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Abstract

The vibroacoustic response of a structurally excited cylindrical shell submerged in water is
presented. The shell is coated with a soft elastic material embedded with circumferential arrays of
resonant inclusions. The coating is modelled as a multilayered equivalent fluid composed of
homogeneous layers of the host soft material and homogenised layers comprising voids or hard
inclusions. The radiated acoustic pressure is analytically derived by assembling and solving
continuity and kinematic conditions at the interfaces between the cylindrical shell and the
multilayered coating. Coating designs with different combinations of homogenised layers are
examined. Physical mechanisms governing acoustic performance of the various coating designs
are described. We show that the material of the inclusions, tuning the local resonances of the
inclusions and the distribution of the homogenised layers within the coating have a significant

effect on the shell vibroacoustic response.
1. Introduction

Cylindrical shells are found in a wide range of engineering applications such as an aircraft
fuselage, pressure hull of an underwater vehicle, pressure vessels and pipelines. Prediction of the
structural and acoustic responses of cylindrical shells is important for targeted noise and vibration
mitigation strategies to reduce structural fatigue and structure-borne sound. Numerous approaches
have been investigated to attenuate the vibroacoustic response of a cylindrical shell in air. Porous
materials interlayered within the double walls of a cylindrical shell are commonly employed to
enhance sound transmission loss through a shell structure subject to external flow conditions [1-
10]. A reduction in sound transmission has also been achieved using local resonators to target the
ring frequency and mass-spring-mass resonance of a double-walled cylindrical shell [11-14].
Coatings composed of orthotropic layers [15-18] or constrained damping layers [19-21] have been
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utilised to effectively suppress the vibroacoustic response of a cylindrical shell. Piezoelectric
material has also been applied as patches [22-24] or as a full coating [25,26] to actively attenuate
the sound radiation from a cylindrical shell.

For underwater applications, a homogeneous viscoelastic coating applied to the wetted surface
of a submerged shell has been shown to reduce acoustic scattering and radiation due to external
acoustic sources [27-33]. Such coatings are generally made from a soft compliant material with an
impedance match with water, which enhances its ability to absorb water-borne sound waves. A
homogeneous viscoelastic coating has also been shown to attenuate the vibroacoustic response of
a structurally excited submerged shell [33-35]. In addition to homogeneous materials, sound
absorbing materials with resonant inclusions have been employed as acoustic coatings for
reduction of underwater noise [36-69]. The main mechanism for sound attenuation arises from
increased wave scattering and the associated strain field amplification near inclusions at
frequencies around local resonance of the inclusions. This behaviour facilitates conversion of
sound waves into shear waves which are efficiently absorbed due to high shear damping of the
coating. Tailored noise control can be achieved by tuning the local resonance frequency of the
inclusions, which in turn is achieved by varying the size, shape and proximity of the inclusions
[36-40]. There is a plethora of literature on the acoustic performance of coatings with resonant
inclusions spanning analytical approaches based on homogenisation theory [36-42], multiple
scattering theory [43-46] and resonance scattering theory [47,48]. Numerical models developed
using the finite element method [49-63], as well as numerous experimental studies on coatings for
maritime applications have also been reported [64-69].

Early works on acoustic coatings considered periodic voids for which the local resonance of
the inclusions is monopolar [36-38,43,48]. Acoustic coatings comprising hard inclusions, for
which the local resonance of the scatterers is dipolar, have shown consistent sound absorption
performance under hydrostatic pressure [39,44,49,64]. While the majority of studies considered
coatings embedded with inclusions of the same material, few papers have studied inclusions of
different materials, namely voids and resonant scatterers [70,71]. Further, the aforementioned
studies on resonant coatings submerged in water examined planar structures. We recently showed
that a coating composed of a layer of voids can reduce radiated sound from a coated cylindrical
shell over a broad frequency range around monopole resonance of the voids [72]. In another recent
study, Ke et al. [73] employed the finite element method to identify the effective parameters of a
coating on the external surface of an elastic spherical shell. A reduction in target strength for the
coated shell compared to an uncoated shell was observed.

The current paper investigates the acoustic performance of a multilayered coated cylindrical
shell with resonant inclusions of different materials. The coating is modelled as an equivalent fluid

composed of alternating homogeneous and homogenised layers. The effective material and
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geometric properties for the homogenised circumferential layer of resonant inclusions are
approximated using the effective properties for a planar array of resonant inclusions in a square
lattice. This approach is shown to be valid when the radius of the cylindrical shell is much greater
than the diameter of the inclusions and spacing between adjacent inclusions. The vibroacoustic
response of the coated cylindrical shell is obtained by assembling and solving continuity and
kinematic boundary conditions at the interface between contacting layers. We first compare the
acoustic performance of a coating with a single homogenised layer of voids or hard inclusions. We
then investigate the acoustic performance of a coating with several homogenised layers composed
of voids and/or hard inclusions. The material of the inclusions as well as the distribution of the
homogenised layers within the coating have a large impact on the vibroacoustic response of a
submerged coated shell. We show that the radiated sound can be significantly attenuated by tuning
the local resonances of the inclusions to targeted frequencies by varying the geometric values of

the resonant inclusions.

