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How can I make use of students' metaphors to look into their understandings of mathematical concepts? This study is aimed at exploring a new use of lesson play scripting as a novel way to investigate written metaphors used by students. Metaphor is a powerful linguistic approach, and I examine students' personal mathematical understanding of fraction concepts through their metaphors. Lesson play refers to scripting for an imagined lesson scenario, and I extend the common use of lesson play for teacher education to a research method applying to students. I implement scripting tasks with 28 Korean primary through eight times scripting classes. The process from preparation to results is described with an example of a student's script, and I discuss the applicability of scripting as a research method.

Understanding in mathematics.

'Understanding' is regarded as the main goal of mathematics learning, a pre-requisite for further learning, or a way of mathematics teaching [START_REF] Sierpinska | Some remarks on understanding in mathematics[END_REF], and its importance in learning and teaching mathematics has been emphasised. Many types of understanding have been discussed, e.g., conceptual and procedural understanding (Rittle-Johnon & Alibali, 1999), but my fundamental question here is what it means for students to understand mathematical concepts rather than which types of understanding students have. Students actively construct their own knowledge based on their subjective experiences rather than passively accepting information [START_REF] Von Glasersfeld | Radical constructivism: A way of knowing and learning[END_REF]. Pirie and Kiren (1994) proposed individual understanding as a recursive dynamic process that can be developed and be observed. [START_REF] Tall | Crystalline concepts in long-term mathematical invention and discovery[END_REF] regarded understanding as a development process from emerging to forgetting, and to remembering. In line with these perspectives, I am taking understanding mathematical concepts as a constructing process of relationships among concepts in an individual's mental network. Mathematical understanding might be influenced by a particular environment around a student, but the focus of this study is on the manifestation of these influences within an individual.

In terms of the construction of mathematical concepts in embodied minds, De Freitas and Sinclair (2017) pointed out the limitation of the binary approach of abstract and concrete (or mind and body) and proposed the need for rethinking mobility and flexibility in learning mathematical concepts. I regard mathematical concepts as not fixed nor absolute ideas for any individual. Rather, mathematical concepts constitute a network through the constructive progression of an individual's mental network [START_REF] Olive | The construction of an iterative fractional scheme: The case of Joe[END_REF], and there is no determined end in the network. Our embodied mind creates our language, and we communicate in a consensual domain which refers to a "shared physical context in which interactions occur" (Kravchenko, 2012, p.3). In a consensual domain, human beings interact with environments endlessly and (re)generate networks of interactions in a recursive way. These interactional actions are the basis of linguistic behaviours. Language is not just a tool for transferring individuals' thoughts but a way of living, described as 'languaging' by Maturana (2002, p. 28). Knowledge is generated in language through consensual co-ordinations, and thus languaging is part of how we express our understanding of concepts. As a way of investigating students' understanding of mathematical concepts, I look into metaphors as a powerful linguistic approach for creating, representing, and extending the meanings of concepts. This study focuses on a methodology which gives insight into student metaphors. [START_REF] Davis | Number work: Teachers as experts who can think like novices[END_REF] presented a summary of the potential different number metaphors used by students, based on teachers' experiences and textbooks; my longer-term aim is to provide a similar list of the range of metaphors students using in dealing with fractions.

Metaphor.

Metaphors naturally exist in our language [START_REF] Lakoff | Metaphors we live by[END_REF]. Traditional metaphor theory considers metaphors as a role in enriching language. According to the conceptual metaphor theory, however, metaphors are fundamentally regarded as human thoughts. Metaphors are the conceptualisation of one concept in terms of another concept, based on the similarities between the concepts. Abstract concepts are understood via metaphor in terms of more concrete concepts. The conceptualisation is called 'cross-domain mapping' and cross-domain mapping consists of two domains, a target domain and a source domain. The concepts that we want to understand are the target domain (which is a relatively abstract concept), and the concepts in the source domain conceptualise target concepts. For example, arithmetic (target domain) is understood from collecting, constructing, and moving objects (source domain) [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF].

Metaphorical mappings as conceptual structures represent one's mental network between concepts. [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF] proposed embodied metaphors that are based on mathematical ideas from one's everyday experience and from different mathematical areas, called 'grounding metaphor' and 'linking metaphor'. These metaphors are elaborated not from a single mapping but from integrating many mappings between concepts, and the elaborated mappings develop an emergent structure of an integrated mental network [START_REF] Fauconnier | Rethinking metaphor[END_REF]. In this regard, metaphor represents a mental structure in which we live and think and thus can allow exploring students' understandings that underlie their written language.

