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In this paper we analyze a grade 3 teacher's practice and how it relates with his pupils' representations. We focus on teacher-pupils interaction in the classroom while pupils are solving a problem. We aim to understand how the teacher manages his pupils' use and interpretation of representations. Data were collected through video and audio recording of lessons and later analyzed through content analysis. The results show that the teacher's representations, actions and questioning types change according to the pupils' activity and difficulties and that the whole class discussion is the teacher's preferable moment for a more dynamic change of actions and questioning. That way, to promote his pupils' use and understanding of representations, the teacher adapts his representations, actions and questioning types.

Introduction

A representation is a mental or physical construct that describes the characteristics of a concept and its relationships with other concepts [START_REF] Tripathi | Developing mathematical understanding through multiple representations[END_REF]. The way teachers deal with representations in their practice has a great influence in how pupils use and understand them [START_REF] Stylianou | Teachers' conceptions of representation in middle school mathematics[END_REF]. It is widely acknowledged that teachers must use different kinds of mathematical representation to promote pupils' understanding of representations (NCTM, 2007;[START_REF] Tripathi | Developing mathematical understanding through multiple representations[END_REF]. However, representations are connected to each other in different ways and that can promote several difficulties in the process of pupils' understanding and learning of representations [START_REF] Goldin | Perspectives on representation in mathematical learning and problem solving[END_REF]. Knowing how teachers may use different representations is important to know if that is the source of pupils' difficulties. Our aim in this study is to understand how a grade 3 teacher explores a task with his class, focusing our analysis on the way he manages to promote the use and interpretation of representations.

Teachers' practice and representations

Pupils' activity on a task is determined by the way that teachers explore it in the classroom, specifically the role that teachers assume, their actions and the questions that they ask [START_REF] Swan | The impact of task based professional development on teachers' practices and beliefs: A design research study[END_REF]. For [START_REF] Boaler | Studying and capturing the complexity of practice: The case of the 'dance of agency[END_REF], the process of describing and analysing the practices of teachers is very complex considering that they result from the influence of different aspects like teachers' knowledge, beliefs and prior experiences. She also states that besides describing teacher practices it is important to know how they are doing these practices, what decisions are they taking and what influences them. Thus, in the classroom, it is important to analyse teachers' actions and how they are questioning their pupils. In their perspective, [START_REF] Mcdonough | Describing the practice of effective teachers of mathematics in the early years[END_REF] suggest that in the classroom teachers should: (i) talk clearly to their pupils; (ii) explore adequate and challenging tasks with more than one possible solution; (iii) promote the establishment of connections with pupils' previous knowledge; and (iv) explore learning opportunities that emerge in the classroom. These authors also refer to the importance of using different teaching approaches, materials and representations. [START_REF] Blosser | How to ask the right questions[END_REF] identifies four question types: (i) managerial, to give operating instructions; (ii) rhetorical, to emphasize an idea; (iii) closed, when there is a limited number of right answers; and (iv) open, when there are several possible answers. In a similar way, for [START_REF] Mason | Asking mathematical questions mathematically[END_REF], there are three different main aims in teachers' questioning: (i) focusing, when the teacher questions seek to help pupils focus in detail, using a funneling effect; (ii) testing, in which the teacher analyses the pupils' activity, namely their comprehension, how they articulate ideas and make connections among them; and (iii) inquiring, when the teacher questions the pupils to understand what they are thinking. [START_REF] Vergnaud | Conclusions[END_REF] refers to representations as crucial elements for teaching and learning mathematics. Accordingly, NCTM (2007) refers to representations as essential elements in upholding pupils' understanding of mathematical concepts, in mathematical communication, in argumentation and in suiting mathematics into realistic problems situations. Simultaneously, many authors have been categorizing representations in different types. For example, [START_REF] Bruner | Para uma teoria da educação, Relógio d'Água[END_REF] indicates that representations may be active, iconic or symbolic, Thomas et al. (2002) refer to pictorial, iconic and notational, and, more recently, [START_REF] Loc | Mathematical Representations: A study in solving mathematical word problem at grade 5 -Vietnam[END_REF] indicate visual, symbolic, verbal, contextual and physical representations. It is important to acknowledge that understanding representations is a complex process because a representation may have several meanings and a meaning may have different representations [START_REF] Goldin | Perspectives on representation in mathematical learning and problem solving[END_REF]. Concurrently, [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF] refers that for understanding the features of a mathematical object, we need to know how to make changes within a representation (treatment) or to convert it into another representation (conversion).