2. Analytical formulation

This section describes the analytical formulation to predict the vibroacoustic response of a
coated cylindrical shell. Figure 1(a) schematically shows a cylindrical shell of infinite length with
mean radius a and thickness hy. The shell is submerged in a heavy fluid of density p..: and speed
of sound c.y. The interior domain has density p;,: and speed of sound c;,;. The shell is coated
with a soft elastic medium of density p., longitudinal modulus k. and thickness k.. Cylindrical-
shaped resonant inclusions are embedded in the centre of the coating and equispaced along the
circumference by distance d. The layer of resonant inclusions can be represented as a homogenised
layer with effective material and geometric properties, as shown in Fig. 1(b). The analytical
methodology presents the equations of motion for the cylindrical shell, general solutions for the
shell displacements, acoustic pressures in the multilayered coating and in the interior and exterior
fluid domains, and continuity equations at interfaces between the fluid domains, shell surfaces and

coating layers.
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Figure 1 Schematic diagram of a cylindrical shell with a soft elastic coating embedded with (a)

equispaced resonant inclusions and (b) a homogenised layer (not to scale).
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2.1 Shell equations of motion

The equations of motion for the cylindrical shell are based on Donnell-Mushtari theory with
a modifying operator by Fliigge-Byrne-Lur’ye. The geometric and material properties of the shell
as well as the structural forcing are considered invariant along the axial direction and as such, the
problem studied here is reduced to two dimensions. The shell is excited by a radial line force

applied to the interior surface of the shell. Using the time-harmonic convention e ~'“¢ where i =

v—1 and w is the angular frequency, the equations of motion of the shell are given by [74]
D (d* d? 2pshsa‘*) DB?dv

w
F(W+2W+1+ﬁz_ 5 w(0) +——-(6) @

= Pint(@, 0) — p1(a, 0) + F(0)

G dw G (d* w?pshea®
——(6)+— 0) =0, 2
a2d0()+a2<d62+ G )”() @
3
where w and v are the shell radial and tangential displacements, respectively. D = 1251532) is the
flexural stiffness of the shell, G = (fffz) is the shell extensional stiffness, p = \/;_Za is the

dimensionless shell thickness parameter, E is the complex Young’s modulus that incorporates the
structural loss factor, ps is the density and v, is Poisson’s ratio of the shell. The right hand side of
Eq. (1) represents the various loads acting on the shell surface, corresponding to the acoustic
pressure of the interior field denoted by p;,:(a, 8), the acoustic pressure at the interface of the shell

and the coating denoted by p, (a, 8), and the radial line force F(6).
2.2 General solutions

Using a Fourier series expansion, general solutions for the radial and tangential shell

displacements are given by

w@) = ) e, ©
(@)= ) ve, @

where w,, and v,, are Fourier coefficients associated with the shell displacements. The interior and
exterior acoustic pressure fields can also be expressed in terms of a Fourier series expansion as
[75]
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pint(r’ 6) = z Pn,int]n(kintr) eine’ (5)

n=—oo

pext(r’ 6) = Z Pn,extH711 (kextr) eine’ (6)

n=—oo

where P, ine and Py, ¢« are unknown scattering coefficients for the interior and exterior acoustic
fields. J,, and H} are the Bessel and Hankel functions of the first kind of order n. ki, and keye
(k = w/c) denote the acoustic wave number in the interior and exterior acoustic fields,

respectively.

Representing the coating as a three-layered equivalent fluid, general solutions for the acoustic
pressures in the inner layer, homogenised layer and outer layer of the coating are respectively

given by
py(r,0) = i (@naJnlieer) + by HiCkcr) ) e, @)
P (r,60) = i (@nonCketsr) + b o HaCkegr) ) €, (8)
ps(r,0) = i (anafnlker) + bnsHiGker)) e, (©)

where (a1, bn1), (Anz2, bn2), (ans, byz) are unknown scattering coefficients in the inner,
homogenised and outer layers of the coating, respectively. k. = w/\/k./p. and ke = w/

 Kefe/ Pers YESPECtively correspond to the acoustic wave number in the homogeneous and
homogenised layers. The effective material properties (pess, Kere) IN the homogenised layers

composed of voids or hard inclusions are given in Appendix A.
2.3 Shell excitation
The shell is excited by a radial line force given by
F(6) = E.6(a(6 - 6,)), (10)
where 6, is the angular location of the force, F, is the radial force amplitude and §(a(6 — 6,)) is

the Dirac delta function. Using a Fourier series expansion and the identity given by §(af) =

§(08)/\al, the Dirac delta function can be expressed as

© 2m
§(a(0—0,)) = E <2i f 5(6 — Br)e‘i"9d9> einf. (11)
a Jj,

n=—oo
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Substituting Eq. (11) into Eq. (10) and simplifying yields the following expression for the radial

line force

[ee]

—in6,
F(0) = z ﬂeine_ (12)

