operative environment could often reach a critical level, preventing correct communication, especially in outdoor applications, where sunlight represents the main issue. In addition, VLC communication suffers in performing medium and long coverage operations, because of atmospheric absorption, shadowing, beam dispersion etc. The light source produced by LEDs is not coherent, real and unipolar. Signals are usually implemented using an intensity modulation and direct detection (IM/DD), and Non-linear clipping makes synchronization hard in these techniques. Most of signal processing techniques, typically used in Radio Frequencies (RF), cannot be transparently adapted for free space optics operations, required by VLC paradigm.

Synchronization could represent, in many practical applications, one of the major issues, especially in those modulations which require an accurate clock alignment between the transmitter and the receiver.

Pulse Position Modulation (PPM) and its variants, like Inverse Pulse Position Modulation (IPPM) and Variable Pulse Position Modulation (VPPM) are widely used in VLC schemes because of their robustness to noise. However, since these modulations codify each symbol, using a specific position of the related time slot, a strict synchronization is required. Other types of modulation widely used in VLC for their performance, like Orthogonal Frequency Division Multiplexing (OFDM) and Carrierless Amplitude and Phase Modulation (CAP) need an accurate synchronization, too. In OFDM, indeed, it is necessary that the frequencies are accurately tracked to ensure that orthogonality is maintained, and as well as in PPM or in CAP, it is necessary that the sampling occurs at the correct time interval to ensure that the samples are synchronized and data errors are minimized.

An earlier discussion about timing and carrier recovery in optical systems started in late 70's, in the context of the novel communication based on optical fibers. The first discussion, tackling synchronization issues for optical systems, has been provided in [START_REF] Gagliardi | The effect of timing errors in optical digital systems[END_REF], where the authors examine the effects of imperfect timing in non coherent direct-detection optical 2PPM. In [START_REF] Chen | Performance of PLL synchronized optical PPM communication systems[END_REF] the authors investigated the performance of phase-locked loop (PLL) synchronized optical PPM communication with different index. However, since the employment of free space optics (FSO) for a real scenario has a relative recent history, related papers started to appear in the beginning of last decade. As a matter of fact, synchronization is still an important issue in the VLC systems and has an important impact on the system' performance. Based on these premises, in this work we investigated a new approach for achieving efficient and effective synchronization in a VLC system based on oscillators.

The main contributions can be summarized as follows:

• We propose OSCI-LIGHT, a synchronization method based on Andronov-Hopf oscillators

• We theoretically demonstrate the properties of our synchronization system in terms of phase alignment and synchronization time

• We prove the feasibility and validate the performance of our synchronization system, by implementing it in a real test-bed. In particular, we integrate the approach in an experimental setup and compare the performance with widely used synchronization approaches based on Phased-Locked Loop (PLL) methods, proving the superiority of our approach.

The rest of the paper is organized as follows. In Section 2, we revise and discuss the main approaches in literature for synchronization purpose in VLC. In Section 3 we detail the specific architecture in this work and we explain the specific channel model and modulation technique considered. In Section 4, we give a detailed description of the problem from a mathematical point of view. The synchronization protocol is then presented in 5. In Section 6 we provide an analysis of the performance of the synchronization system. Finally, we conclude the paper in Section 7.

Related Works

In this section we revise the most representative results achieved in terms of synchronization in optical wireless communication and VLC systems. As highlighted in [START_REF] Arnon | Visible Light Communication[END_REF], the time domain modulation approaches adopted in VLC, are extremely sensitive to time synchronization. Indeed, in [START_REF] Arnon | Visible Light Communication[END_REF] a mathematical model of the Bit Error Rate, in presence of clock jitter, has been presented and the effect of time synchronization for the IPPM has been evaluated. In [START_REF] Arnon | The Effect of Clock Jitter in Visible Light Communication Applications[END_REF] some more details on clock time shift and jitter in terms of BER performance are provided and the minimum requirements of the synchronization system are derived. In [START_REF] Danakis | Using a CMOS Camera Sensor for Visible Light Communication[END_REF], polynomial fitting, threshold and under-sampling have been used to synchronize camera VLC signals, exploiting the rolling shutter effect of CMOS sensors. In [START_REF] Luo | SUndersampled Phase Shift ON-OFF Keying for Camera Communication[END_REF], ad hoc frames are used for synchronizing under-sampled phase shift ON-OFF keying (UPSOOK) signals. Furthermore, the problem of synchronization of Carrierless Amplitude and Phase Modulation in VLC systems, has been discussed in [START_REF] Akande | Synchronization of Carrierless Amplitude and Phase Modulation in Visible Light Communication[END_REF].

