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Connecting representations for understanding probabilities requires unfolding concepts in meaning-related language

Keywords: Connecting multiple representations, explicating connections, unfolding

It is well known that multiple representations can enhance students' conceptual understanding, but only if (potentially superficial) translation activities are deepened by making the connections explicit.

But what exactly does that mean? In our qualitative analysis of a design experiment with two twelfth graders from vocational school on conditional probabilities, we show that explicating connections between multiple representations requires processes of unfolding a highly compacted concept into its concept elements (in our case, part, whole and part-whole-relationship) and articulating them in a decontextualized meaning-related language. By this, we intend to contribute to the research identifying conditions of success for working with multiple representations also for high school students.

Introduction.

It is generally acknowledged that multiple representations can enhance students' conceptual understanding of abstract mathematical concepts [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF][START_REF] Lesh | Mathematical learning disabilities[END_REF], but access to multiple representations can be challenging for some students [START_REF] Ainsworth | Deft: A conceptual framework for considering learning with multiple representations[END_REF][START_REF] Goldin | Systems of representation and the development of mathematical concepts[END_REF]. That is why empirical research tried to identify conditions of success under which the use of multiple representations can really contribute to developing conceptual understanding. One identified condition is that representations are not only juxtaposed, but really connected by making the connections explicit [START_REF] Marshall | Star students make connections[END_REF][START_REF] Renkl | Making better use of multiple representations: How fostering metacognition can help[END_REF]. So far, limited research explored what exactly that means, and how it applies beyond arithmetic and functions, also for probabilities.

Multiple representations have been shown to be relevant also for high school mathematics topics such as conditional probabilities, for which many studies report that visual representations can enhance performance [START_REF] Böcherer-Linder | The impact of visualizing nested sets. An empirical study on tree diagrams and unit squares[END_REF], e.g. for the conceptual challenge to distinguish conditional probabilities P(A/B) from joint probabilities P(A  B) [START_REF] Binder | A new visualization for probabilistic situations containing two binary events[END_REF]:

(I)
What is the probability that a boy does not play game A? (II) What is the probability that a teenager is a boy and does not play game A?

An expert can directly assign the correct probability type: conditional and joint probability and translate the questions into a symbolic expression or a visual model. But what do students need to develop this conceptual understanding of situation types while connecting the statements into visual models or symbolic representations? In this paper, this research question is pursued within a conceptual framework that combines semiotic processes with epistemic processes, as we present in the first section. The design experiments are conducted in design research methodology and analyzed qualitatively with methods introduced in the second section before the analysis is presented and discussed.

Theoretical background: Semiotic and epistemic processes for developing understanding for conditional probability.

Semiotic processes between multiple representations.

According to the translation models [START_REF] Lesh | Mathematical learning disabilities[END_REF][START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF], students can develop conceptual understanding by translating between different representations (e.g., symbolic representation, visual models, technical language, contextual language). For the case of conditional probabilities, the area model has proven as accessible visual model [START_REF] Böcherer-Linder | The impact of visualizing nested sets. An empirical study on tree diagrams and unit squares[END_REF] to capture the underlying part-of-part-structure (Leuders & Loibl, submitted), yet most research refers to information processing from given texts, not to students' processes of developing conceptual understanding.

In order to overcome well-documented challenges while dealing with multiple representations [START_REF] Goldin | Systems of representation and the development of mathematical concepts[END_REF][START_REF] Ainsworth | Deft: A conceptual framework for considering learning with multiple representations[END_REF], researchers pointed out that beyond unconsciously switching between representations, conscious translating activities are crucial [START_REF] Lesh | Mathematical learning disabilities[END_REF], called conversion by Duval, 2006) as well as explicitly explaining the connections [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF][START_REF] Marshall | Star students make connections[END_REF]. Thus, translating and explaining are connecting processes with a high degree of consciousness about the connection whereas switching involves often low awareness about the change.

