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Stability analysis of periodic solutions computed for blade-tip/casing
contact problems
Y. Colaïtis1, A. Batailly1

Abstract
This article focuses on the stability assessment of mechanical systems featuring a nonlinear interface on which are applied
unilateral contact constraints. The regularized-Lanczos harmonic balance method is used to compute periodic solutions
for each system. For each considered mechanical system, the implementation of distinct stability assessment numerical
algorithms (including the Newmark 2n-pass method and Hill’s method using eigenvalue sorting) relying on Floquet
theory allows for an in-depth investigation of their convergence and accuracy. From a single-degree of freedom impactor
impacting a fixed obstacle to the industrial finite element model of a transonic compressor blade impacting a deformed
casing, the gradually increasing complexity of the considered mechanical systems provides new insight on which stability
assessment numerical algorithm may be the best suited when dealing with contact nonlinearities. From a numerical
standpoint, attention is paid to specific developments that were identified as key for enhancing the numerical efficiency of
the stability assessment process including the iterative solver, the computation of analytical derivatives, the scaling of the
problem and the use of fast Fourier transforms. Particular attention is also paid to the influence of the Lanczos filtering
procedure and its implications in terms of stability assessment. While it is found that both the Newmark 2n-pass method
and Hill’s method with eigenvalue sorting can be successfully applied on large industrial systems featuring a nonlinear
interface, the faster convergence of Hill’s method is underlined and suggests it may be a better option for an accurate
and efficient stability assessment on which Lanczos filtering has a negligible influence.

Keywords
harmonic balance method; numerical continuation; blade-tip/casing contacts; Floquet Theory; Hill’s method; Newmark
2n-pass method; rotor/stator interaction
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Analyse de stabilité des solutions périodiques calculées pour des problèmes
de contact aube/carter
Y. Colaïtis1, A. Batailly1

Résumé
Cet article se concentre sur l’évaluation de la stabilité de systèmes mécaniques comportant une interface non-linéaire sur
laquelle est appliquée des contraintes de contact unilatéral. La méthode de l’équilibrage harmonique régularisée-filtrée
est utilisée pour calculer les solutions périodiques de chaque système. Pour chaque système mécanique considéré, la
mise en œuvre d’algorithmes numériques distincts d’évaluation de la stabilité (notamment la méthode de Newmark
2n-passes et la méthode de Hill couplée à un tri des valeurs propres) reposant sur la théorie de Floquet permet une étude
approfondie de leur convergence et de leur précision. D’un impacteur à un seul degré de liberté impactant un obstacle
fixe au modèle éléments finis d’une aube industrielle de compresseur transsonique impactant la surface interne d’un
carter, la complexité croissante des systèmes mécaniques considérés offre une nouvelle perspective sur le comportement
numérique de l’algorithme d’évaluation de la stabilité pouvant être le mieux adapté pour traiter les non-linéarités de
contact. D’un point de vue numérique, l’attention est spécifiquement portée sur des développements ayant été identifiés
comme essentiels pour améliorer l’efficacité numérique du processus d’évaluation de la stabilité, notamment le solveur
itératif, le calcul semi-analytique des dérivées, la mise à l’échelle du problème, et l’utilisation de transformées de Fourier
rapides. Une attention particulière est également accordée à l’influence de la procédure de filtrage de Lanczos et à ses
implications en termes d’évaluation de la stabilité. Bien que la méthode de Newmark 2n-passes et la méthode de Hill
couplée à un tri des valeurs propres puissent être appliquées avec succès sur des systèmes industriels de grande dimension
comportant une interface non-linéaire, la convergence plus rapide de la méthode de Hill est soulignée et suggère qu’elle
pourrait être une meilleure option pour une évaluation précise et efficace de la stabilité sur laquelle le filtrage de Lanczos
a une influence négligeable.

Mots-clés
méthode de l’équilibrage harmonique; continuation numérique; contacts aube/carter; théorie de Floquet; méthode de Hill;
méthode Newmark 2n-passes, interaction rotor/stator
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1 Introduction
The prediction of the vibration response of nonlinear mechanical systems has long been investigated by researchers.
In the aerospace industry in particular, characterizing the dynamics of structural components featuring nonlinear
interfaces related to friction [1] or structural contacts [2] has been the focal point of many recent studies. Putting
aside interactions related to aerodynamic phenomena, one may distinguish four key nonlinear interfaces within
aircraft engines, namely the (1) shaft/bearing [3, 2], (2) blade/blade [4, 5], (3) disk/blade [6, 7, 1] and (4) blade-
tip/casing interfaces [2, 8]. For some of these interfaces, due to the lack of suitable methodologies to predict and
model sophisticated dynamic responses, typical design guidelines aim at preventing the occurrence of nonlinear
structural interactions, be it at the expense of lowering the engine overall efficiency. However, the push towards
reducing the environmental footprint of aircraft engines has shifted this paradigm and engineers must now account
for nonlinear structural interactions in the early design stages of an aircraft engine. For aircraft engine blades, this
means that design guidelines must evolve to account for intricate nonlinear vibration responses and possible shift
of eigenfrequencies for instance. In a context where several experimental setups [9, 10, 11, 12, 13] underlined the
detrimental consequences of nonlinear structural interactions on a blade’s lifespan, designers need new tools and
methodologies dedicated to the characterization of such sophisticated nonlinear interactions.

So far, each of the four aforementioned nonlinear interfaces have been investigated separately, using specific models
and methodologies. With respect to the shaft/bearing interface for instance, simplified or analytical models featuring
orbital motions around the axis of rotation have been widely used [14, 15, 16]. Numerical developments motivated
by the understanding of rubbing phenomena at this interface drove the development efficient solution methods in
the frequency domain [17] allowing for an in-depth characterization of such system’s nonlinear response [18, 19, 20].

However, due to specific theoretical or modeling challenges, such degree of maturity has not yet been reached for
all nonlinear interfaces. In particular, the blade-tip/casing contact interface is characterized by very high relative
speeds between the impacting components, the high flexibility of blades and the critical need to accurately model
the contact interface in an area where nominal clearances are extremely small [21]. The numerical severity of
unilateral contacts occurring at this interface [22], yielding a highly nonlinear mechanical system, has made it more
difficult to use frequency methods [23, 24, 25] and only a handful of numerical investigations attempted to carry out
stability analyses for the blade-tip/casing interface [25, 26, 27]. This represents a significant roadblock for designers
who are facing blade-tip/casing interactions in potentially any stage of an engine with both radial [11] and axial
geometries [28]. This also prevents the development of comprehensive numerical strategies dedicated to the combined
analysis of several nonlinear interfaces combined.

To this day, researchers relied mostly on numerical time integration [29] (TI) for the prediction of blade-tip/casing
contacts interactions [30, 8]. This choice was motivated by several factors: (1) it was originally assumed that a very
accurate contact treatment algorithm was required to obtain physically relevant results [31], and (2) experimental
studies highlighted that witnessed interactions are often related to transient or diverging motions. Yet, numerical
time integration entails costly numerical simulations in terms of computation times which prevents its use for a
qualitative characterization of nonlinear interactions. This has motivated the development of frequency domain
methods dedicated to handling blade/casing contact interactions. In a recent article [22], it was shown that a
harmonic balance method (HBM)-based approach combined with a specific regularization of the contact law and
Lanczos filtering of nonlinear forces was well-suited for the analysis of blade-tip/casing interactions. In particular,
Lanczos filtering efficiently mitigates the Gibbs phenomenon thus significantly enhancing the convergence of the
iterative solver. In order to demonstrate the potential of this methodology—namely the RL-HBM (Regularized
Lanczos HBM)—in an industrial context, it was shown that it yields results in good agreement with TI reference
numerical strategies. Most importantly, the RL-HBM allows for an accurate and numerically efficient estimation of
a blade’s nonlinear resonance.

Yet, the qualitative understanding of a nonlinear mechanical system’s dynamics calls for an accurate assessment
of the local stability of the computed solutions. While there exists several numerical methods to achieve this [32, 33],
their applicability and their efficiency significantly depends on the type of nonlinearity the system is subjected to [34].
For phenomenological mechanical systems featuring smooth nonlinearities (and, oftentimes, high structural damping
values), there have been many numerical developments providing insight on the system’s response and stability
boundaries in the parameter space [35, 19, 27, 36, 20]. In the case of unilateral contact constraints on industrial
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models with low structural damping however, specific challenges arise that have not yet been fully addressed. Besides
of the inherent numerical complexity of stability assessment, contact nonlinearities yield an intricate dynamics with
many bifurcation points for which numerical accuracy and robustness of the solver become critical [25, 27, 36].