Ad hoc frames are also used in [START_REF] Costanzo | Adaptive modulation control for visible light communication systems[END_REF], for identifying and synchronizing VLC signals in a multi-modulation scenario, based on the coexistence of PPM and Pulse Amplitude Modulation (PAM), with different indexes.

In [START_REF] Delgado Rajó | Color Shift Keying Communication System With a Modified PPM Synchronization Scheme[END_REF], CMOS sensors are exploited by using a combination of Color Shift Keying (CSK), with a modified PPM modulation, in order to improve synchronization for the color detection.

In [START_REF] Huai | Development of a Time Synchronization System Based on Visible Light Communication[END_REF], a low cost time unit has been developed for synchronizing VLC system. It has been developed and tested in a low noise and low data rate application. A similar front-end has been used in [START_REF] Le | Synchronization Issue for Optical Camera Communications[END_REF], for recovering the carrier of optical signals based on ON-OFF keying.

A serious problem in most of the implementations mentioned above, is due to slow rate of convergence of synchronization algorithms and the use of long static pilot symbols sequences or preambles. In fact, a long pilot sequence is used from one side to reduce the synchronization error, but it significantly reduces system performance as well, when channel conditions would be favorable for a high data rate transmission. Moreover, it could be not suitable for real time operations, when channel conditions are not good, because of the need to employ even longer sequences to contrast noise effects. Some papers deal with these issues in different ways. The problem of an adaptive Carrier Recovery in VLC signals has been studied in [START_REF] Costanzo | A Learning Approach for Robust Carrier Recovery in Heavily Noisy Visible Light Communication[END_REF], where a Learning Approach based on multi-arm bandit has been exploited in highly noisy VLC scenarios.

A learning approach is also proposed in [START_REF] Wolf | Synchronization and channel estimation for optical block-transmission systems with IM/DD[END_REF], where Golay sequences have been exploited for block synchronization and channel estimation in optical systems with IM/DD.

Other schemes make use of chaotic models for encrypting data and achieving an affordable synchroniza-tion. Furthermore, these techniques also improve data security at the physical layer. A chaos synchronization scheme in the context of VLC, based on the inverse system approach with Lorenz oscillators, has been proposed in [START_REF] Canyelles-Pericas | Chaos synchronization on Visible Light Communication with application for secure data communications[END_REF], while, a similar scheme, based on a chaotic Colpitts oscillator, has been developed and numerically validated in [START_REF] Canyelles-Pericas | Synchronization Error Probability: Comparison between different modulation indexes, varying pulse time of PPM communication, in strong noise conditions ishna Busawon[END_REF] in presence of Multipath Fading. A nonlinear system has been also exploited for synchronizing underwater vehicles through VLC in [START_REF] Ito | Development of the Visible Light Communication Device for Swarm Using Nonlinear Synchronization[END_REF]. Their approach has been validated though simulations using 4PPM signals. The last published technique, using a similar approach for encrypting VLC data, is based on a Rossler chaotic system and it has been recently considered in [START_REF] Chen | Realization of a Secure Visible Light Communication System via Chaos Synchronization[END_REF], where a simple proportional integral derivative (PID) controller is used for improving synchronization. A novel synchronization algorithm, based on negative mirror image (NMI) algorithm and using an ad hoc training sequence, is proposed in [START_REF] Du | A novel timing synchronization method for U-OFDM-based visible light communication[END_REF] for OFDM, while, in the same scenario, a blind timing synchronization algorithm has been developed in [START_REF] Vejandla Kishore | A Blind Timing Synchronization Algorithm for DCO-OFDM VLC Systems[END_REF]. In last years, some interesting studies have been focused on the possibility of using VLC for synchronizing operations in heterogeneous wireless sensor networks, where devices which exploit different technologies coexist and communicate each other. An implementation in a real scenario, for instance, has been already provided in [START_REF] Kesuma | Time Synchronization/Stamping Method with Visible Light Communication and Energy Harvesting Methods for Wireless Sensor Network Inside Ariane 5 Vehicle Equipment Bay[END_REF], where VLC is used to feed, to synchronize time and to deliver the commands to the sensor nodes in an heterogeneous network for space applications, in the context of Ariane 5 program. A different approach, which also deals with synchronization in a heterogeneous architecture via Visible Light, is proposed in [START_REF] Guo | PSync: Visible light-based time synchronization for Internet of Things (IoT)[END_REF], where a De Bruijn sequence provides a rough estimation of time, using a minimum amount of information. The employment of VLC in mixed networks, as well as the entrance in the market of low cost, flexible and affordable VLC architectures, could raise, in next years, the interest of the scientific community to give a more focus on advanced and more performing synchronization techniques. These recent research results show the fervent interest on synchronization techniques in VLC and the urgency of robust synchronization mechanisms able to guarantee high efficiency in real-time applications.