For clearly explicating how multiple representations are connected, a meaning-related language is required to talk about the mathematical structures involved [START_REF] Pöhler | Intertwining lexical and conceptual learning trajectories[END_REF] and how the concept elements occur on the other representation [START_REF] Renkl | Making better use of multiple representations: How fostering metacognition can help[END_REF]. We distinguish contextual language (which can also convey meanings) from a more specific meaning-related language that is decontextualized and suited to explicate the more general structure behind the part-whole-relationships. In Figure 1, we list the involved representations and distinguish four semiotic processes according to the increasing degree of integration of representations (Post & Prediger, submitted). Epistemic processes for understanding concepts by unfolding into concept elements.

To characterize students' development of conceptual understanding, we will draw upon a second perspective, namely an epistemic perspective from cognitive psychology focusing the epistemic processes of students' mental constructions of new conceptual entities [START_REF] Aebli | Denken: das Ordnen des Tuns [Thinking: organization of action[END_REF][START_REF] Drollinger-Vetter | Verstehenselemente und strukturelle Klarheit [Concept elements and structural clarity[END_REF]. In this epistemic perspective, learning of concepts is characterized by working with refined concept elements that students have to construct, relate to each other and then to compact them into new conceptual entities (ibid.). Characteristic for deep understanding of these new conceptual entities is that they can be unfolded back into the contained concept elements. Relevant concept elements for our topic-specific conceptual framework were theoretically and empirically identified and are presented in Figure 2. With a focus on statistical ratios, the conditional probability (Question I from above) can be verbalized as "The share of boys who don´t play the game among all boys.". To differentiate from Question II (joint probability interpreted as "The share of all boys who don´t play the game among all") these ratios can be conceptualized abstractly as part of different wholes, what we refer to as situation types. Question I is a part of a part, whereas Question II corresponds to a part of a whole. Ratio or rather situation types can be unfolded into underlying concept elements, namely the parts, the wholes and the part-whole-relationships. For unfolding the ratio, grasping the underlying part-of-part-structure (Leuders & Loibl, submitted) is crucial.

Conceptual framework.

For exploring our research question, we locally integrate the epistemic perspective into our conceptual framework of semiotic processes in Figure 3. This allows us to refine the research question: What concept elements do students address in their pathways of explaining connections between multiple representations for highly compacted conditional probability concepts? The conceptual framework allows us to trace students' pathways and show how connecting representations requires the unfolding into concept elements.

Method.

Methods of data collection. This case study is part of a larger design research project with two goals, (1) to design learning arrangements and (2) qualitatively investigate learnings processes with the aim of developing local theories on teaching and learning processes [START_REF] Gravemeijer | Design research from a learning design perspective[END_REF]. In the larger project, design experiments were conducted in seven whole classes (in total n = 150 students) with their regular mathematics teachers. Between the whole class lessons, the first author conducted design experiments with pairs of students to deeply capture their thinking processes. Design experiments were video-recorded and partly transcribed. In this paper, we analyze the transcript of a design experiment with Katja and Justyna from Grade 12 (selected because their intense discussion reveals insights into typical processes found in several cases), restricted to the research question above.

Methods for qualitative data analysis. In order to investigate how semiotic and unfolding/compacting processes interplay, a three-step procedure was conducted: In Step 1, teacher's and student's utterances were coded according to the concept elements and representations addressed and located in the navigation space of our analytic framework (Figure 3). For analytical clarity and reliability, representations were only coded when references were articulated (e.g., naming the area, quotation from the statement) or gestured, or if the teacher or task demanded it. In Step 2, the semiotic processes of relating representations were coded according to their degrees of integrations. In Step 3, the vertical movements up and down were characterized as conceptual compacting and unfolding processes and marked in the navigation space by vertical arrows.

Empirical insights into Katja's and Justyna's processes.

