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Abstract

Predictions of the vibroacoustic response of a point-force excited baffled thin rectangular plate immersed in
a heavy fluid and near a free surface are presented using an analytical model. The equations of motion are
solved by Fourier analysis, where the eigenfunctions of plate vibration form the basis of spatial expansion for
fluid loading. Vibroacoustic indicators, including the plate velocity, acoustic pressure, and acoustic power,
are predicted using the analytical approach and verification is performed by comparison with finite element
simulations. The results have shown that variations in the height of the free surface can have a significant
effect on these indicators. From the vibration response, added mass effect due to heavy fluid loading is
altered and further investigated with the explicit evaluation of an added mass ratio for different free surface
heights for the first five plate modes. For a given height of a free surface, standing waves can form between
the free surface and baffled plate at specific excitation frequencies and slightly alters the acoustic pressure
spectra. This condition also presents an effect on the acoustic power, where the first standing wave frequency
dictates the efficient sound radiation to the far field.
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1. Introduction

Vibroacoustic responses of elastic structures surrounded by a heavy fluid, typically water, has been a
major focus of the analysis of fluid-structure interactions, as studied in [1] and Refs therein. It is known
that the surrounding fluid can significantly affect the response of a structure [2, 3], and thus understand-
ing the response of excited structures with various modelling techniques and experimentation is important.
The vibroacoustic behavior of a structure can be understood by the prediction of vibroacoustic indicators

such as its surface velocity and sound radiation. These indicators are of practical importance in underwater
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engineering as it presents the structural and acoustic response of a system in relation to its hydrodynamic
performance. The accurate prediction of the fluid-structure response is then necessary to better achieve op-
timizations in its vibroacoustical behavior. These optimizations include noise mitigation strategies such as
passive control [4, 5, 6, 7] or active control [8, 9, 10]. Predictions of vibroacoustic indicators can be accom-
plished by analytical modelling which presents an advantage over numerical methods, such as finite element
and boundary element methods, and experimentation, with its inherent computational efficiency and ease of
numerical implementations of parametric studies. Especially in fluid-structure scenarios in which the fluid
domain is heavy, finite and significantly larger than the structure of interest, it can be difficult or infeasible to
properly capture the acoustics using numerical simulations or experimentation. In literature, the analytical
modelling of elastic plates is a focus of fluid-structure interactions due to its simplicity and application as a
first-order approximation, as the plate model can provide a heuristic insight into the vibroacoustic behavior
to more complicated geometries such as a cylindrical shell - which has relevant maritime applications.

Free vibration analysis of plates coupled with heavy fluid and near a free surface has been widely stud-
ied to understand how fluid layer thickness can affect its structural response. When concerned only about
vibration, the governing equation for the fluid domain is the Laplace equation, which ignores the compress-
ibility of the fluid and time-dependency of acoustic waves that propagate into the acoustic medium. Studies
concerning the free vibration of circular plates were first considered. Amabili [11] investigated the free
vibrations of circular and annular plates, embedded in a rigid wall with different boundary conditions, and
with a fluid layer limited by a free surface or rigid wall. The assumed mode method was employed, where
the wet mode shapes of the plates was assumed to be equivalent to the dry mode shapes. It was shown
that natural frequencies of the plate decease with fluid depth and the assumed mode method was sufficiently
accurate compared to the Rayleigh-Ritz method. A similar work was performed by Kwak and Han [12],
where free-edge annular plates completely immersed in fluid was considered. The free vibration of circular
plates was also found in studies of fluid-filled cylindrical containers, where a method of partial domains was
applied. Askari and Daneshmand [13] performed free vibration analysis on the elastic bottom plate of a
partially-filled fluid container with an internal body by dividing and solving the partial fluid domains. The
Rayleigh-Ritz method was then employed to develop a parametric study on the effect of the fluid level, nodal
diameter number, and nodal circle number on the natural frequencies and modes of the plate. A similar study
was performed for free or fully clamped circular plates submerged in a fluid-filled cylindrical container with
results compared against experimentation [14]. For rectangular plates, Ergin and Ugurlu [15] performed a

natural frequency analysis on vertically cantilevered plates that were partially submerged in a finite fluid.



The analysis utilized an image-source method to account for the free surface effect from the plate submer-
gence. These results were compared against those generated by Kerboua et al. [16], in an extensive study
of rectangular plates floating on a free surface, vertically cantilevered in a fluid-filled container, and com-
pletely submerged. This study utilized a hybrid method of finite element and analytical modelling based on
Sander’s shell theory to develop a more efficient approach. Hosseini-Hashimi et al. [17] then investigated
the effect of finite fluid depth levels on free vibration of Mindlin plates, which was extended by Cho et
al. [18] in a study of stiffened plates. Extensive work was also found in more complex fluid-plate scenarios
such as considering the effect of a crack on a submerged plate [19, 20, 21], and plates of different material
compositions [22, 23, 24].

Aside from the free vibration, plates under excitation are of relevant interest, where forced vibration
studies consider an excitation in the analysis of the structural response. For the fluid-loaded plate with a
free surface, Soedel and Soedel [25] provided an analytical framework for the analysis of free and forced
vibration of a plate supporting a freely sloshing surface liquid, where the harmonic point force excitation is
presented as an orthogonal plate-liquid modes. Meylan [26] presented a general analytical approach to solve
the forced vibration of an arbitrary thin plate floating on the free surface of an infinite fluid by applying the
appropriate Green’s function to the fluid domain and solving a variational equation with the Rayleigh-Ritz
method. Hosseini-Hashimi et al. [27, 28] studied the behavior of Mindlin plates on Pasternak foundations
submerged from a finite depth of fluid and under linearly varying in-plane loads, with an extensive parametric
study that involves the effect of the loading factors and fluid level. Cho et al. [29] extends this work by
presenting Mindlin plates and stiffened plates under harmonic point excitation with surface velocity spectra
compared against coupled finite element and boundary element results. Apart from the plate-fluid-free
surface system, there has been considerable research into the plate-fluid-rigid wall system. Akbarov et al.
provides the frequency response of the stress and velocity of a system composed of a highly elastic plate,
compressible viscous fluid and rigid wall system, with investigation into the effect of imposing initial strains
on the plate [30], and a plate moving velocity [31]. Akbarov and Huseynova continues this work for an
orthotropic plate, compressible viscous fluid and rigid wall system [32] and with the effect of moving point
load [33]. Further extension can be found by a recent work of Kocgal [34], where the dynamical behavior of
the moving plate under time-harmonic forces was investigated with various rheological parameters.