System Model

In this Section, we detail the modules of the architecture considered for implementing the synchronization approach, we describe the channel model and the modulation techniques adopted in this work.

System Architecture

Our optical communication and signal processing, shown in Figure 1, is based on two Universal Software Radio Peripheral (USRP) 2922, a universal platform, provided by National Instruments, while low frequency daughter-boards, both provided by Ettus, have been added in the transmitting and receiving chain in order to allow modulation and demodulation in the range [0-30 MHz]. A bias tee and a single stage amplifier are used for allowing Led driving in the proper range. In addition, an amplifying and conditioning network has been designed in order to allow the receiving signal to be correctly detected in the dynamic range of the receiving USRP. The first amplifier network allows the photodiode to be correctly polarized and the signal to be in the correct range for the second amplifying network, which performs the high gain trans-impedance amplification. An additive DC block capacitor mitigates the high DC component due to amplifiers, in order to avoid saturation of the USRP receiver. A 12V power supply feeds both the amplifiers. Uplink communication is performed using Arduino Uno and it is only used to exchange feedback messages, potentially allowing adaptive operations. In order to reduce hardware costs and improve system flexibility, most of signal processing operation (i.e. signal generation, filtering, modulation, demodulation, time recovering and data evaluation) are performed via software, using the commercial software Labview for the main communication and the Arduino IDE for feedback communication. Obviously, all synchronization operations have been implemented in software for all the described configurations. 

Channel Model

The ratio between the optical radiated power in the main direction P T opt , and the received optical power at a certain distance d can be modeled by considering the LED as a Lambertian source [START_REF] Dimitrov | Principles of LED Light Communications: Towards Networked Li-Fi[END_REF]. Indeed, assuming -3dB beam width of the LED equal to φ -3dB , received power can be calculated as follows :

P Ropt = P T opt (m + 1)A 2πd 2 cos m (φ)T (ψ)g(ψ) (1) 
being:

• A the effective area of the photodiode;

• d the distance between transmitter and receiver;

• φ the angle of irradiance with respect to the axis normal to the transmitter surface;

• ψ the angle of incidence with respect to the axis normal to the receiver surface;

• T (ψ) the gain of optical filter;

• G(ψ) the receiver optical concentrator gain;

• m the order of the Lambertian Radiation In particular, Lambertian order is calculated as follows

m = ln2 ln(cos(φ -3dB )) (2)
while the gain of the optical concentrator can be calculated, starting by its refraction index η and by the field of view of the receiver ψ 0 , as follows:

G(ψ) = η 2 sin 2 (ψ 0 ) (3)

Modulation technique

The modulation schemes we consider in this work are 2-, 4-, 8-, 16-Pulse Position Modulation, in order to achieve high reliability at the expense of transmission rate, especially when higher modulation indexes are employed. PPM signaling is represented by the following relationship

s d (t) = x(t -∆ T p ) ( 4 
)
where x is the transmitted signal, ∆ describes the delay ranging from 0 to M -1 as multiple integer of T p elementary delay equating, at least, the pulse length in order to grant orthogonality among PPM symbols. In our implementation, we considered that each PPM symbol presents an intensity equating P max so the energy among a PPM symbol is E P P M = P max /M T p .

Problem statement

In this work, we rely on the property of periodic signal that can be related with an oscillator output i.e., a dynamical system whose state performs periodical movements. In particular, we focus on Andronov-Hopf oscillator, where among the several periodic trajectories, each is locally attracting/repulsing and forms a limit cycle.