In the whole class design experiment sessions, the two girls had already dealt with complex statistical information on parts of different wholes and the area model to visualize part-whole-relationships: For highly compacted statements, students discussed the underlying mathematical structure by explicating the unfolded concept elements whole, part and part-whole-relationship and connecting relevant representations (similar to Post & Prediger, submitted). The teacher had already guided the process of compacting the typical situations into three situation types according to the underlying structure of the statements, called part-of-part-statement, joint statement and simple statement. In the intermediate design experiment in laboratory setting, the design experiment leader went back to the critical step in the learning pathway, connecting highly compacted situation types to visual models and typical given texts. Figure 4 shows their worksheet (translated from German original, blue type marks handwriting, underlining and shaded areas as in original). The students already discussed the given texts by correcting numbers, completing the missing text and coloring in the statements and the area model. The transcript starts when the design experiment (DE) leader pushes them to progress from the successful translating process from texts to visual model to giving titles (Turn 1/2) and explaining these compacted concepts by their explicit comparison (from Turn 3 on).

1 Um, yeah, the boys also take part. But this, there the boys become even more relevant? Thus, these, all persons asked. In Turn 1, the DE leader asks the girls to assign the given texts (GT) to the situation types (expressed in structural meaning-related language, ML), Katja immediately translates the highly compacted meaning-related notions to the given texts (Turn 2; Translating: ML -GT), yet without explaining her decisions. When the DE leader elicits further explanations (Turn 3), Justyna stumbles (Turn 5-11). Repeatedly encouraged, she starts explaining the connection by unfolding the texts into the part and the whole, and translates both elements into contextual language (Turn 12 ab, Translating: GT -CL), but without explicitly articulating the structure of part and whole. Even when the teachers guides her to comparing the wholes in area model A and B, she unconsciously switches to contextual language ("the persons asked", Turn 16), without explicitly articulating that this is the whole. She keeps on feeling uncomfortable with her explanation and does not even pick up the structural meaningrelated language offered by the DE leader in the non-printed Turns 17-24, so the clarification stocks.

In Turn 26, Katja starts her explanation of the meaning of the highly compacted concept "part-of-part statement" and verbalizes the underlying part-whole-relationship in a perfect decontextualized meaning-related language (Turn 26a,b; No connection: ML). In order to strengthen the accessibility of her explanation (for Justyna), DE leader invites Katja to refer to the visual model when continuing the explanation. Katja again starts from the highly compacted concept and addresses the whole (unfolding) by translating between the area model (encircling left half of the area model) and the decontextualized meaning-related language. Moreover, she translates within the meaning-related language for expressing the specific character of the whole, before translating to contextual language ("the whole is the subgroup of the complete, out of the complete persons asked", Turn 29b: VM -ML -ML -CL). In Turn 29c, she does not refer separately to the part, but addresses the part-whole-relationship in decontextualized meaning-related language and encircles simultaneously first the lower left rectangle then the left half of the area model. In this way, she explains the connection between the meaning-related language and the area model for the part-whole-relationship (Turn 29c: ML = VM).

For comparing Justyna's and Katja's pathways in the navigation space in Figure 5, the graphical summary makes visible typical phenomena that we could identify also in other cases:

 Both girls do not only switch unconsciously between representations, they connect representations by translating or explaining with high degree of consciousness.

 Both try to explain the compacted concepts such as "part-of-part-statement" by unfolding some inherent concept elements, part, whole, and part-whole-relationship, and connecting further representations as the visual model or meaning-related language. Whereas a translation can be conducted on each level of compaction, the explanation of connections between these representations always requires the unfolding into more refined concept elements [START_REF] Renkl | Making better use of multiple representations: How fostering metacognition can help[END_REF].  Although Justyna works with part and whole separately, she does not have the language to articulate the mathematical structure behind it, so her explanations get stuck. The translations into contextual language alone is not sufficient for her to explain the connection.  In contrast, Katja successfully unfolds the highly compacts situation types in the texts to the whole, the part, but also to the part-whole-relationship. When she explains the connection between representations, she uses structural decontextualized meaning-related language that allows her to explicitly articulate the structures and the part-whole-relationship that Justyna felt unable to express.

