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Solving geometric problems: Squaring in motion using manipulatives, measurement of long-term effects

Keywords: Perception, movement, insight, productive thinking, Leonardo da Vinci

Neurophysiological studies have shown that our motor system plays a fundamental role in the scaffolding of our cognitive system. Taking these findings into account, we have designed and produced manipulatives that reproduce geometric figures. Through them, we can amplify our perception of the relationships between different elements. We believe that repeated interactions with the manipulatives generate the ability to imagine similar movements on drawn figures. An example is "squaring in motion", through which a given figure is transformed into an equivalent rectangle. We verified, through a quantitative study involving preadolescents (12-14 years old), the long-term effectiveness of the use of manipulatives on problem solving.

Introduction

Problem solving is a very important aspect of mathematics education. This is already underlined by the NCTM since 2000 and, specifically in Italy, by the 2012 Italian National Guidelines for Instruction concerning the curriculum for pre-school and "first cycle", i.e. 6-14 education. Taking into account the distinction between exercise and problem [START_REF] Duncker | On problem solving[END_REF], "l'impressione che, proprio in matematica, si chieda ai nostri studenti di attivare essenzialmente processi riproduttivi, risolvendo esercizi, piuttosto che processi produttivi, risolvendo problemi" ("the impression is that, precisely in mathematics, our students are asked essentially to activate reproductive processes, solving exercises, rather than productive processes, solving problems", Di Martino, 2017, p.24 translation by the author). Furthermore, the identification of automated algorithmic processes to solve problems, especially if introduced too early, can clog original sources of insight [START_REF] Freudenthal | Didactical phenomenology of mathematical structures[END_REF].

In this context we refer to the search for effective strategies to solve problems concerning the equivalence between surfaces. We want to concentrate exclusively on the study of the figures related to them. This is why every problem always has a figure: according to [START_REF] Duval | Geometrical pictures: Kinds of representation and specific processings[END_REF], "the usefulness of geometrical figures in the resolution of a problem of geometry is beyond doubt. They provide an intuitive presentation of all constituent relations of a geometrical situation" (p.143). Therefore, we would like to emphasize how important it is to be able to extract as much information as possible from a geometric figure and, through this, elaborate a solution strategy. In accordance with [START_REF] Kanizsa | Il problem solving nella psicologia della Gestalt [Problem solving in Gestalt psychology[END_REF], we believe that this depends mainly on an appropriate development of geometric perception.

In this paper we propose an innovative way of amplifying geometric perception that has produced immediate results in solving geometric problems and whose effects also appear to be long-lasting.

Theoretical background

Our study is supported by some neurophysiological aspects. One of these concerns the neuronal activations that occur during the observation of an object or picture. There are currently no specific studies on the encoding of geometric figures. However, we can assume that their encoding at a neuronal level is similar to that of words, for which many studies have been conducted. A hypothesized model [START_REF] Dehaene | The neural code for written words: A proposal[END_REF] verified experimentally by [START_REF] Vinckier | Hierarchical coding of letter strings in the ventral stream: Dissecting the inner organization of the visual word-form system[END_REF] allows us to understand that during word reading, neuronal activation takes place starting from the occipital cortex for the encoding of the most elementary components of the letters, up to the inferior temporal cortex for the encoding of more complex forms like letters and whole words. From studies on macaques [START_REF] Tamura | Visual response properties of cells in the ventral and dorsal parts of the macaque inferotemporal cortex[END_REF], whose brains are very similar to those of humans, we know that at the top of this hierarchy is a single neuron that encodes an entire word. The process does not essentially change if, instead of reading, we are looking at an object. The power of these activations depends on the frequency with which that image is seen and the way it is habitually viewed, i.e., orientation, angle of view, etc. The organization of our perception is undoubtedly influenced by these activations. Frequently seen shapes are more easily recognized than less frequently seen ones. We realize that when we study a complex figure, the shapes we have seen most often are recognized most quickly. As for the others, we must make an extra effort to be able to see beyond what immediately appeared to us. This reorganization of the elements of a figure can lead to sudden insight: this is precisely the term coined by [START_REF] Köhler | The mentality of apes (E. Winter, Trans.)[END_REF][START_REF] Köhler | The mentality of apes (E. Winter, Trans.)[END_REF]. In this way, productive thinking is manifested, using Wertheimer's term (1959), which is necessary to effectively understand the relations contained in a figure of any kind of problem.