The Andronov-Hop can be described as:

ẋi (t) = Ax i (t) + ωk(1 -|x i (t)| 2 )x i (t) + δ i (t), t ≥ 0, ( 5 
)
A = 0 ω -ω 0 ,
for all i ∈ N * (the set of nonzero positive integers), where

x i (t) = (x i1 (t) x i2 (t)) ∈ R 2 is the state of the ith oscillator; δ i (t) ∈ R 2 is an external (bounded) input;
ω > 0 is the oscillation frequency; k > 0 is the attraction gain and | • | is the Euclidean norm on R 2 . For δ i ≡ 0, for all i ∈ N * , this oscillator has its limit cycle on the unit circle with |x i | ≡ 1, where all solutions are harmonic signals of frequency ω, as demonstrated in the Appendix of [START_REF] Ushirobira | Synchronization of oscillators by nonlinear measurements with application to VLC[END_REF]. An unstable equiilibrium is identified in the origin. For any bounded input δ i , the trajectories of ( 5) stay bounded approaching a vicinity of the limit cycle (or the origin), whose size is proportional to the amplitude of the input. The oscillators in (5) can then model both the transmitter and the receiver with i = 1 and i = 2, respectively, with trajectories on the limit cycle having different initial conditions and δ i ≡ 0. Let

y i (t) = h(x i (t)), t ≥ 0,
be the pulse generated by the oscillators for a suitably defined function h. Then the signal y 1 is sent by the transmitter, corrupted by a bounded noise v(t) ∈ R signal, and recovered by the receiver is

y(t) = y 1 (t) + v(t).
An example of such an output map is

h(ξ) = a if arcsin(ξ 1 ) ≥ b 0 if arcsin(ξ 1 ) < b , ξ = (ξ 1 ξ 2 ) ∈ R 2 , ( 6 
)
where a > 0 and b ∈ (-π 2 , π 2 ) are parameters regulating the amplitude and the pulse width, respectively, or

h(ξ) = a (b -tanh (κ(1 + ξ 1 ))) , ( 7 
)
where a, b > 0 determine the amplitude and κ > 0 parameterizes the pulse width. By guaranteeing that y 2 (t) → y 1 (t) using the measurements of y(t), we achieve the objective of the synchronization protocol.

Such an issue can be classified as the phase synchronization between oscillators (the phase determines the position of the trajectories x i (t) on the limit cycle). If we introduce the synchronization error e = x 1 -x 2 = (e 1 e 2 ) ∈ R 2 , then the posed problem can be formulated as a robust (concerning the noise v) stabilization of e.

Synchronization protocols

In this work, we consider a simple scheme of synchronization, based on the injection of a direct synchronization error in the receivers as follows: [START_REF] Costanzo | A Learning Approach for Robust Carrier Recovery in Heavily Noisy Visible Light Communication[END_REF] where L ∈ R 2 is the coupling gain.

δ 2 (t) = L(y(t) -y 2 (t)) = L(y 1 (t) -y 2 (t) + v(t)),
In literature is demonstrated that with a small noise measured, it is possible to apply the pulse synchronization theory [START_REF] Efimova | Controlling the phase of an oscillator: A phase response curve approach[END_REF]). It is mainly based on a phase dynamics analysis with the output as [START_REF] Canyelles-Pericas | Synchronization Error Probability: Comparison between different modulation indexes, varying pulse time of PPM communication, in strong noise conditions ishna Busawon[END_REF]. By considering the phase response curve (PRC) approach, it is possible to analyze the pulse response, since the oscillator phase dynamics is one-dimensional, independently of the dimension of the state-space vector.

The synchronization problem becomes complicated if the measurement noise is significant and if the measured signal y has a shape severely deviated from a pulse. In such a case, a continuous output function as in ( 7) can be used.

Hence, we have the following result for (5) (denote by I n the identity matrix of dimension n × n and by λ min (P ) the minimum eigenvalue of a real symmetric matrix P ∈ R n×n ): Theorem 1. Consider two oscillators [START_REF] Canyelles-Pericas | Chaos synchronization on Visible Light Communication with application for secure data communications[END_REF] with δ 1 ≡ 0 and δ 2 given in [START_REF] Costanzo | A Learning Approach for Robust Carrier Recovery in Heavily Noisy Visible Light Communication[END_REF] where the output ( 7) is used. Assume |x i (0)| = 1 for i = 1, 2. Suppose there exists Proof. Since |x 1 (0)| = 1 and δ 1 ≡ 0, then |x 1 (t)| = 1 for all t ≥ 0, due to Lemma in the Appendix in [START_REF] Ushirobira | Synchronization of oscillators by nonlinear measurements with application to VLC[END_REF]. Next, the proof is divided into three steps: first, the behavior of the driven system (5) with i = 2 is evaluated, and the boundedness of x 2 is shown. Second, the stability of the synchronization error e is investigated. Third, the composed dynamics is analyzed, showing that the systems are synchronized on the unit cycle with the error proportional to the amplitude of the measurement noise.