Fraction.

In this study, I chose a fraction concept for the investigation, inspired by my teaching experience in which I witnessed students struggling with fractions. Fraction is considered the most complex concept addressed before the secondary school. One of the factors contributing to the difficulty of the concept is that a fraction consists of two numbers. For fractional knowledge, students need to consider relations between a numerator and a denominator, rather than the two numbers separately. The two numbers can be regarded as parts and the whole, respectively; in this case the student is using what is referred to as the part-whole scheme. According to the part-whole scheme, a fraction indicates some parts out of a whole. The numerator is regarded as the parts or pieces to consider and the denominator is regarded as the whole. An equipartitioning scheme involves dividing actions that partition a continuous unit into equal-sized segments [START_REF] Steffe | Children's fractional knowledge[END_REF]. Whereas the partitioning scheme refers to breaking a unit, the iterating scheme refers to duplicating a segment several times to constitute a unit. The iterating scheme suggests that the fraction is freed from parts of the whole and can be often related to understanding the concept of "improper fraction". For 5/4, for example, students iterate 1/4 (a unit fraction) three times to constitute 5/4. This study is aimed at investigating students' metaphors to understand their understandings of a fraction. Here, I need to engage in the question of how to explore students' uses of metaphors: how can I learn about students' metaphors, to look into their understandings of fraction?

Methodology.

Scripting, lesson play.

I suggest a new way of using lesson play as a research method for investigating each learner's conceptions. Lesson play refers to scriptwriting for an imagined lesson scenario with a dialogue format between a teacher-character and student-characters, which is originally designed for teacher education [START_REF] Zazkis | Lesson Play in Mathematics Education[END_REF]. Scripting is based on "virtual duoethnography" (Zazkis & Koichu, 2015, p. 166) which is narrative research producing a dialogue with multiple voices of fictional characters, from one person (who can be a researcher or a student), and it is inspired by the dialogue of Lakatos (1976). For scripting, prompts that include mathematical situations are provided, and teachers are asked to write a dialogue script for the ensuing situation of the provided prompts.

Here, however, I implemented scriptwriting to primary students as creating an imagined role-playing scenario. [START_REF] Wille | Imaginary dialogues in mathematics education[END_REF] has conducted imagined dialogues with students to discuss their mathematical thinking processes. Similarly, I provided prompts for mathematical situations to students, and they created a dialogue script for the given prompt. I intended to provide a certain mathematical classroom situation to students in order to understand the mathematical language that they naturally use. Roleplay encourages students to participate in a specific situation as a specific person, so that students are able to deeply engage in learning and teachers are able to see their perspectives on the topic [START_REF] Alkin | The use of role-play in teaching evaluation[END_REF]. Scripting is an individual task that can be done by many students simultaneously, and it is less constrained by time and participation than real role-plays. Mathematical writing is encouraged for students to develop their mathematical understanding [START_REF] Sierpinska | Some remarks on understanding in mathematics[END_REF], and the Korean National curriculum emphasises writing under a strong calligraphy culture. In fact, in followup interviews with student participants, many students mentioned math writing was easier than math speaking because they have enough time to think instead of having to answer immediately. When making scripts, students might use of their knowledge of mathematical concepts related to the situations of the prompts. Moreover, through the written contexts, a student's view on mathematical concepts can be examined.

Data Collection.

The participants are six grade (11-12-year-olds) Korean students from the same classroom and the number of students is 28. I had eight scripting classes with the students in a primary school. For script writings, I designed eight prompts, based on previous research and my teaching experiences about students' common errors, misconceptions, and difficulties in dealing with the concept of a fraction. If students had similar misconceptions with prompts, I would be able to track the root of their misconceptions. If students had a different understanding of the erroneous situations in prompts, they would describe their thinking to correct the misconceptions.

The fraction concepts dealt with in prompts are neither complicated situations nor beyond the scope of sixth-grade students learning according to the Korean national curriculum so as not to interfere with students writing. The prompts are related to many aspects of a fraction, such as fraction representation, fraction calculation, and fraction comparisons. The following is one of the prompts I used.

A teacher shows two fractions 5/6 and 7/8. Tom suddenly raises his hand. Tom: Teacher, I have a question. Teacher: Yes, Tom. Tom: 5/6 and 7/8 are equal? Teacher: Why do you think that?