It is necessary to capture the acoustics of the submerged plate near a free surface to develop a complete
understanding of the fluid-structure system. Acoustics of a fluid-loaded plate near a free surface can be

studied with the Helmholtz equation, which is necessary to solve for the acoustic wave propagation in the



fluid that is coupled with the structure. Earlier works investigate the acoustics of a plate under heavy fluid
loading and immersed in a semiinfinite fluid domain (no free surface). To solve the fluid-plate problem, a
direct approach can be utilized by implementing the in-vacuo eigenfunctions of the plate as the basis of the
Fourier decomposition of the fluid loading as demonstrated by Sandman [35] in a study of fluid-loaded baf-
fled simply supported plates with attached concentrated mass loadings in a semiinfinite fluid domain. This
analytical approach was used in Gu and Fuller’s [8] investigation of active noise control of a fluid-loaded
plate. Berry [36] proposed an alternate approach to solve the sound radiation of fluid-loaded plates with var-
ious elastic boundary conditions using variational formulation solved with the Rayleigh-Ritz method. This
analytical approach was extended by Nelisse et al. [37], who provided a generalized approach for acoustic
radiation of both unbaffled and baffled plates. Arenas and Crocker [38] focused on the acoustic radiation
resistance matrix, presenting an efficient method to evaluate the sound radiation from planar structures by
using the volume velocity vector of the discretised vibrating surface. Aside from a plate in a semiinfinite
fluid domain, literature specific to the vibroacoustic response of a plate with a fluid layer is limited. Experi-
mental investigation has been performed by Génevaux [39] in a study of the vibroacoustic behavior of a plate
with a fluid layer in a gas volume at the lower frequency range. Sound radiation was investigated by Sun et
al. [40] with a plate-fluid-rigid wall system where the effect of a fluid layer of a force-driven baffled plate
was studied. Though the effect of a free surface is not considered, it was demonstrated that the presence of
a fluid layer has significant effect on the efficiency of acoustic radiation modes of the plate. Relevant to the
free surface effect is the cylindrical shell in a waveguide domain, which is typically composed of a seabed
and free surface. These investigations simulate shallow water effects where the height of the free surface to
the seabed is significantly low. Investigations into the effect of a waveguide or layer of fluid are commonly
solved with the image-source method [41]. The method has been applied to an early work of an infinite
cylindrical shell with a free surface only [42] and provided a precursor formulation for the shallow water
boundary value problem for cylindrical shells [43, 44, 45]. However, to the best knowledge of the authors,
there are no studies on the acoustic radiation from submerged plates near a free surface. The present work,
for the first time, develops an analytical model that captures both vibration and acoustic (vibroacoustic)
behavior of a heavy fluid loaded plate near a free surface.

This work herein presents findings from the effect of a free surface on the vibroacoustic response of
a heavy fluid-loaded thin rectangular baffled plate due to a point force excitation using an analytical ap-
proach. To achieve this, the thin plate response is modelled using modal decomposition of an in-vacuo plate,

and the acoustic waves from the transverse motion of the plate are solved for with the Helmholtz equation.



The modal amplitudes of the transversal displacement of the plate can then be solved from its radiation
impedance equation, which has the characteristics of the fluid domain embedded into it via a Rayleigh-like
integral where the integrand includes the Green’s function solution to the Helmholtz equation. The vibroa-
coustic behavior of a flat plate near a free surface is investigated by evaluating the plate velocity, acoustic
pressure and radiated sound power. Predictions of these vibroacoustic indicators for a plate near a free sur-
face are compared against corresponding results generated from a baffled plate in semiinfinite domain, and
verification is achieved by comparing results against 3D finite element simulations using COMSOL. Numer-
ical investigation into the free surface effect on the structural and acoustic response of the plate is further
explored in relation to the added mass effect, standing waves criterion, far field pressure and wavenum-
ber contribution to the total acoustic power. The radiated pressure in the fluid layer and sound power are

predicted and analyzed as a function of the depth of plate submergence from the free surface.

2. Model
2.1. Fluid-loaded plate near a free surface

As shown in Fig. 1, consider an elastic rectangular baffled plate with a free surface at a height H above
the plate, with a, b, h being respectively the length, width and thickness of the plate. The plate is simply
supported on its four edges and is made of an elastic material of Young’s modulus E, Poisson’s ratio v,
density p,, and structural damping loss factor 7. It is immersed in a fluid with density py and sound speed
co. The infinite baffle is a rigid boundary condition, while, the fluid domain is a waveguide that is formed
by the infinite baffle and free surface. The free surface is considered as a pressure release condition. The
cartesian coordinate system X = (x, y, 7) is positioned at a corner of the plate with the baffled plate in the x-y

plane. Force excitation and fluid loading are exhibited in the z direction.
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Figure 1: a) Top view and b) side view of a fluid-loaded baffled plate with a free surface at z = H.