The present article focuses on the stability analysis of mechanical systems undergoing contact nonlinearities and
the influence of Lanczos filtering on stability assessment. The RL-HBM is used to compute the response of several
mechanical systems of increasing complexity: from a single-degree of freedom impactor with a fixed and moving
obstacle to an industrial compressor blade in contact with its surrounding casing accounting for friction. In the first
section of the article, the numerical framework is introduced. The two considered solution paradigms are presented:
in the time domain a reference TI methodology is briefly recalled, and key features of the RL-HBM are reminded
in the frequency domain. Particular attention is paid to the expression of the Jacobian matrices that are derived
analytically to ensure the numerical robustness of the solver and the accuracy of the resulting stability analysis.
Then, section 3 provides key points of Floquet theory for the stability assessment of predicted solutions and the two
methodologies considered in the article, namely the Newmark 2n-pass method and Hill’s method are introduced and
validated on phenomenological models. Finally, in section 4, the stability analyses of periodic solutions computed
with the RL-HBM for a single degree of freedom impactor and an industrial blade undergoing contact interactions
are carried out, with an emphasis on the influence of Lanczos filtering on the presented results.

2 Numerical Framework
The equation of motion of a n-dof nonlinear mechanical system reads:

Mẍ(t) + Cẋ(t) + Kx(t) + fnl(x(t), ẋ(t), ω) = fext(t, ω) (1)

where M, C, K are the mass, damping and stiffness matrices, x is the displacement vector, fnl is the nonlinear
forces vector and fext corresponds to the periodic excitation forces of angular frequency ω. The dot notation refers
to derivatives with respect to time t. All the developments presented hereafter may easily be extended to the case
where fnl also depends on ẍ [26].

In order to solve Eq. (1) in the context of blade-tip casing interactions, two solution paradigms may be considered:
time and frequency domain. In this paper, only key equations of TI, used for validation purposes only, are recalled
for the sake of completeness.

2.1 Time domain
The employed time integration algorithm [29] combines a central finite difference scheme with a Lagrange multipliers-
based contact management. Equation (1) is solved at each time step ti using a prediction/correction approach.
Predicted displacements xp at time ti+1 are:

xp(ti+1) =
(

M
h2 + C

2h

)−1 [(2M
h2 −K

)
x(ti) +

(
C
2h −

M
h2

)
x(ti−1)

]
(2)

where h is the time step. Should contact be detected, a correction is applied in order to satisfy contact constraints:

x(ti+1) = xp(ti+1) +
(

M
h2 + D

2h

)−1
λ (3)

where λ are the Lagrange multipliers representing the normal contact forces, computed using the predicted penetration
between the blade and the casing.

2.2 Frequency domain
Key equations of the HBM are recalled in A for the sake of completeness. In the remainder of this subsection, only
equations specific to the RL-HBM are presented.
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2.2.1 Regularization of contact forces
The first step towards the computation of contact forces is the definition of the gap function g as the signed distance
between contact nodes and an obstacle:

g(t) = x(t)− d(t) (4)

where d(t) refers to the time-dependent position of the obstacle. In a HBM framework, contact forces are usually
computed by using a penalty method in which the normal component fn of the nonlinear forces fnl is computed as
follows:

fn(t) = κmax (0, g(t)) (5)

where κ ∈ R+ is the penalty coefficient and the max(·, ·) function provides a pairwise maximum of two vectors.
The penalty coefficient should be large enough to prevent significant interpenetrations between the structures.
However, it cannot be too high as this would yield an ill-conditioned numerical problem in Eq. (51). Considering
a regularization [22] of the activation function max (0, g(t)) significantly enhances the robustness of the solver by
smoothing contact state transition so that normal components of contact forces may be rewritten as:

fn,j(t) = κ
gj(t)

2 +

√(
κ
gj(t)

2

)2
+ γ2 (6)

where γ ∈ R+ acts as a smoothing coefficient, and fn,j and gj respectively refer to the coordinates of vectors fn
and g relatively to the j-th contact node. One may note that Eqs. (5) and (6) are fully equivalent when γ = 0.
For turbomachinery applications, contact forces are usually expressed in a cylindrical coordinate system (r, θ, z)
in which the normal contact forces are associated with the radial direction. Radial components are given by the
regularized penalty law (6):

f3j−2,i = κ
gj,i
2 +

√(
κ
gj,i
2

)2
+ γ2 for j ∈ J1..nbK, i ∈ J0 ..N − 1K (7)

where nb is the considered number of boundary nodes and N is the number of nondimensional time samples, so
that τ = ωt or, in a discretized form, τi = 2π i

N for i ∈ J0..N − 1K, used to evaluate contact forces within the
Alternating Frequency/Time (AFT) scheme in the time domain, recalled in A. Therefore, taking dry friction into
account through the Coulomb law implies the existence of a component of the contact force in the plane orthogonal
to the radial direction, distributed between the tangential direction:

f3j−1,i = µ
ẋ3j−1,i + rjω√

(ẋ3j−1,i + rjω)2 + ẋ2
3j,i

f3j−2,i = µ3j−1,if3j−2,i for j ∈ J1..nbK, i ∈ J0 ..N − 1K (8)

and the axial one:

f3j,i = µ
ẋ3j,i√

(ẋ3j−1,i + rjω)2 + ẋ2
3j,i

f3j−2,i = µ3j,if3j−2,i for j ∈ J1 ..nbK, i ∈ J0..N − 1K (9)

where µ is the friction coefficient such as
√
µ2

3j−1,i + µ2
3j,i = µ, and where ẋ3j−1,i, ẋ3j,i and rj are respectively the

tangential velocity, the axial velocity and the radial position of the j-th boundary node. Sliding conditions are
assumed at all time due to the very high relative speed between the blade-tip and the casing.

2.2.2 Computation of the Jacobian matrices
The analytical expressions of contact forces allow to evaluate the partial derivatives relative to each contact node of
the system in order to construct the time-domain Jacobian matrices extended over one period of motion diagonally
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∂f̂nl/∂x and ∂f̂nl/∂ẋ by blocks. The j-th block, of dimension (3N × 3N), of the Jacobian of the nonlinear forces
with respect to the displacements of the j-th the boundary node has the following structure:

∂f̂j
∂xj

=


diag

(
∂f3j−2

∂x3j−2

)
diag

(
∂f3j−2

∂x3j−1

)
diag

(
∂f3j−2

∂x3j

)
diag

(
∂f3j−1

∂x3j−2

)
diag

(
∂f3j−1

∂x3j−1

)
diag

(
∂f3j−1

∂x3j

)
diag

(
∂f3j

∂x3j−2

)
diag

(
∂f3j

∂x3j−1

)
diag

(
∂f3j

∂x3j

)

 =


diag

(
∂f3j−2

∂x3j−2

)
0N 0N

diag
(
∂f3j−1

∂x3j−2

)
0N 0N

diag
(

∂f3j

∂x3j−2

)
0N 0N


(10)

where 0N is the null matrix of size N , and where the nonzero terms associated with the gradients of the nonlinear
forces with respect to the radial displacement are defined as:

∂f3j−2

∂x3j−2

∣∣∣∣
τi

= κ

2 + κ2gj,i

2
√
κ2g2

j,i + 4γ2
(11)

∂f3j−1

∂x3j−2

∣∣∣∣
τi

= µ3j−1,i
∂f3j−2

∂x3j−2

∣∣∣∣
τi

(12)

∂f3j

∂x3j−2

∣∣∣∣
τi

= µ3j,i
∂f3j−2

∂x3j−2

∣∣∣∣
τi

(13)

Similarly, for the Jacobian of the nonlinear forces with respect to the velocities, the j-th block reads:

∂f̂j
∂ẋj

=


diag

(
∂f3j−2

∂ẋ3j−2

)
diag

(
∂f3j−2

∂ẋ3j−1

)
diag

(
∂f3j−2

∂ẋ3j

)
diag

(
∂f3j−1

∂ẋ3j−2

)
diag

(
∂f3j−1

∂ẋ3j−1

)
diag

(
∂f3j−1

∂ẋ3j

)
diag

(
∂f3j

∂ẋ3j−2

)
diag

(
∂f3j

∂ẋ3j−1

)
diag

(
∂f3j

∂ẋ3j

)

 =


0N 0N 0N

0N diag
(
∂f3j−1

∂ẋ3j−1

)
diag

(
∂f3j−1

∂ẋ3j

)
0N diag

(
∂f3j

∂ẋ3j−1

)
diag

(
∂f3j

∂ẋ3j

)


(14)

with the following gradients of the nonlinear tangential and axial forces with respect to the associated nonzero
velocities:

∂f3j−1

∂ẋ3j−1

∣∣∣∣
τi

= µ
ẋ2

3j,i(
(ẋ3j−1,i + rjω)2 + ẋ2

3j,i

)3/2 f3j−2,i (15)

∂f3j

∂ẋ3j

∣∣∣∣
τi

= µ
(ẋ3j−1,i + rjω)2(

(ẋ3j−1,i + rjω)2 + ẋ2
3j,i

)3/2 f3j−2,i (16)