2ma

n=-—oo

2.4 Continuity conditions

The unknown coefficients are determined by satisfying continuity conditions at radial
locations of a, Ry, R, and R5. At r = a, the shell is coupled to both the interior acoustic pressure

and inner surface of the coating by the following kinematic conditions

p;

alrnt = W?PineW, r=a, (13)
apl 2

F PcW, r=a. (14)

It should be herein noted that both Eqgs. (13) and (14) incorporate Eq. (12) arising from a radial
force applied to the interior surface of the shell. Continuity of acoustic pressure at radial locations

of R, R,, R4 are given by

pP1 = D2 r =Ry, (15)
P2 = D3, r =Ry, (16)
p3 = pext; r = R3. (17)

Continuity of normal velocity at radial locations of R;, R,, R are given by

19, _ 1 9Py r=R, (18)
pc Or Pett OT
1 dp, 10p,
— = —— r =R,,
Peff or Pc or 2 (19)
10P5_ 1 ey r=R (20)
=R;.

Pe O pexe O

Equations (13)-(20) are assembled into a linear system of equations in matrix form expressed as
AX = F, where A is an 8x8 matrix for which the non-zero terms are listed in Appendix B. X and
F are coefficient and force vectors given by
X=[an1 bn1 Anz bnz Ans bpz Ppine Prext]” and

T represents the vector transpose.

F _ I:Fre—ingr Fre—ingr
2ma 2ma

T
oooooo]where

Solutions to the unknown coefficients are obtained from X = A~'F.
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2.5 Homogeneous coated shell

For a cylindrical shell with a homogeneous coating (in the absence of resonant inclusions),
Egs. (7) to (9) are replaced by

o)

pe(r,0) = ) (ann(ker) + buHi(ker)) ™. 1)

n=—oo

Similarly, Egs. (14)-(20) are replaced by continuity equations on the inner surface (r = a) and

outer surface (r = R) of the coating as follows

dp

<= wlpow, r=gq 22)
Pc = Pexts r =R, (23)
1P _ 1 e r=R. (24)

pe 0T pexe O

Following a similar procedure described previously, solutions to the unknown coefficients
corresponding t0 a,, by, Py int: Pnext are obtained from assembling a linear system of equations

(AX = F) and calculating the coefficients using X = A™'F.

3. Results and discussion

To understand the physical mechanisms governing the vibroacoustic response of a coated shell
for a given inclusion material, a single homogenised layer of voids or hard inclusions embedded
in the coating is initially studied. Multilayered coating designs using different combinations of
homogenised layers composed of voids and/or hard inclusions are then examined.

3.1 Shell parameters

We model an infinitely long cylindrical shell of mean radius a = 1 m and thickness hg = 0.01
m. The shell material is steel with density p, = 7800 kg/m?, Young’s modulus E; = 210(1—0.02i)
GPa and Poisson’s ratio v, = 0.3. The shell is submerged in water with density pe.: = 1000 kg/m?
and speed of sound c..; = 1500 m/s. The external surface of the shell is coated with an elastic
rubber-like material of density p, = 1000 kg/m?, longitudinal modulus k. = 1(1-0.01i) GPa, and
shear modulus (second Lamé constant) u,. = 0.6(1-0.3i) MPa, in which the loss factor for the shear
modulus is much larger than the loss factor for longitudinal modulus. The hard inclusions are steel
with the same material properties as the shell. The voids are vacuous. The shell is excited by a

radial line force with an amplitude of E. = 1 N/m applied to its interior surface at 8,- = 0. Results
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for the radiated pressure are obtained at a location of (r, 8) = (5a, m) downstream of the shell with
respect to the force.

For validation of our analytical approach, a finite element model was developed in COMSOL
Multiphysics v5.5 using the aforementioned material and geometric parameters for the coated
cylindrical shell. The elastic coating and hard inclusions were modelled using the Solid Mechanics
module. The exterior water domain was modelled using the Pressure Acoustics module. A free
boundary condition was applied at the interior surface of the shell. Free boundary conditions were
also applied at the interfaces between the voids and the coating. Continuity boundary conditions
were applied at the interfaces between the hard inclusions and the coating. An acoustic-structure
boundary condition was applied at the exterior surface of the coating to account for the interaction
between the coated cylindrical shell and surrounding water. A perfectly matched layer was applied
at the outer boundary of the exterior acoustic domain to ensure anechoic termination of outgoing
acoustic waves. The acoustic and structural domains were meshed using free triangular elements
and the perfectly matched layer was meshed using mapped quadrilateral elements. A minimum of

six elements per wavelength at the highest frequency of 2 kHz was considered.