The classical thin plate theory is used here which ignores transverse shear deformation. This deformation
is generally negligible for thin plates (i.e., the ratio of the plate thickness to the smallest in-plane dimension
does not exceed 0.02 [46]) and for low excitation frequencies (i.e. frequencies below 0.7 times the coinci-
dence frequency [47]). The governing equation for the transverse motion of a plate in the frequency domain,

with an assumed harmonic time (¢) dependence of ¢/, is given by

D*Vw (%0, @) = pphtw’w (%o, ) = F (Xo) + po (X0, w) (1)
> PV
where the nabla operator is defined as V* = Ey) + (ﬁ} , D* = E*I3/[12(1 —v?)] where D* and E* are the
X Y

complex flexural rigidity of the plate and complex Young’s modulus respectively, w is the radial frequency,
w is the plate transversal displacement, F is the applied external force, p (Xg, w) is the fluid loading pressure
and x9 = (x,y,0) is a location on the surface of the plate. Structural damping is introduced in the model
from a complex Young’s modulus E* = E (1 + nj). The transversal displacement of the plate is expressed as
a modal decomposition of the in-vacuo modes

W0, @) = D" Wonn(@)pmn(X0), @

m=1 n=1

where ¢,,,(X¢) are the plate mode shapes for a simply supported plate of mode (m, n) and is given by

©mn(Xg) = \/% sin (meC) sin (H_Z))) 3)



The modal response of the plate can be obtained by introducing Eq. (2) into Eq. (1) and projecting the

resulting expression by ¢, (Xo) where the orthogonal relation is

b 1 ifr=mands=n,
f fﬂ Pmn (Xﬂ) * Prs (XO) dx dy = 6rm§sn = (4’)
0 Jo 0 otherwise,

with ¢;; as the Kroncker delta function defined by

1 ifi=j,
0ij = 5)
0 ifi+j],
[Kfsmn - szfsmn] Wmn = frs + Drss (6)
where
mrn\2 (a2
Kfsmn = D* [(_) + (_) :| 6rm65n (7)
a b
is the stiffness of the plate,
M;[van = pph 6[‘1116.3‘)‘[ (8)
is the mass of the plate,
frs = Fo ¢rs (X¢), )

is the modal coefficient of a point force excitation F (xg) = Fy 0 (x - xf) (y - yf) where x¢ = (xf, yf) € Xy

with F as the magnitude of the force, and

b a
Doy = fo fo Po (x0) - 615 (X0) dx dy. (10)

is the modal pressure.
To compute the modal coefficients of the transversal displacement of the plate W,,,, the pressure at z = 0
should be determined in order to evaluate the modal pressure, p,;. Velocity potential is first considered and

will be related to the acoustic pressure by the following relation
p (X, w) = —jwpe? (X, w) . (11
In the fluid domain, the velocity potential should satisfy the Helmholtz equation

V2 + 1P = 0, (12)



where ky = w/cg is the acoustic wavenumber. Whereas at the boundaries, the conditions are: for z = 0

V(XO’ w) = J(’-) Wmn (w) Pmn (X()) {0 <x<a, 0< y< b} s
(@_‘I’) -V (x0.0) = ;Z‘ (13)
z=0

0z
0 (off the plate),
where v (Xg, w) is the plate velocity, and for z = H, the pressure release condition ¥ (x, y, H, w) = 0 is con-
sidered. Applying the Fourier transform in the x and y directions to the Helmholtz equation the expression
becomes an ordinary differential equation

e
072

=W with ¥’ =k +k — k. (14)

where the Fourier transform and inverse Fourier trasnform are defined respectively as

)= f f W (x,y,2) e 150 ddy, (15)

¥y.2) = f f (o ky 2) 540 gk ik, (16)
The boundary condition from Eq. (13) becomes
(9‘1’*

7 V* (ks ky) (17

Using the boundary conditions on the plate with the pressure release condition of a free surface, the Helmholtz

equation can be solved and the spectral velocity potential is found to be
W (ke ky, 2) = V* (ks by ) G (s iy 2) (18)
with

Yt _ o=v(z-H)

y(er® + e vH) -

G* (knky.2) = (19)

If k2 +k} < k3, i.e. for wavenumbers inside the acoustic radiation circle (defined by k3 + k7 = k?), v is purely

imaginary if no damping is considered in the fluid, and k; is defined by k, = /ko -k - kf. Then, y = tjk,

inlk,(z—-H
and G* can be expressed as G* (kx, ky, Z) = %Z(kfl))]
Z Z

waves atk, = 1 (2N + 1) / (2H) where N = 0, 1,2, 3... or resonant frequencies f = co (2N + 1) / (4H), which

. The condition of cos (k,H) # O results in standing

depend on the free surface height. If k% + kf, > k(z), i.e. for wavenumbers outside the acoustic radiation

inh [k, (z - H
circle, y is purely real and k, = /kZ + k)z, - ké, and G* <kx, ky, Z) = %(Z(@H))] Practically, the acoustic

wavenumber is complex i.e. k; = ko (1 - nfj), where 77y << 1 is fluid damping, and k] = x| * k2j, where «;,

Ky are approximated in Appendix A.



The spectral velocity potential can be expressed as a product of two functions ¥* (kx, ky, z) =V (kx, ky) .
G* (kx, ky,z). To determine the velocity potential in the spatial domain, the inverse Fourier transform of
the spectral velocity potential is performed. In this particular case, the inverse Fourier transform is the
convolution of the inverse Fourier transform of each of the product terms. Considering the plate boundary

conditions from Eq. (13), the velocity potential in the spatial domain is then expressed as
b a
v = [ [vemGa-ny -y dudn, 0)
0 Jo

where G (x — x1,y — y1,2) is the spatially shifted inverse Fourier transform of G* (kx, ky, z). To obtain the

function G, first consider that the trigonometric functions can be expressed in terms of exponential functions

eV vt e—ZHy eVt e—ZHy
G (kx’ ky,z) =" T 2Hy A, 2Hy |° 2h
0% vy 1+ ety vy 1+ ey
—2Hy
In this form, it is identified that T3 o2 is the limiting sum for a geometric series with a common ratio of
+e”
—e72HY  where |e‘2H7| <1
—2Hy ©
e
— _1)l+1 e*ZH/)/- (22)
—-2Hy Z (
l+e —

For wavenumbers inside the acoustic radiation circle, k, = k| — kj and the modulus of the common ratio is

evaluated to be |e‘2ij§| = e2Hk which is strictly less than 1. For wavenumbers outside the acoustic radiation

‘ZH"Z/| = ¢7?H* which is also strictly less than

circle, k. = k1 + k] and the modulus of the common ratio is |e
1. Therefore, applying Eq. (22) to Eq. (21), the Fourier transform of G can be expressed as a summation of

exponential functions
1 IS
G (ke ky,2) = == + - Z (1) @I o gy CHID] (23)
Y I=1
In this form, it becomes convenient to determine the function G by evaluating the spatially shifted inverse
Fourier transform of G* (kx, ky, z) with the Weyl’s integral applied commutatively [48, 49]