∂f3j−1

∂ẋ3j

∣∣∣∣
τi

= ∂f3j

∂ẋ3j−1

∣∣∣∣
τi

= −µ (ẋ3j−1,i + rjω) ẋ3j−1(
(ẋ3j−1,i + rjω)2 + ẋ2

3j,i

)3/2 f3j−2,i (17)
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This yields the evaluation of seven nonzero partial derivatives of the contact forces, with respect to displacements
and velocities, for each nonlinear node. Contrary to the radial forces (Eq. (7)), tangential (Eq. (8)) and axial forces
(Eq. (9)) depend on the angular velocity ω. For that reason the computation of the associated gradients when
considering a non-natural continuation parameterization is required (e.g. arc-length parameterization):

∂f3j−1

∂ω

∣∣∣∣
τi

= µ
rj ẋ

2
3j,i(

(ẋ3j−1,i + rjω)2 + ẋ2
3j,i

)3/2 f3j−2,i (18)

∂f3j

∂ω

∣∣∣∣
τi

= −µ rj ẋ3j−1 (ẋ3j−1,i + rjω)(
(ẋ3j−1,i + rjω)2 + ẋ2

3j,i

)3/2 f3j−2,i (19)

Finally, the frequency-domain nonlinear forces Jacobian matrix ∂f̃nl(x̃)/∂x̃ of Eq. (56) may be expressed semi-
analytically using the chain rule and linearity property of the DFT operators (forward Γ−1 and inverse Γ), see [22, 1],
as:

∂f̃nl(x̃, ω)
∂x̃

= ∂f̃nl

∂fnl

∂fnl

∂x

∂x

∂x̃
+ ∂f̃nl

∂fnl

∂fnl

∂ẋ

∂ẋ

∂x̃
= Γ−1 ∂f̂nl

∂x
Γ + Γ−1 ∂f̂nl

∂ẋ
Γ(ω∇⊗ In) (20)

where ∂f̂nl/∂x and ∂f̂nl/∂ẋ are the sought diagonally extended Jacobian matrices of dimension (3nbN × 3nbN)
constructed from every boundary node block matrices of Eqs. (10) and (14) such as:

∂f̂nl

∂x
= diagblock

(
∂f̂1

∂x1
, . . . ,

∂f̂nb

∂xnb

)
and ∂f̂nl

∂ẋ
= diagblock

(
∂f̂1

∂ẋ1
, . . . ,

∂f̂nb

∂ẋnb

)
(21)

When compared to finite difference approximations, the computation of analytical derivatives not only yields
a substantial speedup in gradient-based numerical root-finding algorithms but also increases the accuracy of the
resulting frequency domain Jacobian matrix R,x̃ defined in Eq. (56), thus enhancing the convergence of the solver [37].
Moreover, the accuracy of these derivatives is of the utmost importance when a local stability analysis is carried out
upon the converged solutions, see section 3.

2.2.3 Lanczos filtering
Although the regularization of the contact law improves the numerical robustness of the solver, it is found to have
negligible impact on the Gibbs phenomenon when considering γ � κ. The RL-HBM relies on a second order
Lanczos filter (also known as σ-approximation or Lanczos σ-averaging) [38]. Filtering can be shown as equivalent to
introducing a decaying multiplicative factor to nonlinear forces fnl in Fourier space, so that:

fnl(x, ẋ, ω) ' 1
2a

nl
0 +

H∑
j=1

σj
[
anl
j cos (jωt) + bnl

j sin (jωt)
]

(22)

where:

σj = sinc(Xj)m with Xj =
{

0 for j < CH
j

H+1 for CH ≤ j ≤ H
(23)

Coefficients σj are the Lanczos factors given that sinc(·) is the normalized cardinal sine function and m ∈ R+
is a smoothing exponent that controls the intensity of the filter by allowing to perform m-repeated Lanczos
averagings [38, 39]. Parameter Xj controls the intensity of filtering for each harmonic of the truncated Fourier series
based on the cut-off harmonic CH that allows to control the onset of the filtering window. The effect of a unitary
(m = CH = 1) Lanczos filter ( ) is illustrated in Fig. 1 for an impact-like truncated sine function defined as
fnl(x(t)) = 103 max (0, cos(ωt+ π)− 0.8). One may see that spurious oscillations are considerably attenuated, and
even more for its first-order derivative with respect to the displacements, but rising time near the discontinuities is
increased when compared to the unfiltered case ( ).
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0 )/2 )
0

1

2

norm. time

5 n
l(G

(C)
)[
×1

02
N

]

(a)

0 )/2 )

0

1

norm. time

m
5 n

l/m
G
(C)

[×
10

3
N
·s−

1 ]

(b)

Figure 1 – Impact-like function ( ) and its first-order derivative with respect to the displacement ( ). Fourier
approximation (H = 30) ( ) and Fourier approximation with Lanczos filtering ( ) are superimposed.

3 Stability analysis of periodic solutions
When coupled with a continuation procedure, the RL-HBM yields indistinctly both stable and unstable solutions, it
is thus required to assess their stability a posteriori. In this section, different strategies to assess the local stability of
periodic solutions are recalled. These methods consist in assessing the influence of a small perturbation to a periodic
solution of the equation of motion over time.

3.1 Academic impactor
For validation purposes, a single dof oscillator subjected to unilateral contact constraints, illustrated in Fig. 2, is
considered throughout this section. This type of impactor [40, 41] is rarely considered in the literature within a
frequency-domain framework as contact nonlinearities are numerically more challenging [42, 34] when compared
to smooth nonlinearities which are often favored to demonstrate stability analyses [19, 43, 44]. To the best of the
authors’ knowledge, it is the first time that stability of the solutions of such an impactor is assessed using both time
and frequency-domain algorithms.

<
:

2 G (C)

5ext (C)

^

3 (C)

6 (G, 3)

Figure 2 – Schematic representation of the considered impactor.

The impactor is characterized by its mass m = 1 kg, stiffness k = 1 N·m−1, and modal damping coefficient
ξ = c/2

√
km = 5 · 10−2. The dynamic response of the impactor is studied in the vicinity of its natural resonance

frequency ω0. In sections 2 and 3, all presented results are obtained with H = 30 and N = 1024. These values were
selected following a careful convergence analysis, not detailed here for the sake of brevity.
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3.2 Floquet Theory
3.2.1 Principle
Key equations related to Floquet Theory [45] are recalled for the sake of completeness. Given the general equation
of a continuous-time dynamical system in the state space:

ż = G(z, t, λ), G : R2n ×R×R→ R2n with z(t) =
[
x(t)
ẋ(t)

]
(24)

Assuming z?(t) is a T -periodic solution of Eq. (24) related to a fixed control parameter λ = λ?, the assessment of
its stability relies on its summation with a small perturbation y(t):

z(t) = z?(t) + y(t) (25)

The combination of Eq. (25) and Eq. (24), along with the expansion of the resulting equation into a Taylor series in
z?, yields the following linear ordinary differential equation system with periodically time-varying coefficients:

ẏ(t) = J(z?, t)y(t) (26)

where J is the state space Jacobian matrix of G evaluated at z?. The Floquet theory then shows that for any
m ∈ J1..2nK, the solution of Eq. (26), namely y(t), is the sum of 2n linearly independent fundamental solutions
ym(t):

y(t) =
2n∑
m=1

ym(t) with : ym(t) = pm(t) eαmt, pm T -periodic, αm ∈ C (27)

where αm are the Floquet exponents defined uniquely modulo 2iπ/T and pm are complex vectors. Rewriting Eq. (27)
in matricial form considering Y (t) = [y1(t), . . . , y2n(t)], it now reads:

Ẏ (t) = J(z?, t)Y (t) (28)

With the change of variable t̄ = t+ T , this equation becomes:

dY

dt̄
= J(z?, t̄− T )Y (t̄− T ) = J(z?, t̄)Y (t̄) (29)

Therefore, if Y (t) is a fundamental matrix of solutions, then so is Y (t+ T ). However, because Eq. (26) admits at
most only 2n linearly independent solutions, the solutions ym(t+ T ) are necessarily linear combinations of ym(t),
hence:

∀t : Y (t+ T ) =MY (t) (30)

whereM is the so-called monodromy matrix, or Floquet transition matrix [45, 32]. The monodromy matrix allows
to assess the local stability of the periodic solution z? as it maps a particular set of fundamental solutions Y (t) to
their values at t+ T . One may note thatM depends on the choice of the fundamental matrix Y (t) and is therefore
not unique. Nevertheless, one can choose to impose as initial conditions:

Y (0) = ∂G(z?, 0, λ?)
∂z?

= ∂z?