3.2 Single layer of resonant inclusions

We consider a coating of thickness h. = 0.1 m and embedded with a single layer of resonant
inclusions. For the coating with voids, 50 equispaced voids of 5 cm diameter were modelled, which
yields a monopole resonance frequency predicted using Eq. (A5) of 486 Hz. For the coating with
steel inclusions, 110 equispaced scatterers of 5 cm diameter were modelled, which yields a dipole
resonance frequency predicted using Eq. (A8) of 519 Hz. For the number and size of inclusions
considered here, the effective thickness is 15.9 mm for the homogenised layer of voids and 51.7
mm for the homogenised layer of hard inclusions. Figure 2 presents the radiated acoustic pressure
from an uncoated shell and from a shell with a coating composed of a single layer of voids or hard
inclusions, obtained analytically using the methodology presented in this work and numerically
using the finite element method. The monopole and dipole resonances predicted analytically are
indicated by circles. Discrepancies between analytical and numerical results for the locally
resonant coated shells are attributed to the fact that effective material and geometric properties
were used in the analytical model to characterise the homogenised layer (as per Fig. 1(b)), whereas
the exact material properties and geometry of the inclusions was numerically modelled using
COMSOL (as per Fig. 1(a)). The first peak at around 75 Hz for the voided coated shell is associated
with a spring-mass resonance, whereby the shell acts as the mass and the compliant coating acts
as the spring. Beyond the spring-mass resonance for the voided coated shell, global attenuation in
the radiated acoustic pressure can be observed, attributed to the dramatic reduction in radiated

sound at monopole resonance of the voids. Global attenuation for the coated shell with steel
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inclusions is also observed, with the greatest attenuation occurring around dipole resonance of the
scatterers. The greater reduction in sound pressure using a voided coating compared to a coating
with hard inclusions is attributed to the fact that cavities in a soft medium effectively decouple the
shell from the water, while the coating with hard inclusions is strongly coupled with the
surrounding water. Contour plots at the spring-mass resonance, monopole resonance of the voids
and dipole resonance of the steel scatterers are shown in Fig 2(a). The acoustic pressure
distribution at the spring-mass resonance reveals that the coated shell is in translational motion in
the same direction as the applied force, resulting in an acoustic dipole radiation pattern in the
exterior domain. In Fig. 2(a), the shell has a vacuous interior. Figure 2(b) shows that when the
interior cavity of the shell is air of density p;,; = 1.225 kg/m? and sound speed c;,,= 343(1-0.001i)
m/s, internal acoustic resonances occur. The internal acoustic resonances are denoted by (p,q)
modes, where p is the number of plane diametral nodal lines and q is the number of cylindrical
nodal lines concentric with the cylinder axis. Figure 2(b) displays the pressure distributions within
the shell cavity at the (1,0), (0,1) and (1,1) internal acoustic resonances. As frequency increases,
the peaks associated with the internal acoustic resonances decrease in amplitude and eventually
disappear, attributed to increasing radiation damping of the acoustic radiation modes of the shell
in water. Comparison of Figs. 2(a) and 2(b) reveals that the internal acoustic resonances have
negligible effect on the vibroacoustic response of the coated shell. In subsequent results, air in the
interior cavity is neglected.

To analyse the acoustic responses for the coated shell in greater detail, the individual
contributions to the radiated pressure for the lowest spectral orders are plotted in Fig. 3. For the
voided coated shell in Fig. 3(a), the n = 0 spectral order which corresponds to axisymmetric
(breathing) motion of the shell has negligible contribution to the spring-mass resonance.
Contributions by successive spectral orders n > 1 to the spring-mass resonance can be observed,
with the greatest contribution by the n = 1 spectral order associated with bending motion of the
shell. Beyond the spring-mass resonance, distinct peaks in the structure-borne sound are associated
with the circumferential modes of a coated shell in air. This is attributed to the fact that the voided
coated shell becomes decoupled from the surrounding water. The decoupling mechanisms
associated with the layer of voids are investigated in detail in the subsequent section. Beyond the
peak for each spectral order, all contributions from the individual circumferential modes converge
and as such, have similar contributions to the radiated sound. Figure 3(a) also shows that a trough
in the radiated pressure at the monopole resonance of around 486 Hz occurs at all spectral orders.
Figure 3(b) shows that the radiated pressure for a coated cylindrical shell with hard inclusions
follows a similar trend to the response for an uncoated shell submerged in a heavy fluid. The
contributions by the shell circumferential resonances to the radiated sound are less obvious due to

strong coupling between the coated shell and the surrounding water. A sharp reduction in the
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radiated pressure for a coated shell with voids or hard inclusions occurs at the ring frequency of
the shell and its integer multiples. This is attributed to trapping of acoustic energy along the shell
circumference which is subsequently dissipated due to structural damping of the shell [76]. The

ring frequency of a cylindrical shell can be predicted using fz = c,/2ma, where ¢, =

\/ES/ps(l —v2) is the longitudinal wave speed of the shell. Table 1 lists the predicted ring
frequency and integer multiples, as well as the frequencies obtained at the troughs for the uncoated
shell submerged in water, the coated shell with voids and the coated shell with hard inclusions.
Comparison of the predicted and observed ring frequencies for the uncoated and coated shells
reveals that the effect of heavy fluid loading or the presence of a coating with different inclusion
material does not have a significant influence on the ring frequency of a shell, as previously
observed [12,17,76,77]. Above the ring frequency, the radiated pressure from all spectral orders
for the coated cylindrical shell with hard inclusions converge. A similar finding has also been
reported by Maxit et al. [78] for an uncoated shell submerged in a heavy fluid.