0 < P = P ∈ R 2×2 , L ∈ R 2 , α > 0, ρ > 0 and γ > 0 such that (A -βLC) P + P (A -βLC) + C C ≤ -2αP, -P L = C = [1 0] , P ≤ γI 2 , = 2 2γ α + ρ ωk |L| 2 a 2 κ 2 ,
1) Following the proof of Lemma in Appendix [START_REF] Ushirobira | Synchronization of oscillators by nonlinear measurements with application to VLC[END_REF], consider the Lyapunov function

W (x 2 ) = 1 2 1 -|x 2 | 2 2
for the driven system, whose derivative for the dynamics of ( 5) with i = 2 admits an estimate:

Ẇ ≤ -ωk(1 -|x 2 | 2 ) 2 |x 2 | 2 + 1 ωk δ 2 δ 2 .
Note that

δ 2 δ 2 = (y 1 + v -y 2 ) L L(y 1 + v -y 2 ) ≤ 2(y 1 -y 2 ) L L(y 1 -y 2 ) + 2v L Lv = 2a 2 (tanh(κ(1 + x 21 )) -tanh(κ(1 + x 11 ))) L ×L(tanh(κ(1 + x 21 )) -tanh(κ(1 + x 11 ))) +2v L Lv. Since (tanh(κ(1 + x 21 )) -tanh(κ(1 + x 11 ))) 2 ≤ κ 2 (x 21 -x 11 ) 2 ≤ κ 2 e 1 e 1 ,
for all x 11 , x 21 ∈ R and e 1 = x 11 -x 21 , finally we obtain:

Ẇ ≤ -ωk(1 -|x 2 | 2 ) 2 |x 2 | 2 + 2|L| 2 a 2 κ 2 e 1 e 1 + v v ωk . ( 10 
) From another side, δ 2 δ 2 ≤ 2(y 1 -y 2 ) L L(y 1 -y 2 ) + 2v L Lv ≤ 2|L| 2 (y 1 -y 2 ) (y 1 -y 2 ) + v v ≤ 2|L| 2 (4a 2 + v 2 ), hence, Ẇ ≤ -ωk(1 -|x 2 | 2 ) 2 |x 2 | 2 + 2|L| 2 ωk (4a 2 + v 2 ), (11) 
and it is straightforward to check that if

2|L| 2 ω 2 k 2 (4a 2 + v 2 ) ≤ 1 8 ,
then the set

X = {x 2 ∈ R 2 : √ 0.5 ≤ |x 2 | ≤ 1.144}
is forward invariant for the driven system. Therefore, x 2 (t) ∈ X for all t ≥ 0 since x 2 (0) ∈ X , which also leads to the constraint:

|e(t)| ≤ 2.144, ∀t ≥ 0.
2) The dynamics of the estimation error e can be written as

ė = Ae -ωk(1 -|x 2 | 2 )x 2 -L(y 1 + v -y 2 ) = (A -βLC)e -ωk(1 -|x 2 | 2 )x 2 -L(y 1 -y 2 -βCe) -Lv
with β ∈ R given in the theorem's statement. Consider a Lyapunov function for the synchronization error dynamics:

V (e) = e P e, where the matrix P is defined in the formulation of the theorem. Its derivative takes the form (recall that -e P L(y 1 -y 2 -βCe) ≤ 0 by the imposed condition ( 9)):

V ≤ -2αe P e -e C Ce

-2e P ωk(1 -|x 2 | 2 )x 2 + L(y 1 -y 2 -βCe) + Lv ≤ -2αe P e -e C Ce -2e P ωk(1 -|x 2 | 2 )x 2 + Lv ≤ -αe P e -e C Ce + 2 α ω 2 k 2 (1 -|x 2 | 2 ) 2 x 2 P x 2 + v L P Lv ≤ -αe P e -e C Ce + 2γ α ω 2 k 2 (1 -|x 2 | 2 ) 2 |x 2 | 2 + |L| 2 v v . ( 12 
)
3) Finally, for given ρ > 0, introduce a Lyapunov function