~jkglr=r’] 00 e R
e 1 f f k=01 € e e (24)

, Y
|r - r | 2r —00 J -0 Y

The function G (x — x;,y — y1, 2) is determined to be

oikiR

1 > e IR]  pmikRy
GU—x1,y-y1,2) = — Sy [ , 25
x=x1,y=y1,2) 2ﬂ{ R 1:0( ) [ R? R ] (25)




where R = \/(x —-x)?+(y-y1)?+22and R} = \/R2 + (2H + 21H + 7)*. At the surface of the plate z = 0,
the function G (x — x1,y — y1, 0) is simplified to be

e koo

Gy (x—x1,y=y1) =G(x—x1,y —¥1,0) = ﬂ{

—22( et } (26)

where Ry = \/ (x = x1)? + (y — y1)* is the distance between source points and a point of interest on the plate,

and R} = /R% + (2H + 2IH)*. The velocity potential, from substituting Eq. (13) to Eq. (20), is expressed as

[ IS

¥ (x0,0) = jo ) > Wi f f mn (%1) G (x = x1,y = y1) dxidy. 27)
m=1 n=1
Using the relation from Eq. (11), the fluid loading pressure is presented as a Rayleigh-like integral
Po (Xo, @) = pow Z Z Wonn f f mn (%1) - G (x = x1,y = y1) dxi dyy (28)
m=1 n=1

where Gy is the familiar Green’s function for the waveguide domain which can be alternatively derived

from a method of images. Introducing Eq. (28) into Eq. (10), the modal pressure p,,; can be expressed as

Prs = _jw i i rvmm (29)

m=1 n=1

with the fluid loading impedance expressed as
Zlsn = Rlsun + jM] s (30)
b a b a
:jwp0f f f f Pmn (XI)SDrs (XO)GWG (X—xl,y_)ﬂ) d-Xdydxl dYu (31)
o Jo Jo Jo

where Rfsmn is fluid resistance, and Mfsmn is the added mass due to fluid loading. By applying a change
of variables to a non-dimensionalized cartesian coordinate system where u = (x — x1) /a, u; = x1/a, v =

(y—=y1) /b, and v; =y, /b.

1 pl
4a2b2jwpof f ®D,,, () Dy, V) Q (u,v)dudv forr+m =even A s+ n = even,
o Jo

s = (32)
0 forr+m=odd V s +n = odd.
The integrand consists of terms that are defined as:
ik V22 + b2 o 1 e—jk6 \/a2u2 + b2 + (2H? + 2IH?)
Q,v) = — -2 > (-1 , (33)
2 Va?u? + b*? ; Va2u? + b2 + (2H? + 2IH?)

10



and

1-q
D@ = [ sinlom g+ qulsinBngn) da = (34)
sin [ra (g — 2)] + sin (m:q) —2na (g — 1) cos (raq) when @ = .
o
—(B+a)sin{r[B(g—1)+r]} + 2msin(rag) + (@ — B) sin{n [B(—q) + B + a]} when a % B,

2n(B—-a)(B+ @)
It should be noted that the fluid loading impedance Z has to be evaluated numerically. The integral in Eq. (32)

becomes singular when u = v = 0 as Q (u,v) — co. However, the singularity is integratable and it can be
shown that an integration over an infinitely small surface surrounding this singularity tends to zero [50]. In
this work, the Gaussian quadrature is applied to the numerical computation of the fluid loading impedance.
Hence the singularity can be overcome by a judicious choice of the discretization points in the Gaussian

procedure. Now, substituting Eq. (29) into Eq. (6) forms the following radiation impedance equation

[ rp+f p+f p+f p+f |
Ly D Do o || Wi Ju
ek Wi A2
1211 St (35)
LA e 2t W] 1
. 2 . 2
Ifs-:—nfn = Kfsmn +]wR{smn —w M{Sj—rgl = Kfsmn +JwZ}7csmn -—w Mfsmn’ (36)

where If;,{; is the total impedance matrix and M,f:;ﬁ; = M',fmm + M?%,,, is the combined mass matrix. The

solution of Eq. (35) yields the modal coefficients of the fluid-loaded plate displacement. Substituting these

coefficients into Eq. (2), the transversal displacement of the plate is obtained.

2.2. Vibroacoustic indicators

The following vibroacoustic indicators are derived from the formulation that has been presented in the
previous section for a baffled thin plate near the free surface of a fluid. Similar expressions for a thin plate

in a semiinfinite domain can be obtained from using the Green’s function presented in Appendix B.

2.2.1. Vibration response
Vibration response of the plate is evaluated with a calculation of the spatial average of the square of the

plate velocity which is given by
1
2 2
== , ds, 37
<v > 3 f|v(x0 w)| (37)
s

11



where S = ab is the plate surface area. Substituting the velocity of the plate that is presented in Eq. (13), the

expression reduces to [51]
2

== 3OS W@ (38)

m=1 n=1

For numerical evaluation of the expression, a truncation to the contribution of plate modes is required. The
square of the plate velocity is then expressed as

2 M N

- “’Z Z Z| W) . (39)

m=1 n=
where M, N are the plate modal orders and chosen to be sufficient in the calculation of vibroacoustic indica-
tors within a specified frequency range [Wmin, Wmax]- The plate modal orders are selected to be the highest
modes required for plate responses up to 1.3 - wnax based on the approximation for the natural frequencies

of a fluid-loaded plate [8]

D
Wyp = krz,m p’7 (1 +

-05
Po ) (40)

Pph Kn

where k,,,,, = \/ (mm/ a)’ + (nr/ b)2 are the primary effective wavenumber components of vibration.