In the classroom, the role of teacher is crucial in helping pupils to understand and to use this intricate web of representations. In the past years some researchers have been studying teachers' practice regarding mathematical representations. For example, [START_REF] Webb | Beneath the tip of the iceberg[END_REF] not only categorize representations as formal, informal and preformal but they also provide suggestions to teachers regarding how to help their pupils in interpreting and using representations. In the pupils' learning process, teacher's representations also have their own role. [START_REF] Bishop | Classroom organization and dynamics[END_REF] indicate that teachers must encourage the establishment of connections among representations while promoting their interpretation. [START_REF] Stylianou | Teachers' conceptions of representation in middle school mathematics[END_REF] develops these ideas indicating that representations play a crucial part of teachers' explanations as they provide new concepts, drawings regarding problemsolving processes, and create connections among concepts. She also states that a teacher may bring in new representations, connecting them to pupils' previous knowledge and, by doing this, the teacher supports pupils' learning of concepts, procedures and problem solving processes.

Methods

This paper is drawn from larger research about elementary school teachers' practices regarding mathematical representations. During the study, a working group composed of four grade 3 teachers got together in pre and post lesson sessions to analyze their practices and their pupils' work. In this paper, we will only present and analyze the interaction of one of these teachers, Ricardo (teacher and pupil names are pseudonyms), with his pupils, during one lesson. He is a young grade 3 teacher, from a school in the surroundings of Lisbon (where he has been for the past 2 years, since he started to teach). He has twenty pupils (8 to 10 years old) and they have been working together since grade 2. The pupils are used to solving problems as the one reported in this paper. However, the teachers thought that the problem would be interesting to explore with their classes, given their pupils' needs and difficulties in problem solving and in working with whole numbers. That way, we will analyze Ricardo's practices while exploring the following task in his classroom: "The third graders are planning a field trip. They rent four buses that are fully booked. Each bus has 24 pupils. Knowing that for each group of 10 pupils there must be one teacher, how many children and adults are going in this field trip?".

Data was gathered by video and audio recording during class observations. Pupils' written work was also collected. Data was analyzed through content analysis (Fiorentini e Lorenzato, 2006), according to the three moments of the lesson indicated by [START_REF] Ponte | Gestão curricular em Matemática[END_REF]: (i) introduction of the task, where negotiation of meaning may take place [START_REF] Bishop | Classroom organization and dynamics[END_REF]); (ii) pupils' autonomous work, individually, in pairs or groups); and (iii) whole class discussion. From the categorizations of [START_REF] Bruner | Para uma teoria da educação, Relógio d'Água[END_REF] and Thomas, Mulligan and Goldin (2002) we categorized representations as: active (handling objects or materials), pictorial (drawings really close to context); (iii) iconic (informal symbolslike dots and arrowsdiagrams or schemes using different types of representations); verbal (words); and symbolic (mathematical symbols). Based on the framework of [START_REF] Ponte | Teachers' professional practice conducting mathematical discussions[END_REF], we defined a new table of analysis (Table 1). Here, we categorize teachers' actions regarding how they promote the understanding of representations, and we relate their actions with their pupils' activity. We assume that it is underlined the mutual influence between the pupils' activity and the teacher's actions. That is, pupils' activity affects teachers' actions and, in turn, teachers' actions promote pupils' activity. Regarding teachers' questioning, based on the general frameworks indicated by [START_REF] Blosser | How to ask the right questions[END_REF] and [START_REF] Mason | Asking mathematical questions mathematically[END_REF] we considered three different types of questions, with some subtypes (table 2). As we move from Focusing to Inquiring, questioning the questions' subtypes become more demanding for pupils and teachers as they enable the possibility of having different answers, strategies and representations.

