Carla Finesilver 
email: carla.finesilver@kcl.ac.uk
  
Grouping passengers: A microgenetic case study of a struggling student's representational strategies for quotitive division

Keywords: Visuospatial representation, multiplicative thinking, numeracy, low attainment, special education

.

Introduction

I encountered Wendy during a larger project investigating low-attaining students' representational strategies for multiplicative structures. Attending a typical inner London secondary school, she turned fourteen during the study; however, her capacities for and approaches to quantitative reasoning were atypical for her age group. Her particular stage of arithmetical thinking (struggling with the move from additive to multiplicative reasoning) has been of particular interest to researchers, and both her strong aversion to division (at least, when presented in traditional symbolic notation) and overreliance on counting-based strategies, are well-known phenomena. She was very positively disposed to the problem-solving interviews, maintaining excellent focus, and was keen to try new things and experiment with diverse strategies. Furthermore, as she demonstrated good verbal comprehension and would say when she did not understand, I took the opportunity to engage her in some detailed discussions about the tasks she worked on, including how and why her arithmetical strategies worked, which she enjoyed and welcomed. These several factors provided an excellent opportunity for microanalytic case study: to examine this individual's arithmetical-representational strategies in fine detail, and note any changes taking place. Thus, I focused on an arithmetical concept with which the participant was insecure (division), building from activity in which she was comfortable (counting and addition), within scenario tasks that she could work on without peer pressure or artificial time limits. This paper presents and discusses some brief but illuminative excerpts from my work with her.

Theoretical background

There is a strong tradition of research into various aspects of early numeracy, such as counting-based arithmetical strategies, taking place in naturalistic teaching/learning environments. Those which focus on children's own representations of number are often quasi-ethnographic in nature, where (usually very young) children are observed in their mark-making (e.g. [START_REF] Atkinson | Mathematics with reason: The emergent approach to primary maths[END_REF], and their representations analysed for 'emergent' mathematics. Key to this body of work is that it focuses on children's own, often non-standard, representational strategies; this is in the pedagogical tradition of "de-centring" [START_REF] Donaldson | Children's minds[END_REF], i.e. to shift from an adult perspective and imagine what a scenario, phrase or object might mean to a child.

While the details and exact terminology can vary, in psychological research paradigms some kind of representational progression is also generally assumed, moving from the most intuitive models of arithmetical relationships with one-to-one correspondence, through pictorial and/or iconic forms that may include one mark standing for a number ≠1 and/or starting to incorporate abstract symbols, to eventual full formal symbolic notation (e.g. in the Enactive-Iconic-Symbolic modes of [START_REF] Bruner | The growth of representational processes in childhood[END_REF]). The development of mathematical concepts has also been linked to increasing awareness of pattern and structure [START_REF] Mulligan | Towards understanding the origins of children's difficulties in mathematics learning[END_REF]. The capability to make connections between multiple mathematical representations is important for a learner's developing conceptual thinking (e.g. [START_REF] Ainsworth | DeFT: A conceptual framework for considering learning with multiple representations[END_REF], and in particular representational flexibility for problem solving [START_REF] Acevedo Nistal | Conceptualising, investigating and stimulating representational flexibility in mathematical problem solving and learning: A critical review[END_REF]. [START_REF] Nunes | Children doing mathematics[END_REF], among many others stretching all the way back to Piaget, suggest that to understand multiplication/division represents a significant qualitative change in children's thinking (compared to addition/subtraction) -and so is deserving of particular attention. Regarding the increased complexity, [START_REF] Anghileri | Uses of counting in multiplication and division[END_REF] points out that a counting strategy in a multiplication or division task requires three distinct counts: the number in each set, the number of sets, and the total number of items. The second of these -enumerating sets rather than units -may be particularly unintuitive for some. Notwithstanding, Carpenter et al.'s (1993) study of kindergarten students (i.e. age 5-6, with <1 year of formal schooling) demonstrated that they could carry out a wider range of division tasks, with greater success, than had formerly been realised -provided the tasks were presented in the form of scenarios which could be directly modelled. Furthermore, they argued that many older students abandon their fundamentally sound problem-solving approaches for the mechanical application of formal arithmetic procedures, and would make fewer errors if they applied some of the intuitive modelling skills of their younger counterparts.

