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With digital media, the possibilities of representation have developed fast: in terms of temporal and local availability and in terms of manipulation, dynamization, representation-networking andsynchronicity. They open up an expanded new spectrum of representation-transfer, in which representations, levels of representation and associated processes of representation-transfer must be identified, analyzed as well as researched and evaluated from a mathematic educational perspective. Which cognitive demands are thus placed on learners and which are supported or replaced by media?

The goal for research and teaching is a "specific sensitivity for media (use) in (mathematics) education", so that analogue and digital media are analyzed in a potential-oriented way in order to orchestrate them for better teaching and learning.

Theoretical Framework.

The learners' own transfer of representation is an essential indicator to develop understanding in the process of learning mathematics [START_REF] Wittmann | Grundfragen des Mathematikunterrichts[END_REF]. Representation transfer processes are always required when at least two representations are given. They have to be compared on one or between different levels of representationthe levels acting, iconic, symbolic (see [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF]. A representation transfer is also required when a new representation has to be constructed based on a given representation. In both cases, given elements of one representation have to be related to given or to be constructed elements of another representation. In these transfer processes, a self-acting, active-discovering engagement with mathematics is central [START_REF] Krauthausen | Einführung in die Mathematikdidaktik -Grundschule[END_REF][START_REF] Kühnel | Neubau des Rechenunterrichts[END_REF][START_REF] Winter | Entdeckendes Lernen im Mathematikunterricht. Einblicke in die Ideengeschichte und ihre Bedeutung für die Pädagogik[END_REF][START_REF] Winter | Entdeckendes Lernen im Mathematikunterricht. Einblicke in die Ideengeschichte und ihre Bedeutung für die Pädagogik[END_REF][START_REF] Wittmann | Grundfragen des Mathematikunterrichts[END_REF]. A purposeful use of different representations can create learning opportunities to explore relationships between representations and to recognize basic structures [START_REF] Kuhnke | Vorgehensweisen von Grundschulkindern beim Darstellungswechsel. Eine Untersuchung am Beispiel der Multiplikation im 2. Schuljahr[END_REF]. The significance of representing, representations, and representation transfer processes is emphasized in national and international curricula and standards as one of the main "general" process-related competencies to be developed in mathematics education (DIPF, 2021;KMK, 2005;Midgett & Eddins, 2021;NCTM, 2000). Representing and representations pursue two basic intentions. In representing the focus is on doing, on externalizing one's own thinking for communication with oneself and with others. Representing for oneself takes place in order to relieve and support one's own thinking processes through what is (visually) represented, in order to orient oneself in one's own thinking and to shape the further thinking process. Between one's own thinking and representing, processes of exploration and analysis are carried out in the context of mathematical discovery and reasoning through processes of ordering, sorting, and structuring [START_REF] Aebli | Denkendas Ordnen des Tuns[END_REF][START_REF] Freudenthal | Mathematik als pädagogische Aufgabe[END_REF]. Representing for others is done to communicate one's own thoughts through what is (visually) represented. It also helps to explain where words are missing for oneself and for others. The (visual) information can support to get into exchange with others, to communicate about one's own thoughts and to justify findings about relationships and regularities with the help of what is represented [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF]. Representations serve for the process of representing as a tool to present one's own perceptions and ideas externally. So, the intention of representations is to document information which is volatile [START_REF] Huhmann | Einfluss von Computeranimationen auf die Raumvorstellungsentwicklung[END_REF][START_REF] Wollring | Children's patterns and plans for them -learning environments for early geometric fostering[END_REF]. According to [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF], knowledge and thus also representations through which knowledge is expressed can be assigned to the three levelsacting, iconic, symbolic. In summary, these areas, representing, representations, and representation transfer processes lead to comprehension-oriented learning and are an indicator of understanding. In the following we will use the term TripleR for these three areas.

With digital media, possibilities of TripleR evolved enormously. Thereby we see a development in terms of temporal and local availabilities as well as in terms of manipulation, dynamization, representation-networking and synchronicity. These new possibilities open up new possibilities of interaction in learning mathematics with media and how teaching-learning processes can be designed [START_REF] Kmk | Medienbildung in der Schule. Beschluss der Kultusministerkonferenz vom 8[END_REF]. Therefore potentials of digital media must first be identified, as well as whether and how these potentials of digital media unfold in the reality of teaching as an added value for learning. Thereby, the question arises, which cognitive demands are supported or replaced by digital media or are still placed on learners by learning mathematics?

Research Desideratum.