∂z?
= I2n (31)

which simplifies Eq. (30), and yields:

M = Y (T ) (32)
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The eigenvalues ρm ofM, called the Floquet multipliers, are unique, and linked to the exponents αm by the following
relations:

ρm = eαmT ⇔ αm = 1
T

ln(|ρm|) + i arg(ρm) + 2kπ
T

, k ∈ Z (33)

It is then possible to define the stability of a periodic solution z? with respect to the Floquet exponents and
multipliers so that if at least one of the Floquet exponents has a positive real part, the solution is unstable, otherwise
it is asymptotically stable. Similarly, should the modulus of one of the Floquet multipliers be greater than one, the
solution would be unstable, but stable if not. In a nutshell, a solution is stable if it survives small perturbations. In
reality, small perturbations may relate, for instance, to an imperfect excitation. From a numerical standpoint, these
perturbations may be related to finite numerical precision errors. As a result, if a predicted solution is unstable, it
should rather be seen as a mathematical equilibrium than a solution that can be physically encountered in reality.

3.2.2 Bifurcations of codimension-1
The mechanisms for the change of local stability of a periodic solution with respect to the variation of only one control
parameter λ are here presented. Critical points where these changes occur, called bifurcations of codimension-1, can
be classified into two main categories [46] with four distinct scenarios.

l/2
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ℑ(U<)

1

ℜ(d<)

ℑ(d<)

(a)

≠ l/2
≠ l/2

ℜ(U<)

ℑ(U<)

1

ℜ(d<)

ℑ(d<)

(b)

l/2
ℜ(U<)

ℑ(U<)

1

ℜ(d<)

ℑ(d<)

(c)

Figure 3 – Bifurcation scenarios for the Floquet exponents (top row, crossing of the imaginary axis) and for the
Floquet multipliers (bottom row, path taken when crossing the unit circle): (a) limit point, (b) Neimark-Sacker

bifurcation, (c) period doubling bifurcation.

Static bifurcations (SB) occur when a Floquet multiplier is outside the unit circle of the complex plane along
the real axis through +1 or, analogously, when a Floquet exponent crosses the imaginary axis at 0, see Fig. 3a.
In the HBM framework, these bifurcations correspond to a singularity of the Jacobian matrix R,x̃. Generally,
these bifurcations are limit points which are characterized by the presence of a vertical tangent on the NFRC.
In the degenerate case (indicating the non-uniqueness of this tangent), these bifurcations correspond to a branch
point, where two branches of solutions intersect with apparition of a symmetry-breaking phenomenon. At a branch
point, one may solve the well-known algebraic branching equation [47, 48, 36] to compute the two distinct tangents
associated with the current branch and the intersecting one.
Dynamic bifurcations includes Neimark-Sacker (NS) (also called secondary Hopf) and period doubling (PD)
bifurcations. Neimark-Sacker bifurcations arise when a pair of Floquet multipliers leaves the unit circle as complex
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conjugates or, alternatively, when a pair of Floquet exponents crosses the imaginary axis by any value |β| ∈ ]0, ω/2[,
see Fig. 3b. If ω/β /∈ Q, the new branch of solutions is quasi-periodic, alternately, if ω/β ∈ Q, then the branching
solutions is βT -periodic. A period doubling bifurcation is evidenced when a single Floquet multiplier leaves the unit
circle along the real axis by −1 or, similarly, when a Floquet exponent crosses the imaginary axis in ω/2, see Fig. 3c.
When performing numerical continuation, bifurcations may be detected with scalar test functions [49, 19, 36],
bordering techniques [50, 33], or by directly monitoring the Floquet related quantities [47]. In either case, a
bifurcation is detected if a sign change occurs for an indicator between two consecutive solutions. Once detected, the
location of a bifurcation may be more accurately predicted by solving the residual equilibrium (51) with additional
constraint equations [50]. In the remainder, quantities relating to a converged solution are highlighted by ( ? ).

3.3 Computation of the Floquet exponents in the time domain
There exists several different time-domain algorithms to compute the monodromy matrix [37, 32]. The main
numerical challenge relates to finding the best compromise between computational cost and accuracy of the matrix
coefficients. Once the monodromy matrix has been computed, its eigendecomposition is not computationally
challenging as it only scales with the number of dof n.

3.3.1 Newmark 2n-pass method
In the Newmark 2n-pass method, the coefficients of the monodromy matrixM associated with any system (24) are
obtained by integrating 2n times the associated linear time-periodic system governing the dynamical perturbation
around a periodic stationary state. For Eq. (1), it may be shown [32, 26] that it is equivalent to integrate over one
period of motion T the equation:

Mẍ(t) +
[
C + ∂f?nl

∂ẋ

∣∣∣∣
t=τi

]
ẋ(t) +

[
K + ∂f?nl

∂x

∣∣∣∣
t=τi

]
x(t) = 0 (34)

Initial conditions to be used are the 2n linearly independent initial conditions contained in the state vectors
z

(k)
0 = [x(t0), ẋ(t0)]> corresponding to the columns of the identity matrix I2n, with k ∈ J1..2nK, and where the

state space Jacobian matrices of the nonlinear forces at each instant are obtained as a by-product of the AFT cycle
associated to the converged solution. The monodromy matrix is thus obtained one column at a time:

M =
[
z(1)(T ), . . . , z(k)(T ), . . . , z(2n)(T )

]
(35)

In this work, the implicit Newmark scheme of average acceleration is used to integrate Eq. (34) as it is unconditionally
stable for linear systems. In the following, this method is referred to as Newmark 2n-pass.

3.3.2 Application
A fixed gap (d(t) = d = 0.8 m) contact configuration is first considered for the impactor. In this configuration, an
external forcing is required to initiate contact. To this end, a monoharmonic external forcing fext(t) = p̄ cos (ωt)
is applied by considering a forcing amplitude p̄ = 0.3 N. The considered contact law parameters of Eq. (6) are
κ = 10 N·m−1 and γ = 6 · 10−3 N. For this application, there is no Lanczos filtering of the nonlinear contact forces.

The Nonlinear Frequency Response Curve (NFRC) obtained with the HBM approach and a stability analysis
performed using the Newmark 2n-pass algorithm is depicted in Fig. 4a. The solid lines ( ) represent the stable
periodic solutions, while the dashed lines ( ) indicate the unstable ones. In addition, simulations are also
carried out using a TI strategy ( ) in order to better emphasize the accuracy of the solutions obtained from the
frequency-domain methodology. Starting from null initial conditions along the same frequency range and considering
the same regularized penalty law, once a steady state has been reached, the maximum amplitude of vibration is
evaluated over the last computed period of motion with respect to the excitation. The linear frequency response
function ( ) is also shown in order to underline the extent of the contact stiffening phenomenon. Floquet
multipliers associated to the nonlinear response are represented in the complex plane in Fig. 4b. Unstable solutions
correspond to the multipliers located outside of the unit circle ( ).
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Figure 4 – (a) Nonlinear frequency response curve of the fixed gap single-dof impactor featuring TI results ( ), and
corresponding (b) Floquet multipliers in the complex plane. Limit points ( ) and period doubling bifurcations ( ) .

Limit points ( ) , evidenced by an exit path of the unit circle in +1, and period doubling ( ) bifurcations,
evidenced by an exit path of the unit circle in −1, are both predicted. Period doubling bifurcations occurring for
frequencies lower than the linear resonance, in the area where vibration amplitudes become large enough to initiate
contact, are often expected for such fixed gap impactor configuration. They are usually referred to in the literature
as grazing-induced bifurcations [41].

The branch of solutions emanating from the period doubling bifurcation (see the zoom in Fig. 4a) can be captured
by adding subharmonic functions to the initial Fourier basis. Indeed, subharmonic vibrations may be accounted for
with fractional harmonic numbers, such as Eq. (48) now reads:

x(t) ' 1
2a0 +

νH∑
j=1

[
aj/ν cos

(
jωt

ν

)
+ bj/ν sin

(
jωt

ν

)]
(36)

considering a subharmonic ratio ν = 2. In this enriched basis, a period doubling bifurcation now relates to a
degenerate static bifurcation: a branch point [47, 36]. Overall, there is an excellent agreement between the 1T and
2T -periodic solutions predicted by HBM and TI.

Real and imaginary parts of the Floquet exponents ( ) are pictured in Fig. 5. Floquet exponents with a positive
real parts ( ) correspond to unstable solutions, see Fig. 5a. Frequency lock of the imaginary part at ω/2 of one of
the Floquet exponents may be seen on the unstable branch between the two period doublings, see Fig. 5b.

3.4 Computation of the Floquet exponents in the frequency domain: Hill’s method
3.4.1 Principle
Hill’s method is a frequency-domain variant of Floquet theory. In order to assess the stability of a periodic solution,
the same procedure as the one described in [17, 33] is applied to the equation of motion which yields the following
quadratic eigenvalue problem:

(R?
,x̃ + ∆1s+ ∆2s

2)q = 0 (37)
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Figure 5 – (a) Real and (b) imaginary parts of Floquet exponents. Limit points ( ) and period doubling bifurca-
tions ( ) .

where (s,q) are the complex eigensolutions, R?
,x̃ is the frequency-domain Jacobian matrix defined by Eq. (56) and

where the terms ∆1 and ∆2 are given by:

∆1 = 2ω?∇⊗M + I2H+1 ⊗C + Γ−1 ∂f̂
?
nl

∂ẋ
Γ

∆2 = I2H+1 ⊗M
(38)

where the frequency-domain differentiation operator ∇ is given by Eq. (53). In the particular case where nonlinear
forces explicitly depend on the velocities, it should be noted that additional computations are required to obtain
the term Γ−1 ∂f̂?

nl
∂ẋ Γ [26, 27]. From that point, since the Jacobian R?