To support our study, we wanted to consider another neurophysiological aspect concerning the neuronal activations that occur during interaction with objects such as artificial manipulatives, as defined by Bartolini Bussi and Martignone (2020). These are concrete artifacts specifically designed for educational activities. It is well known that the way we grasp an object depends on the series of attempts that we have previously made. The most effective was chosen for our purpose. Through studies on primates [START_REF] Rizzolatti | The organization of the cortical motor system: New concepts[END_REF] and humans [START_REF] Culham | Visually guided grasping produces fMRI activation in dorsal but not ventral stream brain areas[END_REF], we know that every time we grasp a specific object, first the neurons in the parietal cortex and then those in the premotor cortex are activated to perform a visuomotor transformation. The observed physical properties of an object (shape, orientation, size, etc.) are transformed into the correct hand configuration for grasping it. Moreover, and this is really remarkable, these neurons are not only activated when the individual's hand interacts with the object, but also when s/he simply observes the object [START_REF] Chao | Representation of manipulable man-made objects in the dorsal stream[END_REF] or even remembers the interaction with it [START_REF] Jeannerod | Mental motor imagery: A window into the representational stages of action[END_REF].

Finally, two very important complementary studies allow us to highlight the direct interaction between the motor system and perception. The first argues that the previous perception of a bar influences the way we grasp it later [START_REF] Craighero | Evidence for visuomotor priming effect[END_REF]. At the same time, grasping a bar actually amplifies its perception [START_REF] Craighero | Action for perception: A motorvisual attentional effect[END_REF]. It is as if to say: perception influences action, which in turn influences perception.

Aims of our research and methodology

In this study we have been concerned with finding strategies for solving geometric problems whose text is accompanied by a related figure. We have focused on the concept of equivalence between polygons and curvilinear figures that can be deduced from an appropriate movement that transforms one figure into another. This, as will be shown later, is not a very simple task for students. To overcome this difficulty, we have reproduced geometric figures by means of manipulatives so that, through interaction with them, these transformations can actually be realized.

We know that repeated interactions with objects such as manipulatives stimulate the communication of different neuronal circuits. If we assume that these circuits are also reactivated when studying a geometric figure of the same type as the one simulated by the materials, we hope that the same movements previously performed on the manipulatives will be imagined on the figure. We believe that this amplification of geometric perceptual abilities will motivate students to rely on them more and more when studying a figure. Furthermore, the cortical areas activated using the manipulatives are in addition to those typically involved during the study of geometry. This involvement of a greater number of neuronal circuits should foster the retrieval of mathematical facts and therefore it is also hoped that what is learned through these motor activities will persist much longer than traditional learning.

We wanted to test the validity of these hypotheses by involving lower secondary school students (grade 7, age 12-14) in a quantitative study. Our research aims were: a) to measure the effectiveness of manipulatives that simulate geometric figures. That is, we aimed to test whether they are able to generate the ability to imagine the same movements when studying a drawn geometric figure. In this research we dealt with geometric problems already provided with the figure. The object of these problems was the calculation of the area of polygonal and curved figures and the verification of equivalences between different figures, b) to verify whether the effects of using manipulatives persist over time.

The research design used presents some peculiarities both for the type of variables that were to be measured and because the psychometric survey was carried out in schools during curricular hours (see [START_REF] Pasquazi | Capacità sensoriali e approccio intuitivo-geometrico nella preadolescenza: un'indagine nelle scuole [Sensory perception and geometric intuitive approach in preadolescence: a school survey[END_REF] for more details). The study was divided into 6 phases: design of the Pre-test (Phase 1), validation of the Pre-test (Phase 2), administration of the Pre-test (Phase 3), the treatments (Phase 4), administration of the second test called Post-test 1 (Phase 5), and the administration of the third test called Post-test 2 (Phase 6).

Initially (Phase 1), we designed a new test consisting of 16 items to be completed in one hour (the time of a lesson) because, given the aims of our research, there was no suitable one. Of course, it was considered that the topics covered in the test items were already known to the students before our study. We show, as an example, a test item planned for this study dedicated to a type of polygon that differs slightly from a known figure [START_REF] Wertheimer | Productive thinking[END_REF]: calculate the area of the surface Q (Figure 1a). The students had to provide two open-ended answers: in sub-answers A they had to describe the solving strategy they used to arrive at the solution. The answers were assessed according to the following criteria. A value of 1 was assigned if dynamic aspects resulting from the study of the figure were used to determine a solution strategy. These answers called dynamic answers. In the example shown, the solution strategy that exploits the dynamic aspects is provided when equality is established between the projection and the hole, which leads us to imagine moving the projection until it occupies the entire hole. The equality between the protrusion and the hole is undoubtedly evoked by the shape of Q which resembles that of a rectangle, a figure well known to students and therefore "recognized" by our visual system. Otherwise a value of 0 (zero) is assigned if the answer is missing or is present but is not a dynamic answer. In general, for designed items, when the answer is not dynamic, a lot of calculation is required. In the example considered, if we did not recognize the proximity of Q to a rectangle, we would be forced to calculate the areas of the various polygons into which the figure is divided and then add them up. The answers to the questions in the respective items were to be reported in sub-answers B: 0 (zero) was given if the answer was wrong or missing, 1 if the answer was correct. For example, sub-answers A in Figures 1b and1c will be given a value of 1 because it has been recognized that Q is equivalent to a rectangle (at least that is what it looks like in Figure 1b); the score given to sub-answer B, on the other hand, is 0 in the first case (because the calculation of the area of the rectangle is wrong) and 1 in the second.

