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This paper formulates an implementation process model for designing and implementing tasks for formative feedback in an online learning environment for mathematics classrooms using Vergnaud's notion of scheme. In Denmark, the online environment matematikfessor.dk is used by more than 70% of Danish k-9 students. Using variations on one task, we illustrate how Vergnaud's notion of scheme can be used to aid teachers in assessing students' understanding of problems involving linear equations. Specifically, we focus on the intentional, computational and generative aspects of students' schemes.

Introduction

There is a great deal of evidence that formative assessment can have a positive impact on learning [START_REF] Black | Assessment and classroom learning[END_REF]. Attempts to promote formative assessment have often resulted in teachers having substantial difficulties implementing these ideas [START_REF] Bennett | Formative assessment: A critical review[END_REF]. A key issue is that teachers face challenges inferring students' learning needs based on those students performance on tasks [START_REF] Thompson | Talking about rates conceptually, Part I: A teacher's struggle[END_REF]. Several programs have been launched historically in the attempt to document specific difficulties in learning mathematics. These projects have contributed to the understanding of many misconceptions and other obstacles to learning mathematics [START_REF] Rhine | How students think when doing algebra[END_REF]. Tasks of a diagnostic character have in many cases been a part of these projects. There is an extensive literature on how the tasks performed, why they were chosen and why the tasks are believed to be sensible choices for exploring certain areas of difficulty in learning mathematics [START_REF] Küchemann | Algebra[END_REF]. However, few papers systematically address the considerations or design principles underlying the construction of these tasks in order to provide relevant feedback to teachers.

In this paper, our focus is on formulating an implementation process model to guide the process of translating research into practice [START_REF] Nilsen | Making sense of implementation theories, models and frameworks[END_REF]. In this case, the model is directed at the design of formative tasks within online learning environments (OLEs) that implement [START_REF] Vergnaud | The theory of conceptual fields[END_REF] notion of scheme to enable teachers to better interpret, and respond to, learners' errors. We do this in the specific learning contexts of the concepts of linear equations and the equals sign, and draw on research on learners' errors and difficulties with these concepts [START_REF] Rhine | How students think when doing algebra[END_REF]. OLEs can play a significant role when implementing research-based knowledge into the classroom, since OLEs can provide feedback directly to the end users, namely the teachers [START_REF] Dyssegaard | A systematic review of what enables or hinders the use of research-based knowledge in primary and lower secondary school[END_REF]. In addition, these environments can produce substantial assessment data almost immediately with relatively little effort from teachers. However, a key restriction, and challenge to the implementation of Vergnaud's scheme, is that learners' responses to tasks are restricted due to input and marking constraints and thus cannot be fully open-ended.

In this paper, we propose the following research question: How can the notion of scheme guide the design of diagnostic tasks for implementation in OLEs about known difficulties with the concept of linear equations and the equals sign, in order to enable teachers to better interpret learners' difficulties?

The context: matematikfessor.dk, an OLE for mathematics

In Denmark, as in many other systems, OLEs are increasingly used by teachers and students. Matematikfessor.dk, the environment discussed in this paper, has been running for over 10 years. More than 500,000 students in primary and lower secondary schools have access to the environment and, on a typical day, 45,000 unique students use the variety of tasks offered by the site, and collectively answer 1,500,000 tasks. OLEs like matematikfessor.dk therefore have access to a large amount of data and can potentially provide valuable feedback to teachers about the difficulties that students encounter in learning mathematics. As such OLEs become more ubiquitous, it is crucial to develop an explicit understanding of the process of designing tasks for implementation in online environments in order to enable teachers in preparing better teaching.

Theoretical constructs

Difficulties in learning mathematics related to linear equations

We adopt the view of [START_REF] Jankvist | A framework for designing a research-based "maths counsellor" teacher programme[END_REF] that identifies genuine difficulties in learning mathematics as, "those seemingly unsurmountable obstacles and impediments -stumbling blockswhich some students encounter in their attempt to learn the subject." (Jankvist & Niss, 2015, p. 260). One kind of stumbling block that many students experience in the beginning of lower secondary school or when attempting to learn the solving of more 'abstract' [START_REF] Vlassis | The balance model: Hindrance or support for the solving of linear equations with one unknown[END_REF] linear equations is the role and interpretation of the equals sign [START_REF] Kieran | Concepts associated with the equality symbol[END_REF]. [START_REF] Jones | Substitution and sameness: Two components of a relational conception of the equals sign[END_REF] argues that in order to achieve a better understanding of the role of the equals sign, one must learn to substitute one representation for another equal representation. Many strategies for solving equations exist and are all sensible tied to different tasks and/or situations. However, at some point even linear equations can become abstract or complicated to an extent where only one strategy truly remains. Many of the strategies such as 'guess-and-check' or 'working backwards' do not necessarily require a deep understanding of the role or interpretation of the equals sign [START_REF] Linsell | A hierarchy of strategies for solving linear equations[END_REF]. However, in order to apply more advanced equations solving strategies students must become more flexible in their understanding of the equals sign [START_REF] Kieran | Concepts associated with the equality symbol[END_REF].