The prompt above implies 'gap thinking', with regards to equivalent fractions. Gap thinking, as one of whole number thinking, is considering the gap between a numerator and a denominator by dealing with them separately, rather than considering the ratio between them [START_REF] Pearn | Why you have to probe to discover what year 8 students really think about fractions[END_REF]. Gap thinking can lead students to draw either an incorrect answer or a correct answer with erroneous reasonings. Specifically, students can regard fractions having the same gap (e.g., 5/6 and 7/8) as equivalent. In scripts, students may or may not agree with Tom (or both), but my focus is on how the students describe their understanding of the two fractions. While creating the prompt, I anticipated students discussing their understanding or meanings of a fraction. Students work on writing in Korean (their first language), and I analyse the writings in Korean so that I can grasp the meaning and nuance of the contexts more appropriately.

Instruction.

In the first class, I introduced scriptwriting by presenting an example of a prompt and a script and then I asked students to practice writing a script for a prompt that was not related to a fraction. This practice is not only meaningful for students as a practice, but it was also important to me, because through it I could check whether my explanation was enough for students to carry out scripting. In writing, I encouraged students (1) to focus on the dialogue format rather than the contexts of the example script I showed them, (2) to approach the prompt situation with various perspectives (with various characters) so that I could explore their metaphors related to the concept in-depth, and (3) to use visual images such as diagrams, tables, and drawings to support their writing if needed. After the first class, I read students' first scripts, and on what seemed to be unsuitable (e.g., texts are completely not related to the prompt), I left comments to help students carry out writings.

In the second class, I started with a five-minute ice-breaking time, a five-minute explanation for today's prompt, and a 20-minute script writing. After scripting, I read the students' writing and left comments. The comments were to encourage their participation, for example, 'you explained your idea logically', 'thank you for your detailed explanation'. Also, I left question comments on sentences where I was not able to understand them well, so that students would write additional explanations for the sentences. Then in the next class, before writing a new script, students read my comments and added answers to my questions.

Findings.

Translating students' scripts from English to Korean is based on 'interlinear morphemic gloss' which is the way of translating in each morpheme or meaning, in order to show grammatical structures and the detailed, direct meanings of the original language (Lehmann, 2004). The translation uses three steps: 1) word by word (or phrase by phrase) translation, 2) direct translation, 3) natural English translation. For example, 선생님은 전체 몇 조각 에서 몇 조각을 먹으려고 하는 걸까?

Step 1 Teacher how many pieces of a whole out of how many pieces eat trying to Step 2 How many pieces is a teacher trying to eat out of how many pieces of a whole?

Step 3 How many pieces am I trying to eat out of the whole?

The utterance is what a teacher-character said in a student's writing. The teacher-character herself is described as 'teacher', not I, comparing that student-characters themselves are described as 'I'. In Korean classes, it is common for teachers to refer to themselves as teachers instead of 'I', and this student perhaps may have seen many teachers referring to them as a teacher. Or in Korean culture, it is considered rude behaviour for students to call a teacher (adult) 'you' or name, so she might try to avoid it even in scripts. Thus, although the subject is a teacher in the original Korean sentence, it refers to the teacher-character herself, so the subject is translated as I in step 3 translation. The step 2 translation 'how many pieces of a whole' explicitly shows the student's countable numerical understanding of a whole. Though step 2 translation can have ungrammatical parts, it is effective to covey what words the student chose and how s/he describes concepts in Korean. Thus, also due to space limitation, I describe student scripts with only direct translation instead of all the three steps.

I illustrate some parts of Aiden's (the pseudonym of a student) scripts as examples of students' outcomes (scripts) and analysis, with the aim to explore nuances. In Aiden's scripts, I found two grounding metaphors that are related to each other. According to the utterances of the teachercharacter Aiden created, she uses an equipartitioning and a part-whole scheme for fractions.

Teacher:

How many pieces are there now? Teacher:

But a teacher tries to eat 2 pieces. Then, how many pieces is a teacher trying to eat out of how many pieces of a whole? Teacher:

Thus, a denominator is a total number of something, and a numerator is the number included out of the whole.

While explaining the meaning of a fraction to student-characters, the teacher-character assumes a situation in which she eats pizza with a pizza drawing. By partitioning, pizza as a continuous unit is separated into equal-sized segments. The teacher chooses two pizza slices by shading them and represents a fraction 2/6 as two pizza slices out of the whole pizza divided into six slices, which is a part-whole scheme. At the part-whole representation, I focus on that the parts and the whole are described with countable 'pieces'. She does not compare the size or number of pieces for a fraction but considers the number of pieces (how many) of a numerator and denominator. In her conception, a fraction consists of a numerator out of a denominator, and a numerator refers to the number of pieces as parts and a denominator refers to the number of total pieces in a whole. Aiden's metaphor of a fraction seems to be pieces as a grounding metaphor. In other words, she regards a fraction as pieces out of pieces. A denominator is regarded as the number of pieces that partition a unit, and a numerator is the number of pieces chosen. Figure 1 summarises this metaphor.