2.3. Acoustic response

Pressure at a field point in the fluid is calculated by a similar expression as given in Eq. (28) and using

the mode selection criteria from Eq. (40)

P (x,®) = pow Zzwm(w) f f o (1) - G (x = 31,y = 31,2) dxi dyr. (41)

m=1 n=1
Radiated sound power can be calculated by integrating the intensity at the surface of the plate. The acoustic

power expression is given as [49]

l 00 00
M@ =3 f f Re {po (%, @) - 7 (x,y)} dxdy, 42)

where ~ denotes the complex conjugate. This expression can be written in terms of pressure and velocity in

the wavenumber domain [49]

Mw) = 2 Re{ f f Pi (ks kyo ) '(kx,ky,w)dkxdky}. (43)

where

v (ke ky ) = joo Z Z Wi (@) @ (s y) (44)

m=1 n=

12



is the Fourier transform of the plate velocity and the Fourier transform of the plate mode shapes function

. 2
o (s ) = f Gt (x)dS = |- I (@) I (), 45)
S ab
with ‘
(qn) (=17 ellkor) — 1 qn
S ke
reo=1"" B-(%) " (46)
%jr otherwise.

Combining the relations from Egs. (11), (13), (17) and (18), the acoustic power expression is written as

1 Y N I 2 1 e
(w) = QRe { f f pojw |v (kx, ky>| -;mdkxdky}. 47

For computational convenience, the acoustic power is calculated with a change of variables applied such
that polar wavenumbers are considered i.e. k, = k, cos (6) and k, = k, sin (6). The expression from Eq. (47)

simplifies to

9=21 k=00
II(w) = f [v* (k, cos (0), k, sin («9))|2 O (k,) dk.do (48)
6=0 k=0
with
ook, | an( ke -2 H)
0~ Relj for 0 < k, < ko,
8 k(,)z _ k2
O k) = (49)
ook, | (= k3 H
o Rejij for k, > ko,

where it is reminded that k;, is the complex acoustic wavenumber. Computation is performed numeri-

cally with the upper limit of the integral found to be sufficiently truncated to 103 ky > 10 ky, where

kp = | [Wmax vhpp/D are the plate flexural wavenumbers.

13



3. Numerical Results

3.1. Model verification

Table 1: Dimensions and material properties of the plate and fluid properties.

Parameter Value
Young’s Modulus E (GPa) 68
Poisson’s ratio v 0.3

Density of plate p; (kgm™3) 2740
Density of fluid pg (kgm™) 1026
Speed of sound ¢y (ms™") 1500

Length a (mm) 600
Width b (mm) 525
Thickness 4 (mm) 2.4
Structural damping 7 0.01
Fluid damping 7, 0.0001

The technique described in this paper is implemented in MATLAB. A convergence study for the ana-
Iytical model is first performed to investigate the number of terms necessary for the summation term in the
Green’s function for the waveguide domain as found in Egs. (25) and (26). The pressure at a point in the
fluid domain is used as an indicator for convergence of the results. Pressure spectra in terms of a sound
pressure level SPL = 10log;, [P/ Po|, where Py = 1 X (10)’12 Pa, is calculated and compared against a
reference solution with 500 terms. The difference A across an excitation frequency range is evaluated for
different truncation numbers and for two different free surface heights. In Fig. 2a, a near free surface of
H = 0.1 mis applied with a pressure calculated at the midpoint of the centre of the plate to the free surface
ie. (a/2,b/2,H/2). The number of terms required to be within 0.5 dB agreement with the reference solu-
tion is observed to occur at 200 terms. In Fig. 2b, a far free surface of H = 10 m is applied with a pressure
calculated at (a/2,b/2, H/2) as well. The number of terms required to be within 0.5 dB agreement with the
reference solution is observed to occur at 25 terms. From these two examples, it can be qualitatively inferred

that the further the free surface, the lesser terms necessary for convergence.
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Figure 2: Convergence study for (a) H = 0.1 m and (b) H = 10 m. Solutions with 5, 10, 25, 50, 100, and 200 terms are compared
against a reference solution using 500 terms (dB ref. 1 x 1072 Pa).
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Preliminary results are initially generated using the same plate and fluid specifications as in Gu and
Fuller’s investigation [8]. The analytical model was able to successfully reproduce the relevant vibration
results in a semiinfinite heavy fluid domain using a formulation similar to the present study shown in Fig. 3.

The necessary adjustments to the present formulation are summarized in Appendix B.

-4 T T
Analytical (Present)
= = =Analytical (Ref. [8])
o
L
N
rs)
o
k)
=
3
=)
o
_10 | | | | | | | | | |

0 50 100 150 200 250 300 350 400 450 500 550
Excitation frequency (Hz)

Figure 3: Plate center-point displacement for a fluid-loaded plate in a semiinfinite domain (dB ref. 1 mN~").

To verify the code, the analytical results are compared with a 3D finite element model of a fully coupled
fluid-structure system which is developed using the commercial software COMSOL Multiphysics (v5.5).
The plate and fluid specifications are summarized in Tab. 1 and the magnitude of the force is Fyp = 10 N
applied at the centre of the plate (a/2,b/2,0). Fig. 4 shows a schematic diagram of the plate model coupled
with a finite layer of water. Since the force was applied at the centre of the plate, it is not necessary to
model the full computational domain in the finite element model. A symmetry boundary condition was
applied at the side boundaries of the quarter finite element domain for both fluid and structure as shown
in Fig. 4. A perfectly matched layer (PML) was applied on the boundary of the computational domain
and appropriately tuned to allow the outgoing waves to leave the domain with minimal reflections. This
is a challenge for the finite element method as the acoustic wavelengths are quite large at low frequencies
in water. Therefore a relatively large PML is required to achieve satisfactory results, particularly at low

frequencies. The boundaries of the computational domain in the finite element model was discretised using

16



the quadratic quadrilateral elements and a 3D structured mesh was created by sweeping the 2D mesh from
the boundary. A fine mesh was used for all the numerical models to ensure accurate numerical predictions.
The largest element size was less than 1/10 the wavelength at the highest frequency considered in this work.
The fluid was modelled using the COMSOL Pressure Acoustics module, and the plate was modelled as
a linear elastic medium using the Solid Mechanics module. The Acoustic-Structure boundary condition
was used to couple the pressure acoustics model (fluid) to the structural component (plate). The numerical
computations were performed in the frequency domain to find the response of the fully coupled fluid-plate

system subjected to harmonic force excitation.

plate
rigid baffle

symmetry plane

RO0OE

perfectly matched layer

free surface

point
force
excitation

Figure 4: Schematic diagram of the COMSOL model.