Given this, it is appropriate to combine a subject focus of early division with an analytical focus on informal, nonstandard representational strategies that grow out of intuitive models. Although tasks involving grouping passengers in vehicles are not as common in division research as the sharing tasks featured in the companion paper, [START_REF] Finesilver | Learning to 'deal': A microgenetic case study of a struggling student's representational strategies for partitive division[END_REF], they are a highly imaginable scenario for learners, and rely on the fundamental schema of one enclosure with multiple items inside [START_REF] Nutbrown | Threads of Thinking: Schemas and Young Children's Learning[END_REF].

Much prior research has analysed visuospatial representations via simple taxonomies, organising them into broad categories. Here an alternative approach is used: comparing and contrasting students' changing representations via a multi-aspect qualitative analytical framework [START_REF] Finesilver | Beyond categories: Dynamic qualitative analysis of visuospatial representation in arithmetic[END_REF].

Research questions

1. What arithmetical-representational strategies does the student use in division tasks? 2. What do the strategies tell us about their particular weaknesses and capabilities? 3. How do the arithmetical-representational strategies change over time and interaction?

Methods

The dataset for this study is taken from three (of five) 1:1 problem-solving interviews, each lasting 45 minutes, carried out by the author. Sessions 1-2 focused on other types of multiplication-and division-based activity (e.g. [START_REF] Finesilver | Learning to 'deal': A microgenetic case study of a struggling student's representational strategies for partitive division[END_REF]; a significant proportion of this student's time in Sessions 3-5 was spent on the 'grouping' tasks described here. It employs microgenetic methods, which were developed for the study of the transition processes of cognitive development [START_REF] Siegler | The microgenetic method: A direct means for studying cognitive development[END_REF]. They have been widely used in studies of children's arithmetical strategies and particularly in case studies of individuals with difficulties in mathematics (e.g. [START_REF] Fletcher | The use of the microgenetic method with children with disabilities: Discovering competence[END_REF].

Wendy had been described in a past Educational Psychologist's report as having dyslexia, leading to significant difficulties with numeracy, memory, organisation, and sequencing skills. These descriptions seemed fair at the time I was working with her. However, the report also contained the judgement that she "lacks the ability to retain and process academic subjects that require logical thinking, analysis, sequencing, rationalising and accuracy"; this is an example of the kind of dismissive labelling of certain atypically-progressing students as predetermined future, as well as past, academic failures, which I have criticised (e.g. in Finesilver et al., in press). Her Wechsler Individual Achievement Test (WIAT-II) scores at age 11 had been in the 2 nd percentile for numerical operations, and the 0.5 th percentile for mathematical reasoning. Like the quote above, these standardised test scores do not at all predict or encompass the nonstandard mathematical reasoning I describe below. Wendy was well aware of the importance placed by the education system on the memorisation of 'times tables', and of her own long-term failure to do so ("even with constant review and revision", according to records), which had left her, unsurprisingly, with a very low opinion of her own mathematical abilities, but she did not radiate overall low self-esteem.

Unlike some other students in the larger study, Wendy's counting and addition were secure and reliable, and due to her growing enthusiasm I had to devise increasingly challenging tasks in situ to adapt to her progress. In each session, Wendy was set a series of quotitive divisions expressed via the scenario of a given number of passengers to be allocated to a given type of vehicle, with the required number of vehicles to be calculated. The quantities used were two-or three-digit dividends and oneor two-digit divisors, chosen in situ, depending on her arithmetical-representational functioning that day and in previous sessions. As Wendy was barely ever able to recall more than a few number relationships either from long-term memory or from previous tasks, I selected the divisors for their ease of repeated addition or step-counting, and re-used certain more familiar number patterns.

All sessions were audio recorded and all markings on paper collated. All markings in purple ink are by the researcher. Each task attempt was qualitatively analysed using a framework for visuospatial arithmetical-representational strategies across multiple semi-independent aspects of display, calculation and interaction. These were used for systematic description of representational elements and forms (media, mode(s), resemblance, spatial structuring, motion, unitcountability, enumeration, consistency, completeness), evaluation (strategic soundness, execution errors), and noting teacherstudent interactions (verbal and visuospatial prompts) -see [START_REF] Finesilver | Beyond categories: Dynamic qualitative analysis of visuospatial representation in arithmetic[END_REF]. Particular attention was paid to any attempts where change in one or more of the aspects was observed; these were considered microgenetic 'snapshots'.