,x̃ is already obtained as a by-product of the
Newton solver and the terms ∆1 and ∆2 are straightforward to evaluate, the main numerical challenge is to solve
the quadratic eigenvalue problem (37). To this end, Eq. (37) must be reformulated into an equivalent generalized
eigenvalue problem of double size by using a first companion form linearization [51]:[

0nH
InH

−R?
,x̃ −∆1

]
q̄ = s

[
InH

0nH

0nH
∆2

]
q̄ with q̄ =

[
q
sq

]
(39)

or, equivalently, in a more compact eigendecomposition form:

(H− s I2nH
) q̄ = 0 with H =

[
0nH

InH

−∆−1
2 R?

,x̃ −∆−1
2 ∆1

]
(40)

Solving Eq. (40) allows to obtain the Hill coefficients s defined as the L = 2n(2H + 1) complex eigenvalues of the
truncated Hill matrix H (in its real or trigonometric Fourier representation).

However, there only exists 2n eigenvalues among the full set s that approximate the Floquet exponents αm of the
converged solution x̃?. All the other ones are spurious and are not expected to be of any physical significance. These
spurious eigenvalues stem from the truncation of the Fourier series on which the Hill matrix is computed [43]. In
addition, no matter the value of the truncation order H is, these spurious eigenvalues will occur so that conducting
an analysis over the full raw spectrum of H, i.e. considering no sorting, would most often yields an erroneous
stability verdict. Moreover, the number of eigenvalues also scales with H. As a result, several sorting algorithms
have been proposed in the literature:
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Eigenvalue sorting: the 2n eigenvalues with smallest imaginary parts in modulus [52, 33] are expected to have
a physical meaning and correspond to the Floquet exponents. Its convergence has been rigorously proven as H
is increased [53, 54]. Recently, another sorting criterion based on the real part of the eigenvalues has also been
proposed [55].
Spectral primitive cell sorting: all Hill eigenvalues located in the spectral primitive cell [43], also referred to as
the fundamental strip [53], defined where −ω/2 < =(s) 6 ω/2, are assumed to be the Floquet exponents.
Eigenvector sorting: is built upon the analysis of Hill eigenvectors q, and the selection of the ones with the most
symmetric spectrum [56, 43, 44], according to the computation of their associated weighted means. The convergence
of this sorting algorithm has not yet been mathematically proven. In some cases, it has been shown to be more
efficient than the eigenvalues sorting method [43].

In most cases, 2n eigenvalues and eigenvectors are to be found in the state space. However, in the presence of
period doublings, as an example, for a 2T -periodic Floquet form, assuming that H provides a sufficiently converged
Hill’s spectrum, the spectrum of one of the Floquet forms is exactly locked on ω/2. As a consequence, 2n + 2
eigenvalues and eigenvectors meet the eigenvalues and eigenvectors sorting criteria, thus yielding to additional
coefficients, hereafter referred to as ambiguous coefficients ( ). That is why, for these two criteria, it is also essential
to exclude either the lower or upper bound of the primitive cell in order to only retain 2n eigenvalues (or eigenvectors)
in the case where the imaginary part of one of the complex conjugate spectra lock in ω/2 ± jω, j ∈ J0..HK, see
Fig. 3c. In the case of the eigenvectors sorting algorithm, the selected weighted means wm are the most centered
ones satisfying −1/2 ≤ wm < 1/2 [43]: the spectral primitive cell criterion is therefore already included. However,
this is not the case for the eigenvalues sorting method, it must be emphasized that the 2n eigenvalues with smallest
imaginary parts in modulus must be constrained within −ω/2 < =(s) 6 ω/2, or otherwise, this criterion fails in the
presence of period doublings [34].

3.4.2 Application
Hill’s method is here applied on the fixed gap impactor. Real and imaginary parts of the Hill coefficients ( ) as well
as the ones of the 2n selected Floquet exponents ( ) from both eigenvalues and eigenvectors sorting criteria are
depicted in Fig. 6.

First, one may see that the Floquet exponents that are returned by the constrained eigenvalues sorting algorithm
are a perfect match with the ones obtained with the Newmark 2n-pass plotted in Fig. 5. If the eigenvalues sorting
is not constrained, it is not possible to adequately predict the stability of the solutions of the NFRC between the
period doublings. Indeed, Hill coefficients s are not all independent as they verify the relation [44]:

slm = αm + ilω for l ∈ J−H..HK, m ∈ J1..2nK (41)

A similar property holds for q. Graphically, for a given m, one may see that the 2H + 1 eigenvalues slm associated
to αm appear with the same real part but with and imaginary part shifted 2H + 1 times by an integer multiple of
the angular velocity ω. Hence, in the case of period doublings, there is a numerical uncertainty upon the imaginary
parts in ±ω/2 of some of the Hill coefficients.

It has been remarked that selected Hill coefficients based on the spectral primitive cell ( ) criterion are equal to
those retained by the constrained eigenvalues sorting as long as the Hill’s matrix spectrum is sufficiently converged.
That is why results associated to this sorting criterion are not presented in the remainder of this section.

With respect to the eigenvectors sorting algorithm, the stability analysis is qualitatively equivalent. Nonetheless,
there are some exponents ( ) for which 2n+ 2 weighted means are found in the primitive cell. In this case, it is
therefore not possible to retain only 2n exponents in the state space. However, this behaviour is systematically
reproduced when encountering period doublings as it will be shown for the next configuration of the impactor in
section 4, which makes this sorting robust.
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Figure 6 – Real and imaginary parts of Hill coefficients obtained with eigenvalues (a)/(b), and eigenvectors (c)/(d)
sorting algorithms. Hill coefficients ( ), sorted coefficients ( ) and ambiguous coefficients ( ). Limit points ( ) and

period doubling bifurcations ( ) .

4 Industrial applications
As mentioned above, the stability analysis of highly nonlinear systems such as those undergoing unilateral contact
constraints remains a numerical challenge. From the single-dof impactor considered in the previous section to the
industrial case study of interest [22] there are essentially two main differences: the use of a 3D finite element model
and the suppression of any linear solution. Putting aside the increased complexity implied by the use of an industrial
finite element blade model with a large number of nonlinear dof, the case study of interest [22] features a deformed
casing modeled as a time-dependent gap function from a numerical standpoint. The amplitude of the gap function is
chosen large enough so that contact will occur for all values of ω. Accordingly, when accounting for a time-dependent
gap function, there is no linear solution anymore which yields an increased level of difficulty in terms of numerical
solution, specifically to compute the first solution point and initiate the continuation process.

For that reason, the use of a time-dependent gap function, referred to as a moving gap in the remainder, and its
consequences in terms the system’s dynamics, is first assessed on the single-dof impactor before results are given for
the industrial blade.
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4.1 Academic impactor with moving gap
The gap function now reads:

dj(τi) = dj,i = a (1 + cos (τi))− p (42)

where a represents the amplitude of the oscillation of the contact threshold, and p is the difference between the
position of the mass at rest and the extreme position of the contact threshold. As soon as p > 0, structural
contacts will occur and there is no linear solution. The considered moving gap features an amplitude of oscillation
a = 10−2 m and a maximum level of penetration p = 2 · 10−3 m. Contact management is performed using Eq. (6)
for κ = 100 N·m−1 and γ = 7.5 · 10−3 N. For this academic impactor, no filtering is employed in the RL-HBM. A
careful convergence analysis was conducted: results were found to be converged for H = 80 and N = 2048. These
values are considered throughout this section. In the same way as for the fixed gap contact configuration, TI ( )
simulations are also conducted to further validate the RL-HBM and stability results.

4.1.1 Stability analysis
From a numerical standpoint, and in comparison to the stability analysis carried out in the previous section, it is
found that the stability analysis is significantly more numerically sensitive with a moving gap. As a matter of fact,
the Floquet multiplier which is leaving the unit circle through +1, see Fig. 7b, is associated with two limit points,
see Fig. 7a and zoom in Fig. 7c, corresponding to a small superharmonic loop. In the vicinity of this superharmonic
resonance, located at ω ' ω0/2, it is observed that high values of H and N (H = 80 and N = 2048) are required to
precisely compute the nonlinear solutions in order to obtain a perfect agreement between the two stability assessment
algorithms. In fact, these results underline that an accurate stability analysis requires significantly higher values of
H and N in comparison of those required for an accurate NFRC which is consistent with previous observations in
the literature [57]. Floquet exponents obtained using the Newmark 2n-pass method and Hill’s method (real and
imaginary parts) are pictured in Fig. 8. For this mechanical system, due to the presence of superharmonic resonances
(for ω < ω0) and because of the infinitely decaying (yet nonzero) spectrum inherent to contact nonlinearities, sorting
algorithms needed in the context of Hill’s method are slower to converge. Indeed, secondary resonances require
a broader frequency content to be accurately represented. Nonetheless, eigenvalue sorting works flawlessly and is
perfectly in line with the results obtained with the Nemark 2n-pass method, see Figs. 8a and 8c. To the contrary,
and similarly to what was observed for the fixed-gap impactor, eigenvector sorting yields ambiguous coefficients ( )
located at the lower bound of the frequency range of interest. Though, it should be underlined that this phenomena
does not impact the accuracy of the stability assessment.