The notion of scheme and its role in activity

In [START_REF] Vergnaud | The theory of conceptual fields[END_REF] work, we become familiar with how the scheme as a concept works as an organizer of action or activity when faced with a situation or a class of situations:

[Schemes] describe ordinary ways of doing, for situations already mastered, and give hints on how to tackle new situations. Schemes are adaptable resources: they assimilate new situations by accommodating to them. Therefore, the definition of schemes must contain ready-made rules, tricks and procedures that have been shaped by already mastered situations (p.88) Such a situation or class of situations could be exemplified as working with algebraic expressions or engaging in solving linear equations. If we accept that schemes are organizers of the activity of an individual, we can create assumptions about students' schemes by observing their action and activity in desired situations. [START_REF] Ahl | Why is calculating the average speed difficult?[END_REF] claim that this is why schemes are both didactically as well as analytically more interesting than the idea of conceptual understanding. [START_REF] Vergnaud | The theory of conceptual fields[END_REF] defines a scheme as having four aspects:

The intentional aspect involves a goal or several goals that can be developed in subgoals and anticipations. The generative aspect involves rules to generate activity, namely the sequences of actions, information gathering, and controls. The epistemic aspect involves operational invariants, namely concepts-in-action and theorems-in-action. Their main function is to pick up and select the relevant information and infer from it goals and rules. The computational aspect involves possibilities of inference. They are essential to understand that thinking is made up of an intense activity of computation, even in apparently simple situations; even more in new situations. We need to generate goals, subgoals and rules, also properties and relationships that are not observable.

The main points I needed to stress in this definition are the generative property of schemes, and the fact that they contain conceptual components, without which they would be unable to adapt activity to the variety of cases a subject usually meets. (p. 88) Essential to the schemes from Vergnaud's perspective are the operational invariants (the epistemic aspect of schemes), consisting of concepts-in-action and theorems-in-action. A concept-in-action Vergnaud describes as "an object, a predicate, or a category that is held to be relevant." (Vergnaud, 1988, p. 168). In every mathematical action, we choose certain objects, predicates or categories of such that are believed to be relevant in the current situation or setting. A theorem-in-action as a proposition held to be true. When we engage in a mathematical situation, we believe certain "theorems" to be true or false, about the objects relevant to the situation. Vergnaud states that there is a dialectic connection between theorems and concepts, and this emerges from the fact that more advanced mathematical concepts originate from theorems and vice versa. Nonetheless, is it important to distinguish the cognitive function of the operational invariants in this very specific manner. Concepts-in-action are individually available concepts in a for the enactor relevant representation to the situation. [START_REF] Vergnaud | A comprehensive theory of representation for mathematics education[END_REF] interpretation of the representation is similar to what others call a conception or a concept image [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. Concepts-in-action bear no value of logical truth, just relevance to the situation. Theorems-in-action are by nature true or false. These entities are sentences (or propositions) that provide the concepts with the possibility of inferences to take place. The rules of action are not to be confused with the theorems-in-action. The function of the rules of action (the generative aspect of the scheme) is to be appropriate and efficient, but they rely implicit on theorems-in-action [START_REF] Vergnaud | The nature of mathematical concepts[END_REF]. [START_REF] Vergnaud | The theory of conceptual fields[END_REF] emphasizes that schemes are efficient organizers of activity by nature, and, should they also become effective, the scheme can be considered an algorithm. He further clarifies that schemes do not have all the characteristics of algorithms. The effectiveness of algorithms lets them find a solution to a task in a finite number of steps (if a solution is possible).