Table 1 Predicted and observed ring frequencies for the uncoated and coated shells.

Predicted ring | Uncoated cylindrical Coated cylindrical Coated cylindrical
frequency shell in water shell with voids shell with hard
(H2) (H2) (H2) inclusions (Hz)
865.7 865.6 865.3 865.6
1731.4 1730.4 1729.1 1730.2
2597.1 2594.0 2589.5 2596.2

11
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Figure 2 Radiated acoustic pressure (dB ref 1uPa) from an uncoated shell (black line), a shell with
a coating embedded with 50 voids of 5 cm diameter (red line) or 110 hard inclusions of 5 cm
diameter (blue line), obtained analytically (solid lines) and numerically (dashed lines). The shell
has (a) a vacuous cavity or (b) an air filled cavity. The monopole and dipole resonances are
respectively indicated by red and blue circles. Contour plots of the exterior pressure at the spring-
mass resonance, monopole resonance of the voids and dipole resonance of the hard inclusions are
shown in (a). Contour plots of the pressure distribution within the shell cavity at the (1,0), (0,1)
and (1,1) acoustic resonances are shown in (b). Maximum and minimum acoustic pressures are

represented by red and blue, respectively.
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Figure 3 Radiated acoustic pressure (dB ref 1uPa) from an uncoated shell (black line), a shell with
a coating embedded with (a) 50 voids of 5 cm diameter (red line) and (b) 110 hard inclusions of 5
cm diameter (blue line), as well as the individual contributions from the lowest spectral orders
corresponding to n = 0 (grey dashed lines), n = 1 (grey solid lines), n = 2 (grey dashed-dot lines)
and n = 3 (grey dotted lines). The monopole and dipole resonances are respectively indicated by

red and blue circles.
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3.2 Multiple layers of resonant inclusions

The combined effects of voids and hard inclusions in a multilayered coating comprising
alternating homogeneous and homogenised layers are now investigated. Figure 4 presents
schematic diagrams of four coating designs considered in this study. Designs A and B correspond
to coatings composed of two layers of inclusions of the same material. Designs C and D correspond
to coatings composed of two layers of inclusions of different materials. The coatings have a
thickness of h, = 0.2 m, which is double the thickness of the coating with a single layer of resonant
inclusions. The distance from the shell surface to the interior layer of inclusions is the same as for
the coating with a single layer of inclusions. The circumferential location between two
homogenised layers corresponds to half the total thickness of the coating.

Figure 5 presents the radiated acoustic pressure for the different coating designs obtained
analytically using the homogenisation approach presented here, and numerically using the finite
element method. The same geometric properties of the inclusions in each layer as for a coating
with a single layer of inclusions were used, corresponding to 50 voids and 110 hard inclusions of
5 cm diameter. The effective thickness of the homogenised layers for the four coating designs are
listed in Table 2. The effective thickness of the outer layers is reduced compared to that of the
inner layers of the same inclusion material, due to the increase in lattice spacing of the equispaced
inclusions. Close agreement between results obtained analytically and numerically can be
observed for all four coating designs. For coatings comprising one or two layers of voids (designs
A, C, D), the presence of the low frequency spring-mass resonance is observed. For two layers of
voids (design A), the spring-mass resonance is lower than for one layer of voids in proximity to
the shell surface (design C), due to a reduction in stiffness of the coating. A layer of hard inclusions
in proximity to the shell surface (design D) results in an increase in overall mass of the system and
a corresponding reduction in the spring-mass resonance. Similar to a coating with a single layer of
hard inclusions, the spring-mass resonance does not exist for a coating with two layers of hard
inclusions (design B).

For coating designs A and C, sharp peaks in the radiated sound occurring at similar
frequencies can be observed. We herein show that beyond the layer of voids in proximity to the
shell surface, the coated shell is decoupled from the surrounding water. To investigate this
decoupling effect, Fig. 6(a) compares the total acoustic response for the coated shells of designs
A and C submerged in water, with the individual contributions to the radiated pressure from the
lowest order circumferential modes of a uniformly coated shell in air. The thickness of the uniform
coating for the shell in air is equal to the distance from the shell surface to the inner layer of voids
for the coated shell in water. Results show that the peaks for each circumferential mode of a
uniformly coated shell in air are in alignment with the corresponding circumferential resonances

of the coated shells in water. The decoupling mechanism by the voids can be further verified by
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examining the acoustic response for coating design D, corresponding to a layer of hard inclusions
in proximity to the shell surface and an outer layer of voids. Figure 6(b) compares the acoustic
performance for a coated shell of design D submerged in water with the individual contributions
to the radiated sound from the circumferential resonances of a shell in air and coated with a single
homogenised layer of hard inclusions. In this case, the total thickness of the coating for the shell
in air is equal to the distance from the shell surface to the outer layer of voids for the coated shell
in water. Figure 6(b) shows that the circumferential resonances for the coated shells in air and in
water align, which indicates that beyond the outer layer of voids, the coated shell of design D is

decoupled from the surrounding water.