In addition to the pieces metaphor, through the used word 'something' in the last utterance of the teacher, I can see that she thinks of a fraction with objects. A numerator and denominator are objects, which is countable as a cardinal concept.

Source Domain Pieces

Target domain Fraction

Pieces out of pieces → Fraction

The number of equal-sized pieces that partition a unit → Denominator

The number of pieces taken → Numerator Her countable conception of a numerator and denominator seems to link to her understanding of fraction addition. In her other script, a student-character Jack who reflects her thinking explains the fraction addition 3/5 + 3/5. For the explanation, Jack uses metaphors for a numerator and denominator as a toy and a toy container, respectively.

Jack: Imagine there is a big cylinder container and toys! When overlapping the same container here, the containers can be overlapped. But toys are the same but do not overlap each other! Thus, the containers are the same, but the number of toys does not overlap each other, so [numerators] become different.

With the toys and container metaphor, Jack describes the principles that denominators are not added to each other but only numerators are added, in the addition of fractions with the same denominator. Jack looks at a numerator and denominator as countable objects (pieces). In her conception, a numerator is the number of objects, and a denominator is the container of the objects. It can be seen as the pieces metaphor, but the difference is that the denominator 5 does not refer to five pieces but one container named 5 itself. Thus, 3/5 means there are three toys in a container named 5, and 3/5 + 3/5 means putting a total of six toys and two containers named 5 together. Since the toy containers as denominators can be completely overlapped, denominators in the fraction addition do not need to be added. On the other hand, the number of toys as a numerator should be added because toys cannot be overlapped. Therefore, fraction addition is combining objects, and Figure 2 summarises this metaphor.

Source Domain Combining objects

Target domain Addition of fractions

Put objects together in the same container → Addition of fractions with the same denominator

Container of objects → Denominator

The number of objects → Numerator

Figure 2: Fraction addition metaphor as combining objects

This understanding of a fraction is freed from partitioning. Character-Jack does not split a container into equal-sized parts and does not consider the ratio between a numerator and a denominator. The fraction addition metaphor of Aiden, especially a numerator metaphor, is similar to an arithmetic metaphor of [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF]. They proposed an 'Arithmetic is object collection' metaphor: Numbers are collections of objects and arithmetic addition is putting collections together. Similarly, Aiden thinks of a fraction as objects and the fraction addition as putting objects together. The difference between the metaphors of Lakoff and Núñez and Aiden is that their view of numbers is based on a set or collection, while her metaphor of numbers is based on a numerical counting scheme.

Her fraction addition metaphor seems to be related to the multiplication of a fraction and a natural number. In her drawing, the toys in each container are the same, which means that there are two 3/5s, instead of that there are "three toys" and another "three toys". She can use this metaphor for 3/5 × 2. Her conception, however, can have limitations in understanding the addition of fractions having different denominators. When making denominators equal, she can represent denominators as using different containers, but it is unclear how the change of numerators can be described.

Implications.

This study proposes a new use of lesson play as a research method. Through this study, I explored the applicability of lesson play scripting to students. All students in this study finished one scriptwriting in 20 minutes and successfully created their scripts. This enabled me to attain students' data referring to mathematical concepts at a certain mathematical situation and to examine students' conceptual schemes of a fraction. I was able to conduct scripting tasks with many students simultaneously. Through the length of their script over time, I could see that students had participated more actively rather than losing interest in scripting. Although the length of writing is not directly related to the quality of the data, more active participation is more likely to obtain high-quality data through which I can understand students' thoughts. As the class progressed, students became accustomed to mathematical writing by creating various characters.

I am exploring student scripts to find fractional metaphors and will be analysing the work of the other students in my study, as well as Aiden's. I have found more metaphors: e.g., fraction is equipartitioning amount, fraction is iterating, fraction is division, and fraction is a number form. In the future, more findings about fraction metaphors and an in-depth analysis of these metaphors will have to be conducted, and then I would be able to provide a metaphor model that can be used to understand fraction concepts and a framework of metaphor analysis. Lastly, as scripting can be extended as a teaching activity such as writing a scenario for the real performance of mathematics role-plays, I hope to pursue further studies on the use of scripting in mathematics classrooms.
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