Task design and implementation considerations

In this section, we present the task design and the reasoning behind it. The design will focus on the role and interpretation of the equals sign as presented in [START_REF] Jones | Substitution and sameness: Two components of a relational conception of the equals sign[END_REF]. The formulation is guided by the four components of the scheme [START_REF] Vergnaud | The theory of conceptual fields[END_REF]. An added discussion of the considerations of the implementation in an online environment precedes each task formulation. The overarching design principle idea comes from [START_REF] Ahl | Why is calculating the average speed difficult?[END_REF] who present a situation where a student is asked to calculate the average speed. The student invokes a scheme seemingly capable of handling average speed to some extent but ends up invoking and working with a scheme that incorrectly interprets average speed using an alternative (and incorrect) scheme involving a different average, namely arithmetic mean. Inspired by this, we formulate a set of tasks that invoke two potential paths to solution. The aim is to setup situations where two different schemes might be in play at the same time but the answer to the task should reflect which of the schemes that got the upper hand. We also reformulate the task in different ways to attempt to address the different aspects of the scheme.

In matematikfessor.dk, the tasks must meet certain criteria regarding structure and user input types. The input types are restricted to inputting either a number or a multiple-choice selection. Each task must have a unique 'right answer' and must be presented in such a way to make immediate feedback possible. Our task design is intended to disrupt the 'typical' didactical contract [START_REF] Brousseau | Theory of didactical situations in mathematics: Didactique des mathématiques[END_REF] in that that 'right' answer highlights aspects of the student's scheme.

In the following, we demonstrate the task design in examples focused on the intentional, generative and computational aspects of the scheme. We do not focus explicitly on the epistemic aspect of the scheme, because this aspect, focused on the operational invariants, is such an essential part of the scheme that this aspect and its elements inform or are present in the other three components. For example, one would simply not be able establish goals without having at least partial access to a concept relevant to the situation, a concept-in-action. The focus will be on evaluating whether students invoke schemes capable of handling substitution based on equality or rather a scheme suitable for solving equations in order to solve the task and thus provide teachers with information on their students' schemes.

For the task design, we have chosen the following setup, in order to attempt to possibly invoke two schemes at the same time. We have chosen the following sequence of tasks to illustrate this design principle. Given the special constraints, we have chosen to only provide a single sequence of tasks, all adaptations of one item. Using a scheme for handling and exchanging equal terms should be the 'easier' path to the goal of solving the following task that serves as an outset for the variations in the following sections. An expert equation solver would choose the most efficient scheme to solve the task -"I know x has a specific value and I could easily calculate it, but I don't need to for this task'.

What number should go in the empty space?

3𝑥𝑥

= 11

3𝑥𝑥 + 4 = ___

If students are able to insert 11 instead of the term 3x in the second equation (swap 3x and 11), our assumption is that the task is then easily solved by a secondary school student. However, if students are more inclined to determine the value of x, because that is what is 'expected' when faced with linear equations, then they might have a difficult experience, because the numbers are chosen in such a way that 3 is not a divisor of 11 (and x has a rational value).

Setting 'Goals and anticipations' (the intentional part of the scheme)

In this category, we present the task in a formulation where setting a goal for, or an anticipation of the task form of the solution. In many cases, one expects that, when confronted with a task containing a linear equation. finding the unknown value is crucial. We propose that when focusing on the goals and anticipation part of the scheme, the task could be formulated like the following;

Is it necessary to know the value of x in order to fill in the empty space?

3𝑥𝑥 = 11 3𝑥𝑥 + 4 = ___
Goals and rules are set and established based on the concepts-in-action and the theorems-in-action. Whether a student regards the equality between 3𝑥𝑥 and 11, and the fact that the term 3𝑥𝑥 is present in both equations as relevant information (concepts-in-action), could provide about whether s/he is capable of swapping the terms 11 and 3𝑥𝑥 in the two equations. Should a student not choose the substitutional link between the two equations to be relevant we expect that s/he would argue that they would like to know the value of x in order to fill in the empty space. One might argue that the goal of the task is blurred by the new formulation, since there is an empty line 'begging' for a number to be put on it, but the task is answered by a simple yes or no. However, for the purpose of assessment for learning, teachers might learn about their students' schemes, with this formulation as opposed to just receiving a correct or incorrect answer from students filling in the empty space.

Establishing 'Rules of action' (the generative part of the scheme)

In this category, we attempt to uncover the rule, or strategy, for solving the task the student's would apply. As mentioned in the above category, the operational invariants help set the goal or apply rules. When forming a strategy for solving a task, theorems-in-action might be more in focus. Therefore, we formulate the task not in terms of concepts relevance but rather in theorems that lead to rules. Now we confirm that the equation 3𝑥𝑥 = 11 is in fact important in order to achieve filling in the empty space. We propose a task where the formulation hints at what 'path to the goal' a student chooses, an equation solving strategy or a substitution of equal terms strategy.