Table 2 Effective thickness of homogenised layers for different coating designs.

Effective thickness (mm)

Inner layer Outer layer
Coating design A 15.9 14.3
Coating design B 51.7 42.0
Coating design C 15.9 42.0
Coating design D 51.7 14.3

Figure 7 presents the acoustic pressure for the four coating designs obtained analytically as a
function of both frequency and distance from the shell surface. Regions of maximum and minimum
radiated sound occur at the frequencies of the peaks and troughs in Fig. 5. For coatings comprising
one or two layers of voids corresponding to designs A, C, D in Figs, 7(a), 7(c), 7(d), respectively,
high sound pressure levels at low frequencies can be observed due to the introduction of a spring-
mass resonance. These figures also show strong blocking of sound transmission at each layer of
voids. For a layer of voids in proximity to the shell surface (designs A and C) and for an outer
layer of voids (design D), the coated shell becomes decoupled from the surrounding water, as
discussed previously. As a result, distinct peaks of maximum pressure analogous to circumferential
resonances of a coated shell in air can be observed. For coating design B composed of two layers
of hard inclusions (Fig. 7(b)), the coated shell is strongly coupled with water. The lowest radiated

sound occurs around the dipole resonance frequency.
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Figure 4 Schematic diagrams for different coating designs (not to scale), corresponding to (a)
design A (two layers of voids), (b) design B (two layers of hard inclusions), (c) design C (a layer
of voids in proximity to the shell and an outer layer of hard inclusions) and (d) design D (a layer

of hard inclusions in proximity to the shell and an outer layer of voids).
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Figure 5 Radiated acoustic pressure (dB ref 1uPa) from an uncoated shell (black line), a coated
shell of design A (red line), design B (blue line), design C (green line) and design D (purple line).

Results are obtained analytically (solid lines) and numerically (dashed lines).
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Figure 6 (a) Radiated acoustic pressure (dB ref 1uPa) from a coated shell of design A (red line)
and design C (green line). Radiated acoustic pressure (dB ref 20uPa) from the individual
circumferential modes n = 0 (grey dashed line), n = 1 (grey dotted line), n = 2 (grey dashed-dot
line) of a uniformly coated shell in air. (b) Radiated acoustic pressure (dB ref 1uPa) from a coated
shell of design D (purple line). Radiated acoustic pressure (dB ref 20uPa) from the individual
circumferential modes n = 0 (grey dashed line), n = 1 (grey dotted line), n = 2 (grey dashed-dot

line) of a coated shell with hard inclusions in air.
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Figure 7 Acoustic pressure (dB ref 1uPa) as a function of distance from the shell surface measured
at & = m for a coated shell of (a) design A, (b) design B, (c) design C and (d) design D. The
homogenised layers of voids and hard inclusions are indicated by black dotted and dashed lines

respectively. The exterior surface of the coating is indicated by a black solid line.

3.3 Tuning of local resonances for single and multiple layers of resonant inclusions

The effect of tuning the resonance frequencies of the voids and hard inclusions on the acoustic
performance of the coating is now investigated by varying the size and number of the inclusions.
The monopole and dipole resonances for a single layer of voids and hard inclusions in a coating
are tuned to target a similar frequency. The local resonances are then tuned to target different
frequencies. The physical insights observed from tuning the resonance frequency in a coating
comprising a single layer of inclusions are then utilised to understand the effects of tuning the
resonance frequencies in the multilayered coating designs.

In Fig. 8(a), the local resonances of a single layer of voids (left column) and hard inclusions
(right column) are tuned to a similar frequency of around 500 Hz using different combinations of
the size and number of inclusions, ranging from a larger number of small sized scatterers to a
smaller number of larger sized scatterers. Using a reduced number of larger sized inclusions results
in greater reduction in the radiated pressure at the corresponding monopole and dipole resonances.

Greater global reduction in the radiated sound beyond the monopole and dipole resonances occurs.
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This is attributed to the fact that larger sized inclusions result in greater wave scattering, which in
turn leads to strong blocking of sound waves by the coating composed of voids and greater
conversion of sound waves to shear waves by the coating composed of hard inclusions. Figure
8(a)(left) also shows that increasing the void diameter results in a decrease in the frequency of the
spring-mass resonance. This is attributed to the fact that the effective stiffness of the coating
decreases with an increase in void diameter while the effective mass contributed by the cylindrical
shell remains unchanged.