Model verification is then performed by generating the results for the two limiting cases of a free surface,
which includes the in-vacuo plate response and heavy fluid loading response in a semiinfinite fluid domain,
as shown in Fig. 5. Results show the vibration response, which is characterized by the mean quadratic ve-
locity which is calculated using Eq. (39). The analytical results are verified against corresponding results
using a COMSOL model and agree very well (the in-vacuo plate result from COMSOL is not shown here).
When comparing the two limiting cases, the well-known added mass effect associated with heavy fluid load-
ing [35, 8] is observed and there is a shift of the in-vacuo natural frequencies towards the lower frequencies.
Vibroacoustic responses of a plate near a free surface is also predicted and verified against a corresponding

COMSOL model, where a plate near a free surface of H = 0.1 m is chosen as the case study. Vibration
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response of the plate is shown in Fig. 6, and for the acoustic response, acoustic power and field pressure is
evaluated. Acoustic power is predicted using Eq. (48), and presented in Fig. 7. Acoustic pressure is evalu-
ated using Eq. (41) at various locations in the fluid domain (results not shown here). It is found that these
vibroacoustic results agree very well with the COMSOL model. Further verification has been performed
that demonstrate the convergence of the plate response with a far free surface to the response of a plate in a
semiinfinite fluid domain as shown in Fig. 8, where the acoustic power for a fluid-loaded plate with a very
far free surface converges to the result of the acoustic power for a fluid-loaded plate in a semiinfinite fluid

domain.

20 \
= = In-vacuo (Analytical)
10 (1.1) — Semiinfinite (Analytical) |
[ (3,1) =-=-Semiinfinite (COMSOL)

-60 ! ! ! !
0 100 200 300 400 500

Excitation frequency (Hz)

Figure 5: Mean quadratic velocity spectra of an in-vacuo plate and fluid-loaded plate in semiinfinite domain under point force excitation,
where resonant mode types are labelled as (m, n) (dB ref. 1 m2s~2Hz ™).
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Figure 6: Mean quadratic velocity spectra of the fluid-loaded plate near a free surface (H = 0.1 m) (dB ref. 1 m?s~2Hz"")
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Figure 7: Predicted acoustic power of a fluid-loaded plate near a free surface (H = 0.1 m) (dB ref. 1 x 10~12 W),
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Figure 8: Predicted acoustic power of a plate in an acoustic domain with a very far free surface (H = 1000m), and in a semiinfinite
domain (dB ref. 1 x 10~12 W).

3.2. Added mass effect

The vibration and acoustic results from a plate in a semiinfinite domain compared against results from
a plate near a free surface are considerable different. Therefore, it is suggestive that the height of the free
surface has a significant effect on the plate response. To evaluate the trend between the height of the free
surface and plate response, predictions of the vibration response are evaluated at various free surface heights
and compared against a reference case of a plate with a free surface of H = 0.1 m. The height of the free
surface is decreased from the reference case in Fig. 9a. It is observed that decreasing the height of the free
surface results in the natural frequencies of the plate to shift towards higher frequencies and towards the
in-vacuo plate modes due to a decrease of the fluid volume above the plate from the added mass effect [39,
52, 14]. Conversely, when the height of the free surface is increased from the reference case, the spectra
converges to the semiinfinite case as shown in Fig. 9b. It is noticed that the low frequency resonant peak
amplitude remains smaller when comparing a plate with H = 1 m to a plate with a semiinfinite domain. This
can be explained by the height of the free surface restricting the possible wavelengths to be exhibited in the
waveguide domain. The low frequency amplitude has been observed to converge at a sufficiently far free
surface.

To explicitly investigate the added mass effect, an analytical matrix expression for the added mass ratio is
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presented with the assumption of an incompressible fluid. The computation of the added mass ratio involves
taking the added mass component from the fluid loading impedance in Eq. (30) and presenting it as a ratio

to the plate mass

16pab [ !
& 0; f f Dy (1) Dy (V) Q (V) [y dut dv} forr=mAs=n,
0 0

M{smn _ I'(m,n) =Re{ P

= (50)
M"‘)Smil

0 otherwise,

where I" (m, n) is the added mass ratio for a given element or plate mode (m, n), and the acoustic wavenumber
is set to zero (kg = 0) for an incompressible fluid. This is equivalent to solving the Laplace equation instead
of the Helmholtz equation in Eq. (14). The added mass ratio is investigated for the first five plate modes in
Fig. 10. The effect of the free surface can be observed to significantly alter the added mass effect across the
plate modes. For a sufficiently near free surface, all five plate modes have a relatively low and similar added
mass ratio. As the free surface height is increased, the added mass ratios across all five plate modes increase
due to the increase in fluid volume above the plate until a free surface height becomes sufficiently far so that
the added mass ratio converges to that of a plate in a semiinfinite domain. Higher plate modes are observed
to converge to the added mass ratio for a plate in a semiinfinite domain at lower free surface heights.
The natural frequency of the fluid-loaded plate modes can be calculated using the added mass ratio and
in-vacuo plate modes with the following relation [53]
s = 51
S ANTmn+1
where wyny = kipn A/ D/ (pph) is the natural frequency for an in-vacuo plate mode, and w,,;, ¢ is the natural
frequency of a plate mode subjected to fluid loading and with a free surface. Using this expression, the
natural frequencies of the first five plate modes can be computed by evaluating the added mass ratios using
Eq. 50. For a plate near a free surface of H = 0.1 m, the first five natural frequencies of the plate are
calculated and compared against corresponding values from Fig. 6, and are presented in Tab. 2 in Hz i.e.
f = % Considering that the figure has a resolution of 1 Hz, the results are shown to be in very good

agreement.
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Table 2: First five natural frequencies of the plate

Mode T(m,n) funy Hz) f° . (Hz) f? . (Hz)

(1,1) 134 36.4 9.59 10
3, 1) 931 163 50.7 51
(1,3)  8.67 201 64.7 65
(3,3) 693 328 116 117
5, 1) 626 415 154 154

@ calculation via analytical expressions;

b from the Mean quadratic velocity spectra in Fig. 6.
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Figure 9: Predicted mean quadratic velocity spectra of plate with a free surface compared against (a) lower free surfaces and (b) higher
free surfaces (dB ref. 1 m%2s~2Hz 1),
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Figure 10: Added mass ratio for the first five plate modes.