How is 3𝑥𝑥 = 11 important in order to fill in the empty space?

3𝑥𝑥 = 11 3𝑥𝑥 + 4 = ___
1. Because 3𝑥𝑥 and 11 can be swapped in both lines 2. Because I can calculate the value of x 3. It is not important

In this formulation, the teacher will get a slightly different view on what path a student is willing to choose. A further formulation of the task focusing on rules to generate action could look like;

How would you attempt to find out that number go in the empty space?

1. I would find the value of 𝑥𝑥 2. I would swap 3𝑥𝑥 for 11 3. I don't know

If the scheme(s) the student is drawing upon are only able to apply the rule of action to determine the value of the unknown, the teacher is provided with valuable information. In this way, a teacher gets a different perspective on basically the same task but in a different formulation and with a different focus or aim.

Generating space for 'Possible inferences' (the computational aspect of the scheme)

In this last example, we attempt to address the computational part of the scheme with another formulation of the initial task. In order to address whether a student make inferences about the element 3𝑥𝑥 when they compare it to a similar looking task, but where the scheme for solving equations should be rendered useless, because 3𝑥𝑥 has been replaced by a blue box.

Is it the same number that go in the empty space in both tasks?

3𝑥𝑥 = 11 3𝑥𝑥 + 4 = ___ ☒ = 11 ☒ + 4 = ___
If a student does in fact not see the similarities between the two tasks, but uses a scheme for solving equations working with the left most task and however is able to swap the blue box and the number 11 in the right most task, the student might become suspicious. One might expect the student to wonder why this is the case or why the tasks performs differently yet so similarly. A different formulation could therefore be;

Is it surprising the same number go in the empty space in both tasks?

Is it for the same reasons that the same number go in the empty space in both tasks?

The reason for wording the task this way is establish a cognitive conflict with students that are in fact surprised that 15 is the correct solution for both empty spaces. We attempt to create a link to a scheme we consider similar to the scheme capable of swapping mathematical equal terms by introducing the task with the blue box.

Concluding remarks

For this paper, we have explored considerations and the reasoning behind an implementation process model to guide the diagnostic task design in an OLE. This exercise was to implement Vergnaud's scheme in order to enable or improve teachers' opportunities to interpret learners' errors within the constraints of the OLE. We based the task around different formulations or variations of an item using the components of the scheme. We have shown such slight reformulations of a task, guided by the components of the scheme, have the potential to reveal different aspects of students' understanding related to linear equations and the equals sign. The tasks could be presented to the students in the order presented in this paper or they could be presented each to one third of the class for a subsequent discussion. The strength of the online environment is that teachers, as well as students, can get easy access to feedback. We believe that because the tasks call for two specific schemes as generators in the situation, students would get a unique opportunity to be shown why it is in fact not necessary to know the value of the unknown.

We have used Vergnaud's intentional, generative and computational aspects of the scheme to demonstrate how an 'exemplar' item can be designed to distinguish between the different schemes that students use to tackle a task. The intentional aspect relates to what needs to be done to solve the task or what is expected of the student in this situation. The generative aspect relates to how the expectation are met or how progression is to be made in the situation. Finally, the computational aspect relates to why the desired goal is achieved or why new connections to other schemes or concepts make sense or might be established. We have touched briefly on omission of the epistemic part of the scheme and will leave a deeper explanation for further work. The what, how and why might potentially contribute to shared or agreed upon theory of change [START_REF] Jankvist | Illustrating the need for a 'Theory of Change'in implementation processes[END_REF] and thereby strengthening the implementability of the tasks by sharing the idea of respecting the what, how and why with teachers using matematikfessor.dk [START_REF] Jankvist | Illustrating the need for a 'Theory of Change'in implementation processes[END_REF].

Teachers can be provided clear feedback on what different scheme their students are most willing to invoke when solving these tasks. In the implementation of these items, teachers are not provided a guide to interpret the answer their students provided to the items. Teachers become aware of a possible need to teach substitution of equal terms. We have selected a task that illustrates the approach of the design frame for varying the task respecting the what, how and why. The next step in the process is to implement this framework with a range of tasks for relevant online feedback to teachers using matematikfessor.dk. Knowledge sharing and feedback from teachers using the tasks in their classroom will pave the way for a sensible implementation of a range of sequences of tasks.