4.1.2 Precisions on the system’s dynamics
The complexity of the nonlinear dynamics induced by the moving gap is now emphasized by narrowing the
observations on the period doubling bifurcation located right after the primary nonlinear resonance of the NFRC
depicted in Fig. 7a. Successive subharmonic branching, shown in Fig 9, are found. Some selected displacement
solutions of T , 2T , 4T and 8T -periodicity are also depicted in Fig. 9b, see respectively points numbered 1 to 4 .
This is a clear indication of the presence of a sequence of period doubling bifurcations, one of the routes leading to
chaos [58]. This assumption has been verified by using TI (using the same contact law) at ω = 2.5 rad·s−1. The
resulting solution is analyzed in Fig. 10 where a chaotic time response along with its frequency spectrum (being
typically characterized by a continuous and broadband noise) and a related Poincaré section may be observed.
Overall, it is noticeable that TI results and the stability analysis are consistent throughout the frequency range of
interest. Where stable periodic solutions are predicted, TI and RL-HBM are superimposed. However, other types of
solutions, such as solution of different periodicity, are evidenced with scattered points with TI results. In the end,
this stability analysis highlights the intricacy of the nonlinear dynamic response of the system.

4.1.3 Partial conclusion
Presented results underline that considering a time-dependent gap function yields a significantly more intricate
dynamics of the impactor. Indeed, in contrast to the results presented in section 3, there is a wide variety of solution
types predicted by the RL-HBM when considering a time-dependent gap function. Nonetheless, it is found that the
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Figure 7 – (a) Nonlinear frequency response curve of the single-dof impactor ( ) (1T -periodic branch) featuring TI
results ( ), corresponding (b) Floquet multipliers in the complex plane, and (c) zoom on the left of the response

curve. Limit points ( ) and period doubling bifurcations ( ) .

RL-HBM performs very well for such system as no convergence issue was detected. The consistence between the
results obtained by the Newmark 2n-pass method and Hill’s method (considering both eigenvalue and eigenvector
sorting algorithms) also demonstrates the applicability of both methods in the case of contact nonlinearities. In
the following, in order to avoid the issue of ambiguous coefficients, only two methods are retained for stability
assessment: the Newmark 2n-pass method and Hill’s method with eigenvalue sorting. In addition, for numerical
efficiency reasons, only a subset of Hill’s spectrum containing 4n eigenvalues with lowest magnitudes is computed.

4.2 Numerical considerations for efficient computations
Blade-tip/casing interactions simulation requires a 3D contact management algorithm and to take into account
several boundary nodes to represent the contact interface adequately. This increased complexity yields specific
numerical challenges to ensure that the RL-HBM is numerically robust and efficient, which is essential for its
potential implementation in an industrial context. While some of these challenges were previously addressed for
the computation of the NFRC [22], this section presents key aspects of the methodology that have been improved
further because they were identified as essential for obtaining fast and reliable stability assessment.

4.2.1 Newton solver
The Newton solver was found to be efficient despite its simplicity. Since the continuation algorithm with adaptative
step control ensures (most of the time) well-chosen initial guesses, Newton’s solver becomes quite performant and
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Figure 8 – Real and imaginary parts of Floquet exponents obtained with the Newmark 2n-pass method (a)/(b) and
Hill coefficients with eigenvalues (c)/(d) and eigenvectors (e)/(f) sorting algorithms. Hill coefficients ( ), sorted

coefficients ( ) and ambiguous coefficients ( ). Limit points ( ) and period doubling bifurcations ( ) .

demonstrates local quadratic convergence when compared to some more sophisticated numerical routines based on
modified Powell’s hybrid methods such as Powell’s dog leg method (for instance, MINPACK subroutine HYBRD). It
seems that these advanced routines may be advantageously used to initialize the solution process and thus benefit
from global convergence properties for starting points far from nonlinear resonances.
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Figure 9 – Zoom on the period doubling emanating branches. Limit points ( ) and period doubling bifurcations ( ) .
Obstacle ( ).
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Figure 10 – Characterization of a chaotic solution obtained by TI ( ) at ω = 2.5 rad·s−1: (a) time response, (b)
associated frequency spectrum, and (c) Poincaré section. Obstacle ( ).

4.2.2 Parallelized and uncoupled condensation
By taking advantage of the block diagonal structure of Z(ω), the evaluation of the terms of Eq. (59) and their
derivatives may be done very efficiently during the nonlinear condensation procedure. Indeed, its block diagonal
structure makes it decoupled harmonic-wise. Consequently, this allows to solve individually each linear system
associated to a specific harmonic block and only put back together their solutions afterwards. In fact, only the
nonlinear forces eventually generate a coupling between the different harmonic blocks. It should also be noted that
when there are no explicit ω dependences (i.e. gyroscopic or centrifugal effects) in M, C and K matrices, the latter
can be partitioned—once and for all—at the beginning of the calculation in order to construct each partitions of
Z(ω) more efficiently, see Eqs. (52) and (57).
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4.2.3 AFT using Fast Fourier Transforms
Using Fast Fourier Transforms (FFT), as in [59] or similarly to the procedure described in [60], in the AFT procedure
increases numerical performances and enhances the accuracy of the resulting frequency-domain Jacobian matrix
∂f̃nl/∂x̃. In particular, real input FFT algorithms exploit the spectrum’s symmetry of real-valued sequences by
halving calculations by computing only their positive frequency components. The coefficients of ∂f̃nl/∂x̃ may be
expressed in the same fashion as in Eq. (20), as a combination of partial derivatives ∂fk/∂xl, for k, l ∈ J1..nK, and
components of the Fourier basis BH defined as:

BH =
[

1
2 , cos (ωt) , sin (ωt) , . . . , cos (Hωt) , sin (Hωt)

]
(43)

and its first-order time derivative ḂH . For instance, the coefficient related to the partial derivative of the cosine
component of the 3rd harmonic of f̃nl with respect to the 2nd harmonic sine component of the displacements x̃ is:

∂anl,k
3
∂bl2

= 2
T

∫ T

0

[
∂fk
∂xl

∣∣∣∣
t

sin(2ωt) + 2ω ∂fk
∂ẋl

∣∣∣∣
t

cos(2ωt)
]

cos(3ωt) dt (44)

Equation (44) is then approximated by forward real input FFT which yields complex Fourier coefficients that must
be converted into real Fourier representation. In addition, one should note that BH and ḂH may be computed only
once prior to computations.

4.2.4 Scaling of the problem
The numerical performances of the solver may also be improved further when considering high dimensional systems
by scaling the problem (see for instance reference [61]). To this end, the equation of motion may be normalized such
that Eq. (1) now reads:

α

β2 Mẍ(t) + α

β
Cẋ(t) + αKx(t) + fnl(x(t), ẋ(t), ω) = fext(t, ω) (45)

where α and β are respectively space and time normalization factors. These factors are chosen so that ||αx|| ' 1
and ω/β ' 1. From there, normalization may be applied in the frequency domain by modifying the definition of
Z(ω) in Eq. (52), all the partial derivatives of nonlinear forces, as well as the stability Eqs. (34) and (37) accordingly.
When studying blade-tip/casing interactions, α is equal to the average nominal blade-tip/casing clearance, and β
corresponds to the middle of the angular velocity range of interest. In a similar fashion, to improve the quality
of computed eigenvalues in Eq. (40), the quadratic eigenvalue problem (37) may be adequately scaled prior to its
linearization [62].

4.3 Blade-tip/casing interactions on NASA rotor 37
Rotor 37 is a 36-blade transonic axial compressor stage that was designed at NASA’s Lewis research center in the
late 1970s as part of aerodynamics research [63]. It notably served as a benchmark to assess the performance of
computer fluid dynamics solvers in the 1990s. More recently, a benchmark based on this blade was proposed for the
analysis of blade-tip/casing contact interactions [64]. This same model was used to demonstrate the suitability of
the RL-HBM [22] to predict blade-tip/casing contact related interactions.