Results

Introduction of the task

Ricardo reads the statement of the task and his pupils begin a whole group discussion as they try to solve it by using verbal representations. As the discussion gets really confusing, the teacher chooses to help them by informing the class how to interpret the statement of the task. He focuses on data that he finds most relevant ("You must find two different things. How many pupils and how many teachers are there?").

Pupils' autonomous work

While the class is working individually and autonomously, Ricardo notices that some pupils do not understand the statement of the task and he chooses to discuss it again with his class. One of the pupils, Mateus, states that there are 96 pupils. The teacher questions him through closed confirmation questions (How do you know that there are 96 pupils?" and the pupil answers correctly ("That's because it's 24 times 4!"). Additionally, Ricardo brings another representation to the discussion as he converts Mateus' verbal representations into an active representation, by using his own fingers (Twenty-four in one [finger/bus], plus twenty-four in another, and another one, and another! It's 96, isn't it?"). Although Mateus can explain his answer, he is struggling to find the number of adults.

That seems to happen because he's referring to a real-world situation, as they're field trip usually has one adult per bus ("There are four adults because each bus takes one adult!"). However, Vanessa opposes him by recalling the statement of the problem ("No! Each group of TEN must have one responsible adult!").

While the pupils keep trying to solve the problem by using oral verbal representation, Ricardo pressures them to use written representations. When Ana, another pupil, answers "I am solving it! I am thinking about it!", Ricardo tells her "You are thinking (…) but I want you to explain it here [in your notebook]! I don't want you to tell me… I want you to show me!". In saying this, he is not being critical or restrictive about using a specific representation. Much on the contrary, he is trying to promote the use of different types of representation and, at the same time, he seeks that the pupils convert mental representations into written ones. As some pupils are still trying to understand the statement of the problem, Ricardo uses an iconic representation to inform them about its interpretation (Figure 1). 

Whole group discussion

Ricardo transcribes to the board the iconic representation used by Jonas, another pupil, and he asks the pupil to explain it to his colleagues (Figure 2). The teacher questions Jonas with rhetorical questions ("You did this, didn't you?", "For each group of ten pupils there is an adult, right?"), confirmation questions ("One adult… For how many pupils?", "How did you fill this table?"). In this way, Ricardo almost completes the iconic representation, reaching the 90 pupils square. At this moment, there are six remaining pupils. At first, Ricardo decides to challenge his pupils to interpret Jonas' representation, questioning them through inquiring questions ("Can I add one more adult?", "Can we have ten adults?"). When he does this, he triggers a big discussion with two different opinions and several arguments. Most pupils agree that the right answer is nine adults while a few (like Jonas) argue that the right answer is ten adults. However, none of the pupils can give a proper explanation and Ricardo changes his actions and questioning type. This time, he gives some suggestions to interpret Jonas' table through open confirmation questions ("What about the remaining six pupils? Are they staying at school?") as he tries to relate to a real-world situation. Now, although pupils seem to notice that leaving behind six pupils it is not a fair thing to do, they still cannot justify the tenth adult. Once again, the teacher changes his actions and questioning type to help the pupils. On a third attempt, Ricardo informs the class about how they can interpret Jonas's table and he questions the pupils with rhetorical questions ("There must be one more adult, doesn't it?", "These six pupils are not going all by themselves, right?", "We need one more adult to go with them, OK?"). Despite Jonas's and Ricardo's explanations, some pupils are confused and they do not accept this solution because they have solved it in a different way. For those pupils the right answer is 96 pupils and 12 adults. Previously, during the teachers' working group session, teachers acknowledged that there could appear two different possible solutions (96 adults with 10 or 12 adults, depending on the assumption made about the requirement for adults accompanying children: is it in the buses or is it for the global group of children). As this task might have two different solutions, they thought that it would be the perfect opportunity to work this type of tasks with their classes. That way, Ricardo knows what is happening and he asks Mauro to present his solution to his colleagues (Figure 3). Mauro explains how he interpreted and used his representation ("There are 24 pupils in each bus… So… Ten pupils go with one teacher, another ten with another teacher and the four children left are going with another one!"). Ricardo informs the class about Mauro's explanation, focusing on the data that he found more relevant (he compares Jonas' and Mario's representations and strategies). For that, he questions the pupils through rhetorical questions ("Before, we add all the pupils to find the number of adults, wasn't it?"). After this, he asks again Mauro to explain his representation as he guides his pupils to establish connections between the two different iconic representations. He questions his class through closed confirmation questions ("How many adults here?"). Ricardo ends the whole group discussion by informing the pupils about the aspects that he found more relevant. That way, he talks about the differences and similarities of the two representations, reinforcing that both representations, strategies and solutions are correct.