Based on the models of knowledge acquisition and representation [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF][START_REF] Piaget | Theorien und Methoden der Erziehung[END_REF], further models can be found for identifying and analyzing representation possibilities and representation transfer processes. [START_REF] Lesh | Representations and Translations among Representations in Mathematics Learning and Problem Solving[END_REF] focus in their model on different analogue representation forms and associated representation transfers. The model is extended by a technological form of representation by [START_REF] Johnson | A New Look at the Representations for Mathematical Concepts: Expanding on Lesh's Model of Representations of Mathematical Concepts[END_REF], with which digital media, which appeared in many forms e.g., manipulable and moveable pictures, are basically covered. Further distinctions and specific features of representations with digital media as well as learning with these digital representations remain out of consideration. The model of multiple external representations according to [START_REF] Ladel | Multiple externe Repräsentationen (MERs) und deren Verknüpfung durch Computereinsatz. Zur Bedeutung für das Mathematiklernen im Anfangsunterricht[END_REF] is based on [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF] model and levels of representation -enactive, iconic, symbolic. It focuses on elaborated representation possibilities with digital and analogue media. However, it does not focus on the identification and analysis of representation transfer processes. Overall, the models listed here do not take into account which (cognitive) demands are placed on learners by analogue and digital media during representing, learning with representations, and representation transfer processes, or which are replaced by media. In summary, we see a research desideratum in the model-theoretical identification and analysis of TripleR in learning with analogue and digital media. For teaching and learning we askhow different media with their different cognitive demands and with possibly different analogue-digital components can be brought into connection with each other with regard to TripleRand how this can be identified and made visible?

The Representation-Transfer-Spectrum.

Based on the models of [START_REF] Piaget | Theorien und Methoden der Erziehung[END_REF] and [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF] as well as on the extended new representation possibilities offered by digital media, we have developed an extended model as a representation transfer spectrum as you can see in Figure 1. With this model we want to identify, analyze, and evaluate from a mathematics educational point of view learning in terms of perceiving and acting with analogue and digital media: Learning objects and associated activities can be located in their representations in the analogue area, digital area or analogue-digital area. Within these areas, a further assignment to the different levels of representation takes place. Between these levels we see no hierarchic arrangement. The focus in this paper is on the reciprocal transfer processes of representations within and between these levels of representation. Build on the levels of representation according to [START_REF] Bruner | Über kognitive Entwicklung. [About cognitive development[END_REF], the intersections of the levels of representation are new elements of the model. We include these intersections under the term levels of representation because representations cannot always be assigned to just one level.

If representations contain elements from different levels e.g., iconic elements (depictions) and at the same time symbolic elements (descriptions) [START_REF] Schnotz | Construction and interference in learning from multiple representation[END_REF], they are to be placed in the corresponding intersection.

Analogue area: The characteristics of the three levelsacting, iconic, symbolic correspond to the known levels from Bruner. If actions are verbally accompanied, verbal expressions are supported by gestures, or symbolic representations are used to act, we identify these as representations of the acting-symbolic level. Representations that contain both depictions and descriptions (e.g. tables, diagrams, function graphs) belong to the iconic-symbolic level. Actions with inherently unchangeable depictions are located in the acting-iconic intersection. These can be ordering, sorting and comparing processes of images. Actions such as ordering, sorting and comparing processes with iconic-symbolic images are assigned to the acting-iconic-symbolic intersection.

Digital area: The model extension by the digital area is identical to the analogue area in its structure, but it differs in specific characteristics. On the acting level, there is the fundamental characteristic of the manipulability of objects of action. However, these are no longer haptically tangible and movable.

Objects are manipulated and moved merely by wiping and tapping movements. Objects that are digitally represented as inherently unchangeable images are assigned to the iconic level. Objects that are represented as audio or written text in a symbolic way in the digital area are assigned to the symbolic level. The acting-iconic intersection covers both the user's own digital actions with inherently unchangeable images and representations of digital actions in the form of animations and movies based on images. The acting-symbolic intersection covers the user's own creating, manipulating, and acting with symbolic representations. This involves audio texts and written texts that can be accessed, duplicated, and combined with digital media. The iconic-symbolic intersection covers inherently unchangeable representations that include both depictions and descriptions. The acting-iconic-symbolic intersection covers the user's own actions with manipulable representations as well as representations of digital actions in the form of animations and videos that contain both depictions and descriptions.

Analogue-Digital area: The analogue-digital area forms a spectrum between the analogue and the digital area. This area is to be explored with regard to the representations of learning objects and activities in terms of their characteristics and possibilities. This involves the identification and analysis of analogue-digital variabilities -in the sense of variable portions closer to the analogue or digital areas as well as with variable focal points in or between the three diameters of the respective areas. In this area, augmented reality and virtual reality applications, among others, are to be considered in a future-oriented manner.