4.3.1 Blade model
The considered finite element model of the blade is the same as the one used in some previously published
works [22, 65], its main features are briefly recalled in the following. The Craig-Bampton approach is used to build
a reduced-order model considering a reduction parameter η = 10. The contact interface, located at the blade-tip
, contains nb = 8 boundary nodes with 3 dof each evenly distributed from the leading edge to the trailing edge.
The reduced model thus includes 24 nonlinear dof along with 10 modal dof therefore yielding a total of n = 34 dof.
Convergence of the blade eigenfrequencies for the first free vibration modes with respect to the mesh size as well as
to the reduction parameter η was checked but is not detailed here for the sake of brevity. The blade’s structural
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damping is represented by a modal damping, considering a coefficient ξ1−2 = 1 · 10−3 for the first bending (1B)
and first torsional (1T) modes, and ξ3+ = 5 · 10−3 for all other modes. No inertial effects nor abradable coating
wear is considered in this paper. The investigated nonlinear dynamics result essentially from pure blade-tip/casing
interactions.

4.3.2 Contact scenario: deformation of the casing
First, as is usually the case for the simulation of blade-tip/casing structural contact simulations, aerodynamic forcing
is here neglected as most related experimental observations were made within vacuum chambers [10]. Consequently,
fext(t, ω) = 0. In addition, since experimental observations tend to indicate that the vibration amplitudes of the
surrounding casing are negligible, a perfectly rigid obstacle may be considered. Finally, within an aircraft engine,
blade-tip/casing contact may be initiated by a sudden acceleration of the blade—thus resulting in the application of
a significant centrifugal load and a significant radial displacement of the blade-tip—or a progressive deformation
of the surrounding casing due, for instance, to the application of a thermal loading. In any case, accounting for a
non perfectly circular casing contact surface and typical mounting points of the casing in aircraft engines often led
researchers to consider a deformed casing, usually ovalized with two privileged contact areas.

In the following, the casing is represented by a perfectly rigid mathematical profile which is assumed to be
distorted in such a way that there are two symmetrical privileged contact areas along the casing circumference.
Because of this distortion, contacts occur at any angular speed. In the context of the HBM, the ovalized casing
translates into a T -periodic distance function in Eq. (4), its relative distance functions components dj,i are evaluated
as follows:

dj,i = cj − (cj + pj) e
[
−
(

(τi + θj) (mod 2π/nl)− π/nl
wl

)2
]

forj ∈ J1..nbK, i ∈ J0..N − 1K (46)

where, nl is the number of lobes, wl defines the angular width of the contact areas along the casing circumference, θj
is the angular shift of the j-th boundary node with respect to the reference position of the blade, cj is the operating
clearance and pj defines the penetration of the casing profile with respect to the circle defined by the radial position
of the j-th boundary node when the blade does not vibrate. The following values are considered in the remainder:
nl = 2, wl = 0.15, and for all contact nodes, cj = 5 · 10−4 m and pj = 1.25 · 10−4 m. A cross section of the ovalized
casing in front of the j-th boundary node of the blade is depicted in Fig. 11.

4.3.3 Nonlinear frequency response curve and spectral map
The blade’s nonlinear response is studied at the vicinity of its linear resonance ( ) corresponding to the intersection
between the fourth engine order and the first bending mode of the blade (ω1B/4). The NFRC obtained by both TI
reference strategy and RL-HBM associated to the blade’s leading edge’s displacement r1 are depicted in Fig. 12.
The depicted stability results are based on Hill’s method. In the case of the TI reference strategy, one simulation ( )
was carried every 0.25 rad·s−1 over 230 blade revolutions with a time step h = 1 · 10−7 s starting from null initial
conditions (thus providing higher resolution results than previous publications [22]). For the RL-HBM simulations,
H = 80, N = 4096 and a unitary (m = CH = 1) Lanczos filter are considered. Normal contact forces are computed
with the regularized penalty law given in Eq. (7) with κ = 1 · 109 N·m−1 and γ = 6 · 102 N. For both methodologies,
dry friction forces are accounted for with µ = 0.15.

One should emphasize that RL-HBM and TI reference strategy fundamentally differ both in terms of solution
paradigm and contact treatment (regularized penalty law vs. Lagrange multipliers). Nonetheless an excellent
agreement between the two methodologies is observed. A small area of discrepancy may be seen at 1535 rad·s−1

which is due to the difference of contact laws. Also, the area of higher disparity, see Fig. 12c, is explained in the
remainder thanks to the stability analysis.

Limit points ( ) are localized around the two folds of the NFRC, namely about ω = 1410 rad·s−1, see Fig. 12b,
and along the nonlinear primary resonance. In addition, Neimark-Sacker bifurcations ( ) enclose a zone of high
disparity between TI and RL-HBM for which TI solutions are characterized by a richer frequency content, see
Fig. 12c. The stability analysis therefore allows to accurately pinpoint a zone where potentially higher amplitude
solutions could be detected by TI. From an industrial perspective, these results enable to advantageously focus the
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Figure 11 – Deformed casing ( ) with respect to the j-th boundary node ( ) of the rotor 37 blade [66].

integrator on specific angular velocity range associated to potentially sensitive areas of the NFRC. The relevance of
the filtering procedure is underlined here as it is evidenced that the total number of solutions required to computed
the NFRC is significantly decreased: 20 % less solutions are required to depict the NFRC of the blade (m = 1) when
filtering is considered. Thus providing significant improvements in terms of computational cost and improving the
overall convergence of the iterative solver.

The real parts of the corresponding Floquet exponents that led to these results, from both time and frequency-
domain methodologies, are now exposed in Fig. 13. The vast majority of the predicted Floquet exponents and
multipliers do not agree well between the two algorithms. Indeed, a good agreement between the stability coefficients
obtained with Newmark 2n-pass algorithm and Hill’s method is found for larger real part values. Indeed, as it was
already underlined in an other study [26], for complex structures, it seems that the theoretical relations between the
Floquet exponents, Hill coefficients (unsorted spectrum), and the excitation frequency ω, see Eq. (41), may not be
applied as the distribution of Hill coefficients in the complex plane is rather intricate and this inevitably leads to a
partly accurate sorting. Nevertheless, a qualitative stability assessment still appears to be achievable, as shown in
Fig. 12.

Convergence of stability results is depicted in Fig. 14. In Fig. 14a, the real parts of the Floquet exponents
obtained for H = {40( ), 60( ), 80( )} with N = 2048, and for H,N = {80, 4096} ( ) are pictured. In Fig. 14b,
the real parts of the selected Hill coefficients that were obtained for H = {40( ), 60( ), 80( )} with N = 2048,
and for H,N = {80, 4096} ( ) are represented. Overall, the Newmark 2n-pass algorithm is slower to converge than
Hill’s method to a point where even for a well-converged NFRC in terms of displacements it still yields an erroneous
stability verdict. This was unexpected as previous studies [32] tend to suggest otherwise.

Looking at the leading Floquet exponent, results obtained with the Newmark 2n-pass method seem to asymptot-
ically converge towards results obtained with Hill’s method as the number of harmonics H and time samples per
period N are increased. While the displacements NFRC could accurately be computed using an AFT procedure
with a relatively low number of samples (N = 1024), severe contact configurations (for γ → 0 regularization values)
may even require a larger harmonics content and higher number of time samples in order to get converged stability
results. From a numerical perspective, it should been underlined that low degree of smoothness nonlinearities still
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Figure 12 – Rotor 37 blade numerical results: (a) nonlinear frequency response curve, (b) zoom on the fold and (c)
high disparity areas. Limit points ( ) and Neimark-Sacker bifurcations ( ) .

constitute a major challenge for both time and frequency-domain stability analysis algorithms.

4.3.4 Influence of filtering over stability assessment
The influence of Lanczos filtering over the resulting stability analysis is here addressed. First, the critical Floquet
multiplier corresponding to the one having the highest magnitude for a given solution is defined as:

ρcrit = arg max
m∈J1..2nK

|ρm| (47)

The investigation is focused solely on the smoothing exponent m used to define the Lanczos factors σj in Eq. (23) as
the cut-off harmonic requires an a priori knowledge on the nature of the nonlinearity to be efficiently tuned which is
goes beyond the scope of this paper. The smoothing parameter is critical in that it controls the intensity of filtering,
it is therefore necessary to quantify its impact over the resulting stability analysis. To this end, several NFRC of
the blade are computed using various filtering exponents m = {0( ), 0.5( ), 1( ), 1.5( ), 2( )} for
H,N = {80, 4096} and magnitudes of their corresponding critical Floquet multipliers as a function of the angular
velocity is depicted in Fig. 15.