Discussion

During the introduction of the task, Ricardo informs his class about the statement of the task, focusing on the information that he finds more relevant. For that purpose, he uses closed confirmation questions as he supervises the whole group discussion that occurs among pupils. Afterwards, during the pupils' autonomous work, the teacher asks the pupils to use and to interpret their own representations, guiding them to convert mental representations into written ones. Although he uses active and pictorial representations (included in the scheme of the busesfigure 1) to help the pupils to interpret the statement of the task, while they are working by themselves he promotes a free choice of representations. By doing this, Ricardo promotes his pupils' awareness of the importance of choosing an adequate representation (Thomas et al., 2002). The whole group discussion is the moment where Ricardo asks the pupils to explain to the class their own representations. For that purpose, he uses rhetorical and closed confirmation questions. Depending on the pupils' answers and difficulties, the teacher: (i) challenges the pupils to interpret a representation, questioning them with inquiring questions; (ii) suggests how to interpret a representation by using open confirmation questions; and (iii) informs the class about how to interpret a representation through closed confirming questions and/or rhetorical questions.

In the three moments of working on the task, Ricardo's actions tend to change according to the pupils' answers and difficulties. When pupils have less difficulties, Ricardo prioritizes actions with a higher level of cognitive demand (Figure 4). When and if pupils start having more difficulties, Ricardo changes his actions and questioning, decreasing its level of cognitive demand. That way, the more difficulties the pupils face, the lower level of cognitive demand his actions have. 

Conclusion

As [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF] states, to understand the features of a mathematical object we need to know how to make treatments or conversions. Ricardo is aware of this as he, at the introduction of the task, informs the pupils about the conversion of the verbal representations (from the statement of the problem) into pictorial and active representations so they can understand it and choose an adequate representation to solve the problem. Additionally, during pupils' autonomous work, the teacher looks up for different representations. Later, during the whole class discussion those representations can be discussed, as the pupils present to their colleagues the two possible solutions for this task. By doing this, Ricardo provides the pupils the opportunity of establishing connections between the two different iconic representations [START_REF] Bishop | Classroom organization and dynamics[END_REF]. In this way, by using different types of actions, questioning and representations (not only from pupils but also his own), Ricardo strives to promote the pupils' understanding and the use of different representations. From here, in the future, it would be interesting to explore how the teacher's actions influence pupils' representations.
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 1 Figure 1: Iconic Representation (with pictorial and symbolic representations) used by the teacher
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 2 Figure 2: Iconic Representation (table with verbal and symbolic representations) used by Jonas and transcribed by the teacher

Figure 3 :

 3 Figure 3: Iconic Representation (with verbal and symbolic representations) used by Mauro.
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 4 Figure 4: Interrelation teacher's actions and teacher's question

Table 1 : Teachers' actions in different moments of the pupils' activity

 1 In table 1 there are four categories for pupils' activity, related to teachers' actions: (i) support the pupils' design or selection of a representation; (ii) promote the use or/and interpretation of a representation; (iii) promote the transformation of representations; and (iv) promote pupils' reflection about representations.

Table 2 : Different types of teachers' questions

 2 

	Type	Subtype	Examples
		Rhetorical	We saw this already, didn't we?
	Focusing	Processual	Could you open your books on page 58? What if we look back into the task?
		Orienting	What if you sum it all?
	Confirmation	Closed Open	How many will we have if you add 10? Can we solve it in another way?
	Inquiring	Open	Do you agree with your colleagues' answer? Why?