Figure 8(b) presents the radiated sound pressure for a single layer of voids and hard scatterers
with a fixed diameter of 5 cm. The number of inclusions is varied to tune the monopole resonance
of the voids (left column) and dipole resonance of the hard inclusions (right column) to different
frequencies. Increasing the number of inclusions reduces the lattice spacing, resulting in
resonances occurring at higher frequencies. Increasing the local resonance frequency of the
inclusions results in greater reduction in the radiated pressure around and beyond the resonance
frequency. This is attributed to increased resonance coupling as well as enhanced wave scattering
by inclusions in proximity [37,42]. Similar results can also be obtained for a fixed number of
inclusions and increasing the diameter of the voids or hard scatterers (results not shown here). It
is further shown in Fig. 8(b)(left) that a decrease in the frequency of the spring-mass resonance
occurs when the number of voids is increased, attributed to a decrease in the effective stiffness of
the coating. Comparison of the spring-mass resonances in Figs. 8(a)(left) and 8(b)(left) reveals
that the frequency of the spring-mass resonance is significantly affected by the size of the voids,
and to a lesser degree, by the number of voids.

For the multilayered coating designs, the resonance frequency of the outer layer of inclusions
is kept constant, while the resonance frequency of the inner layer is tuned by varying the size and
number of the inclusions. Figure 8(c)(left) presents the radiated sound for coating designs A and
C composed of an inner layer of voids, while Fig. 8(c)(right) presents the radiated sound for
coating designs B and D composed of an inner layer of hard inclusions. Figure 8(c)(left) shows
that when the inner layer is tuned to a similar monopole resonance of around 500 Hz using a
smaller number of larger sized voids (dashed lines), greater reduction in radiated sound occurs
around and beyond the resonance frequency, corroborating the results observed in Fig. 8(a)(left).
Figure 8(c)(left) also reveals that when the inner layer of voids is tuned to a higher resonance
frequency (dotted lines), greater reduction in radiated sound occurs beyond the resonance
frequency, corroborating the trends observed in Fig. 8(b)(left). In Fig. 8(c)(right), the inner layer
of hard inclusions is tuned to a similar dipole resonance of around 500 Hz using a smaller number
of larger sized scatterers (dashed lines), or to a higher dipole resonance using a greater number of
scatterers (dotted lines). Tuning the dipole resonance of the hard inclusions to a similar or higher

frequency vyields global reduction in the radiated sound for coating design B. In contrast, tuning
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the dipole resonance of the hard inclusions to a similar or higher frequency in coating design D
only yields an incremental reduction in radiated sound, attributed to decoupling of the coated shell

from the surrounding water due to the outer layer of voids.

4. Conclusions

The radiated sound from a submerged cylindrical shell with a multilayered coating embedded
with resonant inclusions has been presented. Coating designs composed of a soft compliant
material with one or two layers of voids and/or hard inclusions were considered. The layers were
homogenised using effective medium approximation theory, and the coatings were modelled as an
equivalent fluid comprising alternating homogeneous and homogenised layers. The distribution of
the homogenised layers was observed to significantly affect the radiated sound. For coating
designs composed of voids only or both voids and hard inclusions, a low frequency spring-mass
resonance was introduced. Beyond the spring-mass resonance, global attenuation in the radiated
sound was achieved, attributed to effective decoupling of the shell from the water and significant
reduction in the radiated sound around monopole resonance of the voids. A coating embedded with
hard inclusions only was observed to be strongly coupled with the surrounding water, with the
greatest reduction in radiated sound occurring around dipole resonance of the scatterers.

The influence of tuning the resonance frequencies of the voids and hard inclusions was
investigated by varying the size and number of inclusions. Increasing the size of the inclusions or
shifting the local resonance to a higher frequency yielded greater reduction in the radiated pressure
around and beyond the resonance frequency. The acoustic performance of a coating composed of
both voids and hard inclusions is more sensitive to variation in the monopole resonance of the
voids compared to variation in the dipole resonance of the hard inclusions.

In this work, we have shown that a multilayered coating embedded with resonant inclusions
can reduce sound radiation from a submerged cylindrical shell over a broad frequency range. Our
future work will extend the current two-dimensional model to consider the vibroacoustic response
of a coated cylindrical shell of finite length. A further focus of our future work is to investigate the
radiated sound from a coated cylindrical shell excited by a turbulent boundary layer and examine
the effectiveness of a resonant coating to absorb flow-induced noise.
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Figure 8 Radiated acoustic pressure (dB ref 1uPa) from an uncoated shell (black line), a shell with
a coating embedded with (a)(left) 52 voids of 3 cm diameter (solid red line), 50 voids of 5 cm
diameter (dashed red line) and 48 voids of 7 cm diameter (dotted red line); (a)(right) 154 hard
inclusions of 3 cm diameter (solid blue line), 110 hard inclusions of 5 cm diameter (dashed blue
line) and 84 hard inclusions of 7 cm diameter (dotted blue line); (b)(left) 30 (solid red line), 40
(dashed red line), 50 (dotted red line) and 60 (dotted-dashed red line) voids of 5 cm diameter;
(b)(right) 90 (solid blue line), 100 (dashed blue line), 110 (dotted blue line) and 120 (dotted-dashed
blue line) hard inclusions of 5 cm diameter; (c)(left) a coated shell of designs A and C (solid lines),
frequency tuning using 48 voids of 7 cm diameter (dashed lines) and 70 voids of 5 cm diameter
(dotted lines); (c)(right) a coated shell of designs B and D (solid lines), frequency tuning using 84
hard inclusions of 7 cm diameter (dashed lines) and 120 hard inclusions of 5 cm diameter (dotted
lines). The tuned resonances of the inclusions are indicated by circles.
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Appendix A Effective properties of a homogenised layer of resonant inclusions