Filtering appears to have an almost negligible influence over the stability verdict resulting from Hill’s method on
complex systems. Indeed, increasing m solely causes a slight angular velocity shift on the resulting NFRC without
inducing significant uncertainties in the stability analysis as depicted in Fig. 16. Limit points are still predicted in
the vicinity of the vertical tangents and the slight variation on the localizations of Neimark-Sacker bifurcations is
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Figure 13 – Real parts of Floquet exponents ( ) obtained with the Newmark 2n-pass method (a) and Hill’s method
with eigenvalue sorting (b). Limit points ( ) and Neimark-Sacker bifurcations ( ) .

mainly due to the different discretizations of the solutions along the NFRC.
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Figure 14 – Convergence of the real parts of Floquet exponents obtained with the Newmark 2n-pass method (a)
and Hill’s method with eigenvalue sorting (b). Stability coefficients obtained for H = {40( ), 60( ), 80( )} with

N = 2048, and for H,N = {80, 4096} ( ). Limit points ( ) and Neimark-Sacker bifurcations ( ) .
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Figure 15 – Influence of filtering exponent m over the modulus of the leading Floquet multiplier ρcrit. Filtering
exponents values m = {0( ), 0.5( ), 1( ), 1.5( ), 2( )} for H,N = {80, 4096}.
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Figure 16 – (a) Influence of filtering exponent m, zoom on the (b) fold and (c) high disparity areas. Filtering exponents
values m = {0( ), 0.5( ), 1( ), 1.5( ), 2( )} for H,N = {80, 4096}.
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5 Conclusion
In this article, the assessment of the local stability of periodic solutions computed for various mechanical systems
subjected to unilateral contact constraints—including an industrial reduced order model of a blade subjected to
repeated contact interactions with its surrounding casing—is investigated. All periodic solutions are computed
with a previously introduced harmonic balance method-based numerical approach featuring a regularization of the
contact law and a Lanczos filtering procedure of nonlinear contact forces. For single-degree of freedom impactors,
it is shown that an appropriate eigenvalue sorting of Hill coefficients is key to properly select the related Floquet
exponents in the presence of period doubling bifurcations. Stability assessment is also shown to be more numerically
sensitive in the presence of time-dependent gap configurations as such configuration yields a significantly increased
complexity of the system’s dynamics. Finally, the stability analysis of periodic solutions related to blade-tip/casing
interactions obtained with RL-HBM is performed. Presented results indicate that Hill’s method is better suited for
the evaluation of the stability of solutions resulting from an harmonic balance solver than the Newmark 2n-pass
method for which a slower convergence is underlined. The influence of filtering appears to be negligible over the
resulting stability assessment thus making the use of filtering fully compatible with a stability assessment of the
resulting periodic solutions of industrial blades. These findings pave the way of the qualitative understanding of
such interactions and complement the results offered by a well-established quantitative industrial time integration
strategy.
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A Computation of nonlinear forced response curves using the Harmonic Balance Method
Although already well-described in a previous publication [22], the fundamentals of the harmonic balance based
numerical approach used in this article are recalled here for the sake of completeness.
HBM framework relies on the assumption that the solutions of Eq. (1) x may be expressed as H-truncated
Fourier series:

x(t) ' 1
2a0 +

H∑
j=1

[aj cos (jωt) + bj sin (jωt)] (48)

By applying the same spectral decomposition to nonlinear and external forces, respectively fnl and fext, the n(2H+1)
Fourier coefficients belonging to each quantity may then be gathered accordingly within the related frequency domain
vectors identified by the symbol ( ~ ). For instance, Fourier coefficients of nonlinear forces take the following form:

f̃nl =
[
anl

0 , a
nl
1 , b

nl
1 , . . . , a

nl
H , b

nl
H

]> (49)

where vectorial quantities anl
j are the unknown real Fourier coefficients respectively related to cosine terms and bnl

j

the ones related to sine terms. Each of these coefficients are defined as follows: anl
j =

[
anl,1
j , anl,2

j , . . . , anl,n
j

]
for j ∈ J0..HK

bnl
j =

[
bnl,1
j , bnl,2

j , . . . , bnl,n
j

]
for j ∈ J1..HK

(50)

From that point, Fourier approximations of displacement vector x(t) of Eq. (48), its time derivatives, ẋ(t) and
ẍ(t), along with forces, are substituted into the equation of motion, following which a Fourier-Galerkin projection
is applied to transform the initial nonlinear differential system of dimension n into n(2H + 1) nonlinear algebraic
equations in the frequency domain:

R(x̃, ω) = Z(ω)x̃+ f̃nl(x̃, ω)− f̃ext(ω) = 0 (51)
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where Z(ω) is the block diagonal dynamic stiffness matrix which characterizes the linear dynamics of the response of
the system. It is defined as follows:

Z(ω) = ω2∇2 ⊗M + ω∇⊗C + I2H+1 ⊗K (52)

where ⊗ stands for the Kronecker product and I2H+1 is the identity matrix of size 2H+1. The matrix ∇ corresponds
to a frequency-domain differential operator and is given by:

∇ = diagblock(0, ∇1, . . . , ∇j , . . . , ∇H) and ∇2 = ∇∇ (53)

with the elementary first order derivative matrix ∇j :

∇j = j

[
0 1
−1 0

]
for j ∈ J1..HK (54)

A Newton-Raphson algorithm may then be used in order to search for solutions of Eq. (51). Starting from a proper
initial guess x̃0, a converged solution is obtained iteratively:

x̃k+1 = x̃k + ∆x̃k with Rk
,x̃∆x̃k = −Rk (55)

where Rk = R(x̃k, ω) is the residual at iteration k and Rk
,x̃ is the Jacobian matrix of the system with respect to x̃k:

Rk
,x̃ = ∂R

∂x̃
(x̃k, ω) = Z(ω) + f̃nl,x̃ = Z(ω) + ∂f̃nl(x̃k, ω)

∂x̃
(56)

Newton’s corrections cycle ends once a relative error convergence criterion is met.
Continuation techniques are usually coupled to the HBM solver. These techniques either fall into predic-
tor/corrector type of methods or the asymptotic numerical method, and it has been shown that the former are
more appropriate for dealing with nonsmooth nonlinearities such as structural contact [67]. As a result, in this
paper, a predictor/corrector strategy where Newton’s search direction is constrained by an additional arc-length
parameterization scalar equation is used. This advantageously allows (1) to compute a continuum of solutions, i.e. a
branch of solutions, instead of discrete solutions for each considered angular velocities ω therefore increasing the
qualitative contribution of such an approach within a nonlinear context, and (2) to feed adequate initial guess to
Newton’s solver thus increasing its numerical robustness and efficiency. In this paper, and as in [22], predictions are
obtained by means of a secant predictor which has been found to be more robust than the tangent predictor when
dealing with contact nonlinearities.
Alternating Frequency/Time scheme (AFT) [68] is used to evaluate the nonlinear contact forces and their
derivatives in the frequency domain. As there is no explicit analytical expression to directly evaluate these quantities
in Fourier domain, AFT relies on using back and forth inverse and forward Discrete Fourier Transforms (DFT) to
switch between the time and frequency-domain representations of the quantities of interest. At the k-th Newton
iteration, starting from the multiharmonic vector of the displacements in Fourier domain x̃, an inverse DFT is
performed to compute the related displacements and velocities in time domain. The expression of nonlinear forces
fnl(x, ẋ, ω) and their partial derivatives fnl,x, fnl,ẋ and fnl,ω are then evaluated. These terms are then translated
back into the frequency domain using a forward DFT to obtain their frequency-domain counterparts f̃nl, f̃nl,x̃ and
f̃nl,ω. Semi-analytical derivatives may be obtained in the frequency domain thanks to the linearity property of
the DFT operators and the chain rule, see [22, 1]. Newton’s correction is then computed and applied to x̃k which
corresponds to Eq. (55). From that point, if the convergence criterion has not been satisfied, a new cycle of AFT
begins.
Nonlinear dof condensation is one of the key numerical perk of the HBM when dealing with systems featuring
localized nonlinearities like the ones resulting from blade-tip/casing interactions. It is based on a reorganization of
Eq. (51). This reorganization relies on a partition of the dof into nonlinear vs. linear dof, i.e. dof that are involved,
or not, in the computation of nonlinear forces fnl(x, ẋ, ω), so that Eq. (51) which may then be expressed as:[

Zll Zlnl

Znll Znlnl

][
x̃l

x̃nl

]
+
[
f̃ l

nl (x̃nl)
f̃nl

nl (x̃nl)

]
−

[
f̃ l

ext

f̃nl
ext

]
= 0 (57)
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The first line of Eq. (57) leads to the expression of the linear dof x̃l as a function of the nonlinear dof x̃nl:

x̃l = Zll−1 [
f̃ l

ext − Zlnlx̃nl − f̃ l
nl (x̃nl)

]
(58)

which may be used in the second line of Eq. (57) to reduce the dimension of the system to that of the nonlinear dof
x̃nl: [

Znlnl − ZnllZll−1
Zlnl

]
x̃nl +

(
f̃nl

nl (x̃nl)− ZnllZll−1
f̃ l

nl (x̃nl)
)
−
(
f̃nl

ext − ZnllZll−1
f̃ l

ext

)
= 0 (59)

Once a converged solution to Eq. (59) is found, the response related to the linear dof x̃l is computed straightforwardly
by evaluating Eq. (58). More details about these reduction techniques can be found in references [22, 6, 69].
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