U (e, x 2 ) = V (e) + 2γ α ωk + ρ W (x 2 ),
then according to the derived estimates ( 10) and ( 12) we obtain (recall that √ 0.5 ≤ |x 2 |):

U ≤ -αe P e -ρωk(1 -|x 2 | 2 ) 2 |x 2 | 2 + 2|L| 2 3 γ α + ρ ωk v v ≤ -αe P e -0.5ρωk(1 -|x 2 | 2 ) 2 + 2|L| 2 3 γ α + ρ ωk v v ≤ -α min 1, ρωk 2γωk + αρ U + 2|L| 2 3 γ α + ρ ωk v 2 ,
which implies the result. If ( 9) is verified for smaller values of e 1 , then the obtained result holds locally in the synchronization error. The introduced in this theorem linear matrix inequalities can be simplified at the price of a less precision estimate for the asymptotic behavior of the synchronization error:

Corollary 1. Consider two oscillators [START_REF] Canyelles-Pericas | Chaos synchronization on Visible Light Communication with application for secure data communications[END_REF] with δ 1 ≡ 0 and δ 2 given in [START_REF] Costanzo | A Learning Approach for Robust Carrier Recovery in Heavily Noisy Visible Light Communication[END_REF] where the output ( 7) is used. Assume |x i (0)| = 1 for i = 1, 2. Suppose there exist

0 < P = P ∈ R 2×2 , L ∈ R 2 , α > 0, ρ > 0 and γ > 0 such that (A -βLC) P + P (A -βLC) ≤ -2αP, -P L = C = [1 0] , P ≤ γI 2 ,
with [START_REF] Costanzo | Adaptive modulation control for visible light communication systems[END_REF] for any x 11 ∈ [-1, 1], any |e 1 | ≤ 2.15 and some β ∈ R. Assume that the measurement noise admits a known upper bound v > 0 (so |v(t)| ≤ v for all t ≥ 0), and

σ ω 2 k 2 (4a 2 + v 2 ) ≤ 1 16
.

Then the synchronization error e stays bounded and

lim t→+∞ |e(t)| ≤ 2 λ min (P ) 3 γ α + ρ ωk α min{1, ρωk 2γωk + αρ } |L|(v + 2a).
Proof. The proof follows the line of the main result, but instead of using [START_REF] Costanzo | On the Interference Immunity of Visible Light Communication (VLC)[END_REF] we will apply [START_REF] Danakis | Using a CMOS Camera Sensor for Visible Light Communication[END_REF], and since the matrix inequalities have been modified for the derivative of Lyapunov function V the following inequality can be obtained:

V ≤ -αe P e + 2γ α ω 2 k 2 (1 -|x 2 | 2 ) 2 |x 2 | 2 + |L| 2 v 2 . ( 13 
)
For given ρ > 0, applying the derived estimates ( 11) and ( 13) to the derivative of the Lyapunov function U we have:

U ≤ -αe P e -ρωk(1 -|x 2 | 2 ) 2 |x 2 | 2 + 2|L| 2 3γ α + ρ ωk v 2 + 4( 2γ α + ρ ωk )a 2 ≤ -α min 1, ρωk 2γωk + αρ U + 2|L| 2 3γ α + ρ ωk (v 2 + 4a 2 ) ,
which implies the result.

The derived estimates on the asymptotic behavior of the synchronization error are rather conservative (which is a frequent issue in the analysis of nonlinear systems). However, the actual precision of the synchronization scheme is much better, as we are going to demonstrate through its application.

Performance Evaluation

In this section we demonstrate the feasibility of the synchronization technique explained in the previous section, by integrating it in the setup described in section 3. We compare the proposed synchronization method with PLL and modified PLL methods.