Subsequently (Phase 2), the designed test was validated by seventy-four students of an institute. By calculating the point-biserial correlation coefficient of each item, the Cronbach alpha coefficient (α) was obtained [START_REF] Pelosi | Elementary statistics: From discovery to decision[END_REF]. The latter was used to measure the reliability and coherence of the test. Conventionally, tests with an α > 0.70 are considered acceptable.

Once the validation of the test was completed, the experimental phase began, involving eightyseven students of the same age from two further institutions (different from the one involved in the validation). The students were divided into two homogeneous groups called experimental group and control group. The experimental phase started with the administration of the validated test, called Pre-test, to the students of both groups (Phase 3). The aim of this test was to find out whether or not the students manifested dynamic aspects in their solving approach and what effect this approach had on the correctness of their answers. We emphasize that the administrators, after giving the appropriate instructions, no longer interacted with the students during the test. Phase 4 presents a special feature of the research design. Effective treatments were carried out in both the experimental and control group (one meeting per week for a total of three meetings of two hours each). Since there was already an idea of what the results of the Pre-test might be, the treatments aimed at stimulating the perception of dynamic aspects deduced from the observation of the figures. This should have improved the students' performance in answering the test items. I will show an example of a treatment performed to produce effective resolution strategies related to the test item shown above. Treatment is inspired by the figures of Leonardo da Vinci found in the Codex Atlanticus. He performed a lot of squaring of parts of circles and curvilinear figures like the one shown in Figure 2a. His intuitive approach emerges from the captions of the figures, which provide real didactic indications such as the following: "la cosa che si muove acquista tanto di spazio, quanto ella ne lascia" ("what moves acquires as much space as it leaves", folio 505 recto, translation by the author). Students in both groups are given the same problem. In the example we want to describe, the task was to measure the area of surface b (Figure 2b). Students mostly work in pairs, free to speculate on what they observe, to check, correct themselves if necessary, and then to try a different strategy.

Teachers intervened and made suggestions only when students asked for help. Students in both groups were stimulated to formulate and, at the same time, test the validity of their hypotheses. However, the students in the experimental group could use appropriate manipulatives, whereas those in the control group could only draw on their notebooks.

We would now like to briefly describe the manipulatives used by the students in the experimental group. These consist of two elements: a base and a mobile figure (Figure 2c). By reading the task and looking at the drawing (Figure 2b), students understand how to use the manipulatives appropriately. It is interesting to observe, from the students' actions and statements, the influence of the use of the manipulatives on the perception of geometric properties and how the progressive discovery of these properties guides, in turn, the use of the manipulatives. Initially, the students move the mobile figure at random. Then, as a result of these movements, they understand that all figures obtained from the difference between the base and the moving figure are equivalent. It is evident that the students' eyes light up when mobile figure reaches the opposite position to the starting one. The insight came in: they realize that the difference between the base and the moving figure is now a known surface, i.e. a rectangle. The association between the initial and final difference surface makes the solution obvious. We call equivalence in motion this kind of equivalence obtained by movement. Since it is always possible to square a rectangle (Proposition II.14 of Euclid's Elements), it is legitimate to speak of squaring in motion.

The answer shown in Figure 1c given by a student in Post-test 2 shows a solution strategy based on squaring in motion that leads to a correct answer. Considering the two right angles on the left in the polygon shown in the Figure 1, we can see that their sides would join if we imagine extending them. This observation contributes to Q evoking a rectangle. The presence of the arrow shows that the student has imagined the movement of the triangle-shaped protrusion in the identical hole. In the Pre-test (Phase 3), the same student had given an unclear and incorrect answer (Figure 1b). The dynamic aspects, if they were present in his mind, had not been effectively exposed.