3.3. Standing waves criterion

The expression for the spectral velocity potential from Eq. (18) becomes unbounded when fluid damping
is not considered. A specific condition arises which is referred to as the standing waves criterion, where,
for a given height of a free surface and at certain excitation frequencies, the outgoing acoustic waves form a
standing wave between the baffled plate and free surface. In this section, an investigation into the effect of
the standing waves criterion on the vibroacoustic response of a plate is performed. It is reminded that the
frequencies for the standing waves are given by

fy = :—; (N + 1) with N = 0,1,2,3... (52)

or when an odd integer multiple of a quarter wavelength of the acoustic waves matches the height of the free
surface i.e. Ay/4 = H/ (2N + 1), where A is the acoustic wavelength. The standing waves criterion manifests
at low to medium frequency range for a far free surface. A case study is then selected for a plate with a far
free surface of H = 10 m, such that the excitation frequencies that satisfy the standing waves criterion are
present in the frequency range of interest [S Hz, 500 Hz].

Acoustic pressure is predicted for the case study at an observation point (a/2,b/2, H/2), and the result

is compared against the analytical result for a plate in a semiinfinite fluid domain. It is first recognized that
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the general shape of the two pressure spectra are in reasonable agreement, suggesting that the free surface
is far enough so that the added mass effect from a free surface is negligible. However, at certain excitation
frequencies, aside from the plate resonant peaks, the standing waves criterion present secondary peaks that
are highlighted in the figure. Some peaks are non-existent, such as for N = 1,2 and 4. This is due to the
spectral proximity to the plate resonance, which dominates the spectra. Generally, the effect is not significant
and this is due to the waveguide domain allowing the acoustic energy at the standing wave frequencies to
propagate in the x— and y— directions to infinity. The pressure is then presented in the acoustic domain in
the y — z plane for excitation frequencies that satisfy the standing waves criterion at N = 3 and N = 6, in
Figs. 12a and 12b respectively, for a non-resonant frequency in Fig. 12¢, and a resonant plate frequency
in Fig. 12d. For Figs. 12a and 12b, the excitation frequencies satisfy the standing waves criterion, and the
presence of a standing wave is observed. The wavelengths of the standing waves are evaluated by using
Eq. 52. For Figs. 12c and 12d, there is no consistent constructive and destructive interference of the acoustic
waves between the free surface and baffled plate. As a result, there are no standing waves formed.

As shown in Fig. 13, the pressure in the far field from the plate is also studied by considering an observa-
tion point (a/2 + x’,b/2, H/2), with x’ = 10 m and x’ = 100 m. The results are compared to an observation
point directly above the plate, corresponding to x” = 0 m. Comparing the pressure at frequencies below the
first standing wave (N = 0) frequency, it is observed that there is a decrease of approximately 20 dB and the
acoustic waves behave with spherical-like propagation i.e. Py—19/Py=100 = 1/R. For frequencies above the
first standing wave frequency, there is a decrease of approximately 10 dB and acoustic waves are observed to
behave with cylindrical-like propagation i.e. Py—19/Py=100 = 1/ VR. It can then be inferred that the plate
is more efficient in far field radiation for frequencies above the standing wave frequency. This is shown to be

the case in Fig. 15b where the radiated sound power for a plate with a free surface of H = 10 m is evaluated.
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Figure 12: Acoustic pressure from the surface of the plate to the height of the free surface (H = 10 m) for excitation frequencies of (a)
262.5 Hz, (b) 487.5 Hz, (c) 239 Hz, and (d) 455 Hz. The standing waves criterion is satisfied for (a) and (b), with an acoustic wavelength
of 1 = 5.71 m and A ~ 3.08 m respectively, represented by = = = = = . The excitation frequency of (c) and (d) are at non-resonant and
resonant plate frequencies respectively (dB ref. 1 x 107!2 Pa).
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Figure 13: Pressure spectrum for a plate in an acoustic domain with a far free surface (H = 10 m) at an observation point of (a/2 +
x',b/2,H/2) (dB ref. 1 x 10712 Pa).

3.4. Wavenumber contribution to acoustic power

Prediction of the acoustic power from Eq. (48) presents an integral that can be divided into two domains
of the acoustic radiation circle: the supersonic region where the wavenumbers are less than the acoustic
wavenumber and inside the acoustic radiation circle, and the subsonic region where the wavenumbers are
greater than the acoustic wavenumber and outside the acoustic radiation circle. The effect of a free surface
on the power contribution of these regions to the total acoustic power is investigated. Maps are generated in
Fig. 14, that show the magnitude of the components of the integrand in Eq. (48) across a frequency range
of [5 Hz,500 Hz]. The integrand consists of the square of the plate velocity in the wavenumber domain
|v (kx, ky)|2 and O (k,), where k, is the polar wavenumber. A dynamic range of 100 dB is maintained across
all the figures and two cases are considered, a plate near free surface of H = 0.1 m, and a plate with a far
free surface of H = 10 m. The wavenumbers are considered for k, = O i.e. k, = k,.

In Figs. 14a and 14b, maps of ’v (kx, ky)|2 for the two plate cases are presented. The plate modes are
observed as resonant striations within the frequency range. When comparing the maps, there is a very
slight shift of the plate modes between the H = 0.1 m case and H = 10 m case. The difference in natural

frequencies between the two plate cases is due to the different fluid volume above the plate, as shown in
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Fig. 9b, where a plate with a free surface of H = 10 m can be considered to be approximately a plate in a
semiinfinite domain. In Figs. 14c and 14d, the function © (k,) is evaluated. When compared between the
two plate caes, the maps are observed to be very dissimilar.