Time Domain

Using the setup described above, we evaluated the convergence time, namely the time, starting from the first received sample of the synchronization frame, in which the phase of the output signal is correctly locked to the one of the received sequence. Two different PLL schemes, typically considered by the literature, have been implemented and compared to our technique. In the first implementation, the PLL stage is simply composed of an oscillator, which generates a periodic signal, and a phase detector, which compares the phase of that signal with the phase of the input periodic signal, adjusting the oscillator to keep the phases matched [START_REF] Lata | ALL Digital Phase-Locked Loop (ADPLL): A Survey[END_REF]. The second implementation, a Multiple Voltage Control Oscillator, including an optimum Time Varying Filtering stage has been considered [START_REF] Huang | PLL FM Demodulator with Synchronous Filter[END_REF]. In Fig. 2, 3, 4 and 5, it is shown the time domain behavior of input sequence and the output of the synchronizing block for 2PPM, 4PPM, 8PPM and 16PPM. We repeated the same evaluation, considering the same environmental scenario (SNR=10dB) and the same system parameters (pulse time τ = 50ms and sample time t s = 500ns) for our technique and both PLL configurations. We considered an observation interval composed of the first 10 Symbol times of the synchronization frame.

Figure 2. Starting Symbols of Synchronization Sequence for 2PPM Modulation Scheme

We notice how, for 2PPM and 4PPM synchronization frames, modified PPL scheme converges some symbols faster than our technique and the basic PPL scheme. Anyway, the difference is not so relevant in practical applications, since a frame of a certain duration (at least ten symbols) is always needed in order to avoid misunderstanding between starting frame symbols, data and eventually end sequences. In this case, since the difference is few symbol times, convergence is reached without need of additional time in all three configurations. We also notice how our technique outperform basic PLL in terms of noise tolerance and both techniques in terms of quality of the pulse shape, which appears quite distorted in the other techniques. This aspect becomes more evident when the distance between pulses increases, namely for higher modulation indexes. In addition, for 8PPM and 16PPM, convergence times are similar for all the configurations. Another important aspect is the steady state phase error, which is a permanent nonalignment between the input and the output signal once the phase has been locked, reducing the robustness of the synchronization and data recovering, especially if other phenomena, like clock shifts and phase noise occur during data communication. In order to evaluate, in a qualitative way, phase shift between input and output data, we show the behavior of synchronization block, for all the configurations, once the signal has correctly converged. We chose an observation time in the range between 20 and 30 time symbols after the first transmission.

In this case, our technique overcomes the other two techniques for all the modulation schemes, showing a very precise phase alignment between the input and the output of the synchronizing block.

Evaluation of Synchronization Error Probability

In order to quantitatively evaluate the performance of the proposed technique and provide a comparison with existing techniques based on PLL, we have performed a suite of targeted tests using both numerically generated signals and tested on a real VLC architecture, employing optical signals based on PPM with different indexes. In particular, we tested the effectiveness of our technique, employing synchronization frames based on 2, 4, 8 and 16 PPM. For simplicity, we considered in our tests a frame composed by a continuous transmission of the first symbol of the corresponding PPM modulation, in order to maintain the periodicity of the overall synchronization signal. We further estimated the Synchronization Error Probability, namely the percent- age of synchronization frames which are not correctly decoded by the receiver, because of nonalignment between the frame and the output signal or because of the high level of environmental noise. In particular, being τ the duration of each pulse, an error occurs when the signal in output to the receiver is delayed by the transmitted signal by a quantity greater than τ /2. In this case, the position of all synchronization pulses can not be correctly received, and consequently, all the following user data are corrupted. Since we use PPM waveforms for codifying both synchronization sequence and user data, the estimation of Synchronization Error Probability is the same of the one which is employed for estimating BER, in PPM systems [START_REF] Costanzo | On the Interference Immunity of Visible Light Communication (VLC)[END_REF]. An extended suite of experimental tests has been provided, and a limited amount of data (equal to 1Msamples) has been collected for each test. However, in order to measure with high precision synchronization error, a very long observation should be set. For that reason, we estimate the BER using a semi-analytic technique, starting by measured received signals, instead of directly counting the error occurrences. The first step is the estimation of Signal to Noise Ratio (SNR), which is defined as the power of a signal of interest divided by the power of the noise affecting the system. In our case, we consider two main contributions which characterize received signal: • The power associated to the signal of interest, S, is the power of PPM modulated signal received by the optical front-end, which allows the reconstruction of useful information.