In this way, Katja masters better than Justyna to explicate the connection between these representations in more depth, and to go the way back upwards to the compacted concepts.

Discussion and Outlook.

In this paper, we brought together two theoretical perspectives formerly treated as separate, semiotic processes for dealing with multiple representations [START_REF] Lesh | Mathematical learning disabilities[END_REF][START_REF] Ainsworth | Deft: A conceptual framework for considering learning with multiple representations[END_REF][START_REF] Renkl | Making better use of multiple representations: How fostering metacognition can help[END_REF] and epistemic processes of compacting concepts in conceptual development [START_REF] Aebli | Denken: das Ordnen des Tuns [Thinking: organization of action[END_REF] or unfolding them back into its constituent concept elements. This act of networking perspectives allowed us to study how two girls deal with multiple representations for complicated concepts such as situation types of conditional or joint probability. When the students' semiotic processes are disentangled with respect to the concept elements they refer to, we understand better how dealing with representations is connected to epistemic processes of compacting and unfolding concepts.

The qualitative analysis reveals that at the level of compacted concepts, it seems not possible to explain the connection in more depth beyond stating the correspondence of the compacted concepts.

For being able to explain the connection more explicitly, the compacted concept must be unfolded into its concept elements, and multiple connections need to be explained, for the part, for the whole and the part-whole-relationship. In this way, the conceptual framework of the navigation space can provide an insightful tool to disentangle what exactly it means that the complex meanings of multiple representations must be negotiated in classrooms [START_REF] Marshall | Star students make connections[END_REF]. Although the vague idea of connecting representations is often mentioned in practical contexts, we will need much more investigations within our conceptual framework to disentangle the complexities of what this entails exactly (Post & Prediger, submitted).

So far, these first empirical findings have to be interpreted with respect to their methodological limitations. Specific limitations are (1) the small sample size, and (2) the restriction to one specific topic and one particular task. In future research, the investigations need to be extended to other tasks and topics to investigate in how far the identified intertwinement of semiotic and epistemic processes cuts across different mathematical topics.
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 1 Figure 1: Multiple representations and semiotic processes between representations
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 2 Figure 2: Unfolding and compacting processes for topic-specific concept elements (vertical structure turned into horizontal structure for saving space, here)
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 3 Figure 3: Conceptual framework: Navigation space for semiotic and epistemic processes
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 4 Figure 4: Students' solution for translating compacted situation types to visual model and given text

  : Um, and when you look at the picture again. These are those, aren't they? [points at the shaded area models] 14 Justyna: Yeah. 15 DE leader: This would be part-of-part, this is the joint [notes titles]. What exactly, what is the big difference that comes to your eye? 16 Justyna: That the persons asked have changed. 16 Whole (AB) Switch: CL --VMA/B … 25 DE leader: [to Katja] Do you have an idea how to explain it differently? 26a 26b Katja: Um, part-of-part refers to the subgroup of the whole. And thereof, the other part is the subgroup of the subgroup. 26a Situation type No connection: ML 26b P-W-Relation No connection: ML 27 DE leader: Show us, where you are 28 Justyna: Oh my god! 29a Katja: Ok, for part-of-part, it refers, it is here, the subgroup, ok, this here, 29a Situation type No connection: ML 29b the whole [circles around the left half of the area model] is the subgroup of the complete, out of the complete persons asked [circles around the whole area]. 29b Whole Translate: VM -ML -ML -CL 29c And the subgroup is then, um, actually, a part of the part [circles around the lower left part, then the whole left part], hence, of the part of the complete.

  30 Justyna: Yes, but said quite complicatedly, no? 31 Katja: Yes, though, I understand it [laughs].

Figure 5 :

 5 Figure 5: Justyna's and Katja's pathways in the navigation space
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