Selected data

Due to restrictions of space, only a small sample of data may be reproduced in these proceedings; more are included (with verbal transcripts and fuller commentary) in the accompanying presentation. These three subsets of images are selected and grouped to illustrate particular points of interest with respect to arithmetical-representational strategies for quotitive division.

Subset 1: Working with array-structured unitcountable representations

When we first started work on quotitive division, Wendy struggled to calculate the number of 4-seater taxis required for 20 people (Figure 4a). She drew 20 dots, as always, arrayed neatly in rows, but was then unsure whether rows or columns represented taxis. I demonstrated the option of using containing rings as an additional structuring element. Figures 1b-d show various ways she experimented with spatial structuring in arrays and array-container blends [START_REF] Finesilver | Emerging and developing multiplicative structure in students' visuospatial representations: Four key configuration types[END_REF] in subsequent tasks. These are all unitcountable in the sense that each represented unit (cube, tally mark, etc.) = 1, and enumeration of the total could be achieved by direct unitary counting (i.e. counting them in ones). When we started working with larger numbers, Wendy was keen to try representational strategies that made sense to her within the scenario but did not involve drawing hundreds of unit marks. I demonstrated the option of building additively to the required total, which she adopted and used successfully in several subsequent tasks, spatially structuring the addends in number containers [START_REF] Finesilver | Emerging and developing multiplicative structure in students' visuospatial representations: Four key configuration types[END_REF]. The task represented in Figure 2c led to a conversation about the 'left over' 12 people. There was some tension between Wendy's awareness of the conventions of school maths tasks, and concern with the practicalities of the numbers in this scenario and, amused by the thought of a mostly empty plane, insisted the fourth should be "a smaller one" (which she did not draw).

Subset 3: Working with number containers for bare tasks, introducing narrative elements

In my final meeting with Wendy, encouraged by her success with various scenario tasks, I tried setting her a bare division (i.e. no scenario). Her first comment was "Something tells me it's going to have two zeros on the end of it" (indicating a misremembered rote 'trick' for multiplication) followed by blankness. I suggested we might imagine them as 180 people being put in 20-seater coaches: once the task had been 'made real' via a minimal bit of narrative, and again using number containers, she was able to complete this and similar tasks. She would picture a line of parked vehicles and a crowd of tourists grouping themselves tidily to fill them, and was particularly pleased by the option to take some unfriendly symbols of calculation and turn them into a scenario that could be imagined and represented in a way that she could comfortably work with.

Discussion

What representational and arithmetical strategies does the student use?

Wendy showed a strong continuous preference for working with pen and paper over the concrete materials which were also available. She employed two main representational-arithmetical strategies, one unitcountable (all units individually represented, arranged in spatially-structured patterns, enumerated by group-counting) and one non-unitcountable (a written number representing each group, organised spatially in one dimension, enumerated by step-counting or addition). The first, which she introduced independently, was used for smaller quantities and the second, which I initially introduced but she readily adopted, for larger -although there would likely be an overlap of magnitudes where either might be chosen.

What do the strategies tell us about their particular weaknesses and capabilities?

Wendy wished to obtain answers she was confident were correct, with what she considered a reasonable expenditure of time and effort, and the strategies she used reflect this. In general her representations were highly mathematically functional, drawing and/or writing the minimum content which enabled task success. I see this as evidence of logical and meta-strategic ability, and a very sensible attempt to work around, and make the most of, her limited computational skills, minimal recall of number facts and relationships, and tendency to lose her place in multi-stage calculations.

Wendy produced 2D array representations quickly, confidently, and accurately. While this initial heavy reliance on unitcountable representations was a weakness, her use of this representation type also highlighted important and useful strengths in creating, recognising, and utilising structured visual patterns. Observation of her interactions with dot arrays demonstrated informal, non-declarative awareness of multiplicative structures, enhanced by the rhythmic nature of her counting. Wendy's flexibility in terms of willingness to experiment with and vary arithmetical-representational aspects can be considered itself a valuable component of metarepresentational competence.

Of particular note is Wendy's continued strong preference for scenario tasks over bare ones, even when they were obviously unrealistic. While her sensible comments about the comparative expense of different sizes of taxi and aeroplane demonstrate a real-world awareness of money and pricing that is often considered an important part of being 'numerate', this tendency to cling to the scenario aspect of the calculations could also indicate an unwillingness to engage in abstraction, and demonstrates a profound need for something extra-mathematical to grasp and cling on to. Numerical relationships, by themselves meaningless, were given meaning when they became numbers of people (etc.). This finding would be no surprise to a teacher of very young children, who has heard many exasperated students ask "Three? But three what?" (for example), but this strength of attachment to imagining numbers of things may be surprising in a secondary school student.