The integrand is then investigated by taking the product of the two components and normalized across
k, for each excitation frequency in Figs. 14e and 14f. In these maps, it is observed that there is significant
contribution outside the radiation circle for a near free surface of H = 0.1 m, while for a far free surface
of H = 10 m, there is a significant contribution at low frequencies below the N = 0 standing wave fre-
quency i.e. for acoustic quarter-wavelengths greater than H. For a near free surface, the contribution from
outside the radiation circle is significant to at least the order of the plate flexural wavenumbers, suggesting
the integrand should be evaluated beyond the radiation circle. At low excitation frequencies, the contri-
bution from outside the acoustic circle extends to approximately 10 ky. While at higher frequencies, the
contribution from outside the acoustic circle extends to approximately 10? ko. Comparatively, for a far free
surface, the contribution from outside the radiation circle is virtually insignificant for excitation frequencies
above the N = 0 standing wave frequency, and all of the contribution from the integrand occurs inside the
acoustic radiation circle. It is also observed in Figs. 14d and 14f, the presence of curved striations below
the acoustic wavenumber which present where the standing waves criterion is satisfied from Eq. (52) i.e.
k, = /ké —k? =n (2N + 1)/ (2H). From the comparison of these maps, it is suggestive that the wavenum-
bers from outside the acoustic circle (i.e. the subsonic region) is significantly more contributing in the total
power than the wavenumbers from inside the acoustic circle (i.e. the supersonic region) for a plate near a
free surface. The inverse can be implied for a far free surface, where the supersonic region is of significant
contribution to total power compared to the subsonic region for excitation frequencies above the N = 0
standing wave frequency.

Acoustic power is then investigated for the two plate cases in Fig. 15, where the integral from Eq. (48) is
evaluated numerically. The supersonic region is evaluated by taking the integral limits between k. = 0 and
k, = ko, and the subsonic region is evaluated by taking the limits between k, = ky and k, = 10° ky > 10? ky.
Taking the sum of the two evaluates the total power. For a free surface of H = 0.1 m in Fig. 15a, the total
power is shown to be dominated by the subsonic region whereas for a free surface of H = 10 m in Fig. 15b,
the total power is dominated by the supersonic region for excitation frequencies above the N = 0 standing
wave frequency, and dominated by the subsonic region below this frequency. In the case of a very far free
surface (H = 100 m), the N = 0 standing wave frequency is 3.75 Hz, and the total power across the excitation

frequency range of [5 Hz,500 Hz] is entirely dominated by the supersonic (results are not shown here).
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4. Conclusions

An analytical approach for the forced vibroacoustic response of a baffled rectangular thin plate near a
free surface of a fluid was herein presented. The transversal displacement of the plate was decomposed
on the basis of the in-vacuo plate modes and formed the basis for the Fourier decomposition of the fluid
loading. This approach extended Sandman’s formulation [35], which originally focused on a thin plate
immersed in a semiinfinite domain. With the inclusion of a free surface, the analytical model presented a
novel approach for predicting the vibroacoustic indicators that characterize the forced response of the plate
and have been verified against finite element simulations using COMSOL. Significant effects of a free surface
on the vibroacoustic behavior of the baffled plate were observed. From the present model, the added mass
effect was demonstrated. The natural frequencies of a plate near a free surface converges to the plate modes
of an in-vacuo plate. While the natural frequencies of a plate with a sufficiently far free surface converges to
the plate modes in a semiinfinite domain. An analytical expression for the added mass ratio that accounts for
the variation in the height of a free surface was also presented, and through its computation, it was observed
that there was a significant change in the fluid-loaded added mass effect for a plate near a free surface. The
added mass ratio across the first five plate modes was found to be approximately the same for a near free
surface and converges to that of a plate in a semiinfinite domain at a sufficiently far free surface with higher
plate modes converging at a lower free surface.

As a consequence of including a free surface, the standing waves criterion emerges in which at certain
heights and excitation frequencies there is a small increase in acoustic pressure within the fluid domain.
The manifestation of the standing waves can be observed to slightly alter the acoustic pressure response
by an addition of secondary peaks at the satisfied excitation frequencies. Additionally, the presence of
a free surface was observed to have a significant effect on the acoustic power radiated from the excited
plate. It was shown that the relative power contributions from the wavenumbers in the subsonic region and
supersonic region of the radiation circle to the total acoustic power were directly affected by the height of
the free surface. The subsonic region dominates the total power for frequencies below the N = 0 standing

wave frequency and conversely the supersonic region dominates above this particular frequency.
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Appendix A

, K1 —K2j fOI")/2 <0
k; = (A1)
K| +Koj  fory? > 0.

J 2+ Jid+ankd
KKy \——————

where

A2
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Ky ~ > , (A.3)

assuming r]j% is negligible, and k. = [k3 — k2 — k2 fory* < 0 and k; = (k2 + k2 — kJ for y* > 0.
Appendix B

Fig. C.1 shows an elastic rectangular thin baffled plate that is simply supported on its four edges and
excited by a point force. The infinite baffie is a rigid boundary condition and the fluid domain is unbounded

i.e. a semiinfinite domain.

a)
infinite baffle
y thin rectangular plate
X
b)
z point force excitation
j fluid loading
| [LLELLAELITT]]
4 X

Figure C.1: a) Top view and b) side view of a fluid-loaded baffied plate under point force excitation.
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Applying Eqgs. (12) - (17) with the Sommerfeld radiation condition

0¥
lim r(— +jk0‘I—’) =0 (C.1)
or

r—00

instead of the pressure release condition of a free surface, the velocity potential solution to the Helmholtz

equation is
[oe] [e9) b
\P(X?(‘)) =sz Z Wmnf fagomn (XI)GSI ()C — X1,y _yl,Z) dxldyls (CZ)
m=1 n=1 0 0
1 kR
G - sy = s = s
st(x—x1,y—y1,2) R

(C.3)
where Gg; is the Neumann Green’s function [49] for the semiinfinite domain.
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