With regard to the digital and analogue-digital area, there is an urgent need for research into these areas, the possible representations of the learning objects, and the suitability of the representationtransfer-spectrum to identify, analyze and evaluate from a mathematic educational perspective.

Representation transfer processes become visible in this model by connecting the activities located on the representation levels with arrows, so that the transfer from an initial representation, which is given to learners, to a final representation, which learners are supposed to construct independently or relate both given ones, is recognizable. Representations become visible by dots in the levels.

Example.

The activity Architect and Bricklayer [START_REF] Thöne | Stacking boxes" playfully fostering spatial imagination[END_REF] is an example to demonstrate the use of the representation-transfer-spectrum: Learner 1 builds a cube building with cubes and describes it verbally to learner 2. Without seeing the cube building, learner 2 must build a cube building based on the description from learner 1. Afterwards, both cube buildings are compared with each other. The following description of this learning activity includes the implementation of the complementary use of the app Cubes (Klötzchen) [START_REF] Etzold | Klötzchen [Cubeling[END_REF].

The task Build a cube building with 8 cubes is presented to learners by the teacher on a symbolic level verbally or in writing.

Based on this task, learners build a cube building as a 3D model using the app Cubes. From the originally symbolic presented task, the learners have to perform a transfer of representation to the action level in the digital area.

The cube building build in 3D by using the app is now used by the learners to describe it verbally. At this point, the learners perform a representation transfer from the action level in the digital area to the symbolic level in the analogue area.

This verbal description serves other learners as a starting point for rebuilding the cube building on their own tablet using the app. Here, too, the learners transfer the representation from the symbolic level in the analogue area to the action level in the digital area.

The two cube buildings of the learners need to be compared with each other. There are different ways to do this.

Both cube buildings are displayed in the 3D view on both tablets and compared with each other. Since both cube buildings can be manipulated in this representation, i.e. single virtual cubes could change places, the process of checking the results takes place at the acting level in the digital area.

It would also be conceivable for the learners to use the construction plan, which is created automatically and synchronously by the app Cubes, to check the results.

For example, both construction plans can be compared with each other. The result verification is now in the intersection actingiconic-symbolic, in the digital area. However, the following aspect should be emphasized here: The intermodal transfer from the 3D view to the construction plan, from the digital-acting to the digital-acting-iconic-symbolic level, does not have to be performed by the learners themselves, it is taken over by the digital medium. 

Findings and perspectives.

The Representation-Transfer-Spectrum is a theoretical model that is in a developmental state and needs further research. According to the example above, we consider it to be suited to identify representations and representation (transfer) processes. The activity Architect and Bricklayer served here as an example to demonstrate the use of the Representation-Transfer-Spectrum. First, we identified the TripleRs related to this activity in model to make visible which forms of representation exist at which levels of representation and which representation transfer processes are demanded. Through this, possibilities of action and affordances, [START_REF] Gibson | The theory of affordances[END_REF] that means possibilities of action implicit in the medium, become visible. Second, we analyzed which representation transfer processes are performed by the learners and which are taken over by the digital medium. Third, we now would have to evaluate the representations and representation transfer processes from a mathematics educational perspective so that different media for this learning object can be orchestrated for lesson planning.

For lesson planning, it may thus serve as a model of thinking and analysis to make design decisions. The overall goal for teaching is a purposeful use and orchestration of different media for learning. From a research perspective, the representation transfer spectrum may serve as a model of thinking and analysis for characterizing applications: For applications that have been developed and are in the process of being developed. For exploring applications in terms of how learners use and proceed with them. All in all, it may serve for further development of analogue and digital representation possibilities and design decisions for applications. A main question is which manipulation possibilities are implemented in the application and which manipulation realities can be identified during individual task processes with the application? With the help of the model, possibilities and realities of use are to be identified and made visible. Therefore, the goal of this model is to characterize learning objects and their use in the context of digital media with regard to (new) forms of representation, (new) levels of representation and (new) representation transfer processes as well as (new) combination possibilities of representation.

The associated goal for research and teaching is a "specific sensitivity for media (use) in mathematics education", so that analogue and digital media are analyzed in a potential-oriented manner in order to orchestrate them for better teaching and learning. Last but not least, the future-oriented question is which significance the representation-transfer-spectrum can have as a model of thinking and analysis in connection with learning with analogue and digital media, also in other educational disciplines.

  1. Identify: In which levels are representing, the representations and the representation transfer processes located? 2. Analyze: Which cognitive demands are associated with representing, the representations and the representation transfer processes? Which cognitive demands are placed on learners and which are supported or replaced by media? 3. Evaluate: Which representing, representations and representation transfer processes are suited from a mathematic educational perspective?
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