• The power associated to the overall noise, N is con- For having an immediate synchronization and a comfortable analysis, in all the modulation schemes we used, we transmitted repeatedly the first symbol of the related alphabet. In particular, when 2PPM modulation is tested, a repetition of the symbol 0 is transmitted; in the same way, for the 4PPM the symbol 00, for 8 PPM the symbol 000 and for the 16PPM the symbol 0000 are transmitted. In this case, the useful signal is composed by a train of peaks, each peak delayed of a quantity T , equal to the symbol time. Being M the order of modulation and τ the duration of each pulse, symbol time can be expressed as:

T = M τ (15) 
In order to obtain an estimation of the power associated to the useful signal in the whole transmitting time, we integrate the received x(t) signal in the interval where the signaling pulse is supposed to be, and we consider an average between the power associated to all the received pulses. Being P the total number of transmitted symbols (and transmitted pulses), and p the index of each symbol, we estimate the power associated to the signal as: All the power associated to the received signal, which falls outside one of the time slots [pT, pT + τ ], τ ∈ [0, P -1], contributes to increase the term N. The estimation of the average power associated to noise and interference, becomes:

N = P -1 p=0 1 τ (p+1)T pT +τ |x(t)| 2 dt P ( 17 
)
Since both thermal and shot noise, compounding the term N , follow a Gaussian behavior [START_REF] Dimitrov | Principles of LED Light Communications: Towards Networked Li-Fi[END_REF], the analytic description of BER can be analytically estimated [START_REF] Rahaim | Optical interference analysis in Visible Light Communication networks[END_REF]. As explained before, this error is equal to Synchronization Probability Error P e of the known sequence received using the same modulation and the same system parameters. Since multiple AWGN components (i.e. shot noise, thermal noise) can be observed, we can consider total noise variance as the summation of individual noise variances due to properties of the Gaussian distribution [START_REF] Rahaim | Optical interference analysis in Visible Light Communication networks[END_REF]. According to this assumption, we can process the estimation of the effects of noise on Synchronization Error in the same way if we treat a Gaussian noise. The overall Synchronization Error is calculated, starting by SNR, as follows: Even if this technique represents an approximation of the exact Synchronization Error Probability, it is really useful for having a fast estimation, suitable for real time operations. Indeed, the quantity of data needed for obtaining P e in this way is much lower than the one necessary for a direct counting of incorrect symbols. A comparison between the three techniques, and a comparison between simulated data, obtained by properly exploiting the channel model and measured data, is proposed in Fig. 10 and Fig. 11, where steady state phase delay and Estimated Synchronization Error Probability are shown for a 16PPM modulation, considering a pulse duration of 50 microseconds and a sample rate of 500 nanoseconds. Different environmental conditions have been taken into consideration in order to evaluate the robustness to noise of our technique.

P e = 1 2 erfc( 1 √ 2 SN R M 2 log 2 M ) (18) 
The overall behavior of experimental data mainly follows the numerical model. Small bias effects, having no practical relevance, are due to some additive errors in the real scenario, due to imperfections and non linearity in optical components, amplifiers etc. In both cases, our technique outperforms PLL techniques in terms of noise robustness, showing a proper phase delay and a lower Synchronization Error Rate for all the value of In this last figure, we notice how for higher values of modulation index our system outperforms the other techniques, showing a larger bandwidth behavior. However, when the modulation index decreases, bandwidth limitation due to the poor sample rate of the considered hardware, degrade the signal for all the three techniques, preventing the correct calculation of output signal in our technique, since too few sample per pulse are provided in the receiving signal. In any case, our synchronization approach outperforms the other techniques, showing a more robust behavior also in high noise conditions.

Conclusions

The problem of signal synchronization in Visible Light Communication has been faced in this work. In particular, a novel technique, OSCI-LIGHT based on the exploitation of Andronov-Hopf oscillators has been proposed and analytically described. An optical Software Defined Platform, based on USRP, Arduino and low cost optical transceivers, has been developed and 
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  11 ∈ [-1, 1], any |e 1 | ≤ 2.15 and some β ∈ R.If the measurement noise admits a known upper boundv > 0 (so |v(t)| ≤ v for all t ≥ 0) and σ ω 2 k 2 (4a 2 + v 2 ) ≤

						β a	e 1 ≤ 0
						(9)
	for any x 1 16	,
	then the synchronization error e stays bounded and
	lim t→+∞	|e(t)| ≤	2 λ min (P ) α min 1,	3 2γωk + αρ γ α ρ + ωk ρωk	|L|v.

where e 1 tanh (κ(1 + x 11 -e 1 ) -tanh (κ(1 + x 11 )) -