To test the effectiveness of the treatments, a new test (Phase 5) called Post-test 1 was immediately administered to the students in both groups. The structure of the Post-test 1 was identical to the previous one, while the questions asked were similar (but not the same). For a separate comparison of the data obtained on Pre-test and Post-test 1 the Paired Samples t-Test was used.

In the following six months there was no further interaction with the students involved in the experiment. In order to check whether the effectiveness of the treatments was still detectable at the end of this period, the students were administered Post-test 2 (Phase 6), the same as the Pre-test.

The administration of a new test long after the previous one is another peculiarity of the research design used in this quantitative study. The data from Post-test 2 were also compared with those from Post-test 1 by means of the Paired Samples t-Test.

Results

In this section we would like to briefly report the main results obtained in the individual phases of the quantitative study. In the validation (Phase 2) of the designed test, for sub-responses A we obtained α = 0.81 while, for sub-responses B, α = 0.88, thus indicating, in both cases, a very high reliability of the test which motivated us to use it in the next experimental phase.

The analysis of the results of the Pre-test administered in Phase 3 shows, as expected, that there are no substantial differences between the groups. The experimental group obtained an average score of 7.50 (SD 3.76) for sub-answers A and a average score of 7.2 (SD 4.15) for sub-answers B, while control group obtained an average score of 6.12 (SD 4.48) for sub-answers A and an average score of 7.98 (SD 4.50) for sub-answers B. The analysis of the results obtained leads us to conclude that the majority of students in both groups do not prefer to give dynamic answers. Furthermore, the performance concerning the correctness of the answers is also quite unsatisfactory.

In order to verify the effect of the treatments carried out in Phase 4, Post-test 1 was administered a few days later to the students of both groups (Phase 5). The Paired Samples t-Test indicates that the difference between the two averages obtained in Post-test 1 and Pre-test for sub-answers A (ΔM = 2.405, SD = 3.357) and for sub-answers B (ΔM = 1.595, SD = 2.905), found in the experimental group, are both statistically significant with t = 4.642 and t = 3.558 respectively and, again for both, p(2-tailed) < .001. Similarly, for the control group, the same differences for sub-answers A (ΔM = 3.186, SD = 3,561) and for sub-answers B (ΔM = 1.209, SD = 2.739) were also statistically significant with t = 5.867 and t = 2.895 respectively and, again for both, p(2 tails) < .001. The results therefore indicate that the treatments motivated more students in both groups to provide dynamic answers to the items. As a result, the number of correct answers increased.

After the administration of Post-test 2 (Phase 6), we compared the data obtained between Post-test 2 and Post-test 1 using the Paired Samples t-Test again. In the experimental group alone, the difference between the two averages obtained in Post-test 2 and Post-test 1 for both sub-answers A (ΔM = 1.381, SD = 4.066) and sub-answers B (ΔM = 1.357, SD = 4.119) were statistically significant with t = 2.201 and p(2code) = .033 and with t = 2.135, and p(2code) = .039, respectively.

Thus, the number of students in the experimental group who solve the items by means of dynamic answers increases further. An increase can also be seen in the number of correct answers. In the control group, on the other side, the difference between the two averages obtained in Post-test 2 and Post-test 1 for both sub-answers A (ΔM = -0.558, SD = 2.914) and sub-answers B (ΔM = 0.116, SD = 2.480) with t = -1.256 and p(2code) = .22 and with t = 0.307, and p(2code) = .76, respectively, were not statistically significant. This means that there is no substantial difference between subanswers A and sub-answers B in the two tests for the control group.

Conclusions

In this paper, we have described how to find strategies for solving geometric problems concerning the equivalence of surfaces. We have focused on the ability to provide dynamic answers characterized by the ability to imagine appropriate movements that allow us to transform an irregular figure into an equivalent rectangle. We called this type of transformation "squaring in motion". This strategy has been developed through the use of manipulatives that simulate geometric figures. These allow us to concretely perform continuous movements and visualize equivalences between figures of different shapes.

The effectiveness of the manipulatives presented in this article was verified in a quantitative study involving preadolescents. The latter initially showed that they were unable to imagine movements on the figures of the geometric problems. This had a negative effect on the correctness of the answers. After treatments based on the use of appropriate manipulatives, the students immediately showed an increased ability to solve the problems by providing dynamic answers. Moreover, these abilities were still found six months after the end of the activities. We verified that all these results are statistically significant, telling us that the use of manipulatives can make very important contributions to mathematical learning. However, further investigations on the effectiveness of manipulatives are needed. In particular, we would like to understand why the use of manipulatives did not contribute to the solution strategies for some test items.
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