How do the arithmetical-representational strategies change over time and interaction?

The main observed progression was Wendy's capacity for tackling divisions involving increasingly large quantities. Repeated successes and gradual increases maintained the momentum of her confidence, allowing her to forget for a time her dislike/fear of division and negative self-beliefs about her ability to work with larger numbers.

Wendy had started these interviews secure in her purely iconic dot array representations for partitive division (having used them in the previous Sessions 1-2). Although it took some time for her to see that it could be equally useful for quotitive division (and multiplication), once grasped, this was added to her strategic toolkit. Although not addressed directly here, the triple function of unitcountable arrays has implications for deepening the understanding of the relationship between multiplication and division, and the commutative principle. Array-container blends provided a significant bridge between quantities engaged with as iconic units in spatial arrangements, and as numeric symbols.

Enclosing equal groups of dots in rings visually transformed the groups so the most salient 'building blocks' were now a set of contained equal groups rather than individual units; visually, these containers became the new 'units'. This was vital for the significant cognitive leap of replacing a container with a number of dots inside it by a container with a number symbol inside it.

Wendy learned to use a building-up, additive strategy for quotitive divisions represented with nonunitcountable number containers. She sometimes chose to continue using drawings alongside symbolic calculation, but inconsistently -this makes their continuing purpose cause for speculation. Wendy did not doodle, and otherwise showed little inclination for decorational drawing, so I suggest that in longer, multi-stage tasks, when she was struggling to focus or experiencing doubt, the drawn element served as reminder and/or for affective support. The tactic of taking an offputting bare task and making it comprehensible (or, perhaps, 'realising' or 'concretising' it) through a familiar scenario was both helpful (in that she was successful in more arithmetically challenging tasks) and appealing.

Concluding comments

A microgenetic level of analysis of this student's arithmetical struggles illuminates certain specific ways of conceptualising and carrying out division-based tasks which may be unexpected and go unrecognised in classrooms. It also demonstrates the possibility of significant improvement which is unlikely to be picked up in standardised diagnostic testing, and has pedagogical implications. Is there evidence that Wendy was not just adopting and developing alternative representational strategies that were more amenable to her than those she had previously encountered, but also moving towards more successful symbolic thinking in arithmetic? Yes. Her mathematical journey was a slow and complicated one, with end point unknown, but this short section of it shows substantive changes.

While there may have been some progress since psychological assessment, Wendy was still performing poorly in her regular school mathematics classroom, and there was a huge discrepancy between these formal judgements made on Wendy's abilities and potential, and her clever maximisation of cognitive resources as captured in microgenetic observation. With the traditional strategies that rely on memorisation of facts and procedures unworkable for her individual pattern of neurodivergent characteristics, she analysed tasks to work out alternative strategies relying instead on sequence, pattern, visualisation, and a realistic self-assessment of the level of arithmetic she could reliably manage (counting and addition). She showed great interest in the numerical structures underlying arithmetical processes, and in suggestions for their use in solving different types of tasks. These self-or co-created strategies of which she had 'ownership' must stand a chance of being remembered better than those which had for most of her school life been ineffectively rote-taught. While Wendy is a single case with an individual pattern of mathematical strengths, weaknesses and strategies, other struggling students will share many of these experiences and traits, although each in their own individual pattern; certainly there are many who are labelled too easily by both teachers and researchers as 'low attaining'. And likewise, their self-belief will likely be low, and their strategic arithmetical-representational creativity dormant, undervalued and unencouraged.

Wendy's actions were not of a child who "lacks the ability to retain and process academic subjects that require logical thinking, analysis, sequencing, rationalising and accuracy". However, it took focused individual investigation and a flexible mixture of informal assessment, tuition elements, and discussion to gain a fair picture of the nature of her mathematical thinking (and this in one small area of the syllabus). If one accepted the statements in her diagnostic report at face value, to expend this time and effort on her would seem irrational. That kind of utilitarian philosophy is one of the factors leading to neurodivergent and learning disabled students being limited from reaching their potential in mathematics. Instead of dismissing learners like Wendy for their failure to perform in the expected ways, their unexpected ways of working mathematically should be valued -they have much to teach us.
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