A 1.1 Effective properties of a homogenised layer of voids

The effective geometric and material properties of a homogenised layer arising from a planar
array of voids in a square lattice embedded in a soft material have been derived in our previous
work and are given here for completeness of the current study. We herein employ the same
effective geometric and material properties for the homogenised circumferential layer of voids.
We show that this approach is valid when the radius of the cylindrical shell is much greater than
the diameter of the inclusions and spacing between adjacent inclusions. The homogenisation
models adopted in this work are suitable in the long wavelength limit, where the acoustic
wavelength should be much larger than the size and spacing between the adjacent resonant

inclusions [36,39]. The effective thickness is given by [36]

2d na
Reffy = ?vln sec( d:)' (A1)

where a, is the radius of the voids and d,, is the circumferential distance between adjacent voids.
The effective density is given by [36]

fd

Peffy = Pc <1 - hv - , (A2)
effv

where f,, = m(a,/d,)? is the filling fraction associated with a planar array of voids in a square

lattice. The effective longitudinal modulus for the homogenised layer of voids is dependent on the

monopole resonance frequency of a single void in an infinite elastic medium w,, and monopole

resonance frequency of voids in an array Q,,, given by [36]

k(1= 1) ,
() (Ger 2 - @) o) oo

where A, and u, are the first and second Lamé constants. The expressions for w,, and (,, are given
by [37]

Keffy = (A3)

2¢g
Wy = (A4)
avJo.zs +2In ()
S
Q, = Oy
=
—0.061n(2ﬂ) (A5)
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where ¢; = \/k./pc, ¢s =/ U/ P are the longitudinal and shear wave speeds in the coating and

c; > c, for a soft elastic material.

A 1.2 Effective properties of a homogenised layer of hard inclusions

Similar to the previous section, the effective properties of a homogenised layer composed of
a planar array of hard scatterers in a square lattice embedded in a soft material are utilised as the
effective geometric and material properties for the homogenised circumferential layer of hard
scatterers. The effective properties have been derived previously and are also given here for
completeness of the current study. The hard inclusions have radius a;,, density p;, and longitudinal
modulus kj, and are equispaced along the circumference by distance d;,. The effective thickness
hege , associated with the layer of hard inclusions is obtained using the same expression given by
Eq. (A1), with a,, replaced by a;, and d,, replaced by d,,.

The effective density of the homogenised layer comprising hard scatterers is a frequency
dependent complex term denoted by pesen = Pesrn — iPeren- The real and imaginary components

are given by [79]

2
(G (1)
Pettn = Ll 1+ fu(8n — 1) o - < 2 ettt ) (AB)

((E2°) +2 .

Je fo, (8 — 1?

Pé’ff,h = )
Retn (6, + ) <<(%)2 j 1>2 . (%)2>

where f,, = m(a,/dy)? is the filling fraction, 8, = p,/p. is the ratio of the density of the hard

(A7)

1+fp
1-fn

inclusions to that of the host elastic medium, m;, = , ¥, is the effective damping for which

an expression can be found in Ref. 39, and (0, corresponds to the dipole resonance frequency for

hard inclusions in an array given by [79]

Q. = Kettn
" peag (8 +my)’ (A8)
where K. is the effective stiffness coefficient given by [39]
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Kegtn = A+ In(1/f) + (i = 1)

where p, is the real part of the shear modulus of the elastic coating. The effective longitudinal

modulus of the homogenised layer composed of hard scatterers is given by [39]

KcKp heffh
K = - : (A10)
e fadp (e — 1) + hege nkn

Appendix B Non-zero terms in matrix A

The non-zero terms in matrix A are given in what follows. The first number in the subscript
of each element represents the matrix row and the second number in the subscript represents the
matrix column. The non-zero terms in matrix A are normalised to prevent numerical underflow

and overflow of Bessel and Hankel functions, respectively [80].

a;; = ]n(kca), (B1)
aqp = Hrll(kca)' (B2)
kin
a; = Z—t (Dn4 + DB* — w?pshs + D(1 — 2n2))
w pint
(B3)
DB*n*G

- m)];(kinta) =, (kine@),
S'tS

c

k
Ay = — (Dn4 + DB* — w?pshs + D(1 — 2n2))
w"p

‘ (B4)
DG ) i ka) +1, (ko)
Gn? — w?pshg Jnlkea) + ], (kea),
k.
Ayy = ey ((Dn4 +DB* — w?pshg + D(1 — 2n2))
‘ (B5)
DB*n*G ,
S S H!
GnZ _ w2p5h5> n (kca) + n(kca)v
ay; = —J, (kina), (B6)
azy = —J,(kcRy), (B7)
asz; = _H%(chﬂ' (B8)
a3z = Jn(kegeR1), (B9)
azq = HTll(kefle)' (B10)
k.J.(k.R
4y = _%, (B11)
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